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Inhibitory interneurons in the cortex are classified into cell types differing in their morphology,
electrophysiology, and connectivity. Although it is known that parvalbumin (PV), somatostatin
(SST), and vasoactive intestinal polypeptide-expressing neurons (VIP), the major inhibitory neuron
subtypes in the cortex, have distinct modulatory effects on excitatory neurons, how heterogeneous
spatial connectivity properties relate to network computations is not well understood. Here, we
study the implications of heterogeneous inhibitory neurons on the dynamics and computations of
spatially-structured neural networks. We develop a mean-field model of the system in order to
systematically examine excitation-inhibition balance, dynamical stability, and cell-type specific
gain modulations. The model incorporates three inhibitory cell types and excitatory neurons with
distinct connectivity probabilities and recent evidence of long-range spatial projections of SST
neurons. Position-dependent firing rate predictions are validated against simulations, and balanced
solutions under Gaussian assumptions are derived from scaling arguments. Stability analysis
shows that while long-range inhibitory projections in E-I circuits with a homogeneous inhibitory
population result in instability, the heterogeneous network maintains stability with long-range
SST projections. This suggests that a mixture of short and long-range inhibitions may be key to
providing diverse computations while maintaining stability. We further find that conductance-based
synaptic transmissions are necessary to reproduce experimentally observed cell-type-specific gain
modulations of inhibition by PV and SST neurons. The mechanisms underlying cell-type-specific
gain changes are elucidated using linear response theory. Our theoretical approach offers insight
into the computational function of cell-type-specific and distance-dependent network structure.

I. INTRODUCTION

Cortical processing involves a precise interplay between
synaptic excitation and inhibition [1-3]. Inhibitory neu-
rons tune cortical oscillations, modulate gain, and gate
excitatory neuronal responses [4-7]. Although cortical
circuits are commonly modeled as recurrent neural net-
works [8], biological circuits have two features often over-
looked in model networks: spatially-dependent connec-
tivity [9] and the existence of cell types [10, 11].

Biological neural networks are spatially embedded, and
distance plays an important role in governing connection
probabilities [12]. To describe their effects on network dy-
namics, mean-field models of spatially distributed spiking
neural networks have been developed in previous stud-
ies [13-15]. These studies have found that broader lat-
eral projections can result in distinct pairwise correlation
structures [15]. Furthermore, stability analysis of these
models shows that the distance of projections has a crit-
ical effect on network stability: if inhibitory projections
are broader than the excitatory projections, the fixed
points of the network can become unstable [13], which
can result in unreliable tracking of inputs [14]. These
studies, however, have not examined the consequence of
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having cell types and assumed homogeneous inhibitory
populations.

In cortical networks, diverse inhibitory subtypes in-
cluding parvalbumin (PV), somatostatin (SST), and va-
soactive intestinal polypeptide-expressing neurons (VIP)
form circuits with excitatory (E) neurons with distinct
connectivity statistics [10, 16, 17]. Several theoretical
works have examined networks with heterogeneous in-
hibitory cell types. Wilson-Cowan-type models incorpo-
rating cell types have been used to study inhibitory sta-
bilization and subtractive/divisive modulations [18] and
to describe visual processing of objects superimposed on
a background [19]. A rate-based circuit model has shown
that PV and SST neurons may each be involved in en-
coding the mean and variance of predictions in prediction
error neurons [20]. These works have suggested the role of
cell types in network computations, but did not address
realistic, spatially-structured connectivity among differ-
ent cell types and in particular did not address distance-
dependent modulations.

Understanding how cell types and their specific
distance-dependent connectivity influences neural com-
putations is an important aspect of cortical processing
that is not well understood. The computational functions
of inhibitory neurons can be understood through their
arithmetic operations on neuronal input-output func-
tions [21]. In the mouse primary visual cortex (V1), local
and moderate activation of PV neurons divisive opera-
tions on excitatory response curves to stimuli while the
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effect of SST neurons is subtractive [22-26]. However,
recent evidence shows that when activated distally, SST
neurons inhibit excitatory neurons receiving visual stim-
uli in a divisive manner while PV neurons exert subtrac-
tive modulations [27]. Anatomical data showed that SST
neurons form broader axonal projections than PV neu-
rons do [27-29]. Furthermore, a computational model of
spiking neurons suggested that this long-range inhibition
is necessary to reproduce the effects [27]. On the other
hand, VIP neurons may increase the response gain, pos-
sibly through disinhibition [7, 30].

While spatially-embedded spiking neural networks of
cortical populations incorporating cell types have re-
cently been developed [27, 31], the nature of large spik-
ing network models has limited these previous studies to
simulation-based analyses, lacking theoretical insights. A
systematic analysis of how position-dependent activation
of PV, SST and VIP neurons modulates neural activity,
therefore, is missing. A biologically-informed computa-
tional model of V1 enabling such analysis in silico would
provide mechanistic insight into these experimental re-
sults. A mean-field model in particular can be tractable
under some assumptions, allowing direct computation of
important network features such as the eigenspectrum.
Furthermore, such models would provide a platform to
understand the role of cell-type-specific structure in in-
formation processing across cortical networks.

Here we develop a mean-field model of spatially-
extended spiking neural networks in V1. We first
construct the model, incorporating distinct, cell-type-
specific connectivity and derive conditions that achieve
excitatory-inhibitory balance in the thermodynamic
limit. We use an approach based on the Fokker-Planck
equation to compute the position-dependent stationary
firing rates of the model and validate them against spik-
ing neural network simulations. We examine stability
features of the network, specifically how long-range SST
projections affect network stability. Finally, we examine
gain modulations during activation of specific inhibitory
cell types both by examining shifts in the stationary fir-
ing rates with input strength and using linear response
theory.

II. RESULTS
A. Network Model with Inhibitory Cell Types

We construct a spatially-organized network of spik-
ing neurons and incorporate cell-type-specific connectiv-
ity. The model consists of N neurons that are uni-
formly distributed on a 1-dimensional space with peri-
odic boundary conditions, I' = (0,1] (i.e., a ring). The
network consists of N, = ¢.N excitatory and N — N,
inhibitory neurons which are subdivided into N, = g, N
PV, Ny = ¢,N SST, and N,, = ¢, N VIP neurons with
ge +qp+aqs +q = 1. Weset ¢gc = 0.8, g, = 0.1, and
qs = q, = 0.05, approximately following anatomical evi-

2

dence [11] (see Figs. la, b for model schematics).

We first assume that the neurons follow leaky
integrate-and-fire (LIF) dynamics with current-based
synapses (see equations in Methods). The probability
with which the jth neuron of cell type § at position
y = j/Np (where  takes on indices e, p, s, and v for
E, PV, SST, and VIP neurons) connects to the kth neu-
ron of type « at x = k/N,, is given by

kb (z —y) = kapg(z — y;0,05). (1)

Here l_fag controls the overall connectivity probability
from (8 to a (we use - to denote the spatial average, i.e.,
kap = |1 kgﬁ(x’)dac’). We select relative values to match
recent anatomical data from layer 2/3 of V1 in mice [17]
(Fig. 1c; see also Table I in Methods). Additionally,
we scale all probabilities so that the overall connectiv-
ity of the network is 1%, imposing sparse connectivity.
The distance-dependence is given by the wrapped Gaus-
sian function g(z — y;0,04), where og is the character-
istic projection distance of S-type neurons (see Meth-
ods IV A). The values for o3 are also chosen based on
recent anatomical evidence; motivated by the experimen-
tal evidence of broad SST axonal projections and more
local PV and VIP projections [27-29, 32|, we set o, = 0.2
and o, = 0, = 0.1 (Fig 1d). If a synapse is formed from
a presynaptic neuron of type 8 to a postsynaptic one of
type a, the weight of the synapse is given by J,3, where
the synaptic weight matrix J is tuned to achieve a bal-
anced state as outlined below.

B. Derivation of balanced solution in the
thermodynamic limit

The kth neuron of call type « receives inputs I, 1 given
by a sum of recurrent synaptic inputs, described above,
and a cell-type- and position-dependent external current
F,(z). We consider a case where F,(z) have Gaussian
spatial profiles. Current inputs are given by a weighted
sum of a constant term and spatially structured term,
Fo(x) = Fo[(1 = pa) + pag(a; x5, 05)], where the stimu-
lus is centered at xy = 0.5 and has a broadness given by
o¢ = 0.25. The relative weight of the spatially-structured
input is given by pg, and Fy = [ Fo(x)dz is the mean
current input to population «. Following studies of net-
works with E-I balance [8, 13], we assume that the synap-
tic weights follow scaling Jo5 = jug/ V/N and inputs fol-
low F,, = fo/N with network size N, where Jap and fq
do not depend on N. We assume that other parameters,
such as the threshold and reset potentials, do not depend
on N. Under these assumptions, a neuron receives O(N)
excitatory inputs but requires O(v/N) presynaptic neu-
rons to activate during an integration window to produce
a spike [33]. In order for a stable stationary firing rate
solution to exist, a dynamic balance between excitation
and inhibition must be maintained [8, 13, 34].

The kth neuron of type « (at position x = k/N) has
mean firing rate vy (z) = (E[sq.k]), where E[:] denotes
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the average over network configurations, (-) the time av-
erage, and sq ) = ), . §(t — t,,,) is the spike train of

the neuron. The mean input current is given by

po () = (Ella i (1)])

=/N Z(waﬁ xvg)(z) + fa(z) (2)

B
where wqg(z') = qﬁjagkr (z ) and “¢” indicates circular
convolution, i.e., (wap*vg)(x) = [ wap(z' )vg(z—a')dz’.

The balanced state exists When the mean input currents
obey O(1/v/'N) scaling,

> (wap * v5)(@) + falz) =

B

O(1/V'N). (3)

Taking N — oo (which we call the thermodynamic limit)
gives a Fredholm equation of the first kind, which in the
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FIG. 1. Model schematic and spiking dynamics. (a) The cor-
tical network model consists of excitatory (E) neurons and
PV, SST, and VIP inhibitory neurons. The schematic shows
the major projections within and between cell types. (b)
Cartoon of the spatial structure of the network. Neurons
are placed with even spacing in a ring configuration. The
probability of connection depends on the relative position
x — y between the position of the presynaptic and postsynap-
tic neurons. (c) Cell-type-specific connectivity probabilities.
Brighter color represents a greater probability that the corre-
sponding presynaptic cell type will project to the postsynaptic
cell type. Indices e, p, s, and v correspond to E, PV, SST,
and VIP neurons, respectively. (d) Spatial projection kernel
of each inhibitory cell type. (e) Raster plot of example spik-
ing neural network run with a network size of N = 5 x 10°.
The vertical axes represents the position and the horizontal
axes the time of the spike.
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Fourier domain becomes

Y wap(n)is(n) + faln) =0 (4)
8

where the tilde indicates a Fourier transform, i.e. iL(n) =
Jp e 2™ h(x)dx, and n is the Fourier mode. The solu-
tion is given by

. ZB f ,BAaﬁ (5)
det(WW)

where W is a matrix whose elements are wag and Aup
are cofactors of W. Eq. 5 must hold for every n for which
det W # 0 . If the determinant equals 0 at some Fourier
mode, then for a solution to exist, Y 5 faAaqp must also
equal zero at that Fourier mode.

The solutions are viable only if 7, has a well-defined
inverse Fourier transform, such that

lim 74(n) =0
n—oo

for each o = e,p, s,v. Each term (wqgs * vg)(x) in Eq. 2
a convolution of two Gaussian functions, which is itself a
Gaussian with spatial variance equal to the sum of those
of wapg and vg. This implies that external current inputs
must be broader than the recurrent projections of each
population a (i.e., 0o < o) to satisfy Eq. 4 [13]. Un-
der these conditions, the stationary firing rates can be
derived by taking the inverse Fourier transform of Eq. 5
to get

Va(x) = (]- 7po¢)17a +pal7ag(x; Zy, \/ O-sz - Ugé), (6)

where 7, is the spatial mean of the firing rate. Synaptic
weights j,g and input values fa that achieve network
balance can be generated through numerical means (see
Table IT in Methods). Spiking neural network simulations
using balanced parameters are shown in Fig. le.

C. Finite-N solutions

Under mean-field assumptions, firing rates for net-
works of finite size N can be approximated with a semi-
analytic approach. The current input I, j is replaced by
a diffusion term pq(z) + \/2Dq(2)E(t) where pg(x) is
the mean and D, (z) the variance of the input to neu-
rons of type a, and &(t) is a zero-mean white noise.
Given o (z) and Dy (), the stationary firing rates v, (z)
can be computed by numerically integrating the Fokker-
Planck equation as introduced in previous works [35, 36].
Since pio(x) and D, (x) themselves depend on v, (z), this
forms self-consistent equations from which an iterative
approach can be used to numerically compute the sta-
tionary firing rates (details in Methods).

Comparison of the stationary firing rates with LIF net-
work simulations shows that the mean-field description
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FIG. 2. Firing rates in the four-population (E, PV, SST, and VIP) model. (a) Stationary firing rate from mean-field theory
(solid lines), analytical solutions in the thermodynamic limit (dashed lines), and firing rates calculated from simulations (error
bars corresponding to mean 4 sem over 10 independent network initializations) from spiking networks with N =5 x 10°. (b)
Normalized mean square error (NMSE) between mean-field theory and simulated firing rates as a function of network size N.
(¢) NMSE between the mean-field model with varied network sizes and the balanced solution in the thermodynamic limit.

accurately predicts the stationary firing rates (Fig. 2a).
The normalized mean square error (NMSE) between the
mean-field fixed points and rates computed from simula-
tions decreases with network size (Fig. 2b). Furthermore,
we see that as IV increases the network converges to the
analytical solutions satisfying the balanced state in the
thermodynamic limit in Eq. 6 (Fig. 2c).

D. Stability Analysis

One of the key features we include in the model is the
long-range projections of SST neurons, i.e. o5 > 0p, 0.
This is based on anatomical evidence as well as fact that
long-range SST projections are necessary in spiking neu-
ral network models to reproduce the divisive effects of
lateral inhibition by distal SST neurons [27]. However,
previous work on spatially distributed E-I networks with
a single type of inhibitory population showed that in-
hibitory projections must be strictly shorter than excita-
tory projections (o; < 0.) to maintain a stable balanced
state [13, 14]. Here we examine whether long-range SST
projections in a network composed of different inhibitory
subtypes cause instability in our proposed model.

To do this, we linearize the firing rate dynamics about
the fixed point,

v,
Taﬁ = —Va + Y1aO(Ka)- (7)
where v = 1 is the gain of the neuron and © is the

Heaviside step function. Under this approximation, the
fixed point is stable whenever the matrix C(n) = W — el
(where € = (yW/N)~! and T is the identity matrix) has
eigenvalues )\, with negative real parts Re(\,) for each
Fourier mode n.

We first consider the stability of a network of size N =
108 with a homogeneous inhibitory neuron population by
setting ¢; = g, = 0.2 and ¢; = ¢, = 0. This is similar
to the model in Ref. [13], but with inhibitory neuron
parameters specifically derived from PV neurons. We
computed the maximum real part of the eigenvalues for
varying excitatory and inhibitory projection range o, and
o; (Fig. 3a). The dashed line indicates the boundary
between stable and unstable networks. When o, = 0.1
and o; = 0.2 (* on Fig. 3a), the network lies in the
unstable region.

We then considered the stability diagram of the net-
work with heterogeneous inhibitory neurons and vary o,
along with o, while keeping o, = 0, = 0.1. The bound-
ary of stability has a significantly different profile. When
os = 0.2 and 0. = 0.1 (* on Fig. 3b), stability is main-
tained.

Increasing N for both networks increases the range of
instability (Fig. 3c). For the homogeneous model, the
stability-instability boundary trends towards the diago-
nal line o, = o;. This indicates that as N — oo, the
network is unstable as long as o; > o.. However, for
the heterogeneous network the boundary converges to a
horizontal line, and a region exists for which the network
remains stable when o, > o,.

We examined how heterogeneity affects local firing rate
readouts. The average firing rates over a local patch
of neurons were computed for the networks with homo-
geneous and heterogeneous inhibitory populations with
long-range inhibitory projections (Fig. 3d). To see how
the rates fluctuate about its mean value, we normalized
the firing rates by dividing them by the respective time
averages. The excitatory neurons in the stable hetero-
geneous network (Fig. 3d, top) closely tracked the time-
averaged value with deviations under 1% of the average
(black line). The unstable homogeneous network var-
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FIG. 3. Stability with long-range inhibitory projections with heterogeneous inhibitory populations. (a) Top: Stability diagram
of an E-I circuit with a homogeneous inhibitory neuron population consisting of PV neurons only (N = 10%). The color indicates
the maximum value of Re(A,) for the corresponding inhibitory projection distance o; and excitatory projection distance oe.
Red indicates positive eigenvalues (unstable) and blue negative values (stable). The purple dashed line traces the border of
stability. Bottom: Eigenspectrum A, on the complex plane (left) and Re(\,) as a function of the Fourier node n when o. = 0.1
and o; = 0.2, indicated with an asterisk on top panel. (b) Same as A, but with heterogeneous inhibitory neuron populations
(PV-SST-VIP). Black dashed line indicates stability boundary. (c) Stability border for the two circuit models with varying
network size N. (d) Firing rates normalized against the time average ([, v(z,t)dz/ [ [, v(x,t)dzdt, dimensionless units) in
a patch of neurons (specifically, neurons in the range x € A = [0.2,0.25]) from the networks with projection profiles marked
with asterisks in (a) and (b). Top panel shows readouts from E neurons in E-I (purple) and E-PV-SST-VIP (black) networks,
respectively. Bottom panel shows inhibitory neuron readouts from the homogeneous inhibitory population in the E-I network
(purple) and from each inhibitory cell type in the heterogeneous network (blue, gold, and green). Firing rates are obtained by
convolving the spike train with a Gaussian with ¢ = 5 ms.

ied up to ~ 5% of the average (purple line). The firing
rates of inhibitory neurons followed a similar trend, ex-
hibiting a greater degree of time-varying responses in the
network with a homogeneous inhibitory population than
in the network with with inhibitory subtypes (Fig. 3d,
bottom).

E. Cell-type-specific gain modulations

Next, we examined the gain modulations induced by
stimulating specific cell types in the mean-field model.
We define gain modulations as changes in the slope of the
visual response curves in excitatory neurons: a decrease
in the slope indicates a divisive modulation, while a verti-
cal shift without slope change indicates a purely subtrac-

tive modulation [21, 25, 27]. We presented a Gaussian-
shaped input current to excitatory and PV neurons cen-
tered at x = 0.5 with varying intensities to simulate vi-
sual inputs of different contrast levels. Cell-type-specific
modulatory signals activating inhibitory neurons were in-
duced with an additional Gaussian-shaped input current
centered at x¢ which was either proximal (z¢ = 0.5) or
distal (z¢ = 0) to the site of the visual stimulus input
(Fig. 4a; details in Methods). The spatial structure of the
E response with PV (blue), SST (gold) and no stimula-
tion (black) showed distinct shapes with proximal stim-
ulations (Fig. 4b, left). However, the slope of excitatory
responses to varying stimulus intensity did not decrease
when paired with stimulation of any types of inhibitory
neurons, i.e. no divisive gain changes were observed
(Fig. 4b, right). Different spatial response profiles were
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FIG. 4. Cell-type-specific gain modulations.
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(a) Schematic of stimulations. Visual stimulus is given as input to E and PV

neurons centered at z = 0.5. For proximal modulations, PV, SST, or VIP neurons at x = 0.5 were stimulated. For distal
modulations, neurons at x = 0 were stimulated. (b) Left: Response profiles of E neurons in the current-based model with PV
(blue), SST (gold), VIP (green) proximal stimulation and without activation of inhibitory neurons (black). Right: E responses
averaged across the region of visual input as a function of the strength of the visual stimulus. (c) Same as (b) but for distal
PV, SST, and VIP stimulation. (d, ¢) Same as (b, ¢) but with the conductance-based model. (f) Schematic of linear response.
Oscillatory perturbation is applied to the visual input. The linear response with increased long-range inhibition (gold) and
decreased long-range excitation (blue) are computed. (g) Linear response amplitude (left) and phase shift (right).

also observed with distal stimulation of inhibitory sub-
types, but again, with no divisive modulations (Fig. 4c).

Experimental evidence suggests that both PV and SST
neurons can exert divisive gain modulations (i.e., nega-
tive slope changes) depending on the stimulation con-
ditions and the location of their stimulation relative to
the site of visual input [22-24, 27]. We reasoned that
the lack of divisive gain modulations in the model may
be due to simplifications in the model, in particular due
to the current-based synapses assumed in the model.
This is manifested in the balanced solution Eq. 5, which
is linear in external inputs fz. We thus incorporated
conductance-based synapses into the model; mean-field
firing rates can be computed with a similar approach to
the current-based case with modified parameters and a
voltage-dependent diffusion term (see Methods). We first
verified that the mean-field results with the conductance-
based synapses agreed with the corresponding spiking
network simulations (Supplementary Fig. 1). We re-
peated the stability analysis across spatial scales of exci-
tatory and inhibitory projections to account for voltage-

dependent synaptic transmissions and found similar re-
sults to the current-based model (Supplementary Fig. 2).

Having verified that the conductance-based mean-field
model generates the same results on spatial response pro-
files (Supplementary Fig. 1) and projection-dependent
stability (Supplementary Fig. 2) as with the current-
based synapses model, we next simulated proximal and
distal activations of inhibitory neurons using the mean-
field model with conductance-based synapses. When
proximal stimulation was given to the conductance-based
network, again distinct profiles emerged—PV and SST
stimulation completely suppressed excitatory responses
at the site of visual input, while VIP stimulation exerted
a subtractive effect (Fig. 4d). With distal stimulation,
the spatial profile of the excitatory response sharpened
with PV stimulation. In addition, distal PV stimulation
caused a subtractive effect on the E response to visual
input strengths (no slope change), while distal SST stim-
ulation caused a divisive gain change (decrease in slope).
Distal VIP stimulation caused slight multiplicative gain
change (increase in slope, Fig. 4e). These distance- and
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cell-type dependent modulations are consistent with ex-
perimentally observed effects of both proximal and dis-
tal PV or SST stimulation in mouse V1: both resulted
in strong divisive gain modulations in excitatory neu-
rons when the activation of the inhibitory population was
proximal, and only SST activation resulted in divisive
operations when distal [27]. The positive gain change in-
duced by VIP neurons is also consistent with a previous
experimental study [30].

We turned to linear response theory to clarify the
mechanisms of the long-range effects of PV and SST stim-
ulation. Distal SST neurons, due to their long-range pro-
jections, can directly inhibit E neurons in the visual field
of stimuli. On the other hand, distal PV neurons primar-
ily act on E neurons in the visual field polysynaptically
by inhibiting presynaptic E neurons, thereby decreas-
ing excitation (Fig. 4f). To test effects of these distinct
mechanisms, we analyzed the response of an E neuron at
the center of the visual field (z = 0.5) to a frequency-
dependent perturbation to the visual input (details in
Methods). We examined the amplitude and angle of the
response with a 2-fold increased inhibition (simulating
effects of distal SST stimulation) and 10-fold decreased
excitation (simulating effects of distal PV stimulation),
and compared them to the base case (Fig. 4g). The am-
plitude of the response in the control case showed a peak
at about 1072 Hz, indicating a resonant frequency, and
there was an associated positive phase shift (black curve,
Fig. 4g). When excitation was decreased, the response
was similar to the control case, exhibiting the same res-
onant frequency and phase shift (blue curve). However,
when inhibition was increased, the amplitude of the re-
sponse was shifted downward, indicating a lower gain
(gold curve). Moreover, the resonant frequency disap-
peared with increased inhibition. These results indicate
that increased inhibition induces a negative gain change
in the excitatory neurons across all stimulus frequencies,
which may act as a mechanism for divisive effects of distal
SST stimulation. Distal PV stimulation decreases exci-
tation without increasing direct inhibition, resulting in
a subtractive effect. Meanwhile, a strong local stimula-
tion of either PV or SST can induce divisive operations
through direct inhibition.

III. DISCUSSION

We derived mean-field equations for a spatially-
organized spiking neural network with excitatory and
three inhibitory sub-populations. The neurons have
distance-dependent connectivity rules that depend on
pre- and post-synaptic cell types, informed by anatom-
ical data from mouse primary visual cortex. Given the
cell-type specific connectivity, we derived conditions for
E-I balance in the network. The model revealed dy-
namical properties conferred by inhibitory heterogeneity
that may indicate computational benefits. The hetero-
geneous network maintained stable dynamics even with
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long-range SST inhibition; this was in contrast to the net-
work with homogeneous inhibitory neurons, whose pro-
jections were restricted to be shorter than those of exci-
tatory neurons in order to maintain stability as suggested
by a previous theoretical study [13]. Thus, our result, by
introducing inhibitory subtypes, closes the gap between
the previous theoretical prediction where inhibitory pro-
jections are restricted to be local [13] and contradictory
experimental observations of long-range inhibition [27-
29]. Furthermore, activation of each inhibitory cell type
performed distinct modulations on excitatory neurons
processing visual input, in agreement with recent experi-
mental observations [24, 27, 30]. This demonstrates that
there are multiple modes of computations that can be
activated flexibly depending on spatial relation between
inhibitory modulatory signals and visual stimuli.

Our work sheds light on the computational role of neu-
ronal cell type diversity and their distinct spatial connec-
tivity in the cortex. The balance of excitation and inhi-
bition in the cortex is believed to be the basis for irreg-
ular spiking activity and heterogeneity of responses [8].
By extending previous work on spatially-distributed E-
I networks [13, 15], we demonstrated that the network
composed of excitatory and three main subtypes of in-
hibitory neurons—PV, SST, and VIP—can achieve bal-
ance to each of its populations. Our analytical findings
give us a simple description to determine balance in a
multi-population network depending on connectivity and
synaptic weights. Understanding how balanced states
can be altered by changes in connectivity may be impor-
tant in understanding network activity in neurological
disorders [37-39)].

Our mean-field approach further allowed us to directly
compute the eigenspectrum of the network’s fixed state.
Our model shows that neural heterogeneity enhances net-
work stability, allowing stable firing rate readouts even
in the presence of long-range inhibition. In contrast, net-
works with excitatory and homogeneous inhibitory pop-
ulations displayed metastable to unstable dynamics and
high response variability with long-range inhibition. This
result thus implicates possible computational advantages
of cell type diversity.

Identifying neuronal cell types and their functional
roles has emerged as a major problem in neuroscience [17,
40, 41]. Computational studies have played an indispens-
able role in understanding the role of inhibitory neuron
subtypes in dynamics and computations [18-20, 31, 42—
44]. Our work complements these studies by provid-
ing additional mechanisms by which networks may per-
form divisive and subtractive computations. For exam-
ple, Wilmes et al. [20] showed that divisive and subtrac-
tive operations on excitatory rates by PV and SST neu-
rons, respectively, may account for computations needed
to encode the variance and mean of a variable. Our work
suggests that PV and SST neurons can perform various
degrees of divisive or subtractive modulations depending
on the distance between their activation and the stim-
ulus input sites. Thus, inhibitory neurons, by utilizing
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their heterogeneous projection patterns across the corti-
cal network, may perform a range of distinct operations
on spatially organized stimuli in an effective and robust
manner.

Our results highlight the computational benefits of a
heterogeneous neuronal population in recurrent neural
networks. A recent line of work has found that the de-
gree of heterogeneity within a cell type can play a major
role in network computations [43, 44]. While our work fo-
cused on heterogeneity in intrinsic properties and projec-
tion patterns across cell types and assumed no variation
in parameters within each cell type, it would be interest-
ing to investigate the interaction of within- and between-
population heterogeneity. In another work, Winston et
al. found that heterogeneous cell types emerge when
training spiking neural networks to perform temporal
processing tasks [42]. It is an open question whether
PV, SST, and VIP-like structures may emerge from net-
work optimization under certain objective functions and
constraints.

In future studies, the current work can be expanded in
several ways. First, we will investigate how the network
can take advantage of the computational properties ex-
plored here by employing them in visual processing tasks.
In addition, further biophysical details neglected in the
present model, such as dendritic integration [27], can be
incorporated to make the mean-field model more realis-
tic.

IV. METHODS
A. Neuronal dynamics and spatial projections
The membrane potential V,, ;, of the kth neuron of type

a (= e, p, s, or v) is given by leaky integrate-and-fire
(LIF) equations

. AV
¢ dt

- gL,a(EL - Voc,k) + Ia,k(t)a (8)
where 7, is the membrane time constant, set to 30 ms for
a = e and 20 ms otherwise; g, is the leak conductance,
set uniformly to 1 (dimensionless units); E, is the leak
reversal potential at 0; and I, (t) is the input current,
given by

asN

L) = Y > Jhfsp(t)+ Fa(z).  (9)
Befep,s,v} j=1

Here Jsﬁj is the synaptic weight from presynaptic neu-

ron j of type 3, sg ;(t) =D, d(t— ) is its spike train,
x = k/N, is the position of the kth neuron, and Fy(z)
is a static, position-dependent external input. The mem-
brane potential variable V' and voltage-related parame-
ters are given in dimensionless units.
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TABLE 1. Cell-type-specific connectivity probabilities kagp
used in the model.
presynaptic cell type 5
E PV SST VIP
postsynaptic E 0.06 0.35 0.23 0.05
cell type PV 0.42 0.39 0.18 0.02
e SST 0.35 0.09 0.05 0.14
VIP 0.16 0.00 0.30 0.01

TABLE II. Synaptic weights jos and external current input
parameters fo = Fu/ V/N and po used in Results. Values of
jap and fo were chosen to achieve balance in the thermody-
namic limit as described in the Methods.
presynaptic cell type 5  external
E PV SST VIP fa  Pa

postsynaptic E 0.34 1.34 1.13 2.00 5x10~* 0.25
cell type PV 0.60 0.77 0.20 2.00 1x107° 0.25
o SST 0.28 1.52 2.00 0.20 7x107° 0.2

VIP 0.51 0.77 0.68 2.00 1x107° 0.2

When the membrane potential reaches the threshold
Vin, a spike is emitted and V,, j is reset to the reset volt-
age Vi on the next time step. We set Vi, = 1 and
Vie = 0; numerical integration is performed using the
Euler method with time step At = 0.1 ms

The synaptic weight Jsﬁj from neuron j of cell type 3
(at position y) to neuron k of cell type « (at position )
is given by

4 .8, with probability kL .(z — y),
JSﬁ] _ Jap, wi pr'c‘) ability k(7 — y) (10)
0, otherwise.

Here k[ 5(x —y) is the distance-dependent connectivity
kernel.

The synaptic weight J,s is assumed to scale with the
network size as Jos = jas/VN where j,5 is a constant
independent of N. External inputs scale according to
F.(z) = VN fo(z), while other parameters are constant
with respect to network size. The wrapped Gaussian
projection kernel is given by

o0

2mo =
n=—oo

g(x;p,0) =

Current inputs are given by

fa(T) +(1_pa)fa- (12)

Here f, is the mean input to cells of type a and p,
determines the proportion of the input spatially localized
at xy.

= pafag(@;zyp,07)

B. Mean-field equations in the continuum limit

In the mean-field model, we take the continuum limit

D @) = gra(Br —Vola) + Lo(wt)  (13)
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where the input current from Eq. 8 is replaced by a
position-dependent effective field, modeled as a random

process I (x,t) = pao(z) + /2D (2)E(t) where po(x) is

the mean input current (given by Eq. 2) and

:Z%‘Tﬁ(waﬁ *vg)(z). (14)

is the input variance, and £(t) is zero-mean delta-
correlated white noise. Here wqg(z) = qgjagkgﬁ (x)
is the distance (z)-dependent weighted connectivity,
Vo(x) = (E[sq.k]) is the population- and position (z)-
dependent mean firing rate, and * indicates circular con-
volution, i.e. wag = [ wag(z — )vg(x)da’.

Given input mean and variance, the firing rate of neu-
rons of type « in position x is computed using a Fokker-
Planck approach [35, 36]. For a given « and z, the vari-
ables poo(z,V) = Pyo(x,V)/voa(x) and joo(z, V) =
Jo.o (2, V) /v o(z), where Pyo(x,V), Joa(z,V), and
1p,o (%) are the stationary probability distribution of the
membrane potential, the current operator, and the firing
rate, respectively, are described by

ag?}a (JC, V) = Da]‘(x) (M07a(x7 V)Po,a($, V)
- jO,a(l', V))a (15)
970,a (2, V) =686V — Vi) (16)
oy re)-

Here My o (2, V) = 77 91,0 (EL — V) + o ()] is the drift
coefficient. We integrate Eqgs. 15, 16 using a numerical in-
tegration scheme previously introduced [35], specifically
using Simpson’s rule [36]. The firing rate is then given
by

-1

Vin
Vo,a(x):[ / pon(@, V)AV| (17)

Vib

where the membrane potential lower bound Vi, is selected
so that Py o (x, Vib) is negligible (here set to Vi, = —1).

This numerical integration scheme defines a mapping
® from the input mean p,(z) and variance D,(x) to
the position-dependent firing rate, defining a set of self-
consistent equations v, (z) = P(ua(z), Do(x)). Fixed
points are found using an iterative scheme as described
in Ref. [36]. Starting from an initial guess V((XO)(,T) for
cach a, () and DY () are computed using Eq. 2
and 14 and the next guess is computed iteratively,

v (x) = ®(u{~V(2), DY~V (2)), (18)
until the L2 deviation between V&j)(.’t) and l/&j_l)(:v) is
less than a threshold, which we set to 1076 Hz.
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C. Balanced state in the thermodynamic limit

Theories of randomly connected neural networks
sought to explain asynchronous spiking activity with
models of a balanced state in which excitatory and in-
hibitory inputs dynamically achieve balance [34]. In this
state, firing rates of neurons can be expressed in analytic
form which becomes exact in the large-N limit. Here we
generalize the approach by Rosenbaum and Doiron [13]
which implemented two populations—one excitatory and
one inhibitory—for the four-population model where the
inhibitory population is split into three subtypes.

The formulation described above gives O(1) distance
between the resting potential and spike threshold and
Jap ~ O(1/VN), g ~ O(1), kag ~ O(1), and fu(z) ~
O(V/N) as N — oco. Under these conditions, a neuron re-
ceives recurent input from O(N) excitatory neurons but
requires only O(v/N) excitatory inputs to be active in
the integration window to produce a spike. Finite, un-
saturated firing rates are achieved in the continuum limit
through a dynamically stable balance between excitation
and inhibition.

The stationary firing rate solutions in the Fourier do-
main are given by Eq. 5 and the derivation is detailed
in Section IIB. To constrain the firing rates to be non-
negative, we need

sgn ngAa[g = sgn (det[—W]) . (19)
B

In the “two-population model” composed of an excita-
tory population and a homogeneous inhibitory popula-
tion [13], this condition requires that the external inputs
must be broader than recurrent connections for the bal-
anced solution to exist. However, in the “four-population
model” composed of one excitatory and three distinct in-
hibitory populations, not every inhibitory neuronal pop-
ulation’s projections need to be narrower than those of
the excitatory population.

Synaptic weights j,3 and external input intensities
fo that achieve balance are generated numerically
as follows. Synaptic weights are constrained to be
in the range [0.2,2] and external inputs in the range
[107°,107!]. Initial values are generated randomly
within the bounds and then the parameters are adjusted
to minimize the mean square deviation between 7, and
target firing rates set at 50 Hz using the Sequential Least
Squares Programming algorithm. If the resulting firing
rates are all positive, the parameters are accepted. One
such set of synaptic weights and external input parame-
ters was used in the simulations and are listed in Table II.
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D. Conductance-based model

When simulating conductance-based neurons, Eq. 9
becomes

N

L) = >, D Jof

pefe,p,s,v} j=1

J(Ep —V)sp(t) + Fala),

(20)
where Ejg is the reversal potential, set to ., = 1.5 for ex-
citatory and Eg = E; = —0.5 for inhibitory presynaptic
neurons. For conductance-based equations, we replace
Ep in Eq. 15 with the effective leak voltage E7, , which
is dependent on cell type [35],

Er +71a Zﬁ Rag(x)(bag + biﬁ)E

By (1) =
La(®) 147, ZBRag(x)(bag—Fbiﬁ)

(21)

and the membrane conductance gy, o with

glL,a =gra |1+ Ta Z Raﬂ(w)(baﬁ + biﬁ) (22)

B

where by =1 — e~7es and R.p is the input spike rate
from population (3, given by

Rap(w) = Nag(kap * vs)(x). (23)

We use the same neuronal and synaptic parameters gy, o,
Ta, and jop as in the current-based case (Table IT). We
integrate Eqgs. 15 and 16 as before, now with a voltage-
dependent diffusion

Z Rag(

Due to inputs being voltage-dependent, the stability
matrix C(n) = W — eI, where W is the matrix with
Fourier components wag(n), is also modified. We make
the simplifying assumption that the mean membrane po-
tential is independent of z, yielding

Wop(V = Ep)* | . (24)

—€+ weevf —u?epvg ’J)esvg zbevvg

C(n) = u:)pevzg —€ —~’LI)ppI’U£ —ﬁ}?svgl —?pvvé
WseVs —WspVy € — WssV Wy Vs

ﬁ)vevf —ﬁ)vpm{ ﬁ)vsv{, € — WypV
i

where vE = Vo —Ee, v] = Vo—E;, and V, = [1 Vo(x)da.

E. Modulation of visual response

Modulations by specific inhibitory neuronal popula-
tions are measured by changes in the excitatory neu-
rons’ response to a visual stimulus. We first replace

10

the position-dependent external current in Eq. 12 with
a uniform input f,(z) = f,, whose values are re-tuned
to result in firing rates within 10 Hz, which are the ob-
served spontaneous firing rates in mouse V1 in the ab-
sence of visual stimuli [27]. The baseline currents are
given by fo =1.5-1074, f, =1-107°, f, =7-107°, and
fo =6-1075. Visual stimuli and modulatory signals are
given in addition to the baseline input.

The visual input is incorporated by an additional term
I« () to the total input given to the mean input Egs. 9
and 20. For the current-based model, this is given by

Iy o(z) = ayvag(z; 20, 00) (26)

where a,, controls the overall strength of the visual input,
Uq 18 a population-dependent term controlling the rela-
tive strength of the visual input to population o, z,, = 0.5
is the center of the stimulus and o, = 0.3 is the spatial
spread of the input. Feedforward visual inputs are known
to be fed to E and PV neurons [25], so we set 7, = fe,
Up = fp, and v5 = 1, = 0.

For the conductance-based model, the visual stimuli
are represented by conductance-based synaptic inputs.
This results in an additional term in each of the summa-
tions over § in Egs. 21, 22, 24 to include inputs from an
external layer T' where we set Ror(z) = ayrag(x; 4, 0)
for a € e, p and R, = 0 otherwise. We set r, = 4x 10~
and r, = 1x 1074, values tuned to achieve realistic firing
rate responses [27]. Synaptic weight parameters are set
to ber =1 —e %% and by = 1 — 7002,

To measure modulations, we first measure the exci-
tatory response of the system to visual stimuli of vary-
ing intensity without additional activation of inhibitory
neurons. This is done by computing the cell-type and
position-dependent stationary firing rates v,(z) for a,
varying from 0 to 12. Then the process is repeated with
an additional current input given to a specific inhibitory
cell type, similar to optogenetic stimulations in exper-
imental studies [24, 27, 30]. The inhibition-activating
stimulus is given by a Gaussian current input centered
at x¢, which is set to ¢ = 0.5 for proximal stimulations
(Figs. 4b,d) and 0 for distal stimulations (Figs. 4c,e). The
spatial spread of the inhibition-activating input is given
by the standard deviation oo = 0.2 and the magnitude
is set equal to f., i.e., fo(z) = fag(z;20,00).

F. Linear response theory

Linear responses to input perturbations are computed
with the methods developed in Refs. [35, 36] and briefly
outlined here. Linear responses are measured for excita-
tory neurons at position x = 0.5; cell type indices and
positions are suppressed in the following equations. If a
weak noise term v/2DE(t) is added to the visual input
I,,(t) (we set D = 0.1), the cross-spectral density is given
by

C(f) =2DS,(f) (27)
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where S, (f) is the susceptibility function of the firing
rate. We consider a perturbation to the visual input

I,(t) = I,0(t) + ge?mift (28)

where I, 0(t) is the unperturbed input to the neuron,
f is the frequency of the modulation and € is a small
parameter controlling the amplitude of the modulation.
Setting € = 0 recovers the fixed-point solution. To first
order in &, the response of the neuron is periodic with
frequency f,

3
=
|

= By(V)+eP (V)™
vy + ES’,,(f)e2”ft

<
—

~
=

where Py(V') and vy are the steady-state probability den-
sity function and the firing rate, respectively, and Py (V)
and S, (f) are the susceptibility functions. From here a
time-dependent Fokker-Plank equation for the probabil-
ity density P(V,t) can be derived with a drift coefficient

M(V,t) = My(V) + eM,e2™/! (29)

where My(V) is the time-independent drift coefficient in
Eq. 15 and M; is the time-dependent drift coefficient,
given by My = gr,o7a. We can decompose the proba-
bility density and flux functions as P;(V) = S,p, (V) +
p1(V) and Ji(V) = 5,5, (V) + 41 (V) which satisfy the
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equations
_% = —%Mgpl + %[ﬁ — My po]
—% = 2mifp (30)
_(ZI‘); = —%MOPV—F Bju
_% = 2rifp, — 6(V — Vie)

with boundary conditions p, (Vin) = p1(Vin) = j1(Van) =
0 and j,(Vsn) = 1. We integrate these equations with
Simpson’s rule to obtain the susceptibility,

(W)
S = Jv(Vib) B

where Vi, is the lower bound of the membrane potential,
set to —1. The cross-spectral density is then computed
using Eq. 27.

Data, Materials, and Software Availability

All code wused in this study will be made
available  upon  publication on  GitHub at
https://github.com/HChoiLab/CellTypeMeanField.
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Supplementary Information:
Inhibitory cell type heterogeneity in a spatially structured mean-field

model of V1
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Figure 1: Firing rates in the four-population model with conductance-based synapses. (a) Stationary
firing rate from mean field theory (solid lines) and firing rates calculated from simulations (error bars
corresponding to mean + sem) with spiking networks of N = 5 x 10°. (b) Mean square error (MSE)
between mean field theory and simulation firing rates as a function of network size N.
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Figure 2: Stability with conductance-based synapses. (a) E and homogeneous I stability diagram with
N =107 (b) Stability with the E-PV-SST-VIP circuit (c) Stability boundaries with varying network size
N for the 2-population (black) and 4-population (purple) models.
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