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We show that the conventional income inequality indexes assess income inequality incorrectly 
because of three problems. The unequally distributed (UD) income-based approach solves the 
problems, decomposes income inequality into two kinds of departure from equality, and provides 
two indexes. The comprehensive assessment of income inequality requires the integration of 
two kinds of departure. This paper proposes the relative UD (RUD) income-based approach. 
The RUD income-based approach combines the cumulative distribution function and quantile 
function of the RUD income and produces a new index integrating two kinds of departure. We 
investigate the properties of the new index and demonstrate its applicability through example 
income distributions.

1. Introduction

The measurement of income inequality has been an important topic in economics. Since the introduction of the Lorenz curve by 
Lorenz [1], many indexes have been developed to measure the degree of income inequality. We refer the readers to Hao and Naiman 
[2], Jenkins and Kerm [3], and Cowell [4] for a general overview of income inequality measurement. Though Hao and Naiman [2, 
p. 42] and Cowell [4, p. 155] provide lists of income inequality indexes, the list is still expanding. The Palma ratio [5,6] was added by 
Cobham and Sumner [7]. Gallegati et al. [8] and Clementi et al. [9] added the Zanardi index developed by Zanardi [10] to measure 
the asymmetry of the Lorenz curve. Henceforth, we refer to these indexes as conventional indexes. We will look into expressions for 
the conventional indexes in Section 2.

This paper will show that the conventional income inequality indexes assess income inequality incorrectly because of three 
problems, propose a new approach to measuring income inequality, and develop a new index. This paper is organized as follows. 
Section 2 presents three problems that make the conventional income inequality indexes incorrect. Section 3 reviews the unequally 
distributed (UD) income-based approach proposed by Park et al. [11,12]. The UD income-based approach solves the problems and 
provides two indexes for two kinds of departure from equality. Section 4 discusses the insufficiency of the UD income-based approach 
and proposes the relative UD (RUD) income-based approach. The RUD income-based approach provides a new index by evaluating 
the discrepancy between equality and the combination of the cumulative distribution function (CDF) and quantile function (QF) of 
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the RUD income. We investigate the properties of the new index in Section 5 and demonstrate the applicability of the new index 
through example income distributions in Section 6. Section 7 presents concluding remarks.

2. Problems of conventional indexes

Suppose that 𝑦1 ≤ 𝑦2 ≤ ⋯ ≤ 𝑦𝑛 are the incomes of 𝑛 individuals in a population. The income distribution of the population is 
written as 𝐲 =

(
𝑦1, 𝑦2,… , 𝑦𝑛

)
. The total income and mean income of the income distribution 𝐲 are denoted by 𝑆𝑦 =

∑𝑛
𝑖=1 𝑦𝑖 and 

𝜇𝑦 = 𝑆𝑦∕𝑛, respectively. As Cowell (2011, p. 1) defined, inequality is a departure from equality [4]. Equality in income inequality is 
an income distribution in which all individuals in a population have the same income. Such an income distribution is referred to as 
perfect equality and is denoted by 𝐲𝑝𝑒 =

(
𝜇𝑦,… , 𝜇𝑦

)
. Therefore, the income inequality of 𝐲 is the departure of 𝐲 from 𝐲𝑝𝑒.

In this section, we present three problems of the conventional indexes.

2.1. Mixture of information about equality and inequality

All the conventional indexes do not consider that an income distribution includes information about equality and inequality. 
To assess income inequality, we need to extract information about inequality from the income distribution. Consider, for example, 
income distribution 𝐲𝑒𝑥 = (1,2,3,4,5), where the total income is 15 and the mean income is 3. Each individual’s income is at least 
1. That is, 5, one-third of the total income, is equally distributed over five individuals. We can represent this information about 
equality as (1,1,1,1,1). Therefore, 𝐲𝑒𝑥 decomposes into two distributions (1,1,1,1,1) and (0,1,2,3,4). The distribution (1,1,1,1,1)
carries information about equality, while the distribution (0,1,2,3,4) carries information about inequality. Similarly, perfect equality 
corresponding to 𝐲𝑒𝑥, (3,3,3,3,3), decomposes into (3,3,3,3,3) and (0,0,0,0,0). We should measure the income inequality of 𝐲𝑒𝑥 by 
comparing (0,1,2,3,4) and (0,0,0,0,0) along with 𝐲𝑒𝑥.

The direct comparison between 𝐲 and 𝐲𝑝𝑒 without information separation will lead us to the measurement of some mixture of 
equality and inequality. All the conventional indexes have the information mixture problem. They do not extract information about 
inequality from the income distribution. Park et al. [11,12] raised the information mixture problem.

2.2. Variation within distribution

According to the definition mentioned above, income inequality is about the discrepancy between 𝐲 and 𝐲𝑝𝑒. However, most 
conventional indexes measure the variation within 𝐲. Such indexes involve the comparison of 𝐲 with 𝜇𝑦 such as 

(
𝑦𝑖 − 𝜇𝑦

)
, 
(
𝑦𝑖 − 𝑦𝑗

)
=(

𝑦𝑖 − 𝜇𝑦

)
−
(
𝑦𝑗 − 𝜇𝑦

)
, and 𝑦𝑖∕𝜇𝑦 (equivalently 𝑦𝑖∕𝑆𝑦). For example, the most popular Gini coefficient

𝐺𝑦 =

∑𝑛
𝑖=1

∑𝑛
𝑗=1

|||𝑦𝑖 − 𝑦𝑗
|||

2𝑛2𝜇𝑦

involves 
(
𝑦𝑖 − 𝑦𝑗

)
. The coefficient of variation (CV)

𝐶𝑉𝑦 =

√∑𝑛
𝑖=1

(
𝑦𝑖 − 𝜇𝑦

)2√
𝑛𝜇𝑦

and the Pietra index, known as Hoover index, the Robin Hood index, and the Ricci-Schutz index,∑𝑛
𝑖=1

|||𝑦𝑖 − 𝜇𝑦
|||

𝑛𝜇𝑦

involve 
(
𝑦𝑖 − 𝜇𝑦

)
[13]. The Atkinson index

𝐴𝜖 = 1 −

[
1
𝑛

𝑛∑
𝑖=1

(
𝑦𝑖

𝜇𝑦

)1−𝜖
] 1

1−𝜖

,

the Theil index

𝑇 = 1
𝑛

𝑛∑
𝑖=1

𝑦𝑖

𝜇𝑦

log
(

𝑦𝑖

𝜇𝑦

)
,

the generalized entropy index

𝐸𝜃 =
1

𝜃2 − 𝜃

[
1
𝑛

𝑛∑
𝑖=1

(
𝑦𝑖

𝜇𝑦

)𝜃

− 1

]
,

2

Herfindahl index
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𝐻 =
𝑛∑

𝑖=1

(
𝑦𝑖

𝑛𝜇𝑦

)2
,

and the mean log deviation

𝑀𝐿𝐷 = 1
𝑛

𝑛∑
𝑖=1

log
(

𝜇𝑦

𝑦𝑖

)
involve 𝑦𝑖∕𝜇𝑦 [14–18].

Though 𝜇𝑦 is a representative value of 𝐲𝑝𝑒, the representation of 𝐲𝑝𝑒 as 𝜇𝑦 accompanies dimension reduction. Due to the dimension 
reduction, the comparison between 𝐲 and 𝜇𝑦 reflects the comparison between 𝐲 and 𝐲𝑝𝑒 incompletely. Moreover, since 𝜇𝑦 is the mean 
of 𝐲, the comparison of 𝐲 with 𝜇𝑦 results in measuring the dispersion of 𝑦𝑖, 𝑖 = 1, 2, … , 𝑛. We refer to the dispersion of 𝑦𝑖, 𝑖 = 1, 2, … , 𝑛
as the variation within distribution 𝐲. The conventional indexes measure the variation within distribution 𝐲. Cowell (2011, p. 7) 
defined an income inequality index as a numerical representation of the interpersonal differences in income within a given population 
[4]. The conventional indexes are in line with this definition.

We can not measure a departure from equality without equality. We can not measure a departure of 𝐲 from 𝐲𝑝𝑒 without 𝐲𝑝𝑒. We 
can not measure the discrepancy between 𝐲 and 𝐲𝑝𝑒 without 𝐲𝑝𝑒. Inequality of 𝐲 is a relationship between 𝐲 and 𝐲𝑝𝑒. The variation 
within 𝐲 neither require 𝐲𝑝𝑒 nor describe a relationship with 𝐲𝑝𝑒. The variation within 𝐲 has nothing to do with 𝐲𝑝𝑒. Therefore, the 
conventional indexes are not inequality measures. This variation within distribution problem has never been considered before in 
other literature.

The Gini coefficient intends to measure the discrepancy between 𝐲 and 𝐲𝑝𝑒. The Gini coefficient compares the Lorenz curves for 
𝐲 and 𝐲𝑝𝑒. The Gini coefficient measures the discrepancy between 𝐲 and 𝐲𝑝𝑒 by the area enclosed by the Lorenz curves for 𝐲 and 
𝐲𝑝𝑒. Therefore, the Gini coefficient does not have the variation within distribution problem. However, the Gini coefficient has the 
information mixture problem and results in the variation within 𝐲.

2.3. Negative incomes

One fundamental assumption, which all the conventional indexes rely on, is that income is non-negative. Perfect inequality refers 
to an income distribution in which one individual takes all the income and each of the rest takes zero income. Perfect inequality 
depends on the non-negative income assumption. Perfect inequality is used for computing the upper bound of an income inequality 
index. For example, the Gini coefficient takes a value between zero and one. The upper bound is the Gini coefficient for perfect 
inequality. The list of conventional indexes in Cowell (2011, p. 155) shows the upper bounds [4].

However, we frequently encounter negative incomes in reality. Park et al. [12,19] analyzed the LIS income datasets of forty-two 
countries. Negative incomes were observed in twenty-seven countries. Negative incomes are collected when the expense of the self-

employed exceeds the revenue, and when the debt repayment of an employee is more than his earnings. Negative incomes can result 
from accounting conventions, tax laws, and data collection procedures that differ from country to country. A negative income in 
one country can be positive in another country. Conversely, a positive income in one country can be negative in another country. 
Therefore, negative incomes are valid values and should be dealt with as they are.

Negative incomes incur problems in computing the conventional indexes. The indexes based on information theory and income 
shares are neither computable nor interpretable [14–16]. The popular Gini coefficient requires the normalization proposed by Chen 
et al. [20] and Raffinetti [21]. Usually, the negative or non-positive incomes are adjusted to cope with the problems. Typical 
adjustments are the deletion of non-positive incomes [2,4] and the replacement of negative incomes with either zero incomes [22]

or arbitrarily small positive incomes [23].

The non-negative income assumption does not represent reality. The indexes developed under unrealistic assumptions can not 
assess income inequality correctly. Equally problematic is that the inconsistency between reality and the assumption is resolved by 
adjusting the data. Data adjustment is equivalent to fitting the data into a model. We should fit a model to the data.

3. UD income-based approach

Park et al. [11] introduced the UD income to solve the information mixture problem. Park et al. [12] proposed a UD income-based 
approach to income inequality measurement. The UD income-based approach allows negative income values and assumes that the 
total income (equivalently, the mean income) is positive. The approach solves the variation within distribution problem by assessing 
the discrepancy between either the CDFs, the QFs, or the unscaled Lorenz curves for the UD income distribution and perfect equality.

The UD income-based approach begins with the expression 𝑦𝑖 = 𝑦1 +
(
𝑦𝑖 − 𝑦1

)
, 𝑖 = 1, 2, … 𝑛. We can derive the following from 

this expression.

(i) 𝑛𝑦1 of 𝑆𝑦 is evenly distributed among the 𝑛 individuals.

(ii)
(
𝑆𝑦 − 𝑛𝑦1

)
is unequally distributed among the 𝑛 individuals as 𝑥𝑖 =

(
𝑦𝑖 − 𝑦1

)
, 𝑖 = 1, 2, … , 𝑛.

(iii) The unequally distributed portions of the incomes, 𝑥𝑖, 𝑖 = 1, 2, … , 𝑛, contains information about inequality.
3

(iv) 𝑥𝑖, 𝑖 = 1, 2, … , 𝑛, are non-negative, and 𝑥1 is zero.



Heliyon 10 (2024) e26482Y. Kim, J. Park and A.-J. Ju

Fig. 1. CDFs of UD income distributions 𝐱 and 𝐱𝑝𝑒 .

𝑥𝑖, 𝑖 = 1, 2, … , 𝑛 are called the UD incomes. We denote the UD income distribution by 𝐱 =
(
𝑥1, 𝑥2,… , 𝑥𝑛

)
. The total and mean of the 

UD incomes are

𝑆𝑥 =
(
𝑆𝑦 − 𝑛𝑦1

)
= 𝑛

(
𝜇𝑦 − 𝑦1

)
and 𝜇𝑥 =

(
𝜇𝑦 − 𝑦1

)
.

Similarly, the UD income distribution of 𝐲𝑝𝑒 is obtained as 𝐱𝑝𝑒 = (0,0,⋯ ,0).
We can derive 𝐱 and 𝑆𝑦 from 𝐲. We can restore 𝐲 from 𝐱 and 𝑆𝑦. Therefore, 𝐲 is equivalent to 𝐱 and 𝑆𝑦. Similarly, 𝐲𝑝𝑒 is equivalent 

to 𝐱𝑝𝑒 and 𝑆𝑦. The UD income-based approach focuses on 𝐱, 𝐱𝑝𝑒, and 𝑆𝑦 (equivalently, 𝜇𝑦) instead of 𝐲 and 𝐲𝑝𝑒. The UD income-based 
approach assesses the discrepancy between 𝐱 and 𝐱𝑝𝑒 in three ways. The first is to evaluate the discrepancy between the CDFs. The 
CDFs for 𝐱 and 𝐱𝑝𝑒 are

𝐹 (𝑥) =
⎧⎪⎨⎪⎩
0 for 𝑥 < 𝑥1,
𝑖

𝑛
for 𝑥𝑖 ≤ 𝑥 < 𝑥𝑖+1, 𝑖 = 1,2,⋯ , 𝑛− 1,

1 for 𝑥 ≥ 𝑥𝑛,

(1)

and

𝐹𝑝𝑒 (𝑥) =
{

0 for 𝑥 < 0
1 for 𝑥 ≥ 0 , (2)

respectively. Mathematically, the CDFs are step functions depicted in Fig. 1. The departure of 𝐹 (𝑥) from 𝐹𝑝𝑒(𝑥) is called the vertical 
departure. We can measure the magnitude of the vertical departure by 𝓁1 and 𝓁2 norms. Dorfman [24] and Yitzhaki [25] showed 
that

𝑥𝑛

∫
0

[1 − 𝐹 (𝑥)]𝑑𝑥 = 𝜇𝑥 and

𝑥𝑛

∫
0

[1 − 𝐹 (𝑥)]2 𝑑𝑥 = 𝜇𝑥

(
1 −𝐺𝑥

)
,

where 𝐺𝑥 is the Gini coefficient of 𝐱. Therefore, 𝓁1 and 𝓁2 norms of the vertical departure are

𝓁𝑣
1 =

𝑥𝑛

∫
0

[1 − 𝐹 (𝑥)]𝑑𝑥 = 𝜇𝑥 and 𝓁𝑣
2 =

⎡⎢⎢⎣
𝑥𝑛

∫
0

[1 − 𝐹 (𝑥)]2 𝑑𝑥

⎤⎥⎥⎦
1
2

=
[
𝜇𝑥

(
1 −𝐺𝑥

)] 1
2 .

To make 𝓁𝑣
1 and 𝓁𝑣

2 unitless, we normalize 𝓁𝑣
1 and 𝓁𝑣

2 by 𝜇𝑦 and √𝜇𝑦, respectively. The normalized 𝓁𝑣
1 and 𝓁𝑣

2 , denoted by 𝓁𝑣
1 and 

𝓁𝑣
2 , are

�̃�
𝜇𝑥 �̃�

[
𝜇𝑥 ( )] 1

2
(

𝜇𝑥

) 1
2

4

𝓁1 = 𝜇𝑦

and 𝓁2 = 𝜇𝑦

1 −𝐺𝑥 =
𝜇𝑦

−𝐺𝑦 . (3)
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Fig. 2. QFs of UD income distributions 𝐱 and 𝐱𝑝𝑒 .

The second is to evaluate the discrepancy between the QFs. The QFs for 𝐱 and 𝐱𝑝𝑒 are

𝑄 (𝑝) = inf {𝑥 ∶ 𝐹 (𝑥) ≥ 𝑝} =

{
0 for 𝑝 = 0
𝑥𝑖 for

𝑖−1
𝑛

< 𝑝 ≤ 𝑖

𝑛
, 𝑖 = 1,2,… , 𝑛,

(4)

and

𝑄𝑝𝑒(𝑝) = 0 for 0 ≤ 𝑝 ≤ 1. (5)

The QFs are also step functions depicted in Fig. 2. The departure of 𝑄(𝑝) from 𝑄𝑝𝑒(𝑝) is called the horizontal departure. Similarly, 
we can measure the magnitude of the horizontal departure by normalized 𝓁1 and 𝓁2 norms. 𝓁1 and 𝓁2 norms for the horizontal 
departure are

𝓁ℎ
1 =

1

∫
0

𝑄(𝑝)𝑑𝑝 =
∑𝑛

𝑖=1 𝑥𝑖

𝑛
= 𝜇𝑥 and 𝓁ℎ

2 =
⎡⎢⎢⎣

1

∫
0

[𝑄(𝑝)]2 𝑑𝑝

⎤⎥⎥⎦
1
2

=

[∑𝑛
𝑖=1 𝑥2

𝑖

𝑛

] 1
2

=
(
𝜇2

𝑥 + 𝑉𝑥

) 1
2 ,

where 𝑉𝑥 =
∑𝑛

𝑖=1
(
𝑥𝑖 − 𝜇𝑥

)2 ∕𝑛 is the variance of the UD income. Normalization of 𝓁ℎ
1 and 𝓁ℎ

2 by 𝜇𝑦 results in

𝓁ℎ
1 = 𝓁𝑣

1 and 𝓁ℎ
2 =

𝜇𝑥

𝜇𝑦

(
1 +𝐶𝑉 2

𝑥

) 1
2 =

[(
𝜇𝑥

𝜇𝑦

)2
+𝐶𝑉 2

𝑦

] 1
2

. (6)

The third is to evaluate the discrepancy between the unscaled Lorenz curves. Park et al. [12] showed that the normalized 𝓁1
norm of the discrepancy between the unscaled Lorenz curves of 𝐱 and 𝐱𝑝𝑒 is equivalent to 𝓁ℎ

2 . It is because the Lorenz curve derives 

from the QF. 𝓁𝑣
2 and 𝓁ℎ

2 were proposed as income inequality index.

The noteworthy points of the UD income-based approach are as follows:

(i) Income inequality breaks down into two kinds of departure from equality. The kind of departure depends on how to represent 
a distribution.

(ii) 𝓁𝑣
2 and 𝓁ℎ

2 consist of two components. One is 𝜇𝑥∕𝜇𝑦 associated with the locations of 𝐲 and 𝐱. The other is either 𝐺𝑦 or 𝐶𝑉𝑦

associated the variation within 𝐲. The variation within 𝐲 is a part of income inequality.

(iii) It is well-known that the progressive transfer preserving 𝜇𝑦 reduces both 𝐺𝑦 and 𝐶𝑉𝑦. Thus, such a transfer has been considered 
an effective method to improve income inequality. The progressive transfer preserving 𝜇𝑥 is such a transfer. If the poorest is 
not the beneficiary of the transfer, 𝜇𝑥 does not change. Equations (3) and (6) show that the progressive transfer preserving 𝜇𝑥

reduces the horizontal departure, but increases the vertical departure. Consequently, the progressive transfer preserving 𝜇𝑦 does 
5

not guarantee the improvement of income inequality.
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Fig. 3. Combinations of CDFs and QFs of RUD income distributions 𝐳 and 𝐳𝑝𝑒 .

We will discuss the effect of progressive transfers further in Section 5.

4. RUD income-based approach

The UD income-based approach reviewed in the previous section solves the problems mentioned in Section 2. However, it provides 
two indexes for two kinds of departure from perfect equality. It is difficult to evaluate income inequality comprehensively. We need 
to integrate two kinds of departure. The vertical departure is unitless, while the horizontal departure is a monetary unit. Therefore, 
the integration of the two kinds of departure is not straightforward. We thus introduce the RUD income which is the UD income 
relative to the mean income and defined as 𝑧𝑖 = 𝑥𝑖∕𝜇𝑦. The RUD income distribution for 𝐲 and the corresponding perfect equality 
are denoted by 𝐳 =

(
𝑧1, 𝑧2,… , 𝑧𝑛

)
and 𝐳𝑝𝑒 = (0,0,… ,0). The CDFs and QFs for 𝐳 and 𝐳𝑝𝑒 are defined as Equations (1), (2), (4), and 

(5) with 𝑥 replaced with 𝑧. If we replace 𝑥 by 𝑧 in Figs. 1 and 2, we have the graphs for the CDFs and QFs for 𝐳 and 𝐳𝑝𝑒.

To take both kinds of departure into income inequality measurement, we combine the CDF and QF. The combination of the CDF 
and QF is the superimposition of the CDF and the QF. We denote the combinations for 𝐳 and 𝐳𝑝𝑒 by 𝐶 (𝐳) and 𝐶

(
𝐳𝑝𝑒

)
, which are 

depicted in Fig. 3.

The coordinates of an arbitrary point on 𝐶 (𝐳) are (𝑧, 𝑝). Since 𝐶
(
𝐳𝑝𝑒

)
provides the vertical and horizontal baselines, we can 

assess the vertical and horizontal departures of (𝑧, 𝑝). The horizontal and vertical departures of (𝑧, 𝑝) are 𝑧 and (1 − 𝑝), respec-

tively. Note that (0,1) on 𝐶
(
𝐳𝑝𝑒

)
corresponds to perfect equality. The horizontal and vertical departures of (𝑧, 𝑝) are integrated 

into (−𝑧,1 − 𝑝) that is the discrepancy of (𝑧, 𝑝) from (0,1). If (𝑧, 𝑝) is on the step height of 𝐶 (𝐳), 𝓁1 and squared 𝓁2 norms of 
(−𝑧,1 − 𝑝) are [𝑄 (𝑝) + (1 − 𝑝)] and 

[
𝑄 (𝑝)2 + (1 − 𝑝)2

]
. If (𝑧, 𝑝) is on the step width of 𝐶 (𝐳), 𝓁1 and squared 𝓁2 norms of (−𝑧,1 − 𝑝)

are [𝑧+ (1 − 𝐹 (𝑧))] and 
[
𝑧2 + (1 − 𝐹 (𝑧))2

]
. Therefore, 𝓁1 and 𝓁2 norms of the discrepancy between 𝐶 (𝐳) and (0,1) are obtained as

𝓁1 (𝐳) =
𝑧𝑛

∫
0

[𝑧+ (1 − 𝐹 (𝑧))]𝑑𝑧+

1

∫
0

[𝑄 (𝑝) + (1 − 𝑝)]𝑑𝑝

=

𝑧𝑛

∫
0

𝑧𝑑𝑧+

𝑧𝑛

∫
0

[1 − 𝐹 (𝑧)]𝑑𝑧+

1

∫
0

𝑄 (𝑝)𝑑𝑝+

1

∫
0

(1 − 𝑝)𝑑𝑝

= 1
2

𝑧2𝑛 + 𝜇𝑧 + 𝜇𝑧 +
1
2

= 2𝜇𝑧 +
1
2
(
1 + 𝑧2𝑛

)
(7)

and

𝓁2 (𝐳) =
⎡⎢ 𝑧𝑛 [

𝑧2 + (1 − 𝐹 (𝑧))2
]
𝑑𝑧+

1 [
𝑄 (𝑝)2 + (1 − 𝑝)2

]
𝑑𝑝

⎤⎥
1
2

6

⎢⎣∫0 ∫
0

⎥⎦
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=
⎡⎢⎢⎣

𝑧𝑛

∫
0

𝑧2𝑑𝑧+

𝑧𝑛

∫
0

[1 − 𝐹 (𝑧)]2 𝑑𝑧+

1

∫
0

𝑄 (𝑝)2 𝑑𝑝+

1

∫
0

(1 − 𝑝)2 𝑑𝑝

⎤⎥⎥⎦
1
2

=
[1
3

𝑧3𝑛 + 𝜇𝑧

(
1 −𝐺𝑧

)
+ 𝜇2

𝑧

(
1 +𝐶𝑉 2

𝑧

)
+ 1

3

] 1
2

=
[
𝜇𝑧

(
1 −𝐺𝑧

)
+ 𝜇2

𝑧

(
1 +𝐶𝑉 2

𝑧

)
+ 1

3
(
1 + 𝑧3𝑛

)] 1
2

, (8)

where 𝜇𝑧, 𝐺𝑧, and 𝐶𝑉𝑧 are the mean, Gini coefficient, and 𝐶𝑉 of 𝐳, respectively. Next we compute 𝓁1 and 𝓁2 norms of the 
discrepancy between 𝐶

(
𝐳𝑝𝑒

)
and (0,1). A point on the height of 𝐶

(
𝐳𝑝𝑒

)
is (0, 𝑝) for 0 ≤ 𝑝 ≤ 1, while a point on the width of 𝐶

(
𝐳𝑝𝑒

)
is (𝑧,1) for 0 ≤ 𝑧 ≤ 𝑧𝑛. Their discrepancies from (0,1) are (0,1 − 𝑝) and (𝑧,0), respectively. 𝓁1 and squared 𝓁2 norms of (0,1 − 𝑝) are 
(1 − 𝑝) and (1 − 𝑝)2. 𝓁1 and squared 𝓁2 norms of (𝑧,0) are 𝑧 and 𝑧2. Therefore, 𝓁1 and 𝓁2 norms of the discrepancy between 𝐶

(
𝐳𝑝𝑒

)
and (0,1) are obtained as

𝓁1
(
𝐳𝑝𝑒

)
=

𝑧𝑛

∫
0

𝑧𝑑𝑧+

1

∫
0

(1 − 𝑝)𝑑𝑝 = 1
2
(
1 + 𝑧2𝑛

)
(9)

and

𝓁2
(
𝐳𝑝𝑒

)
=
⎡⎢⎢⎣

𝑧𝑛

∫
0

𝑧2𝑑𝑧+

1

∫
0

(1 − 𝑝)2 𝑑𝑝

⎤⎥⎥⎦
1
2

=
[1
3
(
1 + 𝑧3𝑛

)] 1
2

. (10)

We derive from Equations (7)-(10) two indexes, 𝐿1 and 𝐿2, which are

𝐿1 = 𝓁1 (𝐳) − 𝓁1
(
𝐳𝑝𝑒

)
= 2𝜇𝑧 = 𝓁𝑣

1 + 𝓁ℎ
1

and

𝐿2 = 𝓁2 (𝐳) − 𝓁2
(
𝐳𝑝𝑒

)
=
[(

𝓁𝑣
2

)2
+
(
𝓁ℎ
2

)2
+
(
𝓁2
(
𝐳𝑝𝑒

))2] 1
2
− 𝓁2

(
𝐳𝑝𝑒

)
.

Since 𝜇𝑧𝐺𝑧 = 𝐺𝑦 and 𝜇𝑧𝐶𝑉𝑧 = 𝐶𝑉𝑦, we can write 𝐿2 as

𝐿2 =

[(
𝜇𝑦 − 𝑦1

𝜇𝑦

)
−𝐺𝑦 +

(
𝜇𝑦 − 𝑦1

𝜇𝑦

)2
+𝐶𝑉 2

𝑦 + 1
3

(
1 +

(
𝑦𝑛 − 𝑦1

𝜇𝑦

)3
)] 1

2

−

[
1
3

(
1 +

(
𝑦𝑛 − 𝑦1

𝜇𝑦

)3
)] 1

2

.

𝐿1 and 𝐿2 integrate two kinds of departure. 𝐿1 and 𝐿2 are greater than or equal to zero. 𝐿1 and 𝐿2 are zero for perfect 
equality. We can think of more unequal income distributions for any income distribution because negative income values are allowed. 
Therefore, the 𝐿1 and 𝐿2 indexes are not bounded above. 𝜇𝑧 is the total UD income ratio relative to the total income. We can interpret 
𝐿1 as the average distance between 𝐳 and 𝐳𝑝𝑒. The dispersion measures such as 𝐺𝑧, 𝐶𝑉𝑧, and 𝑧𝑛 assess the variation within 𝐳, that 
is, how unevenly the total RUD income is distributed. 𝐿2 integrates the average distance between 𝐳 and 𝐳𝑝𝑒 and the variation within 
𝐳. We propose 𝐿2 as an income inequality index.

5. Properties of 𝑳𝟐 index

We described in the previous section the basic properties and interpretation of the 𝐿2 index. Many studies commonly mention that 
scale invariance, replication invariance, the anonymity axiom, and the principle of progressive transfers are the desirable properties 
of an income inequality index [2–4,26–28]. As explained in Subsection 2.2, such studies consider the variation within 𝐲. Ebert [27, 
p. 366] mentions that these properties are about inequality within a population. In general, scale invariance, replication invariance, 
and the anonymity axiom are also desirable properties for the discrepancy between 𝐲 and 𝐲𝑝𝑒. However, we should investigate 
whether the principle of progressive transfers is a desirable property for an income inequality index. Because a decrease of the 
variation within 𝐲 by progressive transfers does not mean a decrease of the discrepancy between 𝐲 and 𝐲𝑝𝑒. In this section, we 
examine the 𝐿2 index for these properties.

Multiplication of 𝐲 by some 𝛼 > 0 results in a new income distribution 𝐲𝑚 = 𝛼𝐲. Then 𝐱𝑚 = 𝛼𝐱 and 𝑆𝑦𝑚
= 𝛼𝑆𝑦, where 𝑆𝑦𝑚

is 
the total income for 𝐲𝑚. Therefore, 𝐳𝑚 = 𝐱𝑚∕𝑆𝑦𝑚

= 𝐳, 𝐶
(
𝐳𝑚

)
equals 𝐶 (𝐳), and 𝐿2s for 𝐲𝑚 and 𝐲 are the same. The 𝐿2 index is 
7

scale-invariant.
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Fig. 4. Difference between 𝐶 (𝐳) and 𝐶
(
𝐳𝑡𝑓

)
.

Let 𝐲𝑟 =
(
𝑦1, 𝑦1, 𝑦2, 𝑦2, ..., 𝑦𝑛, 𝑦𝑛

)
be an income distribution induced by replication of 𝐲. Then 𝐲 and 𝐲𝑟 have the same mean and 

minimum. The RUD income distribution 𝐳𝑟 for 𝐲𝑟 is simply replication of 𝐳. Therefore, 𝐶
(
𝐳𝑟

)
equals 𝐶 (𝐳), and 𝐿2s for 𝐲𝑟 and 𝐲 are 

the same. The 𝐿2 index is replication-invariant.

Suppose that 𝐲𝑝 is an income distribution obtained by permutating 𝑦𝑖s in 𝐲. Permutation does not change the mean and minimum. 
Therefore, 𝐳𝑝 = 𝐳, and 𝐿2s for 𝐲𝑝 and 𝐲 are the same. The 𝐿2 index satisfies the anonymity axiom.

The principle of progressive transfers is that some income transfer from a high-income person to a low-income person reduces 
inequality, provided that the total income and the post-transfer ranking remain the same. Consider an income distribution 𝐲 with 
𝑦1 = 0. Then 𝐲 = 𝐱 and 𝐳 = 𝐲∕𝜇𝑦. Suppose that 𝜇𝑦𝜖 is transferred from 𝑦𝑖+1 to 𝑦𝑖 and 

(
𝑦𝑖 + 𝜇𝑦𝜖

)
<
(
𝑦𝑖+1 − 𝜇𝑦𝜖

)
for some 𝜖 > 0. 

Denote the resulting income distribution by 𝐲𝑡𝑓 =
(
𝑦1, 𝑦2, ..., 𝑦𝑖 + 𝜇𝑦𝜖, 𝑦𝑖+1 − 𝜇𝑦𝜖, ..., 𝑦𝑛

)
. This progressive transfer preserves the mean, 

minimum, and ranking. The corresponding RUD income distribution for 𝐲𝑡𝑓 is 𝐳𝑡𝑓 = 𝐲𝑡𝑓∕𝜇𝑦 =
(
𝑧1, 𝑧2, ..., 𝑧𝑖 + 𝜖, 𝑧𝑖+1 − 𝜖, ..., 𝑧𝑛

)
. Then, 

𝐶 (𝐳) and 𝐶
(
𝐳𝑡𝑓

)
are different only for (𝑖− 1)∕𝑛 ≤ 𝑝 ≤ (𝑖+ 1)∕𝑛 and 𝑧𝑖 ≤ 𝑧 ≤ 𝑧𝑖+1 as shown in Fig. 4. We can derive the following 

from Fig. 4.

(i) The horizontal departure increases from 𝑧𝑖 to 
(
𝑧𝑖 + 𝜖

)
for (𝑖 − 1)∕𝑛 ≤ 𝑝 ≤ 𝑖∕𝑛, while it decreases from 𝑧𝑖+1 to 

(
𝑧𝑖+1 − 𝜖

)
for 

𝑖∕𝑛 ≤ 𝑝 ≤ (𝑖 + 1)∕𝑛. The amount increased, 𝜖, equals the amount decreased. Intervals, (𝑖 −1)∕𝑛 ≤ 𝑝 ≤ 𝑖∕𝑛 and 𝑖∕𝑛 ≤ 𝑝 ≤ (𝑖 + 1)∕𝑛, 
have the same length.

(ii) The vertical departure increases from (1 − 𝑖∕𝑛) to (1 − (𝑖− 1)∕𝑛) for 𝑧𝑖 ≤ 𝑧 ≤ (
𝑧𝑖 + 𝜖

)
, while it decreases from (1 − 𝑖∕𝑛) to 

(1 − (𝑖+ 1)∕𝑛) for 
(
𝑧𝑖+1 − 𝜖

) ≤ 𝑧 ≤ 𝑧𝑖+1. The amount increased, 1∕𝑛, equals the amount decreased. Intervals, 𝑧𝑖 ≤ 𝑧 ≤ (
𝑧𝑖 + 𝜖

)
and 

(
𝑧𝑖+1 − 𝜖

) ≤ 𝑧 ≤ 𝑧𝑖+1, have the same length.

The departure increase for an interval accompanies the departure decrease for another interval of the same length. The amount 
increased equals the amount decreased. Therefore, it is not evident that progressive transfers reduce the departure from perfect 
equality. The effect of progressive transfers depends on 𝑦𝑖, 𝑦𝑖+1, 𝜖, and how to integrate the vertical and horizontal departures. If 
we integrate by the 𝓁1 norm, 𝐶 (𝐳) and 𝐶

(
𝐳𝑡𝑓

)
have the same departure from 𝐶

(
𝐳𝑝𝑒

)
. It is because 𝐳 and 𝐳𝑡𝑓 have the same mean. 

Consequently, 𝐲 and 𝐲𝑡𝑓 have the same income inequality. If we integrate by the 𝓁2 norm, the departure of 𝐶
(
𝐳𝑡𝑓

)
from 𝐶

(
𝐳𝑝𝑒

)
can be larger or smaller than the departure of 𝐶 (𝐳) from 𝐶

(
𝐳𝑝𝑒

)
. We will present in the next section several progressive transfers 

showing different effects on the departure of 𝐶 (𝐳) from 𝐶
(
𝐳𝑝𝑒

)
. Progressive transfers can fail to reduce the discrepancy between 𝐲

and 𝐲𝑝𝑒. The principle of progressive transfers does not apply to the RUD income-based approach.

6. Application of 𝑳𝟐 index

This section applies the proposed 𝐿2 index to the example income distributions listed in Table 1. We present 𝐺𝑦, 𝐶𝑉𝑦, 𝐿2, and 
its components 𝜇𝑧, 𝑧𝑛, 𝓁𝑣

2 , and 𝓁ℎ
2 in Table 1. [12] used the first eight income distributions 𝐲𝑖, 𝑖 = 1, 2, … , 8 to demonstrate the 

deficiencies of 𝐺𝑦 and 𝐶𝑉𝑦 and the applicability of 𝓁𝑣
2 and 𝓁ℎ

2 . We show the insufficiency of 𝓁𝑣
2 and 𝓁ℎ

2 and the applicability of 𝐿2. 
8

We include an additional income distribution 𝐲9. All the income distributions except 𝐲8 have 𝑛 = 5, 𝑆𝑦 = 15, and 𝜇𝑦 = 3. Each of the 
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Table 1

Example income distributions.

𝐲 𝐺𝑦 𝐶𝑉𝑦 𝜇𝑧 𝑧𝑛 𝓁𝑣
2 𝓁ℎ

2 𝐿2

𝐲1 = (1,2,2,5,5) 0.2933 0.5578 0.6667 1.3333 0.6110 0.8692 0.4408

𝐲2 = (0,3,3,4,5) 0.2933 0.5578 1.0000 1.6667 0.8406 1.1450 0.6035

𝐲3 = (2,2,2,4,5) 0.2133 0.4216 0.3333 1.0000 0.3464 0.5375 0.2206

𝐲4 = (1,3,3,3,5) 0.2133 0.4216 0.6667 1.3333 0.6733 0.7888 0.4230

𝐲5 = (1,3,3,4,4) 0.1867 0.3651 0.6667 1.0000 0.6928 0.7601 0.4967

𝐲6 = (2,3,3,3,4) 0.1067 0.2108 0.3333 0.6667 0.4761 0.3944 0.2451

𝐲7 = (−1,4,4,4,4) 0.2667 0.6667 1.3333 1.6667 1.0328 1.4907 0.9029

𝐲8 = (0,4,4,4,4) 0.2000 0.5000 1.0000 1.2500 0.8944 1.1180 0.7498

𝐲9 = (1,2,3,4,5) 0.2667 0.4714 0.6667 1.3333 0.6325 0.8165 0.4200

distributions derives from others by a series of transfers. Using these income distributions, we investigate the effect of progressive 
transfer. 𝐲7 has a negative income value. Replacing the negative income with zero, we obtain 𝐲8 from 𝐲7.

According to 𝐺𝑦 and 𝐶𝑉𝑦, the income inequality of 𝐲1 is the same as 𝐲2. 𝐺𝑦 and 𝐶𝑉𝑦 also evaluate the income inequality of 
𝐲3 and 𝐲4 the same. 𝐺𝑦 and 𝐶𝑉𝑦 fail to differentiate these two sets of income distributions concerning income inequality. 𝐺𝑦 also 
fails to differentiate 𝐲7 and 𝐲9. Besides the three problems in Section 2, 𝐺𝑦 and 𝐶𝑉𝑦 are not sensitive to the change in distribution. 
By contrast, the 𝐿2 index is sensitive to the change in distribution enough to successfully differentiate these income distributions. 
𝐺𝑦 and 𝐶𝑉𝑦 measure the variation within income distribution. Two income distributions with the same within variation can have 
different distances from equality, consequently different income inequalities. Since 𝓁𝑣

2 and 𝓁ℎ
2 for 𝐲1 are smaller than 𝐲2, we can say 

that 𝐲1 is less unequal than 𝐲2. Considering 𝓁𝑣
2 and 𝓁ℎ

2 , we can differentiate between 𝐲1 and 𝐲2, between 𝐲3 and 𝐲4, and between 𝐲7
and 𝐲9. Note that 𝐿2 gives the same comparison result with the simultaneous use of 𝓁𝑣

2 and 𝓁ℎ
2 .

Next, we make an inequality comparison between 𝐲1 and 𝐲4. 𝓁𝑣
2 says that 𝐲1 is less unequal than 𝐲4, while 𝓁ℎ

2 says that 𝐲1 is more 

unequal than 𝐲4. The comparison by 𝓁𝑣
2 conflicts with the comparison by 𝓁ℎ

2 . We observe similar conflicting results when comparing 

𝐲3 with 𝐲6, and 𝐲5 with 𝐲9. Conflicting results can happen because 𝓁𝑣
2 and 𝓁ℎ

2 measure different kinds of departure from equality. 𝓁𝑣
2

and 𝓁ℎ
2 are not sufficient for the comprehensive income inequality comparison. According to the 𝐿2 index, 𝐲4 (𝐲3, 𝐲9) is less unequal 

than 𝐲1 (𝐲6, 𝐲5).

We can compute 𝐺𝑦 and 𝐶𝑉𝑦 when there are negative income values. However, negative income values are usually adjusted to 
meet the non-negative income assumption. If we delete a negative value in 𝐲7, 𝐲7 becomes perfect equality. 𝐿2 says that 𝐲7 is the 
most unequal among nine distributions in Table 1. If we replace a negative value in 𝐲7 with zero, we have 𝐲8. Comparing 𝐿2 and its 
components for 𝐲7 and 𝐲8, we see that such adjustment incurs the underestimation of income inequality.

Finally, we investigate the effect of progressive transfer in the sense of 𝐿2. 𝐲5 derives from 𝐲4 by the transfer from the richest 
to the second richest. This transfer decreases 𝓁ℎ

2 and 𝑧𝑛, increases 𝓁𝑣
2 , and does not change 𝜇𝑧. 𝐿2 says that the overall income 

inequality increases. It is noteworthy that the transfer between rich individuals can worsen income inequality. 𝐲9 derives from 𝐲1
by the transfer between the middle class. This transfer does not change 𝜇𝑧 and 𝑧𝑛, increases 𝓁𝑣

2 , decreases 𝓁ℎ
2 , and decreases 𝐿2. 𝐲4

derives from 𝐲9 by the transfer between the middle class. These transfers do not change 𝜇𝑧 and 𝑧𝑛, increases 𝓁𝑣
2 , decreases 𝓁ℎ

2 , and 
increases 𝐿2. 𝐲6 derives from 𝐲4 by the transfer from the richest to the poorest. 𝐲3 derives from 𝐲9 by the transfer from the middle 
class to the poorest. The transfer involving the poorest decreases 𝐿2 and all of its components. In summary, progressive transfers 
can fail to improve income inequality. However, we should note that the progressive transfer is essential for improving income 
inequality. We need to examine whether the progressive transfer improves income inequality before application.

7. Conclusions

An important topic in economics is the measurement of income inequality. We showed that the conventional income inequality 
indexes assessed income inequality incorrectly because of three problems presented in Section 2. We raised the variation within 
distribution problem for the first time. The conventional indexes measure the variation within the given income distribution. By 
contrast, the UD income-based approaches intend to measure the discrepancy between two distributions. The UD income-based 
approach first extracts information about inequality by deriving UD income distributions for the given income distribution and 
perfect equality. Then it focuses on the discrepancy between two UD income distributions. The UD income-based approach compares 
the CDFs and QFs of the UD income distributions. It breaks down income inequality into two kinds of departure from equality and 
provides two indexes. It is unsuccessful in integrating two kinds of departure and assessing income inequality comprehensively. We 
proposed the RUD income-based approach, developed the 𝐿2 index, and examined the properties of the 𝐿2 index. We demonstrated 
9

the applicability of the 𝐿2 index and the failure of progressive transfers to improve income inequality.
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To apply the 𝐿2 index in practice, we need an estimator of the 𝐿2 index. This study does not provide an estimator of the 𝐿2
index. Some components of the 𝐿2 index such as the minimum and the range are not easy to estimate. The development of a good 
estimator can be a challenging task. In addition, we need to identify the characteristics of the progressive transfers improving income 
inequality. The characteristics will help formulate policies for improving inequality.
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