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olar molecules in pendular states
and their dynamics under intrinsic decoherence

Zuo-Yuan Zhang,a Daxiu Wei,b Zhengfeng Huc and Jin-Ming Liu *a

Einstein–Podolsky–Rosen (EPR) steering gives evidence for the phenomenon called “spooky action at

a distance” in quantum mechanics, and provides a useful resource for the implementation of quantum

information tasks. In this paper, we consider a pair of ultracold polar molecules trapped in an external

electric field as a promising quantum information carrier, and analyze the evolution behavior of EPR

steering for the two coupled polar molecules in pendular states. Our results show that the steering of

the two linear dipoles is remarkably reliant upon the Stark effect and dipole–dipole interaction. To be

specific, the steerability degree is inversely associated with the intensity of the electric field while it is

positively correlated with the coupling strength between the two polar molecules. Moreover, it is found

that high ambient temperature can lead to a rapid loss of the steerable resource in thermal equilibrium.

Further, we put forward an effective strategy to enhance the steerability using the technique of weak

measurement reversal (WMR). By taking into account the influence of intrinsic decoherence on the

steering dynamics, we found that robust EPR steering preservation can be realized for the initial state

being in the Bell state ðj01i þ j10iÞ= ffiffiffi
2

p
. Our findings may shed some new light on molecular quantum

information processing with pendular states.
1 Introduction

EPR steering as a form of quantum nonlocality was originally
introduced by Schrödinger1 in 1935 to explain the EPR paradox,2

which is described as the ability to steer or manipulate
a quantum state remotely from one observer to another
observer by local measurement. In 2007, Wiseman et al.3,4

provided an operational denition for EPR steering as
a quantum information task and proved that the steering is
a type of quantum correlation which lies in between non-
separability and Bell nonlocality. Since then, many investiga-
tions about the classication of quantum nonlocality5–8 and
quantication of EPR steering9–14 have been carried out.
Recently, based on the experimental criteria proposed by Cav-
alcanti, Jones, Wiseman, and Reid (CJWR),15 Costa et al.10,11

derived an analytical formula for the steering in a two- or three-
measurement scenario, which can be applied for the evaluation
of the steerability degree of arbitrary two-qubit states. Moreover,
as a kind of special quantum correlation, EPR steering has been
proven to be advantageous for verifying some basic principles of
quantum mechanics, subchannel discrimination, and one-
sided quantum security communication.16–20 It is notable that
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EPR steering has been achieved experimentally with both
photon systems21–25 and an ultracold atomic system.26

On the other hand, rapid progress has been made in
a number of methods and technologies for the cooling, trapping
and controlling of cold polar molecules in the past several
decades.27–29 As a consequence, the electric dipole moments of
ultracold polar molecules, trapped in a 1D optical lattice and
coupled by a dipole–dipole interaction, can be chosen as
a candidate carrier for quantum computation.30,31 We note that
Wei et al.32,34 evaluated the entanglement of the pendular qubit
states for coupled polar molecules, Zhu et al.35 put forward an
approach to realize basic quantum logic gates using polar
molecules in pendular states, and others have undertaken some
research on the physical characteristics of the polar molecules
in various external elds.36–41 However, to our knowledge, until
now studies have seldom involved the EPR steering of polar
molecules in pendular states. In this paper, we attempt to
investigate the steering of a two-dipole system consisting of
polar molecules trapped in an external electric eld. We found
that the EPR steering of the two coupled polar molecules can be
manipulated by adjusting the electric eld strength, the dipole–
dipole interaction, and the ambient temperature. Moreover,
with the application of quantumWMR, the enhancement of the
steerability was studied. Besides, we also found that EPR
steering can achieve the preservation of the nonzero steady
value under intrinsic decoherence if the polar molecular system

is initially in the Bell state ðj01i þ j10iÞ= ffiffiffi
2

p
, whereas it almost

disappears aer a long evolution time for the initial states
This journal is © The Royal Society of Chemistry 2018
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ðj00i þ j11iÞ= ffiffiffi
2

p
and |01i. Our results could be useful for the

implementation of quantum information tasks based on
molecular pendular states for bipartite systems.

2 Theory
2.1 Polar molecules in pendular states

The Hamiltonian of a trapped polar diatomic or linear molecule
interacting with an external electric eld can be expressed as32,37

H ¼ BJ2 � m3 cos q, (1)

where B is the molecular rotational constant, J is the angular
momentum operator, and q is the angle between the molecular
permanent dipole moment m and the electric eld 3. The
effective dipole moment of the polar molecule is dened as
meff ¼ m cos q, which can be regarded as the projection of the
dipole moment on the direction of the electric eld.33 The polar
molecules in low rotational states can be superposed and
regarded as “pendular states” due to the anisotropy of the Stark
effect.42,43 The pendular states of the polar molecules are
described by the Dirac symbol |~J,Mi, here ~J is not a good
quantum number any more, whereas M (the projection of J on
the direction of electric eld 3) remains good. In 2002, DeMille30

chose the two lowest energy states at M ¼ 0 with ~J ¼ 0 and 1 as
the qubits |0i and |1i, respectively. The qubits of ref. 30 can be
written as

j0i ¼
X
j

ajYj;0ðq;fÞ; j1i ¼
X
j

bjYj;0ðq;fÞ; (2)

where Yj,0(q, f) are the spherical harmonics, f represents the
azimuth and is assumed to be 0 # f# 2p, and aj and bj are the
coefficients of the sum of the spherical harmonics for the
pendular states |0i and |1i respectively. In this situation, the
effective dipole moments of the polar molecules are character-
ized by C0 ¼ h0|cos q|0i and C1 ¼ h1|cos q|1i, while the transi-
tion dipole moment between the two pendular states |0i and |1i
is characterized by Ct ¼ h0|cos q|1i.

If there is another identical polar molecule in the static
electric eld, the two trapped polar molecules can be coupled by
a dipole–dipole interaction. Aer averaging the azimuthal
angle, the dipole–dipole interaction for M ¼ 0 can be reduced
to32,44

Vd–d ¼ U(1 � 3 cos2 a)cos q1 cos q2, (3)

where U ¼ m2/r12
3 (with r12 ¼ |r1 � r2| being the distance

between the two molecules), q1 and q2 are the angles between
the directions of the dipole moments and the external eld, and
a is the angle between r12 and the electric eld direction. Thus
the total Hamiltonian of the two polar molecules in the external
electric eld can be given by

H0 ¼ H1 + H2 + Vd–d. (4)

Under the basis of the pendular qubits {|00i,|01i,|10i,|11i},
the total Hamiltonian H0 can be expanded as
This journal is © The Royal Society of Chemistry 2018
H1 ¼
�
E0
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0 E1
1

�
5I ;H2 ¼ I5
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E0

2 0

0 E1
2

�
;
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�
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1 Ct
1

Ct
1 C1

1

�
5

�
C0

2 Ct
2

Ct
2 C1

2

�
:

(5)

Here, E0
x and E1

x (x ¼ 1, 2) are the eigenenergies of the
pendular states |0i and |1i, respectively, I is an identity matrix
of 2 � 2 dimensions, C0

x and C1
x are the expected values of

cos q with regard to the qubits |0i and |1i of each dipole, and
Ct

x denotes the transition dipole moment between the
pendular states.

To examine the EPR steering of the polar molecules in
thermal states, we considered the two-dipole system initially in
thermal equilibrium at the temperature T, whose density matrix
can be given by

rðTÞ ¼ 1

ZðTÞ
X4
i¼1

e
� 1
kBT

Ei jjiihjij; (6)

where |jii is the ith eigenstate corresponding to the ith eigen-
value Ei of the Hamiltonian H0, kB is the Boltzmann constant,

and ZðTÞ ¼ Tr
�
exp
�
� 1

kBT
H 0
��

is the partition function.
2.2 EPR steering

In 2009, Cavalcanti, Jones, Wiseman, and Reid set up a criterion
to diagnose the steering:15

FCJWR
n ðrÞ ¼ 1ffiffiffi

n
p
�����
Xn
i¼1

hAi5Bii
�����# 1: (7)

Here Ai ¼ ûi$~s and Bi ¼ v̂i$~s with ûi and v̂i being the measure-
ment directions, and n denoting the allowed number of the
observables which can be measured per site. Generally, the
bipartite quantum state r satisfying the inequality is unsteer-
able, otherwise it is steerable.

Based on the CJWR inequality, in 2016 Costa and Angelo
quantied the steering by the amount that the inequality is
violated maximally and derived a closed formula in the two- and
three-measurement scenarios as follows10

SnðzÞ ¼ max

�
0;

Ln � 1ffiffiffi
n

p � 1

�
; (8)

here, n ¼ 2 or 3 measurements per site, L2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � lmin

2
p

, L3 ¼

l, l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP3
i¼1

����li!
����
2

s
, lmin ¼ min{|l1|,|l2|,|l3|}, and li is the

parameter of the following state

z ¼ 1

4

 
I5I þ~a$ s!5I þ I5~b$ s!þ

X3
i¼1

lisi5si

!
: (9)

As was proved by Luo,45 the form of the state z can always
be simplied from any of the states of two qubits by local
unitary equivalence. In our study, formula (8) with three
observables is employed to quantify the steering of the two-
particle system.
RSC Adv., 2018, 8, 35928–35935 | 35929
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3 The EPR steering of polar
molecules in pendular states

In the following, we analyze the inuences of the electric eld
intensity, the dipole–dipole interaction, and the ambient
temperature on the EPR steering of the two coupled polar
molecules when the pendular two-qubit states are initially in
the ground and thermal states.

In Fig. 1, we plot the variations of the EPR steering
depending on m3/B and U/B for the ground state at zero
temperature. From Fig. 1(a), we can nd that the steering of the
coupled polar molecules decays gradually with the growing
strength of electric eld when the dipole–dipole interaction is
xed. If m3/B is large, the steering is approximately 0, which may
be due to the strong Stark effect between the external electric
eld and the polar molecules which weakens the interactions
among the pendular states. Moreover, for the xed m3/B, it is
found that the larger U/B is, the stronger the steering will be. To
describe more clearly the relationship between the EPR steering
and the dipole–dipole interaction, in Fig. 1(b) we depict the
Fig. 1 The EPR steering for the ground state of the Hamiltonian H0 as
a function of m3/B with different U/B (a) and a function of U/B with
different m3/B (b).

35930 | RSC Adv., 2018, 8, 35928–35935
behaviors of the steering versus U/B for the different values of
m3/B. From the subgure, we can observe that the steering
enhances monotonously with the increase of U/B, which means
that the quantum nonlocality of the coupled polar molecules
has an inverse correlation with the intermolecular distance r12.
For the limit of U/B / 0, the polar molecular system is
unsteerable, since the quantum states consisting of the two
dipoles are nearly separable without the dipole–dipole
coupling.

Experimentally, the rovibrational states of polar molecules
are very difficult to cool to the ground states with 100% prob-
ability.27,46–48 According to eqn (6), herein we explore the EPR
steering of the two dipoles in thermal equilibrium, which is
related to the thermal excitations resulting from the ambient
temperature. As shown in Fig. 2(a), the steering remains almost
invariant when the value of kBT/B is relatively small. However,
a rapid reduction of the steering occurs if kBT/B exceeds a crit-
ical value. To explain the loss of the steerable resource due to
the high temperature, in Fig. 2(b) we plot the variance trends for
the systemic purity of the two dipoles and the coefficients cj of
Fig. 2 EPR steering (a), coefficients ci and systemic purity of the two
dipoles in thermal equilibrium state (b) as a function of kBT/B with m3/
B ¼ 1 and U/B ¼ 0.01.

This journal is © The Royal Society of Chemistry 2018



Fig. 3 The EPR steering of the two dipoles in thermal state as
a function of WMR parameter q with m3/B ¼ 1 and U/B ¼ 0.01 for
different kBT/B values.

Fig. 4 For several given values of q, the EPR steering of the two
dipoles in thermal state versus m3/B with U/B ¼ 0.01 (a) and versus U/B
with m3/B ¼ 1 (b).
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the eigenstates constituting the density matrix r(T) as a function
of kBT/B. Here the purity of the thermal state is given by Tr[r(T)2]
and the coefficients cj are dened as

cj ¼ e�
1

kBT
Ej
.
ZðTÞ ðj ¼ 1; 2; 3; 4Þ. From Fig. 2(b) we can see that

as kBT/B increases, the proportion of the ground state decreases
quickly, whereas the three excited states become more popu-
lated, and in the meantime the systemic purity decreases since
the rovibrational states of the molecules are excited to higher
energy levels with greater probability. At the high temperature
limit, the proportions of the different energy levels tend to
achieve a balance, and the systemic purity decays to 0.25
synchronously. This means that the reduction of the nonlocality
results from the decrease of the systemic purity. Moreover, it
can be seen that the coefficients c2 and c3 approximately coin-
cide with each other at different kBT/B values, this is because the
energy levels of the two intermediate states are almost degen-
erate when the dipole–dipole interaction is very weak.

Generally, the quantum nonlocality is fragile due to the
presence of the thermal excitations (see Fig. 2), thereby how to
preserve EPR steering in a thermal state is an interesting
problem that needs to be explored. As we know, a systemic
quantum state suffering from damping noise can be recovered
to its initial state with a certain probability by using WMR,
which is benecial for the suppression of the decoherence of
a quantum system from the external environment.49–52 WMR
has exhibited some potential applications in various elds,
such as enhancing quantum entanglement,53 reducing entropic
uncertainty,54 and implementing biomolecule sensors.55 In the
following, we examine whether the reversal operation is helpful
for the protection of the EPR steering of the polar molecules
from the thermal excitations or not. For a qubit particle, the
WMR can be expressed as a non-unitary quantum operation56,57

M r ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� q

p
j0ih0j þ j1ih1j; (10)

where q is the strength of the reversing measurement. For
simplicity, the WMR is assumed to be performed only on the
rst pendular qubit of the two dipoles, then the post-
measurement state can be obtained as

~r ¼ ðM r5IÞrðM r5IÞ†

Tr
h
ðM r5IÞrðM r5IÞ†

i ; (11)

where r is the density matrix of the two-dipole system shown in
eqn (6). In Fig. 3, we plot the EPR steering in thermal equilib-
rium as a function of the measurement strength q for xed m3/B
and U/B. It is not hard to nd an apparent enhancement of the
steering with the increase of q, and the steering for the different
ambient temperatures will converge to the same value asymp-
totically as q/ 1. In Fig. 4 the thermal EPR steering of the polar
molecules with varying m3/B (and U/B) for different values of q is
depicted. Compared with the situation of no reversal operation
(q ¼ 0), we can observe that the WMR does not change the
evolution trends of EPR steering with respect to the electric eld
strength and the dipole–dipole interaction, but the value of the
steering with WMR introduced is always larger than the one
without WMR, which implies that the reversal operation does
This journal is © The Royal Society of Chemistry 2018 RSC Adv., 2018, 8, 35928–35935 | 35931
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indeed contribute to the protection of the quantum nonlocality
of the coupled polar molecules in pendular states.
Fig. 5 Evolution of the EPR steering of the two dipoles under intrinsic
decoherence for the initial state ðj01i þ j10iÞ= ffiffiffi

2
p

. (a) Steering as
functions of g and t , with m3/B ¼ 1 and U/B ¼ 0.01, and (b) steering as
functions of m3/B and t , with U/B ¼ 0.01 and g ¼ 0.1.
4 The EPR steering of polar
molecules under intrinsic decoherence

As we know, an actual physical system cannot avoid interactions
with its external environment, which will lead to the loss of
quantum coherence. In 1991, Milburn58 assumed that the
evolution of a quantum system is not a continuous unitary
transformation in a very short time period, and then estab-
lished the Milburn model describing the phase decoherence in
aMarkov environment. The density matrix of a quantum system
evolving with time in the Milburn model can be given by

d

dt
rðtÞ ¼ 1

g

h
exp
�
�igH 0

�
rðtÞexp

�
igH 0

�
� rðtÞ

i
; (12)

where g is the phase decoherence rate and H0 is the Hamilto-
nian of the system. Under Markovian approximation, the
master equation of the system can be written as the following
form:

d

dt
rðtÞ ¼ �i

h
H 0; rðtÞ

i
� g

2

h
H 0;
h
H 0; rðtÞ

ii
: (13)

The solution of eqn (13) is expressed as58–60

rðtÞ ¼
XN
k¼0

ðgtÞk
k!

H 0k exp
�
�iH 0t

�
exp
�
� gt

2
H 02
�

� rð0Þexp
�
� gt

2
H 02
�
exp
�
iH 0t

�
H 0k; (14)

where r(0) is the density operator of the initial system. If the
eigenvalues and the corresponding eigenstates of the Hamil-
tonian H0 are denoted by Em,n and |jm,ni respectively, eqn (14)
can be expanded as61,62

rðtÞ ¼
X
m;n

exp
h
� gt

2
ðEm � EnÞ2 � itðEm � EnÞ

i
� hjmjrð0Þjjnijjmihjnj: (15)

According to the above equation, next we analyzed the
temporal evolutions of EPR steering with decoherence factor
and electric eld intensity for the cases of the two-dipole system

being in the three different initial states ðj01i þ j10iÞ= ffiffiffi
2

p
,

ðj00i þ j11iÞ= ffiffiffi
2

p
, and |01i.

In Fig. 5, we plot the dynamics of the EPR steering if the two
dipoles are initially in the Bell state ðj01i þ j10iÞ= ffiffiffi

2
p

. The rst
thing to notice from this gure is that the steering hardly decays
with time for the different intensities of the decoherence and
the different electric elds in the whole evolution process,
which indicates that the quantum nonlocality of the polar
molecular system in this initial state is very robust against the
intrinsic noise. Fig. 5(a) shows that the steering is kept at the
value of 1 when t¼ 0, this is because the initial Bell state has not
yet begun to evolve and maintains maximal entanglement, as
we expect. If g¼ 0, i.e., no interactions exist between the system
35932 | RSC Adv., 2018, 8, 35928–35935
and its external environment, the steering only oscillates
without decay. If gs 0, the steering undergoes slightly damped
oscillations and tends to a constant value eventually. Moreover,
it can be seen that the larger g is, the more quickly the steering
attenuates. However, g has no effect on the oscillation
frequency of the steering evolutions. This can be explained

qualitatively from the term exp
�
� gt

2
ðEm � EnÞ2 � itðEm � EnÞ

�
of the time-dependent density matrix of the system described by

eqn (15). The term exp
�
� gt

2
ðEm � EnÞ2

�
can be regarded as the

modulation factor of the amplitude term exp[�it(Em � En)].
Obviously, the modulation factor is an exponential attenuation
function depending on g, here g is proportional to the decay
rate. But, the oscillation frequency is dependent on the
invariant Em � En in the amplitude term. This is why g decides
the decay rate instead of the oscillation frequency. In addition,
from Fig. 5(b) we can see that the EPR steering rst decreases
and then increases versus m3/B for a given nonzero time. At m3/B
z 1.2, there exists a minimum value for the steering. Thus, the
strong quantum nonlocality of the coupled polar molecules
This journal is © The Royal Society of Chemistry 2018
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under intrinsic decoherence can be obtained by properly
adjusting the strength of the electric eld.

In Fig. 6, we plot the time evolution of the EPR steering for
the case of the two dipoles being in the initial state

ðj00i þ j11iÞ= ffiffiffi
2

p
. From this gure, we can nd that the evolu-

tion trends of the steering are very different from the initial

state ðj01i þ j10iÞ= ffiffiffi
2

p
(see Fig. 5), although the two Bell states

are both maximally steerable at the initial stage. Fig. 6(a) shows
that for g ¼ 0, the steering is always equal to 1 and does not
exhibit oscillations at all compared to Fig. 5(a). In other words,
it can be regarded as a kind of special oscillation where the
variance amplitude is equal to 0. Moreover, we can observe that,
if g s 0, the steering decreases to 0 monotonously and rapidly
with the time evolution, whereas the steering of the initial state

ðj01i þ j10iÞ= ffiffiffi
2

p
shown in Fig. 5(a) evolves into a large constant

eventually aer oscillating. Fig. 6(b) shows that the stronger the
electric eld is, the shorter the duration of steering will be,
which means that the strong Stark effect is not good for the
Fig. 6 Evolutions of the EPR steering of the two dipoles under intrinsic

decoherence for the initial state ðj00i þ j11iÞ= ffiffiffi
2

p
. (a) Steering as

functions of g and t, with m3/B ¼ 1 and U/B ¼ 0.01, (b) steering as
functions of m3/B and t, with U/B ¼ 0.01 and g ¼ 0.1.

This journal is © The Royal Society of Chemistry 2018
existence of quantum nonlocality when the initial state of the

two-dipole system is ðj00i þ j11iÞ= ffiffiffi
2

p
.

In Fig. 7, we depict the evolution behaviors of the EPR
steering for the initial state of the system being |01i. From the
gure, we nd that the steering does not exist when t ¼ 0 due to
the separability of the initial state. Fig. 7(a) shows that if g ¼ 0,
the EPR steering exhibits periodic oscillation between the
values of 0 and 1 as time increases. If g s 0, the steering
oscillates with a damping of the amplitude and attenuates to
0 aer a long time. Moreover, Fig. 7(b) indicates that the electric
eld intensity is helpful for the enhancement of the duration of
the steering, which is opposite to the case of Fig. 6(b) for the
same decoherence factor g. Although the steering of the sepa-
rable state |01i evolves to 0 eventually, it takes more time to
become steady compared with the situation of the initial Bell
state ðj00i þ j11iÞ= ffiffiffi

2
p

. Therefore, if people want to study the
dynamics of the steering experimentally, taking the separable
state as the initial state may be a better choice due to the longer
duration of nonlocality.
Fig. 7 Evolutions of the EPR steering of the two dipoles under intrinsic
decoherence for the initial state |01i. (a) Steering as functions of g and
t, with m3/B ¼ 1 and U/B ¼ 0.01, (b) steering as functions of m3/B and t,
with U/B ¼ 0.01 and g ¼ 10.

RSC Adv., 2018, 8, 35928–35935 | 35933
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5 Conclusions

In summary, we have studied the evolution features of the EPR
steering for two coupled polar molecules in pendular states,
depending on the external electric eld intensity, the dipole–
dipole interaction, and the ambient temperature. Then, we have
also examined the inuences of the intrinsic decoherence on
the EPR steering of the two dipoles for three different initial
states. Our results show that for the ground and thermal states,
the EPR steering is proportional to the dipole–dipole interac-
tion and inversely proportional to the electric eld strength. In
particular, we nd that a high temperature can result in a lower
systemic purity, and further leads to the reduction of the
steering in the thermal equilibrium. This is because more
molecules populate the rovibrational excited states when the
ambient temperature is relatively high, which weakens the
intercoupling among the pendular qubit states. Fortunately, it
is found that the WMR can be used to protect the EPR steering
of the polar molecules in the thermal state, and the steering can
be effectively enhanced by increasing the reversing measure-
ment strength.

Last but not least, we have found that when the two dipoles
suffer from the intrinsic decoherence, the decoherence factor
has no effect on the oscillation frequency but plays a signicant
role in the decay rate. Moreover, the Stark effect accelerates the
decay of the EPR steering for the initial entangled state
ðj00i þ j11iÞ= ffiffiffi

2
p

, whereas it suppresses the decoherence for the
initial separable state |01i. In addition, for the Bell state
ðj01i þ j10iÞ= ffiffiffi

2
p

, the steering always evolves into large steady
values over a long time limit, but for the initial states
ðj00i þ j11iÞ= ffiffiffi

2
p

and |01i, it almost vanishes aer enough
evolution time. The reason may be because the state
ðj01i þ j10iÞ= ffiffiffi

2
p

contributes to resist phase decoherence and
can be coded into decoherence-free subspace,63,64 but the state
ðj00i þ j11iÞ= ffiffiffi

2
p

is sensitive to phase decoherence. Thus in the
case of intrinsic decoherence, the two dipoles being initially in

the ðj01i þ j10iÞ= ffiffiffi
2

p
state are more suitable to accomplish the

storage of quantum information to some extent. We expect that
our results might deepen the understanding of the quantum
nonlocality in a molecular system, and could stimulate further
studies on multi-particle quantum correlations of polar mole-
cules in pendular states.
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