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Cyclic quantum causal models
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Causal reasoning is essential to science, yet quantum theory challenges it. Quantum corre-
lations violating Bell inequalities defy satisfactory causal explanations within the framework
of classical causal models. What is more, a theory encompassing quantum systems and
gravity is expected to allow causally nonseparable processes featuring operations in indefinite
causal order, defying that events be causally ordered at all. The first challenge has been
addressed through the recent development of intrinsically quantum causal models, allowing
causal explanations of quantum processes - provided they admit a definite causal order, i.e.
have an acyclic causal structure. This work addresses causally nonseparable processes and
offers a causal perspective on them through extending quantum causal models to cyclic
causal structures. Among other applications of the approach, it is shown that all unitarily
extendible bipartite processes are causally separable and that for unitary processes, causal
nonseparability and cyclicity of their causal structure are equivalent.
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here has been growing interest in higher-order quantum

processes in which separate operations do not occur in a

definite causal order (see, e.g., refs. =22 for a selection).
This property, called causal nonseparability>©7-23 was formalized
within the process matrix framework?, which describes correla-
tions between quantum nodes of intervention without assuming a
predefined order between the nodes. Challenging conventional
notions of causality, causally nonseparable processes have been
shown to allow informational tasks that cannot be achieved with
operations used in a definite order*>824 Such processes have
been conjectured to be relevant in the context of quantum
gravity!=3-2> and closed time-like curves?311:22:26.27 but some are
also known to admit realizations in standard quantum mechanics
on time-delocalized systems'®. A prominent example is the
quantum SWITCH, which has been demonstrated experimen-
tally28-33,

On a separate front, there is the recent development of the
framework of quantum causal models343> (see, e.g., refs. 36-46 for
related, previous work) as a fully quantum version of the classical
framework of causal models*#8, Tt is formulated within the
formalism of process matrices, but contains the classical causal
models as special cases and generalizes many of the fundamental
concepts and core theorems of the latter. Quantum causal models
thus constitute a general framework for reasoning about quantum
systems in causal terms, allowing the rigorous study of the
empirical constraints imposed by quantum causal structures—
however, only as far as causal structures are concerned that are
expressible as directed acyclic graphs (DAGs), i.e., where there is
a well-defined causal order. The central idea behind the approach
in refs. 343 is that causal relations between quantum systems, as
encoded in a DAG, correspond to influence through underlying
unitary transformations. This facilitated, in particular, a justifi-
cation of the quantum Markov condition relative to a DAG that
underpins the definition of a quantum causal model—any such
model can be thought of as arising from a unitary circuit frag-
ment with a compatible causal structure by marginalizing over
latent local disturbances®’.

It is a natural question whether these hitherto separate lines of
research can be merged to arrive at a causal model perspective on
processes that are not compatible with a fixed order of the
quantum nodes. While this direction of thought has been con-
sidered in earlier work (see, e.g., refs. 4>49°0) it was previously
not clear how to take the idea forward due to various conceptual
and technical obstacles—including, for example, how quantum
nodes and the quantum Markov condition should be defined,
how the notion of the autonomy of causal mechanisms should be
understood??, and how to prevent paradoxes.

This work overcomes these obstacles by generalizing the
approach to quantum causal models of refs. 343>, A large class
of processes that are not compatible with a fixed order of the
nodes can then be understood to have a causal structure, albeit
one that includes directed cycles. This may appear counter-
intuitive, but the process matrix framework guarantees that it is
free of paradoxes. The motivation for entertaining such a
proposal is twofold. First, in light of the puzzling nature of
causally nonseparable processes and the open question of which
ones are physically possible in nature, a conceptual clarification
of causal structure is an important next step. Second, our
approach yields mathematical tools facilitating new technical
results, including a more fine-grained description of the com-
positional structure of a process that is implied by its causal
properties. One of the implications of the latter derived in this
work is a proof that all bipartite processes that admit a unitary
extension®! are causally separable. We also prove that for
unitary processes, causal nonseparability and cyclicity of their
causal structure are equivalent.

Results
The process formalism, causal order and signalling. Let us start
by setting out some necessary background and essential concepts.
In quantum theory, a system A is associated with a complex
Hilbert space H,, and its state is a density operator p, € L£(H,),
where £(H,) is the space of linear operators over H,. The most
general evolution of a system, assuming that it is initially
uncorrelated with its environment, is given by a completely
positive trace-preserving (CPTP) map &: L(H,) — L(Hp),
where this notation allows the output system to be different from
the input system. The most general operation that an agent can
perform from an input system A to an output system B has a
classical outcome k and specifies the transformation from A to B
conditioned on each value of k being obtained. Mathematically,
the operation corresponds to a quantum instrument, which is a
collection of completely positive (CP) maps {£*: L(H,) —
L(Hp)}, such that £ = 37, &F is a trace-preserving CP map.

It is convenient to represent CP maps with operators, via a
variant of the Choi-Jamiotkowski (CJ) isomorphism®2°3, which
to a given CP map &:L(H,) — L(Hp) associates the CJ

operator pg‘A =2 D4 (i) @ 1i) 4 (jl, where {[i),} is an
orthonormal basis of H,, and {|i),.} the corresponding dual
basis. The CJ operator for a CPTP map & satisfies TrB[pg‘ A=

1,4+. This variant of the CJ isomorphism is used in refs. 343°, and
has the advantage that the CJ operator is both positive semi-
definite and independent of the basis used in its definition.

The idea behind the process formalism? is that there is a fixed
set of locations A; i=1,---,n, which in this work we call
quantum nodes, at each of which an agent can perform an
operation on a quantum system. A quantum node A; is associated
with two Hilbert spaces, an input Hilbert space H,» and an
output Hilbert space H ou (both here assumed finite-dimen-

sional). The input Hilbert space carries the state of the input
system just before the operation by the agent, and the output
Hilbert space carries the state of the output system just after the
operation. The operation itself corresponds to a quantum
instrument {Sff{‘ : L(H ) — L(H gou)}. Conceptually, a quan-
tum node is sometimes thought of as representing a small,
localized laboratory in some region of spacetime, but may also be
conceived more abstractly, for example as occupying a particular
position in between the gates of a quantum circuit.

The aim of the process formalism is to describe the correlations
between the outcomes of the operations that are performed at the
separate quantum nodes. Given a set of instruments at the
quantum nodes Ay, ..., A, the joint probability for their outcomes

is given by
ks,
04,4, ( _ TAJ)} ; (1)

T
where T4 = (piﬁﬂtw) »and oy 4 € L(IQHam @ Hyou) is
called the process operator, and which we will also sometimes
refer to more simply as the process.

A process operator 0,4, , which up to a different convention
of the CJ isomorphism is the same as a process matrix?, obeys
constraints, designed to ensure that valid joint probabilities are
returned by Eq. (1) for any possible choices of the operations
performed by the agents, and that the same holds even when the
agents have pre-shared entanglement. These constraints are3:
044,20 and Trlo, , (14 ® @7, )] =1, for any set of
CPTP maps {7, } at the n nodes. Simple-to-check necessary and
sufficient conditions for an operator in £(@);H» ® Hjou) to be

Plky s ky ) =Tr

a valid process operator can be found in refs. ®7. To avoid clutter
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Fig. 1 Simple circuit with two quantum nodes A and B. For any state p and
any CPTP map & this defines a process operator over A and B.

when tracing over a node A we will write Tr,[_]:=
TrAin(Aout)* [ v].

A question of central interest in the study of the process
formalism has been whether a given process operator is
compatible with the existence of a definite causal order of its
nodes. A closely related question concerns how this relates to the
possibilities for signalling between different nodes. Let us first
make these notions more precise.

Consider the sequence of quantum operations represented in
the form of a circuit in Fig. 1.

The gate in the circuit corresponds to an arbitrary CPTP map
&, and the initial preparation to an arbitrary bipartite state p.
Quantum nodes A and B correspond to positions in the circuit in
between gates, at which an agent can choose to perform a
quantum instrument on the system at that position. The nodes
are represented as broken wires, with it understood that the
agent’s instrument mediates the two pieces. The lower piece of the
wire corresponds to the input Hilbert space of the quantum node
and the upper piece of the wire to the output Hilbert space. Any
circuit with some wires broken defines a partial order over the
quantum nodes, with a node N preceding node N’ in the partial
order if and only if there is a path from N to N’ along the (broken
or unbroken) wires of the circuit. We call this partial order the
causal order. In the example, node A precedes node B in the
causal order. The circuit defines joint probabilities for the
outcomes of any quantum instruments that are performed at
nodes A and B, hence defines a process operator over the nodes A
and B.

An important concept is now that of causal separability, first
introduced in ref. 3 for the bipartite case. A bipartite process o5
is called causally separable iff it can be seen to arise as a convex
mixture of processes with a fixed causal order between A and B,
. A£B BAA . BAA .
ie,o45 =poy; + (1 —p)o,g", with0<p<1, where 05" is a
process that can arise from a sequence of operations of the form
of Fig. 1, and o;2” is a process that can arise from a different
sequence of operations, of the same form except that B precedes
A. Otherwise 0,p is causally nonseparable. The idea is that a
causally separable process can be thought to describe a situation
in which a well-defined, though possibly unknown, causal order
of the nodes exists, whereas a causally nonseparable process is not
compatible with such an interpretation.

The connection with signalling between the nodes is as follows.
Given a bipartite process 045, we say that there is no signalling
from quantum node B to quantum node A if and only if for all

quantum instruments TZA at A and all deterministic quantum
instruments 7 at B, the probability distribution P(k,) =
Tr[UAB(TI:{‘ ® 1) is independent of 7. This condition is
equivalent to 0,5 = 0 pn ® H(Bout)*s. The connection between
signalling and causal order is that in any sequence of operations

of the form of Fig. 1, there is no signalling from B to A. Moreover,
every bipartite process operator with no-signalling from B to A is

known to have a realisation as the process operator arising from a
circuit of the form of Fig. 174,

The formal definition of the multipartite generalization of
causal separability is more intricate than in the bipartite case:
beyond just convex mixtures of fixed causal orders, the definition
allows for a dynamical causal order in which the causal order at
later quantum nodes can depend on the events taking place at
earlier quantum nodes. This definition is postponed to a later
section dedicated to causal separability. See also refs. 723 for a
detailed discussion. A discussion of signalling in a multipartite
process is also more involved, since whether a subset of quantum
nodes can signal to another subset of quantum nodes depends on
the interventions performed at other quantum nodes not in the
two subsets.

Causal influence vs signalling. This work is concerned with a
notion of causal structure, which is distinct from the causal order
defined by a circuit, and which also needs to be carefully dis-
tinguished from the possibilities for signalling afforded by a
general process operator. In order to motivate the idea, consider a
circuit of the form of Fig. 1, with each wire representing a qubit,
with p = p,n ® |0) (0], and with the channel £ being a quantum
Controlled-NOT gate with the control on the output wire of the A
node. This circuit defines a process operator %5 on the A and B
nodes, which may easily be computed, and it can be verified that
0%, allows signalling from A to B. Similarly, in the same circuit
except with p = p,m @ |1) (1|, the process operator a’ is easily
computed, and it can be verified that signalling is possible from A
to B.

Now consider the same experiment, except with the prepara-
tion of the A’ system given by flipping a fair coin, and preparing
|0) , (0] on heads and |1) ,,(1] on tails. If the outcome of the coin
flip is unknown, then the state of the A’ system is the mixed state
1/2, and the corresponding process operator over A and B is

O = 1 oy @ (1/2) 1 @ T youyr ® pgin. 2)

In the process o', there is no signalling from A to B. Indeed
the very same process operator could arise from a situation in
which A and B are independent and spacelike separated.

In the experiment with the coin flip, it is clear that A has a
causal influence on B, since agents who know the value of the
coin flip would be able to send signals from A to B. From the
perspective of agents who do not know the value of the coin flip,
however, signalling is washed out by the randomness of the
unobserved system. A similar phenomenon is well understood in
the literature on classical causal modelling. In a canonical
example, A, B, and C are all classical bits, with A and C causes of
B such that B is equal to the parity of A and C. If C is inaccessible,
or hidden, and satisfies P(C=0)=P(C=1)=1/2, then B is
randomly distributed regardless of the value of A. Hence as long
as C remains hidden, signals cannot be sent from A to B. (See
Section 2.4 of ref. 35)

The conclusion that should be drawn from the example with
process 0¥ is that causal influence between quantum nodes should
not be defined in terms of the possibilities for signalling afforded by
a process operator, at least not if there is a chance that unobserved
systems (A’ in the example) are interacting with the systems under
study (A and B in the example). Given only a process operator o5
and no other data, although signalling is sufficient for causal
influence, it can happen that A has a causal influence upon B even
though there is no signalling from A to B in o4p.

Quantum causal models. The framework of quantum causal
models, introduced in refs. 343°, is based on the idea that in an
example like that just above, statements about causal influence
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Fig. 2 Examples of cyclic directed graphs. a A cyclic directed graph that
does not admit a faithful quantum causal model; b A cyclic directed graph
that admits a faithful quantum causal model.

can be defined in terms of signalling, but only once all relevant
systems are included in the description. At this point, the
description is of a closed system, and at least in standard quan-
tum theory, evolution of a closed system is unitary. Hence
quantum causal models define causal influence in terms of uni-
tary transformations. Reference 3° shows that in the case of
unitary circuits with broken wires representing quantum nodes,
the causal relations between the quantum nodes can be sum-
marized in the form of a DAG, where the DAG imposes con-
straints on the process operator over the quantum nodes.

These leaves open the question of what the pattern of causal
influence might be in causally nonseparable processes described
in the literature. Can it even be well defined or must one conclude
that these processes are not amenable to causal explanation at all,
or that all that can be discussed is signalling between the nodes?
Our idea is that such processes can be understood in causal terms,
if the framework of quantum causal modelling is extended to
allow causal cycles. We will show that the resulting formalism can
be used successfully to describe some of the much-studied
instances of causally nonseparable processes from the literature.
Later, we show the utility of this approach by using it to settle
previously open questions concerning causally nonseparable
processes.

The following definition generalizes that of refs. 3435, by
allowing cyclic graphs (along with a more minor generalization,
which is that the input and output Hilbert spaces of a quantum
node can here have different dimensions).

Definition 1 (Quantum causal model (QCM)—generalized) A
QCM is given by:

(1) a causal structure represented by a directed graph G with

vertices corresponding to quantum nodes Aj,..., A4,

(2) for each A, a quantum channel
Papaca,) € L(Hyn @ Hp, ou.), where Pa(A;) denotes the
set of parents of A according to G, such that
[P Paa,) » pA}‘Pa(A»] =0 for all i,j and such that o, 4, =
Hip A,|Pa(A;) is a process operator over the quantum nodes
A, LA,

When writing products of the form [ [;p, py4 ) it is understood
implicitly that each factor is padded with an identity operator in
tensor product for all other spaces. A QCM is called cyclic iff its
causal structure contains directed cycles, and acyclic otherwise.

It is useful to define a term to express the fact that a given
process operator ¢ has the correct form with respect to a given
causal structure to define a QCM.

Definition 2 (Quantum Markov condition—generalized) A
process 0, 4 is called Markov for a directed graph G with
quantum nodes Ay, ...,A, as its vertices iff it admits a
factorization into pairwise commuting channels of the form
04 =1 1P4,|Pa(A,)"

Note that the Markov condition of classical causal models*7:48
is a special case of Definition 2, obtained when the graph is
acyclic and 04, is diagonal in a product basis, and encodes a

classical probability distribution3>. The following first sets out
some further terminology and basic properties of Definition 1 and
then turns to motivating and explaining Definition 1, making the
link with unitary transformations, and showing why it is that for a
particular directed graph, condition (2) should hold.

First, observe that not every cyclic graph supports a QCM in an
interesting way. Consider, for example, the two-node cyclic graph
of Fig. 2a. A QCM with such a causal structure would come with
a process operator

0AB = PaBPBlA - (3)

Here and throughout, channels between the nodes on which a
process is defined are written such that anything appearing to the
right of the bar refers to the output Hilbert space of the node, and
anything appearing to the left of the bar refers to the input Hilbert
space of the node. By our conventions papppa = pajs @ Ppja-
However, this is not a valid process operator unless either
Pajp = Pain @ L(gouy, 0F ppy = pyn @ 1(4ou)-. In other words, at
least one of the channels p4p, ppa carries no information, but
simply ignores its input and prepares a fixed state on the output.
Intuitively speaking, this is because there would otherwise be
logical paradoxes for certain choices of interventions at A and B.

More generally, we will say that a QCM is faithful iff each of
the channels p, p,, ) is signalling from AOut to A" for every A; €

Pa(A)), ie.,
1
pA,\Pa(A,);tETr(AjO“‘)X (pAi|Pa(Al)) ® ]l(AJ?u!)*v (4)
]

where d; is the dimension of AJ‘."“. Our claim concerning the
causal structure of Fig. 2a can be summarized as:

Proposition 1 There is no faithful cyclic quantum causal
model with two nodes.

Proof See Methods.

Now consider the cyclic graph G’ in Fig. 2b A QCM with G’ as
its causal structure comes with the data

04Bc = PajBcPBjacPc - (5)

Equation (5), compared to Eq. (3), has the key difference that the
commuting operators have non-trivial action on (C°™)". As a
result, it turns out that faithful cyclic QCMs of this form do exist.
An example is described below.

Note that, given a cyclic graph such as that in Fig. 2b, even
when a faithful QCM exists it is not in general the case that any
set of commuting channels p, 4, defines a process operator.

(See Methods for an explicit demonstration of this fact.) The
constraint in the definition of a QCM that o, = [[;P4 jpaa,

is a valid process operator is essential, and is what guarantees that
grandfather-type paradoxes do not arise3. This is in contrast to
the acyclic case, where, given an acyclic causal structure, it is not
hard to argue that any product of commuting channels of the
form [[,p, |pa(4,) 18 @ valid process operator3?, hence in particular

a faithful QCM w1th that causal structure can always be found.

Unitarity and causal structure. The definition of a QCM above is
predicated on the idea that causal structure should be represented
by a directed graph. This idea, however, along with the stipulation
that the accompanying process is Markov for the graph, was
presented without much justification or further comment. Why is
causal structure represented by a directed graph, for example, as
opposed to a different mathematical object, such as a partial
order, or a preorder, or some kind of hypergraph? This section
considers a subclass of processes—unitary processes, defined
momentarily—and shows that a unitary process is associated with
a causal structure, which can indeed be represented with a
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directed graph, and that the unitary process is Markov for that
graph. In other words, a unitary process, along with its causal
structure, defines a QCM.

In order to define a unitary process, observe that a process
operator g, 4 has the mathematical form of the CJ operator for
a channel P : L(Q;Hpou) — L(QHyn)’. Where it is conve-
nient to emphasise this form, we will sometimes write
Opa, = pflm AJALA where it is understood implicitly that an
A; to the right of the bar stands for A?™, while an A, to the left of
the bar stands for A". A unitary process is a process (where some
of the input or output spaces may be trivial, i.e., 1-dimensional)
such that the channel P is a unitary channel.

The first step is to define a notion of causal structure that
pertains to the inputs and outputs of a unitary channel.

Definition 3 (Causal structure of a unitary channel) Given a
unitary channel pzéD‘ > Write A = D (A does not influence D), iff

Tr, [pléD‘ g = pg’llB ® 14 for some marginal channel M. If A can

influence D, i.e. (A -» D), A is a direct cause of D. For any
unitary channel Pzéll...c,\ 5.5, with k input and [ output subsystems

its causal structure is then the set of causal relations between
input and output subsystems and can be represented by a DAG
with vertices By, ...,Bx and Ci,..,C; and an arrow B;—C;
whenever B; is a direct cause of C;.

This definition (which, given the correspondence between
unitary maps U and unitary channels /(_) = U(_)U", we let refer
to either) lifts naturally to the case of a unitary process, in such a
way that causal relationships are defined between the nodes of the
process, rather than between inputs and outputs of a channel.

Definition 4 (Causal structure of a unitary process) Given a
unitary process g, 4 :pzl---Al\Al---An’ write A;j» A; (node A;
does not influence node A;), iff AJ‘-’ut does not influence Ai“ inU. If

node A; can influence node A; then A; is a direct cause of A;. The
causal structure of the unitary process is the set of all causal
relations between its quantum nodes, and is representable as the
directed graph with vertices Ay, ..,A, and an arrow A;— A,
whenever A; is a direct cause of A,.

The fact that any unitary process is Markov for its causal
structure, hence defines a QCM, is then immediate from the
following theorem of refs. 3433,

Theorem 1 (References 3%3%) Given a unitary channel

plél---cllBl-"Bk’ let {Pa(Ci)}iz1 be the parental sets as defined by its
Then the CJ] operator factorizes as
PLC{1.4.C1|BI4.4B,( = Hi:IPC,\Pa(C,v)’ where the marginal channels com-
mute pairwise, [pC,\Pa(C,-) , PC]-\Pa(Cj)] =0 for all i, ].

The case of non-unitary processes, and their relationship to
causal structure is presented below. First, we describe a well-
known example of a causally nonseparable process—the quantum
SWITCH?—and show explicitly that it defines a unitary process
operator with cyclic causal structure, hence a cyclic QCM.

causal  structure.

Example: the quantum SWITCH. The quantum SWITCH? was
the first example described of a causally non-separable process.
The SWITCH is standardly defined as a higher-order map?>%>>
that takes as input two CP maps F, : L(H in) — L(H gou) and
QB : £(HBin) — £(HBout), where dAin = A pou = dBm = dBout = d,
and gives as an output a CP map
E:L(Hy®H) — L(Hy @ Hg), where dy=dy =2 and
dg =dg = d. Here, H, and H, are interpreted as the Hilbert
spaces of a control qubit at some initial and some final time,
respectively, and Hg and Hy as the Hilbert spaces of some target
system at the same two times. Intuitively, the effect of the
quantum SWITCH is to transform the target system from the

Fin

—_—

o s
Aout‘ ‘Bout
. U .
Aln‘ ‘Bll’!

@ s

——

Pout

Fig. 3 A unitary process with nodes A and B, root node P (in the global
past) and leaf node F (in the global future). Here with P°Ut = QS and
F" = Q'S; the quantum SWITCH is an example of such a process.

F

P

Fig. 4 The causal structure GswrcH of the quantum SWITCH. Any unitary
process of the form as in Fig. 3 has a causal structure that is a subgraph of

GSWITCH-

initial to the final time by the sequential application of the CP
maps F, and Gy, where the order in which the two CP maps are
applied is conditioned coherently on the logical value of the
control qubit.

To formulate this precisely, we will describe the quantum
SWITCH directly as a 4-node process (see Fig. 3), which involves
the nodes A and B, where F , and Gy are inserted, a node P with
Pout = (35, where the control qubit and target system at the initial
time are prepared in some state, and node F with F" = Q'S
where the control qubit and the system at the final time are
subject to some measurement. The SWITCH is then a unitary
four-partite process with process operator oA =
= |W)(W|, where

0>Q’ |¢+>S*A‘“ |¢+> (AW‘)’B‘"
1>Q’ |¢+>S*B‘" ¢+>(B°“‘)*A‘"

U
P 4BF|ABP

(W) = 10)g:

¢+><Bout>‘s/

(6)
¢+>(A°‘“)*S”

+11) g

with |¢%)yy := >".|i)x]i)y and the appearance of the dual spaces
due to our convention for the CJ isomorphism. It is straightfor-
ward to verify that the causal structure of o5ypr is the cyclic

directed graph in Fig. 4. From Theorem 1, it follows that

SWITCH _
Ougpr = PF|aBP PA|BP PBlAP PP > (7)

where we have formally added pp to make the Markovianity of
GZ‘I’SY}ECH for Gswrrcu explicit, but here pp is just the number 1,
since P! is trivial. Hence, the graph Ggwircy together with

PRABPs PAIBP> PBIAP, PP, form a faithful cyclic QCM.
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Fig. 5 The causal structure of the AF process. The fully connected directed
graph with three nodes A, B and C.

Compatibility vs Markovianity. This section extends the dis-
cussion of causal structure to non-unitary processes. Briefly, in a
QCM involving a non-unitary process o, the arrows of the graph
are taken to represent facts about the causal structure of some
underlying unitary process, with the property that ¢ is recovered
from the unitary process when marginalizing over auxiliary sys-
tems. The auxiliary systems take the form of a final system F,
along with uncorrelated local disturbances, where the latter are
inputs to the unitary process in a direct product state, with the
property that each of them is a direct cause of at most one of the
nodes of 0. As we shall show, it then follows that the process o is
Markov for the graph.

The following was introduced in ref. >! (there under the name
purifiability), and will help make these ideas precise.

Definition 5 (Unitary extendibility) A process 0 4 is called
unitarily extendible iff there exists a unitary process o, 4 pp =

U
PA,..AFIA,. A,

p» on the quantum nodes A, ..., A,, plus additional
root node such

P and leaf node F, that o, , =
Ttpp[0a, 4 pr Tp) for some state 7p € L(Hpou). The process

04 4 pp is called a unitary extension of 0, _, .

L R 51 14y

It was found in ref. that not all process operators are
unitarily extendible. The reason for this is that, although for any
process o, 4 = pz_'_ AJA A corresponding to a channel P, the

channel P admits a dilation to a unitary channel, this unitary
channel does not necessarily correspond to a valid process itself.
Process operators that are not unitarily extendible are those for
which no dilation exists such that the unitary channel
corresponds to a valid process.

Now suppose that a process o, , does have a unitary
extension 0, 4 pp involving the additional root node P. As per
Def. 4, the unitary extension 0, 4 pp has a causal structure given
by some directed graph G with nodes A, ..., A,,, P, F. Let G’ be the
subgraph with nodes Ay, ... ,A,, along with all arrows that connect
only these nodes in G. In general, in the graph G, the node P will
have arrows to several of the A; meaning that P is a common
cause for these nodes. There will then, in general, be correlations
in o that are explained by the common cause P. This means that
the graph G/, which omits P, is at best an incomplete causal
explanation for the correlations in o, since it does not explain
those correlations due to P. In this case, there is no reason why o
should be Markov for the graph G'.

Consider now a unitary extension of 6, , with the feature

1 n
that the node P can be factored into uncorrelated local
disturbances A; such that each A; is a direct cause of at most
one of the nodes A; In this case, the graph G/, obtained by
omitting all of the A; and leaf node F, can be seen as a causal
explanation for correlations described by the process o4 4,

which omits only local disturbances and the final effect F, and
which does not omit common causes. In this case, we will say that
o is compatible with the graph G In fact, it is more useful to
define this term more broadly: we will say that o is compatible
with any graph, with nodes A, .., A,, that contains G' as a
subgraph. The following definition makes this precise, general-
izing that of ref. 3> to the cyclic case.

Definition 6 (Compatibility with a directed graph) A process
04,4, is compatible with a directed graph G with nodes A, ...,

Apiff o, 4 is extendible to a unitary process g, 4 ) .1 p> With

an extra root node A; for i =1, ..., n and an extra leaf node F, such
that:

(1) there exists a product state 1) ® -+~ ® 1) with 1) € L( j{?m)
suchthat o, 4 =Ty ) plog an.ar(my ® @1 )]
(2) 04,.a,.,F satisfies the following no-influence conditions

(with Pa(A;) referring to G): {Aj#A,-}A]¢Pu<Ai) , {Aj#Ai}j#.
The following then justifies the stipulation, as a part of the

definition of a QCM, that the process accompanying a graph is
Markov for the graph.

Theorem 2 If a process o, , is compatible with the
directed graph G, then it is also Markov for G.

Proof Similarly to the acyclic case in ref. 3>, the theorem follows
essentially from Theorem 1: the unitary extension, asserted to
exist by virtue of the assumed compatibility with G, has
to factorize into pairwise commuting operators of the

form o4 a5 =Pra..ap.r, TLiPajpaay,). This yields
04,en, = LLT00 [P paan, T, ], Where the factors py pya) =
Tr) [p4 Pa(A ), 7) | are pairwise commuting operators.

Reference 3° also establishes a converse to this result, for the case
that G is acyclic. For a general directed graph G, however, the same
proof does not suffice since, even though a dilation to a unitary
channel with the required causal constraints can always be found3>,
it is not immediate whether this channel can be guaranteed to
define a valid process. We pose this as a hypothesis:

Hypothesis 1 If a process o4 , is Markov for a directed
graph G, then it is compatible with G.

The hypothesis is satisfied by all examples that we have
investigated, but we do not have a proof that it is true in general.
Some consequences of the validity or otherwise of this hypothesis
are discussed in the “Conclusions” section.

Example: a process that violates a causal inequality. While the
quantum SWITCH is causally nonseparable, the correlations that
can be established between operations at the nodes of the
quantum SWITCH can always be obtained by a causally separable
process with sufficiently large input and output dimensions at
each node®’. There are, however, causally nonseparable processes
that can produce correlations violating causal
inequalities®7:%12:56-60_which are incompatible with the existence
of a definite order between the nodes irrespectively of the types of
systems or operations performed at those nodes*7:!, In the lit-
erature such processes are called noncausal’.

An example of a tripartite noncausal process is the one which
was found by Aradjo and Feix (AF) and then published and
further studied by Baumeler and Wolf in refs. 1202, It is
remarkable in that the process is both classical and deterministic
(see below for further discussion of classical processes). Any
classical process can be viewed as a quantum process, diagonal
with respect to a product basis. The AF process, viewed as a
quantum process on nodes A, B and C, each with two-
dimensional input and output Hilbert spaces, is described by
the process operator

AF
04Bc = PaiBc PBlca PclaB (8)

where

PA\BC = Z |—\b A C> <_|b A C|Ain & |b, C><b7 Cl(Bouleom)*7 (9)
b,c=0,1
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> ><] @
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Fig. 6 Unitary map U that defines the quantum SWITCH. The causal
structure of U is indicated in blue.

Prjca = Z [=cAa) (= cAalg @ e, a){c, al cougonyr, (10)

c,a=0,1

Pclas = Z |=anb) (= anblon ®]a,b)a, b‘(A"“‘B““‘)*' (11)
a,b=0,1
As is explicit in this description, the AF process together with
the causal structure in Fig. 5 defines a faithful cyclic QCM.
It was shown by Baumeler and Wolf (BW)®2 that this process is
unitarily extendible (also see refs. 27->1) with a unitary extension
given by

(12)

where the output space of the root node P is a tensor product of
three qubits Hpw =H, ®@H; ®H, and the unitary U is
defined by the following bijection of orthonormal bases:

BW U
O4BCFP = PABCF|ABCP »

U:la, b, ¢) goupoucon ® |l,m,m)) 500
—|I® (-bAc),m® (—~cAa),n® (—aAb))mgncn
® |a,b,c)pn .

(13)

The original AF process is recovered for marginalization over F
and feeding in the product state |0,0,0) for A4, Ap and Ac.
Formally letting the latter three define distinct root nodes A4, Ap
and A, it is not too hard to show that this BW unitary extension
also satisfies the corresponding causal constraints of Definition 13
to establish 4% to be compatible with the graph of Fig. 5- in
keeping with Hypothesis 1.

Cyclicity and extended circuit diagrams. An essential feature of
the Markov condition in Definition 2 is the pairwise commuta-
tion relation of the operators of the form p, 4, where the
parental sets in general overlap. That two commuting operators
act non-trivially on the same Hilbert space has consequences for
the algebraic structure of the operators and leads to an intimate
link between causal and compositional structure.

In order to exemplify the fruitfulness of studying this link the
following will revisit the two examples from earlier.

The quantum SWITCH can be considered as a unitary process
over 4 nodes, given by oSpircH :pZXBF‘ABP = |W)(W|, where
|W) is defined in Eq. (6). The unitary channel & corresponds to a
unitary map U: Hyouw @ Hpouw @ Hpow — Hyin @ Hpin @ Hpgin,
which is depicted in Fig. 6 together with its causal structure
shown in blue. Observe in particular that in U, A°% does not
influence A", and similarly B°" does not influence B™, as must
be the case for a well-defined process!®.

Reference 3 shows that any unitary map U with three in- and
output systems, and the causal constraints of Fig. 6, has a
decomposition of the following form:

U=(1pm®T® Lm) (EB V,® wi> (1o @ S @ 1gout),

(14)

w Bout

‘ Bin

‘Pout

Fig. 7 Extended circuit diagram decomposition of the quantum SWITCH.
Additionally indicated in grey are the labels of the intermediate families of
Hilbert spaces.

where S and T are unitaries, and {V,},.; and {W;}
unitaries of the form

S : Hpoul — @HPIL ®HPF’

icl

:c; families of

(15)

Vit Hyom ®HP,L — Hpn ®HFf> (16)

Wi . pr ® HBnut — pri ® HAm 5 (17)
T : @HF,L ® Hpr — Hpin . (18)
iel

Such a compositional structure with direct sums over tensor
products goes beyond what is expressible with ordinary circuit
diagrams. Reference 93 therefore introduced extended circuit
diagrams to give a graphical representation of such decomposi-
tions. Figure 7 arises from that extended circuit diagram
representation of Eq. (14) by bending the wires corresponding
to A" and B down to re-identify the quantum nodes A and B—
thereby filling the black box of the quantum SWITCH from
Fig. 3. For details on this diagrammatic language, we refer the
reader to ref. %3, but the essential idea is that individual wires with
indices on them, such as those between the circles S and V; and
W,, respectively, represent the families of Hilbert spaces {HPIL }ie]
and {pr}iel, while the two parallel wires together represent

EBI.H'HPIL ® Hpr. An implicit summation over orthogonal sub-

spaces indexed by i allows the representation of the intermediate
unitary map €,;V; ® W; from Eq. (14).

It is easy to see what this decomposition is concretely in the
case of the quantum SWITCH: the index i takes two values, 0 and
1, corresponding to the logical values of the control qubit, i.e.,
Hp=Ho®H; = (Co®H;) @ (Hg® C) and the unitaries V;
and W; are either the SWAP transformation on the respective
systems or the identity depending on i. We see that even though
the causal structure of the full process is cyclic, the process splits
into a direct sum of processes in each of which causal influence
and the flow of information follow acyclic paths.

This decomposition of the quantum SWITCH applies more
generally: seeing as any unitary process of the type depicted in
Fig. 3, with a root node P, a leaf node F, and two nodes A and B in
between, satisfies A%t Al and B°U » B0, it follows that any
such unitary process has a decomposition as in Fig. 7. Note that
the below will furthermore establish (as a direct consequence of
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Fig. 8 The unitary map U from Eq. (13) that defines the BW unitary
extension of the AF process. Also depicted is its causal structure, where
for better visibility, rather than direct cause relations, the no-influence
conditions are shown as red dashed arrows.

the proof of Theorem 3) that for each i the summand V; ® W; of
that corresponding decomposition has to have an acyclic causal
structure, that is, any unitary process with nodes A, B, P, F where
P is a root node and F a leaf node, is a direct sum of unitary
processes in which causal influences flow along acyclic paths.

The second example concerns the tripartite AF process and its
BW unitary extension pXBCF‘ABCP (see Egs. (12)-(13)).

The root node P has as  output  space
Hpow =H,, @ H,, @ H,_, where each Ax influences only X and
F for X=A, B, C. The associated unitary map U and its causal
structure are depicted in Fig. 8.

The results from ref. 5 allow again the statement of an
extended circuit decomposition of U, which is implied by its
causal structure and which makes the pathways of causal
influence through U graphically evident (the proof is completely
analogous to that of Theorem 7 in ref. 3).

This decomposition of U is depicted in Fig. 9 and reads:

U= (lgngny= @ W) [ PP ® Qi @ Ry,
ijok (19)
(ﬂ% ©S®1, ®TOV® IlAA) ,
for (families of) unitary maps

S Hpom — @HX,L ®fo<, (20)

T N HBuut — @Hyjl- ®HY1R7 (21)
j

Vo Hem — @Hz; ® My, (22)

W : G?Hcfjn ® HGE:) ®HG](ka> — Hpn, (23
i,

Py : H) ®Hy ® Hij — Hen ® HGE,I) ) (24)

Qi : Hyr @ Hy, @ Hyt — Hpn @ HGE}? : (25)

Ry - Hnga OHp QH), — Hyn @ HGJgks) . (26)

By appropriately bending the wires that correspond to Ai?, Bin
and C" to re-identify the nodes A, B and C (and swapping some
wires for better readability) one obtains Fig. 10, revealing a fine-
grained compositional structure of the BW unitary extension.

Note that the stated decomposition is general in the sense that
a decomposition of the form as in Fig. 9 exists for any unitary
with a causal structure as in Fig. 8. However, in the concrete case
of the BW unitary extension one can easily see what the
components in Eq. (19) correspond to through a comparison with
Eq. (13). All three indices i, j and k are binary and, via the

Fig. 9 Causally faithful extended circuit decomposition of the unitary U
from Fig. 8. (Up to some swaps for better readability).

\a |>\B |)\c

Fig. 10 Extended circuit diagram decomposition of the BW unitary
extension of the AF process. Compared to Fig. 9 the wires for Ain, Bin and
Cin are bent around (as well as some swaps inserted for better visibility).

unitaries S, T and V can be seen to correspond to one-
dimensional subspaces of A°U, BOU and C°U. Hence, each
indexed space, i.e., each element of a family of Hilbert spaces
associated with an indexed wire, is a trivial Hilbert space. For any
fixed value (i,j, k), the unitary P; ® Qi ® Ry is of the type
H, @H; @H) — Hen @ Hgn ® Hyim, where all spaces are

C B A
qubits (suppressing all trivial spaces). The unitary P; : H, —
Hen maps [Ac) — [Ac @ (= i Aj)), ie, Py is the identity or the
NOT gate depending on the values of i and j. The unitaries Qy
and R can similarly be identified through comparison with Eq.
(13).

One thus finds that the BW unitary extension is a direct sum
over unitary processes each of which has an acyclic causal
structure. Furthermore, it is natural to wonder whether knowing
a decomposition of the form as in Fig. 8 might suggest a way in
which the process could be implemented—a process, which we
recall is one that violates a causal inequality.

How about other unitary processes not of the two presented
types? Reference © provides extended circuit decompositions
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for many classes of unitary transformations, where the decom-
positions are causally faithful, meaning that if A is an input to the
unitary U and B an output, then there is a path from A to B in the
extended circuit iff A can influence B through U (note this is
distinct from the notion of faithfulness of a QCM). Consider now
a unitary map U that corresponds to a unitary process, in the
sense that the output Hilbert spaces of the nodes correspond
to the inputs to U, and the input Hilbert spaces of the nodes
correspond to the outputs of U. If U has a causally faithful
extended circuit decomposition, then by appropriately bending
the wires, as in the above examples, one can always obtain a fine-
grained compositional structure of the corresponding unitary
process. Reference ©3 states the hypothesis that all finite-
dimensional unitary transformations (over-specified tensor
products of input Hilbert spaces and output Hilbert spaces)
have a causally faithful extended circuit decomposition. This
would mean that all unitary processes, by bending the wires,
would admit causally faithful decompositions in a similar
manner. At the time of writing, however, the hypothesis remains
unproven.

The bipartite unitarily extendible processes. Understanding
which processes have a physical realization is a central open
question in the field of indefinite causal order!®>!. While causally
nonseparable processes may have a realization in exotic scenarios
involving both quantum systems and gravity, it seems clear that
any present-day laboratory experiment admits a description in
terms of a straightforward, definite, causal ordering of suitably
defined parts of the experiment. Nevertheless, various experi-
ments have been performed that are claimed as realizations of
nonseparable processes such as the quantum SWITCH?28-32:64,
This has caused some debate!8:4%:65,

Behind much of this debate, however, lies merely a question
of how the abstract mathematical description is assumed to
map to physical phenomena. Each of the implementations
claimed so far is of a process that involves coherent control over
the time-ordering of nodes in a similar manner to the SWITCH,
and which cannot therefore violate causal inequalities. Refer-
ence '8 shows that any such implementation can be seen as a
valid implementation of a nonseparable process, if the process
is understood as being defined over time-delocalized systems,
where the input and output Hilbert spaces of the nodes of the
process correspond to subsystems of tensor products of Hilbert
spaces of systems associated with different times. This raises the
question: which processes in general admit a laboratory
implementation, at least in terms of time-delocalized systems?
In particular, can a process violating causal inequalities be
implemented?

There was some hope that a process violating causal inequal-
ities could be implemented, because ref. 18 also shows that every
unitary extension of a bipartite process has a realization in terms
of time-delocalized systems. Hence if there were a unitarily
extendible bipartite process violating causal inequalities, then it
could be implemented, at least via time-delocalized systems. The
following theorem, however, shows that there is no such
possibility. Any bipartite unitarily extendible process is causally
separable, hence, in particular, cannot violate causal inequalities,
as conjectured in ref. >1; furthermore, all unitary extensions of
bipartite processes are variations of the quantum SWITCH,
realizable by coherent control of the times of the operations of A
and B. The argument uses the existence of a faithful extended
circuit decomposition of the form as in Eq. (14) that is implied by
the causal constraints of Fig. 6.

Theorem 3 All unitarily extendible bipartite processes are
causally separable. Given a bipartite process, if it is unitarily

extendible, then the unitary extension has a realization in terms of
coherent control of the order of the node operations.

Proof See Methods.

As one can see, e.g., from the AF process, being unitarily
extendible does not imply causal separability in the general
multipartite case. However, the decomposition from Fig. 8 of the
BW unitary extension of the AF process proved insightful with
regards to how the cyclicity of the causal structure comes from
different contributions across the direct sum. More generally,
suppose a causally faithful extended circuit decomposition of the
unitary extension of some multipartite process is known. It is
then natural to ask whether some kind of generalization of the
constraints established as part of the proof of Theorem 3 could be
derived, which in the bipartite case just happen to give causal
separability, while in the general case constrain each summand of
the decomposition. As is the case with the bipartite processes, to
which Theorem 3 applies, one would expect that such constraints
on summands of the unitary extension also manifest themselves
in interesting ways for the non-unitary marginal process. We
leave this question for future investigation.

Causal nonseparability. The definition of causal separability was
given above only for bipartite processes and it was mentioned that
the multipartite case, with more than two nodes, is more intricate.
This section will first give the general definition, following
refs. 723, and then present another main result.

Seeing as the idea of causal separability is to capture whether a
process is consistent with our intuitions on causal order, it is
natural to let it incorporate the following two features. First, in
addition to probabilistic mixtures of fixed orders of nodes it
allows for a dynamical causal order of them, that is, the overall
causal order of some nodes need not be fixed, but may depend on
what happens at some earlier nodes. Second, it demands that
causal separability is preserved under extending the process with
an arbitrary ancillary input state shared between the nodes (a
property called extensibility”). A process is thus causally separable
if, upon considering arbitrary shared entanglement between
auxiliary input systems to all nodes, the resulting extended
process can be seen to arise from a probabilistic mixture of
particular processes: for each there is a node P in the past such
that for all possible interventions at P the marginal process has a
fixed causal order, or more generally, is itself again causally
separable. Hence, one ends up with an iterative definition of the
concept. This notion was originally called extensible causal
separability in ref. 7 to distinguish it from the analogous concept
without extensibility, but as it is undoubtedly the more natural
concept, we here refer to it simply as causal separability, as in
ref. 23. (Note, there have been two equivalent definitions of that
notion?3, which differ by whether extensibility is imposed at the
level of the full process’ or at each level of the iteration?3. For the
present purposes, it is convenient to use the latter one.) Finally,
making the concept precise relies on the following notion of no-
signalling in a process, which, along with various equivalent
statements, was given in ref. 7.

Definition 7 (No signalling in a process) Given a process
04,..4» we say that there is no signalling from a subset S C {A;,

...A,} of its nodes to the subset
S:={A,,...,A,}\S, iff  the P(kg) =

complementary

probabilities
ks . k=
Tr [aAlmAn (‘rgs ® TS)} for the outcomes of any operation TS =

X AeSfoA performed at S are independent of the choice of trace-
preserving operations 7s = Qe s74 performed at S.

Now let 7, represent a CP map at the node A;, which is not
necessarily trace-preserving. If there is no signalling to a node Aj
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from {A,,...,A}\{Aj}, then for the

TrAj [oAlm AnTAj} is proportional to a process operator. In this

any T,, object
]

case, let 0|TA be the corresponding correctly normalized process
J

operator. We refer to O\TA as a conditional process. We can now
J

state the formal definition of causal separability.
Definition 8 (Causal separability>3) Every single-node process is
causally separable. For n>2, a process ¢ on n quantum nodes Aj,
., A, is said to be causally separable, iff, for any extension of each
node A; with an additional input system H 4 to a new node A-

defined by ’H~m = ’HAm ® HA, n and ’H o 1= HAoul, and any
® Hiar m), the process

A, decomposes as

auxiliary quantum state p € ﬁ(H ()" ®

0® p on the quantum nodes A, ...,

oRp = ZQkUP
k=1

(27)

with gx20, kg =1, where for each k, Ufk) is a process in which

there can be no signalling to A, from the rest of the nodes, and
where for any CP map 7; that can take place at the node Ay, the

conditional process on the remaining n — 1 nodes, 0‘5,() ‘TA , is itself
k

causally separable.

An important question then concerns the relation between causal
nonseparability and cyclicity of causal structure. For a QCM that
involves a generic (not necessarily unitary) process, the cyclicity of
its directed graph does not in general imply causal nonseparability of
the process, even if the QCM is faithful. Consider, for example, the
quantum SWITCH with process operator ai‘g’gCH. Tracing out the
system Fi", we obtain a reduced 3-node process that (relabelling C as
P) is both faithful and Markov for the graph of Fig. 2b, having the
form o4pp = pajppPBIapPp. This process is causally separable, since it
can be understood as describing a situation in which the order
between A and B depends in an incoherent manner on the logical
value of the control qubit prepared at the initial time. This process
thus forms a faithful cyclic QCM and is a canonical example of a
process with dynamical causal order (here between nodes A and B).

In fact, one and the same cyclic graph may appear in two
distinct faithful QCMs, one involving a causally separable, the
other a nonseparable process. An example of this can again be
given using the quantum SWITCH. The latter is causally
nonseparable and has the graph in Fig. 4 as causal structure,
which however also is the causal structure of the classical
SWITCH?, which in contrast is causally separable (see
subsequent discussion of classical processes). What this points
at is a well-known fact, namely that causal separability cannot
separate the distinction between cyclicity and acyclicity on one
hand, and classical and quantum causal order on the
other hand.

For the case of unitary processes things are, however, much
simpler.

Theorem 4 A unitary process is causally nonseparable iff it has
a cyclic causal structure.

Proof See Methods.

If a unitary process has a causal structure given by an acyclic
graph, then it is a unitary comb®*. Hence a unitary process is
either a comb or is causally nonseparable—intermediate possi-
bilities, such as dynamical causal order, cannot arise. Note that
there is no classical analogue of Theorem 4, ie., a classical
deterministic process is not necessarily causally nonseparable if it
has a cyclic causal structure. The classical SWITCH? is again an
example that establishes this claim. (See below for an introduction
of classical deterministic processes).

Cyclicity and classical processes. If a process operator is diagonal
in a basis that is a product of local bases for the input and output
Hilbert spaces at each node, it is equivalent to a classical
process>»12°6, where each node X is associated with a pair of
classical variables X and X°". Following ref. 3> we call such
classical nodes classical split nodes. Classical processes are studied
in detail in refs. 12356, (See also refs. 11-22,) This section presents
the main ideas, and defines (possibly cyclic) classical split-node
causal models (CSM). For the most part the definitions are the
obvious classical analogues of those for the quantum case. While
cyclic classical causal models have sometimes been studied (see,
e.g., refs. ©667) for example to encompass the possibility of
classical feedback loops, they are not of the split-node variety
described here, and are not equivalent.

A classical process, defined over classical split-nodes X, ..., X,,,
corresponds to a map
XA XU - x XN XOU [0, 1], that

KX, .X, such

class1cal channels {P(Xf“t|X;")}. A local intervention at a node
X, with outcome ky, corresponds to a classical instrument P(ky,
XOut|Xin), Given a local intervention at each node, the joint
probability distribution over the outcomes is

P(kxla e kxn) = ("xlmxn HP(kX,»X?uin‘n))
xin xout ___ xin yout i
(28)
A special case of a classical process is a deterministic process
K;l X, for which
P(XT, . XXM, L, X0 = S((XT, o, Xo), f (XD, ., XOM),

where f: X" x ...x X3 — X'x _...x X is a function. When f
is bijective, we call such a process reversible. It was shown in
ref. 12 that the set of classical processes over nodes X, ..., X,, forms
a polytope, and that the deterministic polytope, defined as all
convex mixtures of deterministic processes, is in general a strict
subset of it. While all classical processes on two nodes are causally
separable3, on three or more nodes there exist classical processes,
including deterministic classical processes, that are causally
nonseparable—the AF process from ref. >, described above, is
an example.
Definition 9 (CSM—generalized) A CSM is given by:

(1) a causal structure represented by a directed graph G with
vertices corresponding to classical split-nodes Xj, ..., X,,

(2) for each X;, a classical channel P(X"|Pa(X,)*""), where Pa
(X;) denotes the set of parents of X; accordlng to G, such
that ky .y = [T.P(X™|Pa(X;)*™) is a classical process over

1o Ay

This definition generalizes that of ref. 3 to include the case of
cyclic graphs, and classical split nodes where the input and output
variables have different cardinalities. Reference 3° presents
detailed discussion of the relationship between (acyclic) CSMs
and standard classical causal models?”-48,

In the classical case, causal structure (defined for unitary
processes in the quantum case) can be defined for deterministic
processes.

Definition 10 (Causal structure of a deterministic classical

process) Given a deterministic process x;lmxn, the causal
structure of the process is the directed graph with vertices Xj,...,
X,, and an arrow X; — Xj, whenever X}“ depends on X" through
the function f.

Definition 11 (Classical Markov condition—generalized) A
process kx x is called Markov for a directed graph G with
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classical split-nodes X,...,X, as its vertices iff it admits a
. . n i out
factorization of the form xy _y = [[i_, P(X]"|Pa(X;)""), where

Pa(X;) denotes the set of parents of X; according to G.

The following is immediate.

Proposition 2 Every deterministic classical process is Markov
for its causal structure.

In the case of general—i.e, not necessarily deterministic—
classical processes, an account of their relationship to causal
structure can be given that again mirrors the quantum case. Let us
adopt the provisional approach that causal structure always
inheres in deterministic reversible processes (where reversibility
here may not be essential, but is assumed to provide a closer
analogue to the quantum case in which unitarity is assumed).
Then compatibility with a given directed graph can be defined in
terms of extension to a reversible deterministic process with
latent local noise variables.

Definition 12 (Reversible extendibility) A process xy y is
reversibly extendible iff there exists a reversible deterministic

process Kf X, FA with an additional leaf node F and root node A,

such that KX X, = D_pin jou [Kf X, F A P(A°"")] for some P(A°UW).
Definition 13 (Compatlblhty w1th a directed graph) A process
Kx,..x, is compatible with a directed graph G with nodes X;,...X,,

iff xx ..x is reversibly extendible to a deterministic process

X, X FA L2 with an additional leaf node F, root nodes A;, and a

product distribution J,P(A{""), such that through f, X'* depends
neither on )L;)m for j #i nor on X]‘?ut for X; & Pa(X;) (with Pa(X;)
referring to G).

With Proposition 2, the following analogue of Thm. 2 is
straightforward.

Theorem 5 If a classical process kx ..x is compatible with a
directed graph G, then it is also Markov fonr G.

As in the quantum case, we leave open whether the converse to
Theorem 5 holds.

Hypothesis 2 If a process xy y is Markov for a directed
graph G, then it is compatible with G.

We remark only that Hypothesis 2 is not obviously implied by
its quantum counterpart, Hypothesis 1. First, it is not known
whether reversible extendibility implies unitary extendibility for a
classical process when seen as a special case of a quantum process.
Second, even if this is the case, it is still conceivable that while a
classical process that is Markov for a given graph may admit
unitary extensions with the required no-influence properties
when viewed as a quantum process, no such extension may be
equivalent to a deterministic classical process for the given
preferred basis.

We conclude with the following observation.

Theorem 6 Given a set of classical split nodes X, ..., X, the set
of reversibly extendible classical processes on X, ..., X, coincides
with the deterministic polytope.

Proof See Methods.

If Hypothesis 2 holds, then Theorem 6 implies in particular
that the process defined by a CSM must always belong to the
deterministic polytope. An example of a classical process xy ..x_
outside of the deterministic polytope is described in ref. 12 (and
denoted E,,, therein). It is not too hard to show that this process
is not Markov for any directed graph, hence cannot be the process
defined by a CSM, in keeping with Hypothesis 2.

Discussion

This work presented an extension of the framework of quantum
causal models from refs. 343> to include cyclic causal structures.
We showed that the quantum SWITCH, and a process that

violates causal inequalities, found by Aratjo and Feix and
described by Baumeler and Wolf, can be seen as the processes
defined by cyclic quantum causal models. We also gave decom-
positions of any SWITCH-type process and of the unitary
extension of the aforementioned process by Araujo and Feix,
enabling diagrammatic representations that make the internal
causal structures evident. Applications of these results included
proofs that any unitarily extendible bipartite process is causally
separable, and that any unitary process is cyclic if and only if it is
causally nonseparable.

What technically comes as the natural generalization of the
framework of acyclic quantum causal models is conceptually a
substantial step—allowing causal structure to be cyclic. Taking
this extended causal model perspective seriously then offers an
alternative view of certain processes: a process that is incompa-
tible with definite causal order may now also be seen to have a
well-defined cyclic causal structure. This is to say, to admit of a
partial order is not an essential property of being causal anymore.
While processes that violate a causal inequality were previously
referred to as noncausal processes, suggesting they cannot be
understood causally, at least some of them then do admit a causal
understanding.

Note that as far as acyclic causal structures are concerned there
also is the earlier framework of QCMs by Costa and Shrapnel
from ref. 4, which is related to, in fact strictly contained in that of
refs. 3435, which the current work extends. The Markov condition
of ref. 4> is a special case of Definition 2, restricted to DAGs for
which each node’s output space factorizes into as many sub-
systems as the node has children, with each subsystem only
influencing the corresponding child. With this idea of a system
per arrow, the process operator H,p A, |Pa(A becomes a tensor
product. As a consequence—for essentlally the same reason as
why Proposition 1 holds—the notion of a QCM from ref. 4> does
not admit a nontrivial extension to cyclic directed graphs. The
extension of faithful QCMs to cyclic graphs relies on the parti-
cular nature of our Markov condition that allows the nontrivial
action of pairwise commuting operators p AlPa(a;) O overlap on
non-factorizing output spaces.

Although we do not provide the details, we note a further
application of the generalized framework: it allows an extended
version of the causal discovery algorithm sketched in ref. 3
(inspired in turn by the first of its kind in ref. °9). While the
version in ref. 3°, takes a process operator as input, and outputs
DAGs as candidate causal explanations, where possible at all,
the extended version can discover and output cyclic causal
structures. The basic steps of the algorithm in ref. 3% largely
remain the same, but for instance the algorithm does not halt
anymore when encountering a cyclic graph G, that encodes the
direct signalling relations between pairs of nodes of the given
process 0. Instead Markovianity for such cyclic G, can still be
checked to establish whether G, is a plausible causal
explanation.

One of the main questions left open is the validity of our
hypothesis that Markovianity implies compatibility for cyclic
graphs, which would generalize one of the main results estab-
lished for the acyclic case in ref. 3°. The validity of this hypothesis
has consequences, which we spell out as follows.

Reference °1, in motivating the study of unitary extendibility of
processes, includes the suggestion that unitary extendibility
should be regarded as a necessary condition for a process to be
realizable in nature. Here, the meaning of ‘realizable’ is a little
vague, but might be taken, for example, to include exotic sce-
narios involving gravity as well as the time-delocalized sense
discussed above in which some processes have been realized in
the laboratory. (It does not include realization via postselection,
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since it is known that all processes can be realized under a sui-
table postselection!®13.27:68)) The suggestion would hold if all
processes, once sufficient systems are included, are unitary at the
most fundamental level.

Alternatively, under the assumption that the process
operator framework provides the most general description of
the possible correlation between quantum systems, in non-
postselected scenarios, one may speculate that a necessary
condition for a process to be realizable in nature is that it
can arise from a QCM. Here, ‘arise’ means that there is a QCM
with process ¢’ such that o can be obtained from ¢’ by inserting
channels at some of the nodes of ¢’ and marginalizing
over them. The idea is that any correlations described by such
a process admit a causal explanation, albeit one that may
involve cycles. On the other hand, any process that cannot arise
from a QCM in this manner describes correlations that are not
amenable to an understanding in causal terms.

The connection with unitary extendibility is that any process
that is unitarily extendible has the property that it can arise from
a QCM. Furthermore, if Hypothesis 1 holds, then any process
that is not unitarily extendible cannot arise from a QCM. Hence if
Hypothesis 1 holds, the speculation above coincides with the
suggestion of ref. >1.

If Hypothesis 1 fails, there is a peculiar class of cyclic
quantum causal models, in which the process is Markov for the
graph but not compatible with the graph. There then are two
logically conceivable options: one may insist on the notion of
compatibility as the essential concept for giving causal expla-
nations, turning the Markov condition into a necessary but
insufficient condition; alternatively, one could insist on the
Markov condition as the essential concept for giving causal
explanations, turning the current notion of compatibility into a
sufficient but not necessary condition. We leave open the
question whether any meaning can be given to the arrows of the
graph in this case, given that there is no suitable unitary
extension to define causal relations, and whether such processes
might be realizable or not.

Beyond establishing the hypothesis, future work might study
the extent to which other core results of the framework of
quantum causal models in the acyclic case, such as the d-
separation theorem3?, can be generalized in an appropriate way to
the cyclic case, as has been done for the classical framework (see,
e.g., ref. ©7),

Finally, one of the most promising avenues for future work is
the general idea behind the above causal decompositions of
our example processes together with Theorem 3: to derive
further causal decompositions of unitary transformations U, as
started in ref. 3, and then study the interplay between the
discovered algebraic structure and the condition that U
defines a valid unitary process when identifying in- and output
spaces of U as the out- and input spaces of quantum nodes. We
expect this mathematical tool to lead to insights into which
unitarily extendible processes are causally nonseparable and
how the cyclicity is distributed, mathematically speaking,
across the process—with possible hints for the process’ phy-
sical realizability.

Methods
Characterisation of process operators. In order to state necessary and sufficient
conditions for an operator to be a valid process operator, the following will be

2 _
useful. Let {11&}72’0 ! denote a Hilbert-Schmidt (HS) basis for L(Hy), ie., a set of
operators such that they are orthonormal with respect to the HS inner product and,
in addition, traceless for all I = 1,...,dyx — 1, while 7% = (1/dy)1y. Any o €
L(H g @ Hpou ® Hpn @ Hpou) can be expanded in a HS basis as
o= le Dy, %LL 112\n ® nkom ® 11133.n ® 77;;’0“,. A term of type AI" in the expansion

is a summand with non-trivial action only on A", ie., I, 20 and L =1, =1, =0.
Similarly for types AIMBOU etc.

It was shown in ref. 3 that ¢ being a bipartite process operator is equivalent to
020, Tro] = dondpex and that in a HS basis expansion, in addition to a term,
which is proportional to the identity operator on all four spaces, only the
coefficients of terms of the types Aln Bin Ainpgin - gingout Aoutgin - Ain Aoutgin apd
AInBINBout may be non-vanishing. These conditions were generalized to n numbers
of nodes in ref. 7 and can easily be stated as (1) 020, (2) Tr[o] = []°, dA:.m and (3)
that in a HS basis expansion the only non-vanishing terms, apart from an overall
identity operator, are of a type such that there must be at least one node, say A;, on
whose out-space, A", the action is trivial, but on whose in-space, A", the action is
non-trivial. Equivalent conditions were presented in ref. © where the projector onto
the linear subspace of process operators was defined explicitly, giving a basis-
independent characterization.

Proof of Proposition 1 Suppose a bipartite cyclic QCM is given by the (unique)
cyclic graph G with two nodes A and B from Fig. 2a and a process 045 = pa|sP5/4>
Markov for G. It follows that 045 = pgja ® pajs, as both factors act on distinct
Hilbert spaces. Now suppose that this is a faithful QCM, i.e., both channels p 5
and pp)4 are signalling channels. One way to see that this contradicts the
assumption that g45 is a valid process is by analyzing the non-vanishing types of
terms in an expansion of 0, relative to a HS product basis (see above). If signalling
from BOUt to AM is possible in PAIB then an expansion of just p4 5 has to contain a
non-vanishing term of type AMBU, Similarly, if signalling from A°" to BI" is
possible in pp 4, then an expansion of pp4 has to contain a non-vanishing term of
type B"A°U. Consequently, 045 has to contain a non-vanishing term of type
Ainpoutgingout which is forbidden for a process operator>.

Product of commuting operators not necessarily a process operator. As
established by Proposition 1, not all cyclic graphs support a faithful cyclic QCM.
Here we show that, given a cyclic graph G that does support a faithful cyclic QCM,
it is not true that any product of commuting operators [[;p, |pa(a,)> With parental
sets as in G, constitutes a process operator. Consider for instance the graph G in
Fig. 2b (and see the discussion below Definition 8 for an example of a faithful cyclic
QCM over G). Letting the three nodes A, B and C be classical split nodes, with
classical bits Ain, Aout, gin gout Cin and Cout, define classical channels as in Eqs.
(29)-(30). It is easy to see that the signalling relations through the channels P
(AIn|Bout, Couty and P(BIM| AU, COUt) are indeed as in Fig. 2b. At the same time, for
any choice of probability distribution P(CM), the product P(AI"|Bout, Cout)p
(Bin|Aout, Cout)p(Cin) cannot be a classical process: consider an intervention at C
which fixes CO" to be 0, then P(AI"|Bout, 0)P(BI?|A°W, 0) is still a product of two
signalling classical channels, which (seeing them as special cases of quantum
channels) was already established in the proof of Proposition 1 to be in contra-
diction with being a process. This establishes the claim.

P(0[0,0) = 0.4, P(00,1) = 0.3, P(0[1,0) = 0.8, P(0[1,1) = 0.3,

in| pout out , _

PATIB™, C) = {P(1|0,0) =06, P(10,1) = 0.7, P(1]1,0) = 0.2, P(1]1,1) = 0.7. (29)
1 sou outy | P(0]0,0) = 0.5, P(0[0,1) = 0.3, P(0]1,0) = 025, P(0]1,1) = 0.1

P(B"A™, C™) = {P(l‘o_’g) =05, P(10,1) = 07, P(1]1,0) = 0.75, P(1]1,1) = 0.9 (30)

Proof of Theorem 3. Suppose the bipartite quantum process operator o5 is
unitarily extendible. Consider an arbitrary unitary extension of it,

O prp = pi’{BF‘ agp- From Eq. (14) it follows that the reduced process obtained by
tracing out F" has the form

_ u _
Oagp = Trpn [PABF\ABP] = E Paspt @ Ppipra »
il

(31)

for the decomposition H pou = @,-GHPVL @ Hpe, identified by S, where p, BpL =

Trp [pX}’Tl"\BPf‘] and pypry = Trpn [pI‘:/f"B|PfA] and, where pzpi ® pypr 4 is taken as an
operator on the whole space, acting as zero map on all but the ith subspace. Note
that from o, p being a process operator it follows that feeding in any 7, € L(Hpou)
gives a quantum process operator on the nodes A and B. Let i € I be some fixed
index and suppose through the channel p, g system Bout can signal to A™™ and
similarly, through the channel py, apk System A°Ut can signal to B™. Then there

exists an appropriate state 7p, which has only support on the ith subspace, and
which is of a product form yp ® ¢pr, such that in

Trpy [paper Ypr] ® Trpny [ogape $prl s (32)

both, the marginal channel on the left is signalling from B°" to A" and the one on
the right from A°" to BI", Since the expression in Eq. (32) has to give a process

operator over A and B, this yields a contradiction due to Prop. 1. Hence, for each i
at most one of the channels p, o and py,pe allow signalling from Bout to Ain or

from AUt to BI", respectively. By assumption there exists an appropriate 7, €
L(Hpou) such that

=D Tripmy {(PA\BP,L @ prpra) Tr| - (33)
i
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By the above analysis, it also follows that each summand in Eq. (33) has to be a
process operator up to normalization. Since they sum up to a process operator, the
inverses of the normalization constants have to form a probability distribution and
one can therefore write 6,5 = >_.p; O'E;))B, where each U% is a process operator with
at most A signalling to B or vice versa. This is the form of a bipartite causally
separable process operator.

Note further that if p,, Bpt 18 non-signalling from B to AI", then in V; there is

no influence from B°U to A", and similarly, if Pyjpra is non-signalling from A°™ to

Bin, then in W; there is no influence from A to Bi. Therefore, the above
constraints mean that each term V; ® W; in Eq. (14) corresponds to a process over
nodes including A and B that allows signalling in at most one direction between A
and B. The latter always admits an implementation as a unitary circuit fragment
with nodes A and B in a fixed order>*. Since the full unitary U of the unitary
extension is a direct sum of such fixed-order unitary processes taking place in the
different orthogonal subspaces, and every operation at the nodes A and B can be
dilated to a unitary, the full unitary process 0 ,zpp = pXBF‘ app €an be realized by

coherently conditioning which of the corresponding fixed-order unitary circuits
takes place on the logical value of some control n-level quantum system, where 7 is
the number of different subspaces. Note that since the systems involved in the
fixed-order circuits may have different dimensions, this implementation in practice
may require bringing in different systems depending on the control variable i, but
this can always be seen as part of a process on a larger system of a fixed dimension.
Moreover, the fixed-order processes in the different orthogonal subspaces can be
grouped into two sets: one in which A is before B and another one in which B is
before A. This allows embedding the process into another one where one of two
possible circuits (in which A and B occur in different orders) is applied in a
coherently controlled fashion based on the logical value of a control qubit, similarly
to the quantum SWITCH. This yields another possible unitary extension o,z of

L N i Zout -
the original bipartite process, where F' and P*" would contain Fin and Pout,
respectively, as subspaces. The originally assumed unitary extension 04gpp can then
be seen to take place effectively as part of o ,p5p.

Proof of Theorem 4. The below proof of Theorem 4 will use the following two
concepts. First, generalizing the notion of a process being unitary, a process is
called isometric if its induced channel from the output systems of all nodes to the
input systems of all nodes arises from an isometry. Second, a quantum comb, as
defined in ref. >* (provided first input and last output system are trivial), is a special
kind of quantum process: a process o, 4 over n quantum nodes for the given
total order of its nodes Ay, ..., A, is a quantum comb (an (n + 1)-comb) iff

Vi=1,...,n— lTrA,H...A"[G-Al...AW] =
X (34)
Ty Ty [Tra, alon, 4] © Liagey
1 .
NGy a = —dAm“ Tr(youy [oa,..a]® ﬂ(A?’uK)‘. (35)

Proof of Theorem 4 Let o, , be a unitary process. The following will establish,
what is equivalent to Theorem 4, namely that acyclicity of its causal structure is
equivalent to g, 4 being causally separable.

First, suppose 0, , has an acyclic causal structure. There then exists a total
order of the quantum nodes Ay, ..., A, (appropriately relabelled) such that A; »
A;Vj2i(see Def. 4). This implies that the conditions in Eqs. (34)-(35) are satisfied
(note that dqou =1 =d,n). Hence, 0, is a quantum comb>%. Such a process
is a special case of a causally separable process since in a quantum comb there can
be no signalling from {A;,, -, A} to {Ay, -+, Aj}t forany j=1, -+, n — 1, and this
remains true under extending the process with arbitrary shared input ancillary
states.

For the converse direction, suppose the unitary process o, is causally
separable. In order to show that it then has an acyclic causal structure we will prove
that it is a quantum comb. In fact we will prove the following more general
statement concerning isometric processes, which gives the claim as a special case.

Lemma 1 Every causally separable isometric process is a quantum comb.

Proof of Lemma 1 The main idea of the following proof is the observation that
the process operator of an isometric process is proportional to a rank-1 projector
and hence cannot be written as a nontrivial convex mixture of different positive
semi-definite operators. The proof proceeds by induction.

An isometric process over one single node is a 2-comb. Assume that all causally
separable isometric processes on n nodes are quantum combs. Let o, 4  bean
isometric process over n + 1 nodes, which is causally separable. Let us extend it by
adding auxiliary input systems for all n + 1 nodes with the following pure state
shared among them:

i=n,j=n+1

= &

i=1,j=2,i<j

167)5+ (36)

where each |¢+>lj = ﬁZYLI [I)]1) is a maximally entangled state, shared between
node A; and node A;. Thus, |¥) is a tensor product of $n(n 4 1) maximally

entangled bipartite states, such that every pair of nodes indexed by (i, j) shares
one such state of Schmidt rank »!. Using the notation of Definition 8, ¢ :=
0 ® |¥)(¥| is an extended process over the extended nodes 4,, ... , A, ;, with
¥y € ®:':+11H(A,)m, where each H(A/)m is an n-fold tensor product of (n!)-
dimensional sys£ems. l

By assumption, ¢ is causally separable, too, while it also is proportional to a
rank-1 projector. In the decomposition as in Eq. (27), implied by causal
separability, there therefore is only one summand. Hence, there exists one node,
let this be A, (for an appropriate relabelling), such that A,, ... , A, cannot

signal to A, and for all CP maps 74, at that node the conditional process 6|T% is
Al

causally separable. Now consider a CP map such that 7; = |‘r)(‘r\;\‘ itself is a
rank-1 projector. The process operator (f|TA then still is proportional to a rank-1
,

projector and, hence, representing an isometric process on the remaining n
nodes A,, ... ,A,,,. As argued above it also is causally separable. By assumption
then such an isometric, causally separable process 6|TA on n nodes is a

1

quantum comb.

Notice first that if there is no signalling to A, from all other nodes in the
extended process 0, then there is no signalling to A; from all other nodes in the
original process 0. Consider 73 = |1)(7], ® |¢)(g|, where [$)(¢| is some fixed
projector on the ancillary input system (A})™ and 7 4, = |7)(7]4, has rank-1. Since
projecting the ancillary systems via |¢)(¢| leaves the ancillary systems on the

remaining nodes in some pure state |®)(®|, the conditional process on the
remaining nodes has the form o], = ® |®)(®|. Since the latter is a quantum comb
A1

for every [r)(t], , so must be 0|, .
1

There are n! different possible total orders of the nodes, given by A,¢), ..., A,
(n+1) for 7 being one of the n! different permutations of 2, ..., n + 1. We will now
show (by proof of contradiction) that there exists a reordering A,q), ..., An(u+1)
with which the quantum comb o|, ~is compatible for any choice of |7){r|, .

. !
Suppose there does not exist one such appropriate total order. Then for every
permutation 7, there exists 7} := [¢")(7"|, , such that the corresponding
quantum comb O‘TZ is incompatible with the total order of the remaining nodes

defined by 7. Let C (0) = 0 for [=1,..., n be the linear constraint corresponding
to the Ith condition in Egs. (34)-(35) for a process operator ¢ over n nodes to be a
valid quantum comb for the total order .

Consider a process operator ¢ := ZZ':I q, Ulr} , where g, 20,V 7, and ¥4, =

1 (letting 7, both, be a permutation as well as an index enumerating those

permutations). By construction, for every m at least one of the conditions in

{C[(o|,= ) = 0}" fails. Therefore, one can then choose the weights g, such that
A =1

for every 7 the process operator ¢ violates at least one of these constraints

{CT (o) = 0}}_,, establishing that & is not a quantum comb for any possible order
of the n nodes. More precisely, the condition that ¢ respects the constraints

{C (o) = 0}}_,, for a given 7 can be written as >4, Cf(glfam) =0forl=1,
..., n, which implies that (g, ..., g.), viewed as a point in an (n!)-dimensional
Euclidean space, must belong to a specific hyperplane in that space. Our
assumption that at least one of C}’(U\,Zl ) must be nonzero, makes it a proper

hyperplane. Then, in order for ¢ to be compatible with the quantum-comb
conditions for at least one 7, the point (g, ..., ¢,;) must belong to the union of
the hyperplanes corresponding to the different values of 7. Since this is a finite
set of hyperplanes, it is possible to find (a continuum of) points in the positive
orthant that are outside of this union. Since rescaling (q, ..., ¢,n) by a
constant factor, which amounts to rescaling ¢ by a constant factor, does not
change the fact of whether any of the above constraints is violated or not, there
exists a (qy, ..., gn1) with the required properties, such that ¢ is not a quantum comb
for any total order 7.

We will now use this fact to construct the contradiction with the assumption
that there is no single order 7 with which all isometric quantum combs O'ITA‘ are

compatible. To this end, we will first show that, starting from our extended process
G =0Q |¥)(¥|, for any j€{2,...,n+ 1} it is possible to apply a suitable CP map
|7) (|3, such that this yields a conditional process of the form
~ — — — ! . .
Ulq\] = |‘7j><‘7j| ® |(D><(D‘resti'n’ where “7/> =3 \/‘E|">a]|0r;l> with, recalling
Eq. (36), H,, the factor of 'H(A/,)m sharing the state [¢*),; with H, of the node 4,
and \0,; ><O’T; | == U‘TX , the conditional process on the remaining # of the original
1 1 1
n+ 1 nodes, and where |®)(®|,,,, is some pure state on the remaining auxiliary
input systems (i.e. [®),, is in @)y H yyn excluding the subfactor H,,).
To see this, let j= 1. If we apply a CP map of the form
!
T}l = DO Wlaya, @ 19) (B, » where [x) = 320y ez [m)g, [77),,» and
|$) (8,5, is some projector on the remaining ancillary input systems in (A’l)i",
1

then we will obtain a conditional process of the form (f|TA = |aj> (aj| @ |ON(Dp5pr >
. !
with [g;) = sz VETal), 0, ), where y, = Tel((77) ("], ).
1 €a¥n
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Therefore, by choosing e, = q,/(cy,), for some large enough constant ¢ to ensure
that |7) (7[5, is appropriately normalised to represent a CP map, we can make
|o;) = [0;) as desired. (Note that V7, y, # 0 since Tr, [(|7")(7"|, )o] is
proportional to a process operator on the remaining n nodes, the trace over which
gives [/ d )

By our main assumption, the #n-node process &"Al =0;)(0;| ® \(D><<D|m[:n
must be a quantum comb, and since |<D><d>\mt:“ is just a state on some input
systems, |0;) (0;| must also be a quantum comb (on the nodes 4; # Ay, i # j, and the
node A; extended via the ancillary input system a;). But tracing out the system a;
from the latter quantum comb must also yield a quantum comb on the nodes A; =
A;, which can easily be seen from the quantum-comb conditions. However, by
construction, Tr, |5;)(g;| = &, where & is not supposed to be a quantum comb,

7
which is a contradiction.

Therefore, there must exist a total order 7, such that G'lTA‘ is a quantum comb
compatible with 7 for every rank-1 7, . By the convexity of the set of n-node
operators that are quantum combs compatible with 7, this automatically extends to
all CP maps 7, .

So far we have shown that the process ¢ is such that there is a node A, to which
the rest of the nodes cannot signal, and the remaining nodes can be put in a total
order A, ..., Ay, such that for every CP map 7, , the conditional process G'I.[A] is

a quantum comb compatible with that order. Now observe that this implies that the

full process o is a quantum comb compatible with the total order A;, A, ..., A, 4 1.

Since for all possible CP maps 7, it holds that Cy(o|,, ) =0 for |=2,...n+1, it
Al

follows from the linearity of these constraints, that the corresponding quantum
comb conditions hold for g, i.e., C;(¢) = 0 for | =2,...,n + 1. Finally, that C, (¢) =
0 holds follows from just ¢ being a process, since it is equivalent to that if in o we
trace out all of the nodes A,, ..., A, 1, we should be left with, up to normalization,
a valid single-node process on A,3. Therefore, the isometric process ¢ on 7+ 1
nodes is a quantum comb, too, which completes the proof of Lemma 1 and thereby
also that of Theorem 4.

Proof of Theorem 6 First, suppose xy _y is a reversibly extendible process, that
is, there exists a reversible deterministic process Kimxn )¢ for some bijection

g1 XX LLx XX 1M — Xinx . x XINx Fi" such that

Z Kg{,,..X,,AF P()Lom) (37)

Jout pin

Kx,.Xx, =

for some probability distribution P(A°"). It follows from the fact that K‘g(‘.“anF is
a classical process that marginalization as in Eq. (37) has to yield a classical
process over nodes Xj, ..., X, for arbitrary distributions P(1°%), in particular for
every point-distribution. Hence, for every value A" of A°U, the induced function
gv(2) == g(—,X) has to define a deterministic process for n + 1 nodes and
furthermore, also once marginalizing over F it still has to be a deterministic
process for the n nodes X, ..., X,.. Hence, Eq. (37) can be read as establishing
that the given xy _y is a convex mixture of deterministic processes over the
nodes Xj, ..., Xy, i.e, ky  x lies in the deterministic polytope.

Conversely, suppose «y _x lies inside the deterministic polytope, that is,

m
there exists a family of deterministic processes {K/);l___xn }I_Zl, defined by the

functions f; : X{"'x .. x X3" — Xi"x .. x XI? such that ky _y = Y1, g ’Jxll'“xn
for some probability distribution {g;}. The proof will proceed by first observing
that such a process can be seen to arise from one single deterministic process on
n + 2 nodes. Together with the fact that every deterministic process is reversibly
extendible, proven in ref. 1, this establishes the claim. In order to see that
indeed an appropriate deterministic process on n + 2 nodes exists, let A°Ut and
FIn be variables with cardinality m and define the function

f3 Xouix /\out . Xin>< Fin (38)

(%, )= (f;(x), 0) (39)
where X% = X'x ... x X%* (similarly for XI") and x = (xy, ..., x,). Together
with setting P(A°U = i) := q;, f defines a deterministic classical process over the
nodes Xj,...X,, A and F, which gives back xy _x upon marginalization over 1
and F. That f indeed defines a process follows from the fact that arbitrary
variation of the distribution P(A°") corresponds to an arbitrary weighting {q;}
in the originally given mixture, each case of which has to be a classical process.
This concludes the proof.
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