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On a new type of almost periodic time scales, a class of BAM neural networks is considered. By employing a fixed point theorem
and differential inequality techniques, some sufficient conditions ensuring the existence and global exponential stability of C'-
almost periodic solutions for this class of networks with time-varying delays are established. Two examples are given to show the

effectiveness of the proposed method and results.

1. Introduction

It is well known that bidirectional associative memory (BAM)
neural networks have been extensively applied within various
engineering and scientific fields such as pattern recogni-
tion, signal and image processing, artificial intelligence, and
combinatorial optimization [1-3]. Since all these applications
closely relate to the dynamics, the dynamical behaviors of
BAM neural networks have been widely investigated. There
have been extensive results on the problem of the existence
and stability of equilibrium points, periodic solutions, and
antiperiodic solutions of BAM neural networks in the liter-
ature. We refer the reader to [4-16] and the references cited
therein. Moreover, it is known that the existence and stability
of almost periodic solutions play a key role in characterizing
the behavior of dynamical systems (see [17-26]) and the C L
almost periodic function is an important subclass of almost
periodic functions. However, to the best of our knowledge,
few authors have studied problems of C'-almost periodic
solutions of BAM neural networks.

On the other hand, the theory of calculus on time scales
(see [27, 28] and references cited therein) was initiated by
Hilger in his Ph.D. thesis in 1988 in order to unify continuous
and discrete analyses, and it helps avoid proving twice
results, once for differential equations and once for difference
equations. Therefore, it is significant to study neural networks
on time scales (see [5, 29, 30]). In fact, both continuous-time

and discrete-time BAM-type neural networks have equal
importance in various applications. But it is troublesome
to study the existence and stability of almost periodic and
C'-almost periodic solutions for continuous and discrete
systems, respectively. Motivated by the above, our purpose of
this paper is to study the existence and stability of C'-almost
periodic solutions for the following BAM neural networks on
time scales:

X (O =-a, (O x5 O+ ) pi O f; (v (t -y ) + L (®),
j=1

teT, i=12,...,n,

}’]'A (t) = _bj (1) Vi () + ;qij ) g; (x,- (t ~ Pij (t))) + ]j ),

teT, j=12,...,m,
@
where T is an almost periodic time scale which will be
defined in the next section; x;(¢) and y;(t) correspond to the
activation of the ith neurons and the jth neurons at the timef,
respectively; a; (1), bj (t) are positive functions and they denote
the rates with which the cells 7 and j reset their potential to
the resting state when isolated from the other cells and inputs
at time £; p;;(f) and g;;(¢) are the connection weights at time
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£ y;i(£), p;;(£) are nonnegative, which correspond to the finite
speed of the axonal signal transmission at time #; I;(£), J;(t)
denote the external inputs at time #; and f; and g; are the
activation functions of signal transmission. For each interval
J of R, we denote J; = NT.

Throughout this paper, we assume the following:

(Hy) fj, gi € C(R,R) and there exist positive constants
aj, f5; such that

W) - ;W] <a;lu-vl,
'fJ u) - fj V| ajlu—v @
lg: (W) = g; V)| < Bilu—],

where |ul,|v| e R,i=1,2,...

(H,) a;(t) > 0,b,(t) > 0, in(t) >0, Pij(t) >0, pji(t)) qij(t),
L), ] j(t) are bounded almost periodic functions on
T,i=12,...,n,j=12,...,m.

N j=1,2,...,m;

System (1) is supplemented with the initial values given
by

X; (s) = @; (),
Yj (s) = P j (), (3)
i=1,2,...,n, j=1L2,...,m,

where ¢, (-) denotes a real-valued bounded rd-continuous
function defined on [-v, 0]y, and

.= max sup vy, (f),
Vi 1<j<m te%’) yﬂ ( )

= maxy;
Y lsiSny”

p; = maxsup p; (£), (4)

I<isn 4

S,

= max p;
1<j<m P]’

v = max {y, p}.

2. Preliminaries

In this section, we will first recall some basic definitions and
lemmas which are used in what follows.

Let T be a nonempty closed subset (time scale) of R. The
forward and backward jump operators o, p : T — T and the
graininess y : T — R™ are defined, respectively, by

o(t)=inf{s e T:s>t},
p(t)=sup{seT:s<t}, (5)
)=o) -t

A point t € T is called left-dense if t > infT and
p(t) = t, left-scattered if p(t) < ¢, right-dense ift < sup T
and o(t) = t, and right-scattered if o(t) > t. If T has a left-
scattered maximum m, then TX = T\ {m}; otherwise, T* = T.
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If T has a right-scattered minimum m, then T, = T \ {m};
otherwise, T, = T.

A function f : T — R is right-dense continuous
provided it is continuous at right-dense point in T and its left-
side limits exist at left-dense points in T. If f is continuous at
each right-dense point and each left-dense point, then f is
said to be continuous function on T.

For y: T — Randt € T¥, we define the delta derivative
of y(1), yA(t), to be the number (if it exists) with the property
that for a given & > 0 there exists a neighborhood U of ¢ such
that

y@®) -y -y Olo@ -sl|<elo@® -5l (6)

foralls e U.

If y is continuous, then y is right-dense continuous, and
if y is delta differentiable at ¢, then y is continuous at ¢.

Let y be right-dense continuous. If Y2(t) = y(t), then we
define the delta integral by

t
jy(s)As=Y(t)—Y(a). )

A functionr : T — R is called regressive if
L+u()r()#0 (8)

for all t € T*. The set of all regressive and rd-continuous
functions r : T — R will be denoted by R = R(T) =
R(T,R). We define the set Rt = R'(T,R) = {r ¢ R :
1+ u(t)r(t) > 0,Vt € T}

If  is a regressive function, then the generalized exponen-
tial function e, is defined by

t
e, (t,s) = exp {J E#(T) (r (1)) AT]» , fors,teT, (9)
with the cylinder transformation

Log(l+hz) .
e ey,

z if h=0.

&, (2) =

Let p,q: T — R be two regressive functions; we define

peq:=p+q+ppg,

_ P
op:= s (1)
peq:=pe(eq).

Then the generalized exponential function has the following
properties.

Lemma 1 (see [31]). Assume that p,q : T — R are two

regressive functions; then,
(i) ey(t,s) = 1 and ep(t, t)=1;
(ii) e, (o (£), s) = (1 + p(t) p(t))e, (¢, 5);
(i) e, (£, 5(s)) = e,(t, )/ (1 + () p(s));
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(iv) 1/ep(t, s) = eep(t, s);

(V) (eap(t: )" = (Op) (e, (t, s).
In this section, E" denotes R" or C", D denotes an open
set in E" or D = E", and S denotes an arbitrary compact

subset of D.

Definition 2. A time scale T is called an almost periodic time
scale if

M:={reR:T, ¢} + {0} (12)

satisfies that, for any 7,7, € II, one has 7, £ 7, € II, where
T, =Tn{T -1}

Definition 3. Let T be an almost periodic time scale. For any
t € T,7 € II, we define

— t+T
41 =
t

where T = (), To-

ifteT,

~ 13
ift¢T, 13)

Obviously, if T is an almost periodic time scale, then
inf T = —coand sup T = +00. If there exists a 7 € ITsuch that
T, = T, then Definition 2 is equivalent to Definition 3.7 in
[31]; otherwise, Definition 2 is more general than Definition
3.7 in [31].

Definition 4. Let T be an almost periodic time scale. A
function f € C(T x D,E") is called an almost periodic
function in t € T uniformly for x € D if the e-translation

setof f

Efe f.S}

={rell:|f (tF1,x) - f (,x)| <& V(t,x) € Tx S}
(14)

is a relatively dense set in T for all ¢ > 0 and for each compact
subset S of D; that is, for any given ¢ > 0 and each compact
subset S of D, there exists a constant [(g, S) > 0 such that each
interval of length I(e, S) contains a 7(¢,S) € Efe, f,S} such
that

|f (tFFr,x) - f(t,x)] <&,

7 is called the e-translation number of f and and (e, S) is
called the inclusion length of E{e, f, S}.

Vte TxS. (15)

For convenience, we introduce some notations. Let o =
{a,} and § = {B,} be two sequences. Then S C o« means
that 3 is a subsequence of «. We introduce the translation
operator T, and T, f(t,x) = g(t,x) means that g(t,x) =
lim,,_, ., f(t¥«,, x). From Definitions 2 and 4, one can easily
see that all the results obtained in [31] are still valid under
the new concepts of almost periodic time scales and almost
periodic functions on time scales. For example, similar to
Theorems 3.13 and 3.14 in [31], we can obtain the following
equivalent definition of uniformly almost periodic functions.

Definition 5. Let f(t,x) € C(T x D, E"), and if for any given
sequence &' ¢ ITand each compact subset S of D there exists
a subsequence & € o' such that T, f(t, x) exists uniformly on
T x §, then f(t, x) is called an almost periodic function in ¢
uniformly for x € D.

Definition 6. A function f ¢ CY(T,R) is said to be a C'-

almost periodic function, if f, f* are two almost periodic
functions on T.

Definition 7 (see [31]). Let x € R", and let A(f) be an n x n
rd-continuous matrix on T; the linear system

LW =AWx@), teT (16)

is said to admit an exponential dichotomy on T if there exist
positive constants k and «, projection P, and the fundamental
solution matrix X(t) of (15), satistying

X ® PX7" (0 (9))], < keaa (0 (5),
ssteT, t=>0(s),
(17)
XU -P) X (@), < keao (0(5). 1),
ssteT, t<a(s),

where | - ||, is a matrix norm on T.

Consider the following linear almost periodic system:

SO =AQx)+ f(t), teT, (18)

where A(t) is an almost periodic matrix function and f(¢) is
an almost periodic vector function.

Lemma 8 (see [31]). If the linear system (15) admits exponen-

tial dichotomy, then system (16) has a unique almost periodic
solution x(t):

x(t) = r X (B PX" (0(s)) f () As
- (19)

+00
[ xoe-PxTeo Fe s

t
where X (t) is the fundamental solution matrix of (15).

Lemma 9 (see [24]). Let ¢;(t) be an almost periodic function
on T, where ¢,(t) > 0,—c;(t) € R", Vt € T, and

min {infci (t)} =m > 0; (20)

1<i<n (teT
then, the linear system
x® (1) = diag (—¢; (t),—¢, (£) ..., —¢, () x (£) (21)

admits an exponential dichotomy on T.



Lemma 10 (see [27]). Every rd-continuous function has an
antiderivative. In particular, ift, € T, then F defined by

F(t) = J: f(s)As, teT (22)

is an antiderivative of f.

Lemma 11 (see [27]). If p € R and a,b,c € T, then

[epe]" = p ey @]
. (23)
J p)e, (o) At =e,(c,a)-e, (c, b).

By Lemmas 10 and 11, it is easy to get the following lemma.

Lemma 12. Suppose that f(t) is an rd-continuous function
and c(t) is a positive rd-continuous function which satisfies that
—c(t) e R*. Let

g(t) = j e (t,0(s) f () As, (24)

where t, € T; then,

t

g (0 = f(t)+j —cWe.(bo(s) f(S)As. (25

)

Lemma 13 (see [31]). If g is a real-valued almost periodic
function on T and f : R — R is a Lipschitz function, then
t — f(g(t)) is an almost periodic function on T.

Lemma 14 (see [31]). If f,g : T — R are almost periodic
functions, then the following hold:

(1) f + g is almost periodic function;
(2) fg is almost periodic function.

3. Existence of C'-Almost Periodic Solutions

First, for convenience, we introduce some notations. We will
use x = (X, %5 ...,%,,,) € R™ to denote a column
vector, in which the symbol T denotes the transpose of vector.
We let |x| denote the absolute-value vector given by |x| =
(ENE2Y |xn+m|)T and define ||x|| = max;_;_,....|%;l.

Let AP(T) = {c(t) : ¢(t) be a bounded real-valued, almost
periodic function on T}, APY(T) = {c(t) : c(t),c"(t) €
AP(T)}, and

B = {(Pz (q)l (t)’(PZ(t)""’(Pn(t)’(PnJrl (t)>""(Pn+m(t))T:

¢ () € AP'(T),i=1,2,...,n+m}.

(26)
For V¢ € B, if we define induced modulus
lels = sup ol = max{lelo. [¢*],}. @)
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where
lo @1, = max {lo 0], |o" )], }

le®], = max |p )],

1<isnt+m

lelly = supllo ®], (28)
teT

9" (1)
= (98 (1) er g (1), 9000 (D)0 ()

then B is a Banach space.

Theorem 15. Assume that (H,), (H,), and the following hold:
(H;) —a;, ~b; € m*, t—yut)t—p;(t) e TVt €T, i=
L2,...,n,j=12,...,m;
(H,) there exists a constant r,, such that
G+a bitb
max =1 b—_n_] +max{L,,L,} <1,
J

1<i<n,1<j<m a;

a;
0<Il; < =——<a,
Gta4 T (29)
_ bj
0<Il; < =—— <b,

J J

i=12,...,n, j=L2,...,m,

where

= ) Py (|5 O] + ajro).
=1

;= 2. (|g: (0)] + Biro)
i=1

m
I = ) pjictj
=1
_ n
I = ) 3B
i=1
a; +a;_
L, = max =L,
1<i<n &
L bj+ﬁ_
2= 112‘1]1)1’(}1 b] ]] >
. =1infa. (),
%= jafa
b, =inf b, (t),
JT ;i ()
a; =supa;(t),

teT
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bj = sup bj ),
teT

Ti = sup |Ii (t)| s
teT

T = sup|J; )]

pji = St‘:1IT’|Pji (t)',

Gy = sup | )]
(30)

then, system (1) has a unique C' -almost periodic solution in the
region

E={peB:|ply <. (3

Proof. For any given ¢ € B, we consider the following almost
periodic differential equation:

x; (1) = =a;(0)x; (1) + Y pi (1) 5 (e (£ = v )
j=1

+L (), i=12,...,n

(32)
¥y =—b; () y; () + ;q,,- ) g: (9 (t = py ®))

+];(®), j=12,...,m.

Since miny iz, 1< jepm{inf,era; (1), inferb;(£)} > 0, it follows
from Lemma 10 that the linear system

X0 =-a;Ox 1), i=12...n
\ (33)
y] (t):_b](t))’](t)’ j:1:2)--->m:
admits an exponential dichotomy on T. Thus, by Lemma 9,

we know that system (32) has exactly one almost periodic
solution:

x¢i (t)

t
= J_ e, (t,0(s))

: <iji () fj (‘Pn+j (5 —Yji (5))) +1; (5)> As,
=1

You, (©

| eyt

: <Z%’j (s) g (‘Pi (5 = Pij (S))) +J; (5)> As.
iz

(34)

By Lemmas 13 and 14, we have that

50
= <iji ®) f; (‘ij (t ~Vji (f))) +1; (U)
=
—a;(t) J, e, (t,o (s))

' (iji (s) f;
j=1

: ((Pn+j (5 ~Vji (5))) +1; (5)> As,
i=1,2,...,n,

Vo, ®)
= <Zqij ) g (9 (- Pij ®))+ J; (l‘)>
i=1
- b; (1) J_ ey, (t,o(s)

: <Z%’j (s) gi (‘Pi (5 ~ Py (5))) +J; (5)> As,
i=1

j=L2,...,m,
(35)
are almost periodic functions on T; that is, (34) is not only an
almost periodic solution of system (32), but also a C'-almost

periodic solution of system (32). First, we define a nonlinear
operator on B by

@ (¢) (1)

Y ®)

Vo € B.
(36)

Next, we check that ®(E) ¢ E. For any given ¢ € E, it suffices
to prove that | ©(¢)|lz < r,. By conditions (H,)-(H,), we have

= (x,, (1), %), (8) .. %, (£), 9,  (B),...

sup [x,, (1)

= sup <|
teT

t
| eqtow

- (zpﬁ )1, 9y (5= 3 )
=

+I; (5)) As }
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t
J ey, (t,o(s))

—00 jEA

[ entow® < sup {

—00 —

< sup
teT

_ n T,
o I ’ ;i (19: (0 i A 2
. <];Pjifj (‘Pn+j (s ~ Vi (s)))> As } + é (;‘11 (g (0] +ﬁro)> s } + E
t nj b_J +h_ b_J + bj_
=S { Lo ¢-g (£ () b bj_]j =Ty R
m ] = 1,2,. m
-(Z?(Ifj o) \
j=1 sup |x(pi (t)'
teT
T | @i (S = i (8) >As m
]| ]( ! >|) } :iu${ <iji(t)fj (‘Pn+j (t_in(t)))"'Ii (t)>
el :
a a0 ey tow)
< sup j e, (60 (s) 3
teT [[J-o0 = A D) f
=
S I
' iji (|f1 (0)' + “jro) Asf ¢+ ) (‘Pn+j (5 ~ Vii (5)))
i=1 4
o 4ta_ ata +Ii(s)>As}
Sa:i+ a I < a n+L; <r,
i=12,...,n mo
< sup 13 25 (|15 O] + [ (£ = 3 0)]) + 1)
P Vo, (t)l o

t
¢ +a; [J e_, (t,0(s)
j_ ey, (6,0 (s) .

= sup {
teT

} ~ (Zp—( 550

: (Z%‘j (s) gi (‘Pz‘ (5 = pij (5))) +; (5)> As
izl

{ t T | Py (5 Vi (S))')
< sup J ey, (£,0(s))
teT [|J-c0 2
\ 7, +M®OA1}
' (Zq_ugz (i (s—py (5)))> As } * b_]
i=1 J m
t < Y55 (|f; O+ ajro) + T;

< sup { J ey (t,o(s)) ™

teT [|J-0 2

} +a [ [ eqwowy

(St 01+ pn s )) )
i=1

+
[ S
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a_i+ai a; +a;_ a; +a;
< + max = ¢ < —n,+L, <7,
al 771 l<i<n ai i ) 771 1 0
i=1,2,...,n
A
sup [y ()]
vl | i

= sup H(quj () g; (‘Pi (t ~ Pij (ﬂ)) +J; (l‘)>
i

teT

B0 ey o)

: (Z%’j (s) gi
i=1

}

(i (s=py 9))) +7; (s)) As

<sup{Zqz](|g,(0 )|+ Biloi (t = ps )]) +|7; )] + b5
“ e, (60 (5)

’ (Zq_lj(lgz (0)| + B 'ﬁoi (5 ~ Pij (3))|)
i=1

b o

< Zq_z](|9: )] + Birg) + ]_]
i=1
+b_j[Jme E(t ,0(s))

(Zqz] |gl (0)| + ﬁzr0)>

bj+@_ bj+z— bj‘*ﬁ_
< b 71j+11'2ii)y(n o J; b M+ L, <1y

Igwl =
| S |

IN

then, it follows from (37) that

[0 @l = mex,. {supls, 0] s, 0]
teT

1<isn, 1jsm | gt

st12$|x (t suply(p ”»Sro.
(38)

Therefore, ®(E) C E.

7

Taking ¢,y € E and combining conditions (H;) and
(H,), we obtain that

sup [x,, (1) = x,, (1)

= sup {
teT

t
| eqtow

( pji (s)
=1

£ (@uiy (s =73 9)))

= £ Wy (5= 13 (S)))]> As

3

~
I

|

t
| eqtow

(

< sup
teT

pji () a; |‘Pn+j (5 ~Yii (S))

Mz

1

~.
I

|

T Vnsj (5 Vi (5))’ >A5

t m
| eqto® (Zp_ﬁoc,) s } lo - vla
ol Z

IT;
LTI <o~ ¥o.
i=12,...,n,
swp|yy,,, © - 3, 0
¢
= sup { J e, (5,0(5))
teT —00
: <Z%j (s) [gi (90;‘ (5 ~ Pij (5)))
i1
-a(w (o)) o4
¢
< sup { J ey (t,0(s))
teT —00 !

(z%@mm@ﬁwm
i=1

|

Vi (5 = Pij (5))|> As



t n
< sup { J e, (£,0(5)) (Zq_z]/i) As ]’ le - wllg
teT —00 - i=1
BUTRRPILAL S
bJ P—V|g < bj il? ~ Vi

<le-vlg, j=1.2....m,

sup '(xq’i (t) - Xy, (t))Al

teT

- supl ()%, )
<] Sl o500
te j:1
-fi (‘//n+j (t Vi (t)))|
+a [ [ en@oe

: <Z |pji (5)|
i1

) |f] (§0n+j (5 —Yji (5)))
- f] (v/rﬁj

(5-7;9)) )AS”

swp{fhmaﬂ%
teT ]‘:1
: |‘Pn+j (= ®) = vur; (£ ;i (t))'

+a; [ Jt e, (t,o(s))

—00 -

3

(Zbﬂw

| Pa+j (5 —Yji (5)>

s (- 13 )| ) AS} }

<Zpﬂ > o = o~ vl

@ +a
<T—=lgp-yla<lo-vls, i=L2...m
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sup (3., © ., ®) |
T n+j n+j

_ A A
=suply, (-3, 0]

< su%) {Z 'qij (t)| |gi (‘Pi (t ~ P (f))) — i (‘/’i (t ~ Pij (t))>|
tel Li=1

+b; [ Jt ey, (1,0 (s)

’ (Z |qij (S)|
i=1

i (9: (s = 4 9))

ane-me))] )]}

s su%) {Z 'qij (t)| B; |‘Pi (t = Pij (t)) Lz (t = Pij (t))|
tel i=1

+b; [ J_ e, (t,0(5))

(Shels
i=1

: 'ﬁ"i (5 ~ Pij (5))

stenil)o]

(jqa)g+bw vls

b_+b

<T—=lp-vls <lo-vls>

]

Similarly, from (39) it follows that
o () - @ ()]s

I<i<n,1<j<m | 4

e {mﬁ%ﬁ»w%wh
€T

e uy sy ()~ P, (t)‘ll

<le-vls-

(40)

By (40), we obtain that ® is a contraction mapping from
E to E. Since E is a closed subset of B, @ has a fixed
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point in E, which means that (32) has a unique Cl-almost
periodic solution in E. Then system (1) has a unique C'-
almost periodic solution in the region

E={peB:|o|;<r. (41)

This completes the proof. O

4. Exponential Stability of the C'-Almost
Periodic Solution

Definition 16. The C'-almost periodic solution z*(t) =
(x;‘(t),x;‘(t),...,x:(t),yf(t),...,y;(t))T of system (1) with
initial value @*(t) = (@ (), @5 (t),...., ¢, (), ¢, (1),...,
@, ()" is said to be globally exponentially stable. There
exist a positive constant A with e € R* and M > 1 such
that every solution

I ®) (42)

z(t) = (x; (t), %, (t) 5.y, (8), yy () ...

of system (1) with any initial value

@ (1)
(43)

= ((Pl (t) ’902 (t)" . "gorl (t) "Pn+1 (t)" . "¢n+m (t))T

satisfies

|z (6) = 2" ()| < Meg, (t.8,) |w], V¢t € (0,+00)y, (44)

where

vl = Juw  ma lo; (6) — 9 (1)]
0] 1<i<n+m

(45)

to = max {[-v,0]y}.

Theorem 17. Suppose that (H,)-(H,) hold and sup, ;u(t) <

+00; then, system (1) has a unique C'-almost periodic solution
which is globally exponentially stable.

Proof. According to Theorem 15, we know that (1) has a C'-
almost periodic solution

z" (t)
% % % % 5 T (46)

=(x; 1),x, )k, (1), 9] (1) 5y v (1))
with initial value ¢* (t) = (¢; (£), @5 (¢), ...

(P;+m(t))T- Suppose that

SAORMORIE

2(t) = (xy (1), 2% () oo s X, (), 31 () e r ()T (47)

is an arbitrary solution of (1) with initial value

@ (1)
(48)
B D)

= (01 (1), 0 ()53 0, (), Py (B)5..

Then it follows from system (1) that

uiA (s) +a; (s)u; (s)

m

=2 @075 9) + 27 (=73 9)) - a9y

~f; (7 (s=v; )]

vf () +b; () v; (s)
s) [g,- (ui (s - pij (s)) +x; (s

i (xz* (5 ~ Pij (S)))] ,

x; (s), vi(s) = y;(s) - y;(s) andi =
,m, and the initial conditions of (49)

I
1=
=
~
Py

-p; () (50)

I
—

where u;(s) = x;(s) —
1,2,...,mj=1,2,...
and (50) are

Y (s) = @; (s) - §0,'* (s)»
Vs (s) = Pr+j (s) - 90:+j OF (51)

se[-v0]y, i=L2,...,n, j=12,...,m

Let H; and ﬁj be defined by

H; (e)
m
=a;—€~— ijitxj exp (6 (y + supp (s))) ,
- j=1 seT
i=1,2,...,n € [0,+00),
o (52)
H]- (e)
n
—€- Zq_l]ﬁ, exp (e (p + supp (5))) ,
i=1 seT
j=12,...,m, €€[0,+00).
By (H,), we get
H, (0) = Zp], I, > 0,
1= 1) 27~ > 1,
(53)

H;(0) = b - Zq,]/)’l—b I > 0,

i=1 -
j=L2,...,m
Since H,-,ﬁj are continuous on [0, +0co) and H;(e) — —oo,
ﬁj(e) — —0o as € — +00, there exist €€ > 0 such
that H;(¢;) = 0, H]-(e_j) = 0, and H;(e) > 0 for e € (0,¢;)
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and ﬁj(e) > 0 for € € (0, e_j). By choosing € = min{e, €,, ...,
€, €L>-- > €y}, We have

H.(e) >0, (54)

So, we can choose a positive constant 0 < A <
min{e, min, ;. {4;}, min, . ;,,,{b;}} such that

H;(A) >0,
ﬁj(A)>o, (55)
i=12,...,n, j=1L2,...,m
which imply that
I:Zpﬂoc exp( <y+suppt(s)>>:| <1,
2 =1 seT
i=1,2,...,n,
(56)
1 n
gi:Piexp( Al p+su (s))) <1
Z_A[i_zlqjﬁ p( (P Supy
j=12,...,m.

Multiplying (49) by e_, (fy, 0(s)) and integrating on [f,, t]y,
by Lemma 12, we get

u; (t)

= u; (t) ey, (1.1o)

+ f e, (0 ()
: <ZP;‘;‘ (s) [fj (Vj (5 — Vi (5)) + J’; (5 —Vji (5)))
=1

£ (5] (s =7 ))] ) As,

i=1,2,...,n
(57)
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Similarly, multiplying (50) by ey, (ty>0(s)) and integrating on
[ty t]y, we have

V; (1)

= v (to) ey, (t:1)

+L ey, (1,0 (5))

: (Z‘L’j (s) [gi (”i (5 ~ Pij (5)) (58)
=1
(5 2y 9)
a6 (s )] )25

j=L1L2,...,m

Take M > maxlsismlsjgn{ﬁ/ Z;il P_ji‘xj’bj/ Y q_ij/ji}; then
by (H,) we have M > 1. Thus, there exists 0 < A, <

min{e;, €,...,€,,€,...,6,) such that, for 0 < A < A,
LI i_aex Al y + supu (s) <0
M &—A j:1pjij p Y sd};# ,
i=12,...,n
(59)
1 i_ﬁex (A( +su (s))) <0
M b_A _iZIqu 1 p p SE_FM >
j=12,...,m.

It is easy to see that oA € R and

0] = lyi 0] < vl < Meay (t.80) Iyl
te[-v0]y, i=12,...,nm
(60)
'Vj (t)' = |1//n+j (t)| < ”l//“ < MeeA (t’ tO) "V/" >
te[-v0ly, j=12,...,m,
which imply that
lz0-z" @)= _max_ {lu @] |v; ]}
"’ (61)

< Megy (6t Iyl ¢ € [0

Next, we claim that
|z &) -2z" @) <

If (62) is not true, then there must be some ¢, € (0, +00),
p > 1 and some k such that

Iz () = 2" (£)]| = |z (t1) — 2 (t)))]

Vt € (0,+00)y. (62)

= pMeg, (t1,ty) v »
(63)

Iz (#) = 2" (®)] < pMeg, (t.to) v

Vt € [-vt];.
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By (57)-(64) and (H,)-(H,), we obtain

|“i (t1 )l
<e, (t1,10) Jv]

+J oM yley (t1,0 ()

‘ <Zl’_ﬁ“jee)t (s

j=1

— i (5), t0)> As

< pMeg, (t),ty) "V’"

1
: ‘|p_Me—a,- (tito) eop (footh)
+ Ll e, (t;,0(s)) ey (t,0(s))

<§: ]1“ eeA(s Y’G(S))) }

< pMegy (t1:t) [y

1
: ‘|Mea,-ea)t (tl’ to)

+ <Zp_j,-ocj exp (/\ (y + supy (s))))
j=1 seT

tl
. L e_gon (t1,0 () As}

< pMeg, (t1, 1) v

1
' <| Me—a,-ea}t (tl’ to)

+ <Zp_j,»ocj exp (/\ (y + supy (s))))
j=1 seT

) lI-e_gan (tl’ to)
a; - A

< pMeg, (t),ty) "V’"

HM ~ (ZM exp(A(wi‘:ﬁﬂ‘”)))}

1
“e_gen (t1oto) + F

(ZP jesp 1 (”i‘é?“”)))}

< pMeg, (t,,ty) "‘//" >
v (1)

<ey (tuto) Iyl

tl
¥ J pM [y]es, (11,0 (9)

(Sbents-nom) s
i
< pMeg, (t1,to) |y

1
: {—e_bj (t1. 1) eea (foo 1)

pM

t
t[ ey tho)e o)

: <Zq_ij/3iee/\ (s-po (S))> AS}
i1
< pMeg, (t,,ty) "1/’"

1
: {Me—bjem (tl’ to)

+ <Zq_ljﬁl exp (A (p + su%)y (s))))
i=1 s€

ty
: J; € e (t1,0(s)) As}
< pMeg, (t1,to) ||

1
: {Mebjea)t (t1 1)

+ (Zq_,]ﬁ, exp (A (p + su%m (s))))
i=1 s€

1- € bl (tl’ to)
bj -A

< pMeg, (t1, 1) v

”54 RICTEIC (’”iﬁ?*‘“))))]

re_per (f1to) + b]j

1
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-(Z%ﬂfexp(A(P+i2$”<s>>)>}

< pMeg, (t1,to) v -
(65)

Equations in (65) imply that

|Zk (t) -2 (tl)l < pMeg, (t),ty) "1/’" >
(66)

Vk € {1,2,...,n+m},

which contradicts (63), and so (62) holds. Hence, the C'-
almost periodic solution of system (1) is globally exponen-
tially stable. Global exponential stability implies that the C'-
almost periodic solution is unique. O

Remark 18. In [17, 25, 26, 29], the existence and stability of
almost periodic solutions are studied for several classes of
neural networks on almost periodic time scales. However, the
almost periodic time scales used in [17, 25, 26, 29] are a kind
of periodic time scales. So, the methods and the results of this
paper are essentially new.

5. Some Examples

Consider the following neural network:

2
X () ==, (8) x; (1) + iji ®) f; (}’j (t ~Vii (f)))
j=1

+L(t), teT,i=12

i (6) = =b; (1) y; (t) 67)

2
+ Zqij ® g; (i (t—p; ©)) +1; 1),
i1

teT, j=1,2,
where
f (x) = cos’x + 5
T T
f (x) = cos’x +3
2T 1
(68)
2 —sin'x
xX)= ——,
g, (x) 16

3 —sin®x

gy (x) = ———.

24
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Example 1. In (67), take T = R:

a, (t) =11+ |cos(\/§t)| )
a, (t) = 12 — [sint],

b, (t) =9 —|cost],

b, (t) = 8 + sint?,

It = 2J, (t) = cost + \/gsint,

8
sin (V2t) +cos (v2r) (69
L) =4],(t) = ,
4
1 1 .
> |cost| I [sin t]
(pji (t))zxz = ] ] )
— |cost| — [sint]
14 28
1 . 1
A |sin t| o |cost|
(qij (t))2><2 =1 1
— |sint| — |sint|
12 24

Lety;, p;; (1, j = 1,2) : R — R be arbitrary almost periodic
functions; then, (H,)-(H;) hold. Letot; = o, = 8, = 3, =
1/4;then, (H;) holds. Next, let us check (H,); if we taker, = 1,
then

ata  Gta b_1+b1_b_2+b2_
max =1 =1 =11 =1,
a o) b b
23 23
+ L,L,t=—+—=0784<1=r,,
max{ 1 2} 38 | 44 Ty
3 11 a
0<1'11:—<—:_—1 <11 =aqy,
56 23 a;+aq —
(70)
3 11 a
0<I=—<—==—"—<1l=a,
112 23 a,+a, —=
— 1 8 b
0<H1:—<—:_—1 <8=1b,
16 17 b +b =
1 8 )
0<I,=—=<—==—"—<8=b,
32 17 b2+b2 —

Thus, (H,) holds for r, = 1. By Theorems 15 and 17, system
(67) has a unique C'-almost periodic solution in the region

E={peB:ofy <1}, (71)

which is globally exponentially stable (see Figures 1-4).
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Example 2. In (67), take T = Z:

a, (t) = 09— 0.1 [sin (V3t)|,
a,(t) =08+ 0.1cos’t,

b (t) = 0.6 -0.1|sint],

b, (t) = 0.5 + 0.1 cos t*,

L) =T, () = sint + \/gcost,

16
V2sint + V2 cost
L) =2],() = > 72)
32
1 1
( ) 7 [sin ¢| ;sinzt
Pji (®) w2 1 1 >
% |cost| I |sm (\/zt)|
1
3 |sin ¢ ﬂcoszt
(qil' (t))zxz = 1 .. 1
— |sint] — |cost|
48 16

13

0.3y

0.2

y3-axis
j=]
=
L

FIGURE 3: Responses of x;, x,, ¥, with time t.

yp-axis

0.3
0.2

0-1 i
m,ax

FIGURE 4: Responses of x,, ¥, ¥,.

Lety;, p;; (i, j = 1,2) : Z — Z be arbitrary almost periodic
functions; then, (H,)-(H;) hold. Let o, = o, = 8, = 3, =
1/4;then, (H;) holds. Next, let us check (H,); if we taker, = 1,
then

a+a  a+a, b +b__ b+b
max —1"> —1", —1"> —
ﬁ 171 a_z ’12 b_l }71 E ’12
231 11
+max{L,L,j = ——+ —=0395<1=r,
tLiLa} 1920 40 0
a
0<Ilj=—=<—==—"—<08=aq,,
112 17 a, +aq —
3 8 ) (73)
0<I=—=<—=—"—<08=aq,
56 17 a,+a, -
— 7 5
0<M = <> =—=—<05=b,
192 11 b +b =
— 5 5 b,
0<I,=— < —==—"—<05=b,
192 11 b +b =

Thus, (H,) holds for r, = 1. By Theorems 15 and 17, system
(67) has a unique C"-almost periodic solution in the region

E=fpeB: ol <1}, 7

which is globally exponentially stable (see Figures 5-8).
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FIGURE 5: Responses of x,, x,, ¥, y, with discrete time ¢.
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6. Conclusion

In this paper, by using calculus theory on time scales, a
fixed point theorem, and differential inequality techniques,
some sufficient conditions ensuring the existence and global
exponential stability of C'-almost periodic solutions for a
class of neural networks with time-varying delays on a new
type of almost periodic time scales are established. To the best
of our knowledge, this is the first time to study the existence
of C'-almost periodic solutions of BAM neural networks on
time scales. Our methods that are used in this paper can
be used to study other types of neural networks, such as
Cohen-Grossberg neural networks and fuzzy cellular neural
networks.
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