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Powering and manipulating translational and rotational motions of objects wirelessly, and controlling
several objects independently is of significant importance in numerous fields such as robotics, medicine,
biology, fluid dynamics, optics. We propose a method based on coupled LC resonators, to control objects
selectively by steering the frequency of an external magnetic field. This concept does not need any magnetic
materials and it brings a rich variety of features concerning forces and torques. We theoretically and
experimentally show that the forces can be enhanced by the interaction of resonators and that both direction
and magnitude of forces can be controlled by the frequency of the applied external magnetic field. Moreover,
we demonstrate interesting rotational effects, such as bi-directionally controllable torques, controllable
stable orientations, and spinning, which leads to a wirelessly powered motor.

T
he mechanical effects acting on adjacent rings carrying current have attracted the interest of the
community a while ago, see e.g. Kim et al.1. However, new phenomena are expected if these simple
conductive rings are converted to resonant structures by adding capacitors. In fact, coupled resonator

structures, e.g., coupled pendulums in mechanics, tend to exhibit highly complex behavior, which may also
be observed for coupled resonators studied in the following. Resonances play an extraordinary role in physics
because they offer strong responses to weak signals. The simplest electrical resonators are obtained from
inductances (L) and capacitances (C). Such LC resonators are based on the exchange of electric and magnetic
energy. They have a long history and were extensively used already in the 19th century2. Despite of this, they
have not stopped opening new routes in research. In 2000, electromagnetic metamaterials, which provide
naturally inaccessible electromagnetic properties, were introduced and attracted enormous scientific atten-
tion3–8. These man-made materials are composed of so-called meta atoms and resonances due to inductive
and capacitive parts in the meta atoms are responsible for their interesting electromagnetic properties. In
2007 efficient resonant wireless energy transmission was demonstrated, where electric resonators have taken
an important role again9.

The enhancement of forces due to resonances has led to remarkable progress in mechanical effects in the
optical domain10–13 and, the mechanical influences on metamaterials and meta-atoms are attention grabbing
topics in the metamaterial community14–21.

In this paper, we will exploit the enhancements of electromagnetic resonances to independently exert
magnetic forces on different remote objects. We show that both translational and rotational forces can be
induced if the objects have different resonance frequencies of a sufficiently high quality factor. In particular
we will discuss and demonstrate (1) how magnetic induction can power and control the translational forces
and (a) induce both attractive and repulsive forces and (b) how these forces may be steered by the frequency
of the external field. (2) We will further demonstrate how rotational forces, i.e. torques can be induced
remotely by detuning the external magnetic field frequency. More precisely, (a) we will show how the torque
on an LC resonator can be controlled bi-directionally by the frequency. (b) We then show, how a stable
orientation of the angle of an LC resonator in an external magnetic field may be changed by the frequency
and (c) we demonstrate how interacting resonators can be used to induce continuous rotations – i.e. used to
power a ‘‘wireless motor’’.

Powering and controlling force or motion agents with advanced mechanical effects in an untethered way
is highly interesting for many applications, e.g., 1) the control of micro scale robots and actuators22–29,
especially manipulating several of them independently30–37, and 2) applications where shape control is
desired, for instance in adaptive optics38–40 and tunable metamaterials16,41,42. Rotational features may also
be helpful in microvalves43, microstirrers44,45, and orientation-free wireless charging of wireless robotic
endoscopic capsules46–49.
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Theory and calculations
Single resonator. We first discuss the forces exerted by a magnetic
field onto a single resonator comprising of a conductive loop with a
capacitor C, see Fig. 1a.

When a conductive single loop is placed in a time varying mag-
netic field, a current is induced in the loop according to Faraday’s
law, which also leads to Lorentz forces acting on the currents. If the
loop is connected to a capacitor, the current and the forces can be
enhanced significantly near the resonance frequency. The resonance
frequency of an ideal LC resonator is given by f0~1=(2p

ffiffiffiffiffiffi
LC
p

), where
L is the inductance of the coil and C is the capacitance in the res-
onator. In practice, the magnitude of the current at resonance is
limited by an inevitable resistance R, which is mostly due to
Ohmic loss in the conductors.

When a magnetic field and a current loop interact, Lorentz forces
act on the current loop. If the magnetic field is time harmonic, the
Lorentz force has AC and DC parts. When the frequency of the
current is sufficiently high, the AC part of the force is negligible
and only the static DC force is relevant. In a homogenous magnetic
field IB there are no net translational forces and only when the
magnetic field has a gradient, the resonator senses a net force50. Its
magnitude and direction can be steered by the frequency of the
external field. It is important to note that the force exerts in different
directions below and above resonance, and that the magnitude can be
changed both by the strength of the external field and by the fre-
quency. If the gradient of the magnetic field is small, the forces are
small and they vanish in a uniform magnetic field. As shown in the
following section, using pairs of resonators removes the problems of
having a substantial gradient33.

Interestingly, the LC resonator senses a torque even in a uniform
magnetic field and the torque acting on LC resonators as the building
unit of metamaterials has already led to several interesting
results17,19,21. The torque can be calculated from the formula for a
magnetic dipole moment:

tz~A:IRMS(f ,f0):BRMS
:(f ) cos (DQ(f ,f0))sin(h), ð1Þ

where the z-axis is chosen to be the axis of the rotation (see Fig. 1a). A
is the effective area of the current loop. BRMS is the RMS magnetic
flux density. DQ is the phase difference between the applied magnetic
flux density and the current induced on the resonator. h is the angle
between the direction of the magnetic flux density and the axis of the
resonator (h is zero when the resonator lies in the yz plane as in
Fig. 1a).

From equation (1) we see that the resonator senses a torque
around the z-axis if its axis is neither parallel (i.e. sin(h) is zero)
nor perpendicular (IRMS is zero) to the magnetic flux density.
Similar to the forces, the direction of rotation can change for fre-
quencies below and above resonance. The magnitude can be influ-
enced by changing the frequency or the magnitude of the external
field. Moreover, there are stable positions of the resonator, which

change for frequencies below and above resonance. The resonator is
in stable equilibrium below resonance when the direction of its axis is
parallel to the magnetic flux density, whereas it is stable above res-
onance when its axis is perpendicular to the magnetic flux density.
Both the force and the torque increase quadratically with increasing
B, because the current in the resonator is linearly proportional to B.

Translational forces in multiple resonators. Axial bidirectional
forces in coupled resonators. Studying a single resonator is a first
step to understand the behavior of a system of resonators, but
what can be done by a single resonator is very limited and well
known. Coupled resonators exhibit a rich variety of effects that
usually may not be easily understood. Therefore, engineering of
configurations of coupled resonators is demanding and must be
done by appropriate simulations. This is probably the main reason
why not much work has been presented on systems of coupled LC
resonators.

The simplest system of resonators is a pair of resonators. When
two identical LC resonators are magnetically coupled with a mutual
inductance M, resonance splitting happens, i.e., instead of a single
resonance frequency, two resonance frequencies are obtained.

Near resonance, the magnetic field energy is concentrated in a
small area around the coils as illustrated in Fig. 1. This enhances
the magnetically induced mechanical effects on the resonators sig-
nificantly. In a hypothetical, loss-free resonator, the currents and
therefore the forces would even go to infinity. In practice, the inev-
itable resistance R reduces the quality factor of the resonator and
limits currents and forces.

For an axial arrangement as shown in Fig. 1b, the mutual induct-
ance M is positive51 and the currents in the two resonators are in
phase at the lower resonance frequency f1. Consequently, the reso-
nators attract each other. At the higher resonance frequency f2, cur-
rents have opposite phases. This causes repulsion. However, because
of the anti-symmetry of the higher resonance, it is almost not excited
and this repulsion could not be observed experimentally. A method
to excite the higher resonance is using two resonators with different
resonance frequencies. This can be realized by simply changing one
of the capacitances. The corresponding calculations are shown in
Fig. 2. It is important to note that cheap inductors (coils with many
turns) were used for the experiments. Simulations of these coils
would lead to very high computational costs. In order to reduce
the computational effort, much simpler inductors with single turn
loops were considered for the calculations. In order to obtain results
comparable to the measurements, 2.5 cm loop radii were used and
the self-inductance of the loop was set to 0.15 mH by choosing a
proper wire diameter52. This choice guarantees that the ratios of
self-inductance and mutual inductance values of the calculations
are similar to those in the experiments. For the calculations, the
capacitances connected to the conductive loops are equal and
400 pF in the case of identical resonators and 400 pF and 600 pF
in the case of different resonators. The corresponding values in the
experiments were 1 mH inductance, 1 mF and 1.5 mF capacitances:
As a consequence, resonance frequencies in calculations are higher
by the factor 4082. Furthermore, the quality factors of the resonators
in simulations were set to 30, so that the quality factors of the reso-
nators in simulations and measurements are similar. The influence of
the quality factor is shown in Supplementary Fig. 2.

Lateral forces in coupled resonators and selectively activated trapping
points. Lateral forces on the resonators also show interesting prop-
erties. When the axis of two resonators with circular current loops
are aligned, there is no lateral force because the contributions of both
the external magnetic field and the induced magnetic field exert
forces that both vanish due to symmetry. However, any lateral offset
causes lateral forces as already calculated in a detailed way in an
earlier work for current loops without capacitors1. With capacitors,
the direction and the magnitude of the forces can be changed by the

Figure 1 | LC resonators in an external magnetic field sense magnetically
induced mechanical effects, i.e., translational forces (F) or torques (t).
The color shows the magnitude of magnetic flux density B. (a), Single

resonator. (b), Two coupled resonators. The interaction of resonators is

helpful for obtaining enhanced and more advanced mechanical effects.

www.nature.com/scientificreports
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frequency – similar to what has been observed for the axial forces.
More interestingly, the lower resonance offers a trapping point in the
yz plane, see the points marked by a circle in Fig. 3a and Fig. 3c. The
resonator senses a restoring force which tries to pull the resonator
back to the trapping point independent of the lateral offset. By only
changing the frequency, the trapping point can be converted to a
repulsive point at which any lateral displacement causes the res-
onator to move away. Fig. 3c shows the change of the force in y
direction with respect to the displacement in y direction. The same
is valid for displacements in any lateral direction (i.e. any direction in
the y-z-plane) because of the symmetry of the configuration.

Fig. 3b and Fig. 3d illustrate the trapping for a system with three
resonators. If two of the resonators are at fixed positions in space, the
trapping point for the other resonator is given. The trapping position
can be switched by the frequency of the external field. This demon-
strates that multiple trapping points can be formed in space. Each
trapping point is activated by an appropriate frequency of the
external field.

Rotational forces and motor. An interesting outcome of the me-
chanical properties of the LC resonators is a new type of wirelessly
powered ‘motor’, which can operate in a uniform magnetic field and

Figure 2 | Axial forces in a pair of resonators. (a), Schematic of the resonators. B
!

is the external magnetic field density. d is the distance between the

resonators. C1 and C2 are the capacitances in the resonators, and Fx is the axial force on the first resonator. (b), Attractive forces as obtained by two

identical resonators. The plot shows the axial force Fx on the first resonator depending on frequency f and distance d. The color corresponds to the force in

arbitrary units. Only attractive forces are obtained. The resonance frequency shift towards lower frequencies is larger when the distance between

resonators is smaller. (c), Attractive (red-yellow area) and repulsive (blue) forces are obtained for resonators with two different capacitors. Fx depends on

the frequency f and distance d for different resonators. Both attractive (red-yellow area) and repulsive (blue) forces can now be obtained.

Figure 3 | Lateral forces in coupled resonator systems with respect to frequency and lateral displacement. (a), Schematic of a pair of resonators with

different capacities. Dy is the displacement of the first resonator in y direction whereas the second resonator is kept fixed. B
!

is the external magnetic field

density. C1 and C2 are the capacitances of the resonators, and Fy is the force in y direction on the first resonator. (b), Schematic of three resonators. The

first resonator is able to move whereas the other ones are fixed. (c), Fy as a function of frequency and displacement Dy for a pair of resonators. The color

corresponds to the force in arbitrary units. At frequencies below the lower resonance and above the higher resonance, the first resonator is trapped at a

stable equilibrium position (shown by the green continuous circles). When detuning the frequencies an unstable point (shown by the white dotted circle)

is obtained, where any displacement causes the first resonator to diverge from its equilibrium position. (d), Fy of the first resonator as a function of

frequency and displacement Dy for a three resonator system. Several stable and unstable trapping points can be obtained. Switching between them can be

done by changing the frequency of the external field.

www.nature.com/scientificreports
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does not need any external rotating magnetic fields, any contacts or
any magnetic materials.

The simplest approach for constructing such a motor is to place a
single resonator in an externally generated magnetic field. When the
external field has a single frequency, the resonator is stabilized along
one of its stable orientations as discussed above in the single res-
onator case. By modulating the frequency of the external magnetic
field, one can provide torque for a continuous rotation around the
z-axis. However, this requires synchronization of the external field
with the actual angular rotation velocity and the orientation of the
coil. Without synchronization, a rather chaotic motion would be
observed.

A scheme with two resonators will allow one to induce rotational
forces for a continuous rotation without the need for synchroniza-
tion. Fig. 4a shows two identical ring resonators that are placed close
to each other. The first one may rotate around the z axis, while the
second one is fixed in an off-axis position at a distance d and an angle
b, twisted by an angle a. The torque exerted on the first coil as a
function of the angular position h and of the frequency of the external
field for this arrangement is plotted in Fig. 4b. It can be seen that there
is a frequency band within which the torque is always positive inde-
pendent of the angular position of the first coil. This means that one
can exert a continuous rotation onto a coil – which is nothing else but
a very simple, wirelessly powered ‘motor’. This motor consists of two
identical LC resonators, a rotating one and a fixed one. The scheme
does not require any frequency modulation or synchronization and it
operates even in a uniform magnetic field without any contact to the
two resonators. To check the sensitivity of the behavior to the non-

uniformity of the external field B
!

, calculations were repeated with a
source coil with a 5 cm radius (not shown in the picture) and the
resonator coils shown in Fig. 4a. The resonator configuration was
offset by x 5 3 cm from the center of the source coil. As a result, the
external field magnitude at the center of the second resonator coil
was less than half of that at the center of the first resonator. While this
affects the magnitude of the torque, the characteristic of the torque is
almost the same even in such a non-uniform external field.

Experiments
Experiments proving the basic concepts of frequency controlled
remote forces and torques have been performed with larger objects

and at very low frequencies. Fig. 5a depicts the experimental setup.
The resonators are made of commercially available coils and capa-
citors. ‘‘d’’ is the separation distance between resonators. The
external magnetic field is produced by a larger coil. The use of
lumped capacitors and coils to confirm the simulations is a valid
path for lower frequencies. At very high frequencies, such as optical
frequencies, one needs to resort to nano-scale fabrication processes.
Moreover, at higher frequencies a force calculation requires the con-
sideration of electrical charges.

Figure 5b shows the frequency dependence of the attractive force
for three different distances. The dashed lines represent measured
curves. The solid lines are derived from calculations as outlined in the
‘Methods’ section. When a second resonator is placed close to the
first resonator, the forces are enhanced significantly, as one may
clearly see in Fig. 5b when comparing the single resonator case with
the coupled resonator cases. When the distance is increased, the
mutual coupling and the resonance frequency shift decrease.
Moreover, the attractive force between the resonators decreases with
increasing separation distance. Note that the resonators used in the
experiments are quite lossy because rather cheap coils with thin
wires were used. As a result, the quality factors of the resonators
are only around 30. At higher frequencies, one can obtain much
higher quality factors, thus resonance effects could be much more
pronounced.

In Figure 5c, the experimental (dashed) and analytical (solid) plots
show that not only unidirectional forces but also bidirectional forces
can be produced. This proves that not only the strength of the force
but also its direction may be changed by the frequency of the external
field. For the case of identical resonators in Fig. 5b, the second res-
onance is almost not excited and we do not see any repulsive forces as
expected from theory. Fig. 5c shows that a repulsive force emerges
when using two different resonators with different resonance fre-
quencies (i.e. with different capacitors).

Figure 5d shows that the force depends quadratically on the mag-
nitude of the external field as expected from theory. The measured
forces in the experiment are in the order of several tens of mN for
external magnetic flux densities in the order of 1 mT RMS.

All of the plots in Fig. 5 and further below have been performed
with the same setup, details of which are given in ‘Methods’ section.
The inductance of the coils is 1 mH. For the case of identical reso-
nators, both capacitances are 1 mF, whereas for the case of different
resonators one of the capacitances is changed to 1.5 mF. The calcu-
lated resonance frequencies of the resonators with 1 and 1.5 mF are
5033 Hz and 4109 Hz, respectively. The resonator resistance mea-
sured around the operating frequencies is approximately R 5 1 V.
For the calculations we used the inductance and capacitances values
provided by the vendor. For the mutual inductance and resistance,
the measured values of the mutual inductance (M 5 0.16 mH at d 5

0.75 cm, 0.077 mH at d 5 1.75 cm and 0.043 mH at 2.75 cm) and
resistance (R 5 1 V) were used. The frequency shift between the
calculated and experimental curves is mainly attributed to the toler-
ances of the inductors and capacitors used in the experiments and the
measurement errors in mutual inductances. More details about the
calculations are given in the ‘Methods’ section.

It is very instructive to also discuss the options for inducing tor-
ques by a single resonator. The torque exerted on an LC resonator
placed in a time-harmonic external magnetic field is shown in Fig. 6a.
The response depends on the relative position of the ring with respect
to the external magnetic field and is described by the angle h. If the
resonator is neither parallel nor perpendicular to the external field,
i.e. if h ? 0u and h ? 90u then the strength and direction of the torque
depend on the frequency as shown in Fig. 6a. Furthermore, if the ring
is aligned in parallel or perpendicular to the external field, the torque
vanishes and a stable equilibrium position is reached if the external
field is oscillating at a frequency below the resonance frequency, or if
the external field is oscillating at a frequency above the resonance

Figure 4 | Exerting a continuous rotation in a resonator system. (a), The

schematic shows the arrangement for inducing a continuous rotation onto

resonator I. It is assumed that the resonator I is free to rotate around the z

axis. Resonator II is fixed and placed off-axis at a distance d and angle b,

twisted by the angle a with respect to x-axis. For the simulations, d 5 4 cm

and b 5 a 5 45u with respect to the x axis was assumed for the resonator II.

h is the rotation angle of the first resonator. (b), Torque with respect to

frequency and rotation angle h. The color shows the z component of the

torque, tz. One can see that the torque tz has dominant and strong

contributions in a certain frequency range. The borders between positive

and negative torques are shown by white dotted lines.

www.nature.com/scientificreports
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frequency, respectively, as can be seen in Fig. 6b,c. Any disturbance
would cause a compensating torque, which is different below and
above resonance as illustrated in Fig. 6b,c. The stable equilibrium
below/above resonance is such that the magnetic flux through the
resonating loop is maximized/minimized, (see supplementary
movie-1 and supplementary Fig. 2 demonstrating rotational effects
experimentally). This means that one can change the angular ori-
entation of the coil by changing the frequency of the external field.
With a modulated external signal, a continuous rotational motion
can be obtained. Placing another resonator in the neighborhood of
the resonator in a way that breaks the symmetry also can produce a
continuous rotation, even with a single frequency excitation as
shown in the previous section. The experimental demonstration
can be seen in the supplementary movie-2. In this proof of concept
demonstration we have not optimized the setup for power efficiency.
We only took cheap coils from the shelf and we estimate that the
resulting efficiency is rather low, i.e., of order 1%. Note the efficiency
depends much on the distance between the rotating and the fixed
coils. In our experiment, the distance is rather big because of the
inappropriate shape of the coils. In order to minimize this distance,
it is clear that the rotating coil should have the shape of a circular
cylinder, which could easily be achieved, e.g., by mounting it on an
appropriately shaped core. The proper design of the fixed coil is not
that obvious but we are convinced that some optimization will lead to
reasonably high efficiencies considerably above 10%.

Discussion
We have proposed a wirelessly powered and controlled multiple
force/motion system using LC resonators. We theoretically and
experimentally have shown that LC resonators offer many interest-
ing mechanical effects, which can be steered by the frequency of the
external magnetic field. Magnetic materials are not required but
combinations of LC resonators with magnetic materials are certainly
possible and might help increasing the efficiency. The translational
and rotational mechanical effects offer numerous opportunities,
especially when systems of resonators operating at different fre-
quency bands are employed.

Wirelessly powered and controlled bidirectional translational and
rotational motions are promising for micro robots and actuators22–29.
Simultaneous operation of many of them is very attractive and the
selectivity offered by the proposed method may replace or enhance
the current addressing methods30–37.

Having multiple force spots enables wireless shape tuning of an
elastic material by applying independently controllable forces at
several points. One of the potential applications of wireless shape
control is the control of inhomogeneity in metamaterials, which is
crucial in many fancy applications such as cloaking6. Shape con-
trol is not only important for metamaterials. For example, in
adaptive optics, by using flexible materials and applying forces
on them at several points, it is possible to change the shape of a
mirror38–40. Embedding wirelessly powered and controlled force

Figure 5 | Force enhancement and bidirectional forces in a coupled resonator system. (a), Schematic of the experimental setup. Single or coupled

resonators made of coils and capacitors are excited by a larger coil (external coil) carrying a current Ie. F shows the force acting on the resonators. d is the

separation distance between the resonators. (b), Frequency dependence of measured (dashed lines) and calculated (continuous lines) forces for the cases

of a single resonator (pink color) and a system of identical resonators (black, blue and red colors). The forces exerted in a system with identical resonators

increase with decreasing distances between the resonators and are way larger than the forces in a single resonator. (c), Bidirectional forces can be observed

if the coils have different resonances (black plots). To compare the relative strengths we also have plotted the forces exerted onto coupled rings with

identical resonances and a single ring. The distance between the rings is 0.75 cm. (d), Experimental verification of the quadratic dependence of the force

on the magnitude of the external magnetic field.

www.nature.com/scientificreports
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actuators which are made of resonators would remove the tether-
ing necessity.

The rotational features may also contribute to many other appli-
cations. Typical examples are microvalves43, microstirrers44,45, and
orientation adjustment of wireless power transfer coils in applica-
tions where the device to be charged does not have a fixed orienta-
tion, e.g., wireless robotic endoscopic capsules46–49.

Methods
Theoretical calculations. The static force F

!
on the resonator depends on the

geometry of the loop, the magnitudes of the field and of the current, and the phase
difference DQ between field and current

F
!

~

ð
IRMS(f ,f0)

I
dl|

I
BRMS(f ): cos (DQ(f ,f0)): ð2Þ

Here, IRMS and BRMS are RMS values of the current and the magnetic flux density. The
integration is performed over a path along the current loop.

The torque is calculated similarly

t!~

ð
r!|(IRMS(f ,f0):

I
dl|

I
BRMS(f )): cos (DQ(f ,f0)), ð3Þ

where r! is the displacement vector from the point around which the torque is
calculated. The current and its phase are found by

I~
{j:v:

ÐÐ
A
B!:IdA

jvLz1=(jvC)zR
, ð4Þ

where v 5 2pf, I and B are complex current and complex magnetic flux density
phasors53. The integration is performed over the surface of the coil A to find the
magnetic flux through the coil.

Resonance frequencies of a coupled resonator system are given by the following
equations:

f1~
1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(LzM)C

p and f2~
1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(L{M)C

p : ð5Þ

For the theoretical calculations shown in Fig. 2, 3 and 4, a large external circular
current loop with 30 cm radius is placed in the yz plane as a magnetic field source
whereas the resonators have 2.5 cm radius and are placed at the center of the outer
loop. All resonators have a single turn in order to minimize the computational costs.
The self-inductance of the resonator loops is set to 0.15 mH by a proper selection of
the wire diameter52. The wire diameter is selected in such a way that the ratios between
the mutual inductances and self-inductances in theoretical calculations and in the
experiments are similar. In Fig. 2,3 and 4, it is assumed that resonators have the same

Figure 6 | Rotational effects on an LC resonator. (a), The schematic of the experimental setup and calculated torque. m is the magnetic dipole

moment and B
!

is the magnetic flux density. Due to the sudden phase change in the current at resonance frequency, the resonator feels opposite torques

below and above resonance (See supplementary movie 1 for experimental demonstration). Above resonance, the current in the resonator Ir produces a

magnetic field B
!

res opposite to the exciting field B
!

ext , while it supports a field in the same direction as the exciting field below resonance. (b), Stable

equilibrium of the resonator below resonance. The axis of the coil is parallel to the exciting field. (c), Stable equilibrium of the resonator above resonance.

The axis of the coil is perpendicular to the exciting field.

www.nature.com/scientificreports
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quality factor Q 5 30 (which is the order of the quality factor of the resonators
used in our experiments). From this the corresponding resistances are calculated
to be R 5 0.646 V for C 5 400 pF, R 5 0.527 V for C 5 600 pF, R 5 0.59 V for
C 5 480 pF, R 5 0.722 V for C 5 320 pF, R 5 0.456 V for C 5 800 pF. The
resonance frequencies are 20.55 MHz, 16.78 MHz, 18.76 MHz, 22.98 MHz and
14.53 MHz, respectively. The magnetic field intensity produced by a circular
loop is calculated analytically54 and currents are calculated by equation (4). If
there are multiple resonators, equation (4) is written with the effect of mutual
inductances and the resulting system of equations is solved51. Forces and torques
are calculated by equations (2) and (3) after finding the induced currents in the
system.

Experiments. The external magnetic field source is a coil with multiple turns and
approximately 27 cm 3 20 cm size. The current through the external coil Ie was in the
order of several A (amps) RMS to obtain magnetic flux densities in the order of 1 mT
RMS. The coils used in resonators are multiple turn air-core coils with 48 mm
diameter, 18 mm height, 0.85 mm wire diameter and the coil inductance value
provided by the manufacturer is L 5 1 mH. The capacitance values provided by the
manufacturers are 1 and 1.5 mF.

The calculated relative forces in Fig. 5 are found by the formula relating the force to
the currents and the gradient of the mutual inductance50:

F
!

~I1
:I2
:+M?Fx~I1

:I2
: LM
Ld

: ð6Þ

The frequency characteristic of currents in a uniform magnetic field is calculated
from equation (4) with the effect of mutual inductance and solving the resulting
system of equations for the inductance, capacitance, resistance and mutual
inductance values which are given in the ‘Experiments’ section51. The mutual
inductance as a function of the distance was obtained experimentally and the
derivative of mutual inductance with respect to the distance in equation (6) was
calculated from these measurement data. In the end, the calculated forces are
normalized, so that the maximum force in the measurement for identical reso-
nators with d 5 0.75 cm and the maximum calculated force for identical reso-
nators with d 5 0.75 cm are equal.

To measure the forces, two force sensors are placed between the resonators. One of
the resonators is fixed while the other one hangs on a long thin rope. For single
resonator measurements the fixed resonator is removed. The current through the
external magnetic field source is monitored continuously during force measurements
and the variation of the current is compensated using the quadratic dependence of
forces on the external magnetic field strength.
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