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A B S T R A C T   

The paper investigates theoretically the effect of the geometry of the elastic rings of an air journal 
bearing on the elastic rings dynamic coefficients. The physical finite element method (FEM) 
model used to obtain the dynamic coefficients of the rings is discussed. A theoretical model is 
implemented to predict the effect of the geometrical parameters on the dynamic coefficients of 
the elastic rings. The effect of the geometrical parameters on the dynamic coefficients at different 
frequencies is studied using FEM. The elastic geometry that result in desired dynamic coefficients 
is demonstrated. Since predicting the dynamic coefficients for all possible ring geometries using 
FEM would be computationally expensive. A neural network (NN) is trained to predict the dy-
namic coefficients for all possible ring geometries generated by the different ring geometrical 
parameters within a given input domain. The NN results are compared to the experimentally 
verified FEM results and the results are in good agreement.   

1. Introduction 

1.1. Literature review 

Elastic rings are used to reduce vibrations and improve stability of systems. For example, they can be used to support the sleeve of 
air journal bearings. On one the major disadvantages of air bearings are the self-excited whirl that can appear at high rotational speeds. 
It makes them unstable and limits their range of applications. Introducing an elastic ring between the air bearing sleeve and housing it 
is possible to reduce the size of the regions of self-excited vibrations, or to eliminate them completely [1]. 

[2] proved theoretically that the elastic rings can increase the threshold velocity at which an oil or gas journal bearing becomes 
unstable. [70] verified experimentally that using O rings as elastic supports for pressurized air bearings results in minimizing the rotor 
whirl at high speeds. By adding O rings, they were able to increase the operating speed from 30,000 rpm to 110,000 rpm [3]. developed 
a mathematical model to calculate the onset whirl speed of an externally pressurized gas journal bearing supported on rubber ‘O’ rings. 
He concluded that stability of the bearing increases (onset whirl speed increases) when the O ring stiffness is increased [4]. studied 
theoretically and experimentally the effect of adding O rings on the static characteristics of an aerostatic journal bearing. He concluded 
that the load capacity of the bearing increases with decreasing the stiffness of the O-ring. The elastic rings can also be used in squeeze 
film dampers. Squeeze film dampers (SFD) are oil lubricated elements that provide damping to systems. They are widely used in 
aeroengine rotors to suppress high-level vibrations and improve the stability of the rotor-bearing systems. The stiffness and damping 

* Corresponding author. 
E-mail address: ahmed.paridie@rockets.utoledo.edu (A.M. Paridie).  

Contents lists available at ScienceDirect 

Heliyon 

journal homepage: www.cell.com/heliyon 

https://doi.org/10.1016/j.heliyon.2023.e16129 
Received 18 December 2022; Received in revised form 24 April 2023; Accepted 7 May 2023   

mailto:ahmed.paridie@rockets.utoledo.edu
www.sciencedirect.com/science/journal/24058440
https://www.cell.com/heliyon
https://doi.org/10.1016/j.heliyon.2023.e16129
https://doi.org/10.1016/j.heliyon.2023.e16129
https://doi.org/10.1016/j.heliyon.2023.e16129
http://creativecommons.org/licenses/by-nc-nd/4.0/


Heliyon 9 (2023) e16129

2

coefficients of conventional SFDs are highly non-linear, which results in bi-stable and non-synchronous responses of the rotors. The 
non-linear effects can be reduced if the oil film of the SFD is divided in two layers by embedding an elastic ring in the oil film [5]. 
proved theoretically that the stiffness of a squeeze film damper becomes linear when an elastic ring is added to the system [6]. 
constructed a test rig to verify experimentally the theoretical work of [5]. They concluded that the elastic ring stiffness and damping 
properties are approximately linear for small forces. They also calculated using the finite element method the steady state response of 
the rotor system for different elastic rings geometries. They concluded that when elastic rings are added to the SFD system, the 
resultant system has linear dynamic coefficients if the rotor eccentricity ratio is less than 0.7. The elastic rings can also be used to model 
different engineering structures. For example [7], modeled a disk-type winding of a power transformer by a stack of concentric rings 
coupled by elastic elements. First, they investigated analytically and experimentally the vibration characteristics of single circular 
rings and of single layers of axially and radially coupled rings. Then, they used the rings as building blocks for a stack of concentric 
rings connected by elastic insulators. The objective of this paper is to continue the work done by Ref. [8]) who designed an FEM model 
to theoretically study the dynamic properties of the elastic rings of an air dynamic journal bearing and designed a test rig to validate 
experimentally the theoretical results, the effect of the geometrical parameters on the dynamic coefficients of the elastic rings [8]) are 
studied in this paper to facilitate for designers the selection process of the ring geometry that would result in the desired dynamic 
coefficients for a designers prospective application. Since the ring geometrical parameters are continuous variables and obtaining the 
rings dynamic coefficients for all possible geometry combinations is computationally expensive, NNs are used to reduce the compu-
tational power of FEM simulations [8]) (see Fig. 1). 

2. The development of an FEM model 

The FEM model and lumped vibration model discussed in Ref. [8]) are used to obtain the FEM results dynamic coefficients for 
different elastic ring geometries. To demonstrate the FEM framework done by Ref. [8]), the elastic ring geometrical model shown in 
Fig. 2 and used by FEM model consists of a circular beam supported by inner and outer pads. The geometrical parameters which affect 
the dynamic characteristics of the elastic ring are the thickness and height of the beam, and the sector angle and number of the inner 
and outer pads [8]). The material type of the elastic geometry is proprietary hence not discussed in the paper. 

2.1. Elastic rings constraints 

In the air journal bearing setup, the ring is mounted between the bearing sleeve and housing as shown in Fig. 3 (a). This constrains 
the rings motion only to rotation about or translation along the longitudinal axis of the sleeve. During the shaft rotation, the moving 
sleeve applies dynamic loads on the ring inner pads, while the fixed housing supports the ring outer pads. To simplify the simulation 
model [8]), the loading and support positions are interchanged as shown in Fig. 4. In the simulations, the vibrating housing excites the 
ring outer pads, and a fixed pin supports the ring inner pads as shown in Fig. 3 (b). 

The pads of the ring are interchanged to compensate for the interchanged constraints of the rings. For example, the outer pads 
supported by the journal bearing housing become the inner pads for the experimental and theoretical study. Similarly, the inner pads 

Fig. 1. Air journal bearing with elastic rings.  
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become outer pads. 

2.2. Simulation model physics 

The following methods are generally used in literature [8]) to compute the response of elastic rings to different types of loads:  

1. Euler or Timoshenko theories for vibrating beams [9].  
2. Linear elastic material model [10].  
3. Love’s theory for general vibration of circular rings [11].  
4. Theory of plate and shell [12]. 

After studying the recommended theories, it is concluded that solving the linear elastic material model with FEM to calculate the 
ring response is a suitable approach for the ring geometry, material, and boundary conditions. Using the linear elastic model was a 
good candidate since this model physics has a wide variety of boundary conditions to model the housing and pin interface. Also, the 

Fig. 2. Elastic ring layout.  

Fig. 3. Elastic ring position in (a) air journal bearing (b) simulations.  

Fig. 4. Interchanging outer and inner pads.  
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elastic ring geometry has a non-uniform and irregular geometry since it has pads on its outer and inner surfaces as shown in Fig. 2. 
The shell theory could have been a good candidate if the ring is always thin. Since different thicknesses and heights are theoretically 

analyzed for the rings, the shell theory couldn’t be used. Also, Timoshenko theory for vibrating beams and Love’s theory for general 
vibration of circular rings didn’t take into consideration the pads extrusions in the elastic ring geometry. 

2.3. Boundary conditions 

The boundary conditions used in the simulations are cylindrical joints between the pin and the elastic ring, the elastic ring and the 
housing and a harmonic uniaxial boundary load on the housing as shown in Fig. 5. The cylindrical joint constraints the ring motion to a 
rotation about the pin longitudinal axis, or translation along the pin longitudinal axis. It also introduces a friction factor between the 
joint boundaries to model the friction between the pin and ring materials or the ring and housing materials. 

A tetrahedral mesh was automatically generated by a commercial FEM program as shown in Fig. 6. 
After obtaining the elastic rings dynamic response, the following formulas are used to obtain the stiffness and damping coefficients 

of the elastic rings [8]). 

2.4. Elastic rings dynamic response 

The response is calculated for the initial ring geometry in Fig. 2. The elastic ring response is obtained for harmonic forces having 
amplitudes ranging from 0 to 120 N and frequencies ranging from 300 to 2300 Hz. An automatic mesh is generated for the FEM model 
and a frequency domain solver is used. The dynamic response of the ring and the housing is shown in Fig. 7 (a), Figs. 7 (b) and Fig. 8 for 
an input force of 600 Hz frequency and 5 N amplitude. The ring deformation is calculated by subtracting the rigid housing 
displacement from the elastic displacement of the ring. 

The stresses on the elastic ring are also calculated for all the combinations of the input force magnitudes and frequencies. It is found 
that stresses are smaller than the endurance strength of the elastic ring material. The stresses on the ring at an input force of 120 N 
amplitude and 2300 Hz frequency are shown in Fig. 9 (a). 

Since there are no boundary conditions defined for the circular beam section of the elastic rings, the beam section is considered a 
free linear elastic body. An additional simulation requirement for the simulation model to be valid is to ensure that elastic ring 
deformation is smaller than the maximum clearance allowed between the circular beam section of the elastic ring and the housing 
(which is equal to outer pads thickness), and also smaller than the maximum clearance between the circular beam section and the pin 
(which is equal to inner pads thickness), If the clearance is not positive, then the elastic ring and the housing or the pin will overlap and 
the simulation won’t be valid. The clearance is computed as the difference between the outer pad thickness and the radial ring 
deformation if the radial ring deformation is positive and the difference between radial ring deformation and the inner pad thickness if 
the ring radial deformation is negative. The clearance is calculated for all the cases and is found to be always positive. 

Fig. 9 (b) shows the clearance at a force of 120 N amplitude and 2300 Hz frequency. Since all the simulation limitations are met, the 
simulation results can be used to estimate the stiffness and damping coefficients of the elastic ring. 

2.5. Elastic ring dynamic coefficients 

To find an appropriate model to obtain the dynamic coefficients of the rings using the ring dynamic response (see section 2.4), a 
review is done on the different methods used by other researchers to obtain the dynamic coefficients of elastic rings [13]. calculated the 
dynamic coefficients of elastic rubber rings using Kelvin Voigt model. The model computes the transfer function of the system in 
Laplace domain then computes the stiffness and damping coefficients [12]. calculated theoretically and verified experimentally the 
elastic ring stiffness. They considered the ring as an axisymmetric element and applied a fixed radial load at different angles between 
the two adjacent inner pads of elastic ring then measured the radial deformation. They calculated the stiffness as the ratio between the 

Fig. 5. Model boundary conditions.  
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force and the maximum radial deformation. To obtain the dynamic coefficients of the elastic rings, a lumped mechanical model is 
constructed based on the constraints and the boundary conditions of the elastic ring. The elastic ring is enclosed between a moving 
housing and a fixed pin. The housing is excited by a uniaxial harmonic force. The mass of the ring is neglected compared to the mass of 
the housing. The housing-ring-pin system is equivalent to the lumped mass-spring-damper model shown in Fig. 10. 

Fig. 11 shows the free body diagram describing the lumped model in Fig. 10 (see Fig. 12). 
The equation of motion describing the model is 

Fig. 6. Model tetrahedral mesh.  

Fig. 7. (a) Ring deformation and (b) Housing response at 5 N and 600 Hz.  

Fig. 8. Phase angle of the displacement for the Housing at 5 N and 600 Hz.  
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mẍ=F sin
(
⍵t + θf

)
− Crẋ − Krx (1) 

Fig. 9. (a) The stresses on the ring and (b) The clearance of the ring after being deformed at 120 N and 2300 Hz.  

Fig. 10. Lumped mechanical model.  

Fig. 11. Free body diagram of the lumped model.  

Fig. 12. Simply supported beam maximum deflection formula [14].  
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where. 
m is mass 
ẍ is the acceletation of the system 
Cr is the damping coefficient of the elastic ring 
ẋ is the velocity of the system 
Kr is the stiffness coefficient of the elastic ring 
x is the displacement of the system 
F is the external force magnitude 
⍵ is the angular frequency 
t is time 
θF is the phase angle of the external force 
Eq. (1) is a second order non-homogeneous ordinary differential equation. The steady-state (particular) solution for this type of 

equation has the following form 

x=X sin(⍵t+ θ) (2)  

where. 
X is the displacement magnitude of the system response 
θ is the phase angle of the displacement of the response 
Solving Eqs. (1) and (2) yields to: 

Cr =
F sin

(
θf − θ

)

X ω (3)  

Kr =
F cos

(
θf − θ

)

X
+ m ω2 (4)  

Where Cr and Kr are the elastic ring stiffness and damping coefficients respectively. 

3. The effect of the elastic rings geometrical parameters on the dynamic coefficients 

A review is done on the effect of the input force, input frequency, and elastic ring geometry on the stiffness and damping coefficients 
of the elastic rings [15]. calculated experimentally the stiffness and damping coefficients of elastomeric O-ring bearing mounts. Their 
results discuss the effect of changing different parameter on the coefficients of the rings. They concluded that increasing the frequency 
of the input force increases the stiffness coefficient of the elastic ring and increasing the amplitude of the input force decreases the 
stiffness and damping coefficients. The results are summarized as follow.  

Factor Stiffness Coefficient Damping Coefficient 

Vibrating Frequency Increases *No Steady Pattern 
Temperature Decreases Decreases 
Preload Increases Decreases 
Ring Thickness *No Steady Pattern *No Steady Pattern 
Vibration Amplitude Decreases Decreases  

* No Steady Pattern: As the parameter changes, the dynamic coefficients change without 
pattern. 

[13] concluded that the stiffness coefficient of the rings increases with frequency and the damping coefficient decreases with 
frequency. They also concluded that both stiffness and damping coefficients increase when the ring thickness increases. [78] calculated 
using FEM and verified experimentally the dynamic coefficients of squeezed O-rings used to support high-speed bearings of high-speed 
turbo machinery. The concluded that the stiffness coefficient of the O-rings increases with frequency [12]. studied theoretically and 
verified experimentally the influence of changing the number of the pads and the ring thicknesses on the ring stiffness. They concluded 
that the elastic ring stiffness increases with an increase in the number of the pads or the ring thickness. 

3.1. Prediction model 

Simply supported beam model is used to estimate the effect of the elastic ring geometry and material on the stiffness coefficient. In 
the model, the inner pads correspond to the simple support boundary, the outer pads represent the surface on which the boundary load 
is applied, and the ring beam sections correspond to the beam part of the model. The stiffness of a simply supported beam is directly 
proportional to the beam elastic modulus, section modulus and inversely proportional to the cubic power of the beam length. 

3.2. Rings thickness 

The effect of the ring thickness on the stiffness and damping coefficients is studied theoretically. Fig. 13 demonstrates a 
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visualization of the ring thickness variation. 
After obtaining the forced dynamic response of the rings from FEM results, Eqs. (3) and (4) are used to obtain the theoretical 

stiffness and damping coefficients as shown in Fig. 14 and Fig. 15. It is clear from the figures that increasing the ring thickness slightly 
increases the stiffness and damping coefficients. The increase in damping coefficients is only effective as low frequencies. The increase 
in stiffness coefficients is only effective at high frequencies. Based on simply supported beam model (see section 3.1), an increase in the 
stiffness is expected since the stiffness of the simply supported beam is directly proportional with the section modulus of the ring which 
in turn increases when the thickness of the ring increase. The model prediction hence is in good agreement with the theoretical results 
obtained. 

3.3. Rings height 

The effect of the ring height on the stiffness and damping coefficients is studied theoretically. Fig. 16 demonstrates a visualization 
of the height variation. 

The theoretical results shown in Fig. 17 and Fig. 18 have the same pattern as the results of changing the ring thickness (see section 
3.2). Important thing to note is that increasing the height increases the stiffness and damping coefficients to higher magnitudes than 
increasing the ring thickness. Based on simply supported beam model, an increase in the stiffness is expected since the stiffness of the 
simply supported beam is directly proportional with the section modulus of the ring which in turn increases when the height of the ring 
increase. 

3.4. Number of pads 

The effect of the number of the pads on the stiffness and damping coefficients is studied theoretically. Fig. 19 demonstrates a 
visualization of the number of pads variation. 

The theoretical results shown in Fig. 20 and Fig. 21 have the same pattern as the results of changing the ring height (see section 3.3). 
Important thing to note is that increasing the number of inner and outer pads increases the stiffness and damping coefficients to higher 
magnitudes than increasing the ring height. Based on simply supported beam model, an increase in the stiffness is expected since the 
stiffness of the simply supported beam is inversely proportional with the cube of the length of the beam and directly proportional with 
the ring cross section modulus which is the case for increasing the number of inner and outer pads since the beam length decreases 
when the number of inner pads increase and the section modulus increases when the number of outer pads increase (see Fig. 22). 

To deduce whether the inner or outer pads effect has noticeable effect of the dynamic coefficients, the inner pads number and outer 
pads number is studied separately. The effect of the number of the inner pads on the stiffness and damping coefficients is studied 
theoretically. Fig. 19 demonstrates a visualization of the number of pads variation. 

The effect of the number of the outer pads on the stiffness and damping coefficients is studied theoretically. Fig. 25 demonstrates a 
visualization of the number of pads variation. 

The theoretical results shown in Fig. 23, Fig. 24, Fig. 26, and Fig. 27 shows that increasing the number of outer pads increases the 
stiffness and damping coefficients to higher magnitudes than increasing the number of inner pads. 

3.5. Pads sector angle 

The effect of the sector angle of the pads on the stiffness and damping coefficients is studied theoretically. Fig. 28 demonstrates a 
visualization of the pads sector angle variation. 

The theoretical results shown in Fig. 29 and Fig. 30 have the same pattern as increasing the number of pads (see section 3.4). 
Important thing to note is that increasing the sector angle of the inner and outer pads increases the stiffness and damping coefficients to 
lower magnitudes than increasing the ring pads number (see section 3.4). Based on simply supported beam model, an increase in the 
stiffness is expected since the stiffness of the simply supported beam is inversely proportional with the cube of the length of the beam 

Fig. 13. Variation of ring thickness.  
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and directly proportional with the ring cross section modulus which is the case for increasing the number of inner and outer pads sector 
angle since the beam length decreases when the inner pads sector angle increase and the section modulus increases when the outer 
pads sector angle increase. 

To deduce whether the inner or outer pads sector angles have a noticeable effect of the dynamic coefficients, the inner pads number 
and outer pads number is studied separately. The effect of the sector angle of the inner pads on the stiffness and damping coefficients is 

Fig. 14. Damping coefficient at different ring thickness.  

Fig. 15. Stiffness coefficient at different ring thickness.  

Fig. 16. Variation of the ring height.  
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studied theoretically. Fig. 31 demonstrates a visualization of the pads sector angle variation. 
The effect of the sector angle of the outer pads on the stiffness and damping coefficients is studied theoretically. Fig. 34 demon-

strates a visualization of the pads sector angle variation. 
The theoretical results shown in Fig. 32, Fig. 33, Fig. 35, and Fig. 36, shows that increasing the number of inner pads sector angle 

increases the stiffness and damping coefficients to higher magnitudes than increasing the outer pads sector angle. After studying the 
geometrical parameters, it is concluded that increasing the number of the outer pads has the most effect on both stiffness and damping 
coefficients when compared to the other geometrical parameters. 

Fig. 17. Damping coefficient at different ring height.  

Fig. 18. Stiffness coefficient at different ring height.  

Fig. 19. Variation of the number of inner and outer pads.  
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4. Neural network implementation 

The discussed FEM results in section 2 covers the discrete geometrical cases where a single geometrical parameter is changed while 
the remaining parameters are fixed. Predicting the dynamic coefficients for all possible geometries using FEM would be computa-
tionally expensive [8]). To reduce the FEM computational power, a NN is trained using the discrete cases covered in section 2 to predict 
the dynamic coefficients for all possible ring geometries for the given ring geometrical parameters input domain which are:  

• rings thickness of 0.2032–0.381 mm with 3 discrete values in between  
• rings height of 2.317–3.932 mm with 3 discrete values in between 

Fig. 20. Damping coefficient at different pads number.  

Fig. 21. Stiffness coefficient at different pads number.  

Fig. 22. Variation of the number of inner pads.  
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• inner pads number of 4–8 pads with a step of 1  
• outer pads number of 4–8 pads with a step of 1  
• inner pads sector angle of 8–45◦ with 8 discrete values in between  
• outer pads sector angle of 8–45◦ with 8 discrete values in between 

A feed forward neural network (NN) is then trained to obtain non-linear regression function that models the physical system for the 
given domains of the input parameters [16]. The NN inputs are the geometrical parameters of the rings and the harmonic force input 
frequency. The NN network output is the ring stiffness and damping coefficient. [65]. The accuracy of the trained NN to model the 
physical system is measured by computing the mean square error (MSE) of the NN (C [17]. 

To verify the trained NN model, NN results are plotted against FEM results in Fig. 37 and Fig. 38 for the initial rings geometry 

Fig. 23. Damping coefficient at different inner pads number.  

Fig. 24. Stiffness coefficient at different inner pads number.  

Fig. 25. Variation of the number of outer pads.  
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demonstrated by Ref. [8]). The mean square error is less than 3%. Hence, the trained NN is able to predict the physics of the FEM 
model. 

5. Conclusion 

In this paper, the dynamic properties of the elastic rings used to support the sleeve of air journal bearings are theoretically analyzed. 
First, the geometry of the elastic ring and the constraints the air bearing imposes on the elastic rings are discussed. 

A preliminary effort was performed to identify a suitable method to predict the response of the rings to different loads. By analyzing 
the geometry of the rings, the material properties and the boundary conditions it was concluded that the linear elastic material model 
can be used to calculate the response of the rings to different loads. The linear elastic material model was used to simulate the responses 

Fig. 26. Damping coefficient at different outer pads number.  

Fig. 27. Stiffness coefficient at different outer pads number.  

Fig. 28. Variation of the sector angle of the inner and outer pads.  
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of the rings to harmonic forces with different frequencies and amplitudes. The responses were then used to calculate the stiffness and 
damping coefficients of the rings. 

It was found that the stiffness coefficients increase with the input frequency, but the damping coefficients decrease very fast with 
the frequency. It was also found that the stiffness coefficient decreases, and the damping coefficient increases as the input force 
magnitude increases which agrees the results of [13,15]. 

Fig. 29. Damping coefficient at different pads sectors.  

Fig. 30. Stiffness coefficient at different pads sectors.  

Fig. 31. Variation of the sector angle of the inner pads.  
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The influence of the geometrical parameters of the rings on the stiffness and damping coefficients was next analyzed. A simplified 
model of the rings was also developed to predict the effect of the geometrical parameters on the stiffness coefficient. In this case, the 
ring is modeled as a group of simply supported beams connected to each other. Both the linear elastic material model and the simplified 
model predict that the stiffness coefficient increases when the thickness of the ring, the height of the ring or the elastic modulus of the 
ring material increases which agrees with the results of [12]. The stiffness and damping coefficients are then theoretically calculated 

Fig. 32. Damping coefficient at different inner sectors.  

Fig. 33. Stiffness coefficient at different inner sectors.  

Fig. 34. Visualization of the sector angle of the outer pads.  
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for different ring geometries and different input force amplitudes and frequencies. 
It is concluded that the stiffness coefficient increases, and the damping coefficient decreases as the input force frequency increases. 

Numerical simulations also shown that both the stiffness and damping coefficients increase slightly as the ring thickness increases or 
ring width increases. Both coefficients increase rapidly when the number of pads increases and the pads sector angle increases which 
agrees the experimental results of [12]. It is also noticed that increasing the number of the outer pads has the most effect on both 
stiffness and damping coefficients when compared to the other geometrical parameters. 

A NN is then implemented predict the stiffness and damping coefficients of the elastic rings for any geometrical parameter com-
bination of the elastic rings that fall within the given ring geometrical parameters input domain. The NN results are verified using 
validated FEM results of the rings dynamic coefficients [8]) and the results are in good agreement. The NN model hence can be used to 
describe the elastic rings physical model. 
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Fig. 35. Damping coefficient at different outer sectors.  

Fig. 36. Stiffness coefficient at different outer sectors.  
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