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A unified formulation of dichroic 
signals using the Borrmann effect 
and twisted photon beams
Stephen P. Collins1 & Stephen W. Lovesey1,2

Dichroic X-ray signals derived from the Borrmann effect and a twisted photon beam with topological 
charge l = 1 are formulated with an effective wavevector. The unification applies for non-magnetic 
and magnetic materials. Electronic degrees of freedom associated with an ion are encapsulated in 
multipoles previously used to interpret conventional dichroism and Bragg diffraction enhanced by 
an atomic resonance. A dichroic signal exploiting the Borrmann effect with a linearly polarized beam 
presents charge-like multipoles that include a hexadecapole. A difference between dichroic signals 
obtained with a twisted beam carrying spin polarization (circular polarization) and opposite winding 
numbers presents charge-like atomic multipoles, whereas a twisted beam carrying linear polarization 
alone presents magnetic (time-odd) multipoles. Charge-like multipoles include a quadrupole, and 
magnetic multipoles include a dipole and an octupole. We discuss the practicalities and relative merits 
of spectroscopy exploiting the two remarkably closely-related processes. Signals using beams with 
topological charges l ≥ 2 present additional atomic multipoles.

Dichroic signals (polarization-dependent spectroscopy) present information on non-magnetic and magnetic 
ions at an atomic level of detail. The majority of applications, in chemistry, life-sciences and physics, exploit 
dipole-allowed absorption (E1-E1), because it is a strong event and usually good quality signals can be recorded1,2. 
Intrinsically weaker signals are elevated in value when dipole events are forbidden by symmetry, or the signals are 
intentionally selected in the preparation of an experiment for their specific content. Such signals include natural 
circular, magneto-chiral and non-reciprocal linear dichroism3–5. Recently, two processes that promise to enhance 
and isolate non-dipolar effects have received prominence in the literature: the Borrmann effect6–8, and twisted 
photon beams that carry non-zero orbital angular momentum9–15. We show that these processes are very closely 
related, and the corresponding dichroic signals offer significant potential to advance the science of materials.

The Borrmann effect, or thick crystal Laue diffraction, arises in high-quality crystals with simple chemical 
structures, where interference between the incident and diffracted beams sets up a standing wave-field perpen-
dicular to the crystal planes with polarization in the plane of the diffracting atoms. The electric field at the atomic 
planes vanishes, killing off dipole absorption and allowing ‘anomalous transmission’. However, while the field 
intensity vanishes, the field gradient (now perpendicular to the atomic planes) persists and leads to strong quad-
rupole absorption (E2-E2) that dominates the recorded spectra, in the absence of significant vibration of the 
diffracting ions. In a number of experimental reports6–8, huge quadrupole enhancements at x-ray K- and L-edges 
are shown, along with a strong dependence on temperature.

An analogous cancellation of field intensity at the centre of the waist of Laguerre-Gaussian (LG) beams carry-
ing non-zero orbital angular momentum has generated a great deal of interest12–14. Orbital angular momentum 
in a photon beam is tied to the spatial structure of the wave-front, which is shaped as a helix. A twisted beam 
with topological (or vortex) charge l carries lħ orbital angular momentum directed parallel to the beam axis10. 
Notably, orbital angular momentum is distinct from spin angular momentum associated with circularly polarized 
radiation and can occur in linearly polarized LG modes. A circularly polarized LG beam possesses spin angular 
momentum and orbital angular momentum and can exhibit features involving spin-orbit coupling. The absence 
of field intensity at the central singularity (leading to a dark spot in the beam profile) again kills off dipole absorp-
tion from perfectly centred ions, while preserving a significant field gradient and allowing quadrupole transitions.
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A formulation of dichroism and related processes uses a resonant contribution in the Kramers-Heisenberg disper-
sion formula, with Dirac’s interpretation of it as a scattering length for a two-step process of photon absorption (V) and 
emission (V′) engaging virtual intermediate states (information on standard matrix elements V & V′ is found in the 
Supplementary Information (SI) and ref.4). The scattering length has the form of an amplitude F ∼ (V′V) atop an energy 
denominator that would vanish in the vicinity of a resonance were it not for the lifetime of virtual states. Judd and Ofelt 
simplified a product of matrix elements like (V′V) that arise in optical transition probabilities. Their result proved to 
be profoundly important for a majority of studies of electronic transitions within the 4f shell of rare earth ions in solids 
and solutions, including the evaluation of a rare earth-doped material as a potential laser system16–19. Sacrificing some 
information about intermediate states in (V′V), in the footsteps of Judd and Ofelt, leads to a factorization F ∼ (HK 〈TK〉), 
where the tensor HK is a function of the photon variables and an atomic multipole 〈TK〉 encapsulates electronic degrees 
of freedom in the valence state. Angular brackets for the multipole denotes an expectation value, or time-average, of the 
enclosed tensor operator of rank K, i.e., atomic multipoles depend on the electronic ground-state. Notably, the atomic 
multipole depends on the total angular momentum Jc = lc ± 1/2 of the core state while HK does not. The ideas have been 
applied to electric dipole (E1-E1) and electric quadrupole (E2-E2) absorption events, and the information sacrificed in 
the Judd-Ofelt prescription can be restored without loosing the advantageous factorization4,20–22.

Subsequent work confirmed the Judd-Ofelt handling of matrix elements and added sum-rules that are now 
widely used, whereby the dependence of 〈TK〉 on Jc is exploited to extract expectation values of occupation num-
bers, the spin-orbit interaction, and spin and orbital angular momenta from integrated signals2,23,24. The discrete 
symmetries of 〈TK〉 are parity and time-reversal, with multipoles parity-even for (E1-E1) and (E2-E2) absorption 
events and time-odd (time-even) for K odd (even).

The quantity extracted from experiments is the absorption coefficient μ(E) where E = ħqc is the photon 
energy, and q and c the wavevector and speed of light, respectively. Values of μ(E) and the previously mentioned 
scattering length, denoted here by f, are related by the so-called optical theorem,

μ = π . .f(E) (4 /q) Im

The Kramers-Heisenberg dispersion formula yields,

f (r /m)[(V V)/(E i /2)],e= − ′ − Δ + Γ

for E in the vicinity of an atomic resonance with an energy Δ and a lifetime ∝ ħ/Γ. As its name implies, f has the 
dimension of length while μ(E) has the dimension of area (re ≈ 0.282 10−12 cm, mc2 ≈ 511 keV). Instrumentation 
and experimental methods for conventional dichroism are reviewed by van der Laan and Figueroa2.

The (E2-E2) photon tensor HK depends on the polarization vector of the primary beam ∈ (∈′ secondary 
beam) and wavevector q (q′), and the topological charge and winding number in the case of a twisted beam. 
Circular polarization in the primary beam - its spin angular momentum - imposes selection rules on HK that can 
exclude some atomic multipoles from a dichroic signal. Likewise, we demonstrate that the winding number in 
a twisted beam imposes potentially useful selection rules that identify the physical properties of multipoles that 
can be observed. The potential usefulness of dichroic signals created by a twisted beam has been illustrated with 
numerical simulations of electronic spectra for cuprates, manganites and ruthenates25. Our new findings flow 
from intuitive reasoning, backed by explicit calculations, that dichroism using a twisted beam and dichroism 
created by the Borrmann effect can be mapped to an (E2-E2) event; both forms of dichroism are described by 
existing theory F∼(HK 〈TK〉) with effective wavevectors replacing true wavevectors in HK. In consequence, estab-
lished sum rules for (E2-E2) events are preserved in the novel dichroic signals under discussion. The effective 
wavevector is complex in the case of a twisted beam, and purely real for the Borrmann effect. In the latter case, 
time-even (charge-like) multipoles with rank up to K = 4 (hexadecapole) can be observed with linear polariza-
tion. In an application of a twisted beam, the difference ΔF in dichroic signals observed with opposite signs for 
the winding number appears to be potentially useful, because subtraction of the two signals selects multipoles 
with specific properties. The difference signal ΔF contains magnetic multipoles (K = 1 & 3) for linear polarization 
and non-magnetic multipoles (K = 0 & 2) for circular polarization.

Results
The theory of absorption from a single plane-wave is well-established. We show that non-plane-wave spectrosco-
pies of interest, using the Borrmann effect and twisted beams, can be described by simple extensions of existing 
knowledge of dichroic signals. We begin with a rather simple approach, but illustrate later a formal relation to 
normal dichroic signals that generates valuable selection rules for the new spectroscopies.

Consider first (E1-E1) scattering, which produces the leading-order term in normal plane-wave absorption, 
and enters both the Borrmann and twisted beam cases when absorbing ions are displaced from ideal, central 
positions. Factorization of photon and electronic variables that has been mentioned appears as a contraction of 
two spherical tensors in the scattering amplitude,

∑= − Ψ−XF(E1) ( 1) ,K Q
Q K

Q
K

Q,

with,

∑= ∈′ ∈ α β|α β α βX KQ(1 1 ),K
Q ,

in which (1α1β∣KQ) is a standard Clebsch-Gordan coefficient22. The electronic structure factor ΨK
Q in F(E1) 

is a suitable linear combination of atomic multipoles of rank K. The photon tensor XK
Q depends exclusively on 

photon polarization (electric field) vectors, ∈ and ∈′, and so absorption by a coherent superposition of beams is 



www.nature.com/scientificreports/

3Scientific Reports |  (2018) 8:7941  | DOI:10.1038/s41598-018-23627-5

given by replacing polarization vectors with the sum of component fields, which vanishes in the ideal extremes of 
spectroscopy using the Borrmann effect and twisted beams.

Quadrupole absorption is more interesting as it is driven by the field gradient, which depends on polarizations 
and wavevectors. The corresponding photon tensor couples two second-rank tensors to form a resultant up to 
rank-four, coupling to atomic multipoles in ΨK

Q up to the same rank. One finds4,21,

ˆ ˆ
∑
∑ ∑

= ′ |

= ∈ α β| ′ = ∈′ ′ α β|α β α β α β α β

r s r s KQ

r q r s q s

H h( )h ( )(2 2 ),

h( ) (1 1 2 ) and h ( ) (1 1 2 ) (1)

K
Q r s,

, ,

Anticipating that wavevectors depicted in Fig. 1a are soon replaced by effective wavevectors, to be determined, 
dimensionless wavevectors in h(r) and h′(s) are labelled by q̂ and q̂′ for clarity at the moment. Since h(r) relates to 
the photon variables in one matrix element, V, in the two-step process of photon absorption and emission, it is 
this object that has to be summed over, with appropriate weights, αj, to account for multiple wave components. A 
generalized value is taken to be,

∑→ α .r rh( ) h ( )j j j

We conclude that an existing framework for single plane-wave scattering can be generalized to account for 
absorption by multiple plane-wave components, each with distinct polarization. However, a significant simplifica-
tion occurs when all components share the same polarization. In that case, the sum over j in the generalized h(r) is 
identical to the single-wave case if the wavevector is replaced with an effective wavevector, obtained by summing 
over all contributing waves, namely,

Figure 1.  Coordinate systems. (a,b) Cartesian coordinates (x, y, z) using the x-axis normal to the plane of 
scattering that contains wavevectors q (primary) and q′ (secondary) with q • q′ = q2 cos(2θ) (c) a twisted beam 
(l = 1) can be viewed as a generalization of the Borrmann case, with a continuum of beams and a phase that 
varies continuously around a cone.
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∑ ακ→ =ˆ qq ,j j j

and elect the normalization κ • κ* = 1. One can describe all of the quadrupole processes in the present work using 
this substitution.

In the Borrmann case, depicted in Fig. 1b, summation over two waves with opposite signs yields (q − q′) ∝ sinθ 
(0, q, 0) = q sinθ κb, with κb our choice for an effective wavevector. A twisted beam with topological charge l = 1 
is very similar, but rather than comprising two components there is a continuum of wavevectors around the cone 
depicted in Fig. 1c. Moreover, the phase varies linearly with azimuth, ϕ, depending on the winding number, or pro-
jection, n, as described in detail later. The resulting effective wavevector is obtained by integrating around the cone, 
in the paraxial limit (θ → 0). As in the Borrmann case, we extract the important factor sinθ, to appear explicitly in 
h(r) and h′(s), and employ an effective wavevector κt = (−i, 1, 0)/√2 for n = +1, and κt = (i, 1, 0)/√2 for n = −1.

The relationship between the Borrmann and twisted beam cases is now very clear. Both have effective wavevec-
tors that are perpendicular to the average beam direction (0, 0, 1) in Fig. 1a, and both scale with sinθ. However, κb is 
real, while a complex κt is reminiscent of a complex polarization vector often used to represent circular polarization, 
with spin angular momentum ±1, consistent with an interpretation of a twisted beam in terms of orbital angular 
momentum. Finally, we note that the Borrmann case is identical to a linear combination of twisted beams with 
n = ±1. Armed with these effective wavevectors, κb and κt, we can compute photon tensors for all cases of interest, 
and therefore determine which sample properties can be obtained by the corresponding measurement. Results in 
Table 1 for HK

Q use q̂ = κ and q̂′ = −κ*. An expanded tabulation, including results for XK
Q, are included in SI.

Borrmann effect.  The standard electric multipole expansion of the electron-photon interaction V treats 
the product of the electron position (r) and photon wavevector (q) as a small quantity, i.e., (r • q) ≪ 14. The 
Borrmann effect is similar with two adaptions: (i) the electric field for a single travelling wave is replaced by 
that of two waves with one along the incident beam direction, q, and the other, of equal amplitude, along the 
diffracted beam direction, q′, where the two waves are phased so as to give zero-field at the diffracting planes and 
(ii) absorption is by ions displaced from their ideal positions by a small distance u. The resulting form of V for the 
Borrmann effect is then,

∈ ∈∝ • + • − + • ′ = • − ′ • + + .V r r u q r u q r q q r u[exp(i( ) ) exp(i( ) )] i [( ) ( )]

Here, the leading (dipole) term in the normal absorption case has vanished, leaving two terms of the same order. 
The first of these is a quadrupole term [r (q − q′) • r], and the second is dipolar absorption that arises due to the 
atomic displacement6–8.

To complete the implied mapping of the Borrmann effect to the standard (E2-E2) scattering amplitude we use 
Cartesian coordinates in Fig. 1a, with our visualization of wavevectors for the effect depicted in Fig. 1b. Cartesian 
forms of the wavevectors in Fig. 1b are q = q(0, −sinθ, cosθ) and q′ = q(0, sinθ, cosθ) which leaves q − q′ parallel to 
the y-axis. Our photon tensor HK

Q for the Borrmann case is calculated from (1) using q̂ = κb = (0, 1, 0), q̂′ = − κb and 
∈ = (1, 0, 0). A dimensionless amplitude F(E2) for the corresponding (E2-E2) scattering length omits the magnitude 
of the wavevector and a radial integral4,

∑= θ − Ψ .+
−HF(E2) sin ( 1) (2)K Q

K Q K K
Q

2
, Q

In this result, an electronic structure factor,

∑Ψ = T , (3)
K

Q
K

Qd d

where the sum is over sites d in a unit-cell used by resonant ions. The Discussion includes specific examples of 
electronic structure factors for magnetic materials.

Borrmann effect: linear polarization
H0

0 = −(1/2) (1/√5), H2
0 = −(1/√14), H4

0 = −(1/2) (1/√70), H4
±4 = (1/4)

Twisted beam: linear polarization subtends an angle φ with the x-axis
H1

0 = (1/√10) (±1), H3
0 = (1/2) (1/√10) (±1), H3

±2 = −{(1/4)(1/√3) exp(±2iφ)}(±1)
Twisted beam: circular polarization
H0

0 = −(1/12)√5, H2
0 = −(1/6)√(7/2)

Table 1.  Photon Tensor HK. The tensor HK
Q is derived from either (1) or (4). F(E2) is derived from (2) and it 

contains sin2θ with θ defined in Fig. 1a: Borrmann effect q̂ = κb = (0, 1, 0) and q̂′ = −κb with ∈ = (1, 0, 0): Twisted 
beam, winding number n = (±1), with q̂ = κt and q̂′ = −κt* using κt = (−i, 1, 0)/√2 for n = +1, and κt = (i, 1, 
0)/√2 for n = −1. A difference signal ΔF = {F(E2; n = +1) − F(E2; n = −1)} contains HK

Q in the table. In the case 
of a twisted beam with circular polarization, defined by the Stokes parameter P2, a difference signal {ΔF(P2 = +1) 
− ΔF(P2 = −1)} = (4 sin2θ HK

0 〈TK
0〉), using the tabulated values for K = 0 & 2. See also entries in Table 4 in SI.
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Twisted beam.  The case of twisted beam is almost identical to that of the Borrmann effect, except that the 
effective wavevector is now determined by integrating over a continuum of states, each lying on a cone depicted 
in Fig. 1c. A phase is determined by the azimuthal angle ϕ around the cone. For a topological charge l,

∫κ ∝ θ ϕ ϕ − ϕ − ϕ .
π

d lsin exp(i ) ( sin , cos , 0)
0

2

Taking l = 1 we choose effective wavevectors κt = (−i, 1, 0)/√2 for n = +1, and κt = (i, 1, 0)/√2 for n = −1. An 
amplitude F(E2) is calculated from (1) and (2) using q̂ = κt and q̂′ = −(κt)*.

Theory.  It was previously shown that an alternative version of the photon tensor (1) is helpful in exposing 
selection rules in normal dichroic signals and resonance enhanced Bragg diffraction4, and so it is in the present 
discussion of signals derived from the Borrmann effect and twisted beams. A derivation of results,

K K
K K K

H 5( 1) { X } [(2 1) (2 1)] 1 1 2
1 1 2

,
(4)

Q
K K

K K

K K
Q
K 1/2∑= − Π ⊗ ′ + ″ +








′ ″ 




′ ″

′ ″

with coupled tensors,

K Q K Q KQ

q q{ } , X { } ,

{ X } X ( ),
Q
K

Q
K

Q
K

Q
K

K K
Q
K

Q Q
Q
K

Q
K

,

ˆ ˆ

∑
∈ ∈Π = ′ ⊗ = ′ ⊗

Π ⊗ = Π ′ ′ ″ ″|

′
′

′
′

″
″

″
″

′ ″

′ ″
′
′

″
″

for a twisted beam is provided in SI. Necessary recoupling of angular momenta is thoroughly reviewed by Balcar 
and Lovesey22. Explicit expressions for the photon tensor ″

″XQ
K  are found in SI. Tensor ranks K, K′, K″ are subject 

to triangular conditions on arguments in rows and columns of the 9-j symbol, and the symbol vanishes unless 
(K + K′ + K″) is an even integer. Values of ΠK′

Q′ for a twisted beam can be deduced from the effective wavevector 
generated from Fig. 1c for l = 1 using the explicit form for coupled tensors,

∑′ ⊗ = ′ α β| ′ ′ .′
′

α β α βˆ ˆ ˆ ˆq q K Qq q{ } (1 1 )Q
K

,

The desired results are obtained from q̂ = κt and q̂′ = −(q̂)*. Specifically, spherical components q̂+1 = 0,  
q̂−1 = −i, q̂0 = 0 and q̂′α = −q̂−α using κt = (−i, 1, 0)/√2 for n = +1, while q̂+1 = −i, q̂−1 = 0, q̂0 = 0 and q̂′α = −q̂−α 
using κt = (i, 1, 0)/√2 for n = −1. Thus, Clebsch-Gordan coefficients in ΠK′

Q′ are of the form (11 1−1∣K′Q′) and 
(1−1 11∣K′Q′), and vanish unless Q′ = 0. Primary and secondary polarization vectors ∈ and ∈′ are not orthogonal 
to the complex wavevector κt.

Valuable selection rules flow from the result ΠK′
Q′ = (lnl−n∣K′Q′) deduced for topological charge l = 1 and 

winding number n = ± l. One has (lnl−n∣K′Q′) ∝ δQ′,0, and (ln l − n∣K′ 0) = (−1)K′ (l − n ln∣K′ 0). A first selection 
rule is Q = Q″ in (4), with allowed projections of atomic multipoles 〈TK

Q〉 in the electronic amplitude F(E2), 
defined in (2), actually selected by the polarization factor ″

″XQ
K . Polarization vectors lie in the x-y plane of Fig. 1a, 

to a good approximation. Circular polarization picks out K″ = 1 and Q″ = 0 in ″XQ
1 , while linear polarization picks 

out K″ even. Signal selection, using the change in sign of F(E2) with winding number n = ±1, and circular polar-
ization gives access to charge-like atomic multipoles, while magnetic multipoles are accessed with linear polari-
zation. Since ΠK'

0 is unchanged by a change in sign of n for K′ even and reverses its sign with respect to the sign of 
n for K′ odd, selection of components of F(E2) on the basis of the winding number, a dichroic signal labelled ΔF, 
uses K′ = 1 and (K + K″) odd. The selection rules are thus, K even for circular polarization and K odd for linear 
polarization for the multipole ranks in the atomic multipole 〈TK

Q〉.
Atomic multipoles in ΔF = {F(E2; n = +1) −F(E2; n = −1)} observed with circular polarization are time-even 

multipoles 〈T0
0〉 & 〈T2

0〉 that are purely real. The result follows from the triangular condition on K, K′, K″ in the 
9j-symbol with K′ = K″ = 1. Corresponding photon tensors are summarized in Table 1. A complete listing of HK

Q is 
available in SI (Table 4) together with useful analytic results. Linear polarization presents magnetic multipoles 〈T1

0〉 
& 〈T3

Q〉 with projections Q = 0 & ±2 in the difference signal ΔF, and photon tensors therein are found in Table 1.
For the Borrmann effect q̂ = (0, 1, 0) = κb with q̂+1 = ̂q−1 = −i/√2, and q̂′α = −q̂−α. In consequence,

Π = δ δ + δ + √ δ + √ δ δ′
′ ′ ′ + ′ − ′ ′ ′(1/2){ [ (2/3) ] (2/ 3) }, (5)

K
Q K Q Q Q K Q,2 , 2 , 2 ,0 ,0 ,0

which is used to calculate photon tensors gathered in Table 1. With K′ even and linear polarization (K″ = 0, 2) 
the Borrmann effect engages charge-like electronic multipoles (K even). The contribution K′ = 2 presents the 
hexadecapole 〈T4

Q〉 with projections Q = 0, ±2, ±4, but H4
±2 ∝ [1 −exp(2iφ)] = 0 for linear polarization parallel 

to the x-axis in Fig. 1a.

Discussion
Our principal result is that the expression (2) for the amplitude of an (E2-E2) dichroic signal is valid for signals 
created by the Borrmann effect and a twisted beam. The corresponding amplitudes are obtained from a mapping 
that uses an effective wavevector, κ, depicted in Fig. 1b, c. Mapping of the Borrmann effect is achieved with real 
κb = (0, 1, 0), whereas a mapping of the twisted beam requires complex κt = (±i, 1, 0)/√2 and signs to denote the 
winding number of the primary beam. Thereafter, it is straightforward to delineate selection rules for the new 
dichroic signals, by appealing to prior knowledge about the properties of parity-even atomic multipoles 〈TK〉 used 
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to describe the electronic state of ions engaged in conventional dichroic signals, and, also, the Bragg diffraction 
of x-rays enhanced by an atomic resonance4. Atomic multipoles of even rank are charge-like and those with 
odd rank are magnetic. The Borrmann effect presents charge-like multipoles with rank K ≤ 4, while a twisted 
beam presents either charge-like (circular polarization) or magnetic multipoles (linear polarization) depending 
on polarization in the primary beam. Previous numerical simulations of dichroic signals using a twisted beam, 
accomplished for various materials, underscore the potential value of the technique25.

Sum-rules for integrated signals follow from known properties of 〈TK〉2,4. Absorption at a K-edge, Jc = 1/2, will 
be useful for 3d and 5d transition ions. Atomic multipoles are functions of electronic orbital degrees of freedom 
at the K-edge with 〈T1〉 proportional to orbital angular momentum 〈L〉26. Spin and orbital degrees of freedom in 
ions contribute at L-edges, labelled by Jc = 1/2 & 3/2, useful for rare earth and actinide compounds. Spin contri-
butions to 〈TK〉 are exposed by taking a difference of integrated dichroic signals at two L-edges, say4.

By way of an example, consider the osmate NaOsO3 that forms an orthorhombic lattice with four formula 
units per cell, and superstructure as in the GdFeO3-type perovskite27. Cooling through Tc ≈ 410 K triggers a con-
tinuous, second-order phase-transition to an antiferromagnetic insulator with no change to the lattice. The elec-
tronic structure factor (3) is,

Ψ = + σ − + σ −θ θ −T T(NaOsO ) [1 ( 1) ][ ( 1) ],K
Q

Q K
Q

K K
Q3

for Os ions using sites 4a in the magnetic space-group Pn′ma′. Sites 4a possess inversion symmetry and no more. 
The label σθ = (−1)K is the time signature of 〈TK

Q〉. By taking σθ = −1 a ferromagnetic motif of dipoles (K = 1) 
parallel to the b-axis is allowed. However, magnetic signals require Q odd, and these projections are forbidden in 
dichroism created with a twisted beam and linear polarization. Charge-like signals (K even) are allowed for both 
types of dichroism under discussion.

Neptunium dioxide undergoes an uncommon form of electronic phase transition at about 25 K28, which could 
be further investigated by measuring dichroism at Np L2 and L3 absorption edges. Symmetry of the fluorite struc-
ture Fm 3 m (#225) is reduced to Pn 3 m (#224) at the transition, and there is no experimental evidence in favour 
of a long-range order of Np magnetic dipoles. The electronic structure factor is,

Ψ = + − + − −T T(NpO ) [1 ( 1) ][ ( 1) ],K
Q

Q K
Q

K K
Q2

and restrictions imposed by site symmetry are severe, even though it includes inversion and allowed 
Np multipoles parity-even. Magnetic dipoles 〈T1〉 are forbidden, as is the quadrupole 〈T2

0〉. In addition, 
〈TK

−Q〉 = 〈TK
Q〉* = (−1)K+p 〈TK

Q〉 with Q = 2p and p an integer. In consequence, ΨK
Q(NpO2) can be different 

from zero for p even, and with the Borrmann effect it is possible to measure a signal due to hexadecapoles 〈T4
0〉 

and Re.〈T4
±4〉. Existing theoretical and experimental work suggests that the phase transition is driven by ordering 

of Np octupoles28. A secondary order-parameter allowed by quadrupoles 〈T2
+2〉 is very small, and possibly zero, 

whereas hexadecapoles inferred from experimental data are significant.
Our unified picture of spectroscopy using the Borrmann effect and a twisted beam provides considerable physical 

insight into both processes, and highlights their common features and differences. A twisted beam is more versatile 
in terms of the accessible multiples. However, the fact that several experimental spectra have been published for the 
Borrmann case6–8, while x-ray spectroscopy using a twisted beam is yet to take hold, suggests that the latter is intrinsi-
cally difficult. While producing x-ray twisted beams is non-trivial15,29, it is possible that a more fundamental difficulty 
arises from the need to have large cone angles (large θ) while maintaining a wide enough beam waist for normal dipole 
absorption to be minimized. In the Borrmann case, the angles are very large, leading to large effective wavevectors 
(large field gradients), and the volume of vanishing field intensity is then so small that even atomic thermal fluctuations 
dominate measured spectra. A ratio of the (time-averaged) quadrupole to dipole (E2/E1) signals yields an enhance-
ment factor for the Borrmann effect ∝ λ2/〈u2〉30, where λ is the photon wavelength and u is an atomic displacement6–8. 
Similar sub-Angstrom positioning would be required with a twisted beam, even if such large angles could be realized. 
Smaller cone angles increase the waist size but reduce the field gradient. Although the dipole and quadrupole absorp-
tion scale together in the ideal case, for small angles even a minute background contamination might swamp the signal. 
Experimental verification of x-ray spectroscopy using a twisted beam therefore represents an important and interesting 
challenge, which is perhaps made easier by considering longer-wavelength soft x-rays.

In summary.

•	 All contributions to dichroic signals that are symmetric with respect to rotation about the z-axis in Fig. 1a (such 
as normal absorption with circular light) have vanishing tensor components for all non-zero projections.

•	 Odd-rank atomic multipoles are time-odd (magnetic) multipoles and vice versa.
•	 The Borrmann effect with linear polarization probes only time-even (charge-like) multipoles.
•	 A twisted beam with linear polarization gives no dipole contribution.
•	 A twisted beam probes both even (charge) and odd (magnetic) multipoles.
•	 For linear polarization, reversing the winding number n reverses the magnetic contribution.
•	 Amplitudes F(E2) in equation (2) for the Borrmann and twisted beams cases have pre-factors that scale with 

sin2θ and therefore become vanishingly small for small cone-angles.

Methods
Radiation is treated classically in the paraxial approximation. The spatial spread of electronic wavefunctions is 
assumed to be small compared to the waist of the primary beam. An LG polarization vector lies in the plane nor-
mal to the beam’s direction of propagation, to a good approximation. The electric field of a LG beam has a small 
vector component along the propagation axis and it has been shown to be safely neglected31.
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Electronic degrees of freedom, charge, spin and orbital angular momenta, in the ground-state of ions engaged 
in dichroic signals are treated by spherical tensor operators with defined discrete symmetries4. Balcar and 
Lovesey22 review recoupling of angular momenta required to achieve the result (4) for the product of matrix 
elements in the amplitude.
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