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The observational absence of giant convection cells near the
Sun'’s outer surface is a long-standing conundrum for solar model-
ers. We herein propose an explanation. Rotation strongly influ-
ences the internal dynamics, leading to suppressed convective
velocities, enhanced thermal-transport efficiency, and (most sig-
nificantly) relatively smaller dominant length scales. We specif-
ically predict a characteristic convection length scale of roughly
30-Mm throughout much of the convection zone, implying weak
flow amplitudes at 100- to 200-Mm giant cells scales, repre-
sentative of the total envelope depth. Our reasoning is such
that Coriolis forces primarily balance pressure gradients (geostro-
phy). Background vortex stretching balances baroclinic torques.
Both together balance nonlinear advection. Turbulent fluxes con-
vey the excess part of the solar luminosity that radiative dif-
fusion cannot. We show that these four relations determine
estimates for the dominant length scales and dynamical ampli-
tudes strictly in terms of known physical quantities. We predict
that the dynamical Rossby number for convection is less than
unity below the near-surface shear layer, indicating rotational
constraint.
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urbulent thermal convection dominates the energy transport

throughout the Sun’s outer envelope. In recent years, puz-
zling disagreements have arisen between observations, models,
and theory regarding the amplitude and structure of convection
(1-3). Some work has begun to address the situation (4, 5). How-
ever, the discrepancy is not settled and has come to be called the
convective conundrum (6).

In this paper, we demonstrate how the dominant dynami-
cal balances in the solar interior make first-principle predic-
tions for the spatial scale and amplitude of deep solar con-
vection. Our analysis shows that interior flows likely exist in
a quasigeostrophic (QG) state, with a joint Coriolis—inertial—
Archimedean (CIA) balance (e.g., refs. 7-10) remaining after
accounting for leading-order geostrophy.” Rotation strongly
influences solar convection as a result. Our results put on a firm
theoretical footing the earlier suggestions of Miesch et al. (4) and
Featherstone and Hindman (5). We also corroborate and pro-
vide context to the observations of Hanasoge et al. (1, 3), as well
as more recent observations (11). Our estimates leave the flow
amplitude only somewhat smaller than previous mixing-length
models, which ignore rotational effects. However, we demon-
strate that rotational influence in the Sun most prominently
affects the dominant flow length scale.

1. Solar Convective Processes

Apart from negligible friction, a turbulent fluid conserves angu-
lar momentum as it traverses the solar envelope. Angular-
momentum transport occurs throughout the interior and gen-
erates differential rotation comprising a fast equator and slow
poles (12, 13). Angular-momentum redistribution also drives a
large-scale north-south meridional circulation (14-17). Long-
term observations document the near-surface meridional flow.
However, its depth dependence is much less clear, with different
helioseismic techniques yielding different results (18-23).
Large-scale plasma motions must play a pivotal role in the
stellar dynamo process. The latitudinal and radial shear pro-
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vides a poloidal-to-toroidal conversion mechanism (i.e., the
effect) (24). Meridional circulation modulates the distribution
of sunspots and may also establish the cycle timing (25-27).
Helical flow generates a mean electromotive force (i.e., the «
effect), which provides a toroidal-to-poloidal dynamo feedback
(28-30). Any new information concerning interior fluid motions
will produce valuable insight into the operation of the Sun’s
magnetic cycle.

Photospheric Convection. Several decades of observations have
revealed much about solar surface convection (31, 32). Driven by
fast radiative cooling, granulation dominates the radial motion at
the solar surface. Roughly 1-Mm in horizontal size, granulation
produces a strong power-spectrum peak at spherical harmonic
degree ~1,000 in radial Dopplergrams (33, 34). Significant power
also exists at the ~30Mm supergranular scale, whose associ-
ated motions are mainly horizontal and best observed in limb
Dopplergram spectra (35).

Photospheric power decreases monotonically for scales larger
than supergranulation. From nonrotating intuition (36, 37), we
might expect convective power to peak at =100 to 200-Mm
(comparable with the convective-layer depth), rather than the
~30-Mm supergranular scale. The results of refs. 38 and 39 indi-
cate that deep-rooted fluid motions do persist on larger scales.
Against expectations, however, these motions appear weak com-
pared with the smaller-scale supergranular and granular flows.
A great deal of theory and simulation work has attempted to
solve the supergranulation problem, including direct formation
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mechanisms (6, 37, 40-42). To date, no model self-consistently
demonstrates how the supergranular scale might arise. We direct
the reader to the recent review by Rincon et al. (43) for a thor-
ough discussion of this topic. Our focus here is on the apparent
lack of large-scale power as expected from nonrotating con-
vection. We concur with results of past work (5, 44) that the
supergranular scale results from suppression of power on large
scales, rather than through preferential driving at that spatial
scale.

Subphotospheric Convection. Local helioseismic techniques can
probe subsurface convection directly [e.g., time distance (45),
ring-diagram analysis (46), holography (47)]. Historically, these
methods have largely been limited to ~30-Mm depth and do
not sample flow below the near-surface shear layer. As a result,
numerical simulations play a substantial role in describing the
dynamical balances in the deep convection zone.

Initially, nonlinear simulations of the full rotating solar con-
vection zone seemed to reproduce the Sun’s differential rotation
profile. Those results suggested (as expected from nonrotating
intuition) that convective power peaks at ~100-Mm scales with
~100-m/s flow-speed amplitudes (48, 49). Limitations of those
results began to appear, however, with systematic magnetohy-
drodynamic studies in the ensuing decade. These studies found
that only systems with ~10x weaker flows or equivalently, those
that rotated ~10x faster, were able to produce coherent mag-
netic fields and periodic magnetic cycles in analogue to the Sun
(50-55). Moreover, simulations with more extreme parameters
and large-scale power can generate antisolar differential rota-
tion, with slow equator and fast poles (14, 16, 17, 56-58). We
also note that some recent observations suggest the Sun may
lie near a boundary between these two basins in parameter
space (59).

While most local helioseismic analyses focus on the near-
surface shear layers, techniques have been developed to probe
more deeply rooted flow structures, such as solar meridional
circulation (60, 61). A notable puzzle arose following the deep-
focusing time—distance analysis of Hanasoge et al. (1). This
work placed a roughly 1-m/s upper limit on the ~100-Mm-
scale flow amplitudes at a depth ~60 Mm. Subsequently, Greer
et al. (2) sampled deeply enough to compare directly against
the time—distance results at a depth of 30-Mm. Rather than
no detection, this effort yielded measured flows that were
10 to 100x larger on those spatial scales. The discrepan-
cies are still surprising even if they are measured at differ-
ent depths. The disagreement between these results remains
unresolved (11).

As an alternative to helioseismic measurement, the gyroscopic
pumping effect (4) could, in principle, map the structure of deep
convection. However, the technique requires accurate measure-
ment of differential rotation and deep meridional circulation.
Unfortunately, the current ambiguity in meridional circulation
measurements makes this strategy presently impossible (18-23).

The Convective Conundrum. As a summary, we believe the
following are all closely related questions.

e Where does supergranulation come from?

e Why are classic “giant cells” not observed?

e Why and exactly how do observations seem to contradict
numerical models?

These questions all essentially ask the same thing: “Where is
the large-scale convective power?” Some authors have recently
studied possible direct formation mechanisms for supergranu-
lation (6, 37, 40-42). In particular, recent work by Schumacher
and coworkers (6, 37, 42) finds a continual amalgamation of
convection on the largest scales admitted by the computational
domain. Featherstone and Hindman (5) pointed out that rota-
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tional effects provide a natural explanation for the last two of
these questions. Based on rotational effects, they suggested that
the horizontal scale of deep convection must be no larger than
the supergranular scale. They also estimated interior convective
speeds significantly weaker than previously predicted. That work
was numerical in nature, however. It did not describe the nature
of deep-seated convection theoretically.

2. Analysis

Our goal is to estimate the dominant forces and their relative
magnitudes. Our program is to manipulate the equations of
motion into a form that exposes the principal dynamical balances
as much as possible. We first define a general system of equa-
tions (under the anelastic approximation) that includes rotation
(i.e., background profiles, momentum-mass—energy conserva-
tion, and radiation transport). We then isolate the place where
rotational effects require a decision tree (i.e., the radiation flux
balance). We define the tools of rotating theory (i.e., Rossby
numbers [encoding the importance or lack of importance of
rotational forces] and associated length scales). We proceed to
answer the main question using an analysis of pressure or more
specifically, the Bernoulli pressure function in our reformula-
tion. The main question is what impact rotation has on the
upper bounds for length scales and convective velocities. Finally,
we highlight entropy, differential rotation, and thermal wind as
consistency checks.

Background. In a coordinate frame with rotation rate, {2 around
the Z axis, the following is an exact reformulation of the fully
compressible inviscid momentum equations

du+ (Vxu+2Q2)xu+Vw = TVs. [1]

The variable u is the local fluid velocity, T is temperature,
and s is entropy per unit mass. Eq. 1 replaces the pressure, p,
with the Bernoulli pressure function, w, via the Second Law of
Thermodynamics,

2
d—p:dh—Tds where w5%+h+¢» [2]
p

where p is the mass density and h is the enthalpy per unit mass.
Because the convection zone only contains 2% of the solar mass,
Mg (62), the gravitational potential ¢ ~ —GMg /r, where G is
Newton’s gravitational constant.

A well-mixed convection zone implies a well-defined adia-
batic stratification (63), which varies only with the gravitational
potential,

dpo = —pod(]ﬁ, dho = —dgf), dSoZO. [3]
The exception happens in the upper ~2%, where strong
superadiabatic stratification drives flow close to the speed of
sound.

Assuming an ideal gas law, ho = ¢, To =~ypo/po/(y —1). The
detailed specific heat depends on the ionization fraction and ele-
mental abundances, which only become significant effects very
near the solar surface. We assume constant values for ¢, and
v=>5/3 (Table 1). Near the bottom of the convection zone,
To(Rez) =~ 2.3 x 10° K. Near the surface, To(Rg)/To(Rez) =
10~3, which vanishes to a good approximation. The convection-
zone radius R.,= Re — H.;, where H.,~200 Mm is the
convection-zone depth, and Ry ~696 Mm is the solar radius
(Table 1). Therefore,
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Table 1. Approximate parameters used for estimation
calculations

Quantity Symbol Value Unit
Solar mass Mg 2.0 x 10% kg
Solar radius Ro 6.9 x 108 m
Convection-zone radius Rcz. 0.71 Ro
Convection-zone depth He. 0.29 Ro
Average rotation rate Q 2.6x10°° 1/s
Total luminosity Lo 3.8 x 10%° w
Bottom temperature To(Rez) 2.3 x 10° K
Bottom density po(Rez) 210 kg/m3
Bottom pressure Po(Rez) 6.7 x 102 Pa
Specific heat I 3.4 x 10* Jkg/K
Adiabatic exponent 5 5/3

The convection-zone parameters come from Gough (62); the remaining
parameters come from standard values.

For an adiabatic reference state,’ po(r) ox To(r)%/2, po(r)
To(r)%/2. The values at the base of the convection zone fix the
constants of proportionality.

Momentum, Mass, and Energy. In the bulk of the convection
zone, all thermodynamic variables fluctuate from their reference
values by ~107°, which permits the anelastic approximation
(64-66). Therefore,

Oru+ (VXxu+2Q2)xu+Vw = ToVs. [5]
The only difference between the fully compressible and anelastic
momentum equation is the replacement 7' — Ty. The anelastic

approximation also implies nondivergent mass flux
V- (pou) = 0. [6]

Energy transport closes the system:

Po at(Tos+|u|2/2)+V~(powu): V- (KoVTo). [71
Eq. 7 omits the diffusion of thermal fluctuations the same way
Eq. 5 omits viscous dissipation. These effects are essential in
a turbulent fluid but only become important for microscopic
scales. We cannot, however, ignore the radiative diffusion of the

background, which provides the heat that drives buoyancy (67).

Flux Balance. On average, energy transport requires

1 Le dTo
(wur) = {471'7”2 Ko dr

. } = Fy(r), 8]

where Lg is the total solar luminosity. The angled bracket on
the left-hand side of Eq. 8 represents an average over time
and spherical surfaces, (0, ¢). We model the conductivity with
Kramers’ opacity (68) law,

Ho(r) = To(Res)

cpLlo To(r) |7/2
B 47TGM@ |: :| ’ [9]

which assumes p2 < T¢. The two terms within the square brack-
ets in Eq. 8 partially cancel because Ko dTyp/dr <0. By defi-
nition, Fo(R.,)=0. We ignore the effect of convective over-
shooting, which would only produce tiny changes to the overall
estimates. Eq. 8 is the foundation for all estimates; the right-hand
side, Fy(r), contains only known parameters.

T All quantities with a zero subscript denote adiabatic background reference states.
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The quantity Fo(r) represents a radiative “flux debt.” Below
the convection zone, radiative diffusion carries the entire lumi-
nosity. At some point near R.., the temperature gradient needed
to carry the total flux becomes larger than the adiabatic gra-
dient, and the system becomes unstable. Convection transports
the remainder of the heat after the background relaxes to an
almost adiabatic state. Eq. 8 carries dimensional units of veloc-

ity cubed. Standard mixing-length theory assumes |u|~ Fy /3

(69). In slowly rotating situations, Fj /3 estimates the actual
flow speed. More freedom exists in the rapidly rotating regime.
Notably, Fy(r) is not constant in radius, which implies the
following two comments.

e No matter what, convective timescales are much slower than
rotational timescales within some distance of the radiative zone.

e The important question is how far into the convection zone the
rotation can dominate buoyancy.

To better understand these issues, we require a better under-
standing of the Bernoulli pressure function, .

Rossby Numbers, Length Scales, and Taylor-Proudman. The Rossby
number measures the nondimensional ratio of convective-to-
rotational acceleration. A common definition is the bulk Rossby
number

Rop, = 12 [10]

"7 2QH,’

where |u| represents a typical velocity amplitude and H,, is a
density-scale height,

c? (Ro—1)7r

H,=— =~ -1 , [11]
p g (v ) Ro

where ¢? =~po/po and g = GMs /. Many references alterna-
tively use the convection-zone depth H.. in place of the scale
height (5) [i.e., H,(Rc2)/Hcz.~ 0.46]. Eq. 10 represents the ratio
of relative-to-background vorticity assuming convective flows
vary on a length scale comparable with H, (or H.,). Flows
undoubtedly fluctuate over entire domain, but Roy, overestimates
rotational influence if the actual energy-containing scales are
smaller than H,.

Motivated by buoyancy considerations, the convective Rossby
number is

v To . v<8>

2Q ’

where (s) represents mean entropy. This definition is equiv-
alent to that used in the Boussinesq setting and defined in
terms of the Rayleigh, Taylor, and Prandtl numbers, Roc ~
v/Ra/(Pr Ta) (70).

Assuming ¢ < H, represents the actual (yet unknown) dynam-
ical scale, we define an alternative dynamical Rossby number

Ro. = [12]

Rog = 2\u| ~ |V><u|.

Q¢ 20 (13

The dynamical Rossby number is the closest estimate of the
actual ratio between local and background vorticity. All defini-
tions relate to each other in some way and will coincide in the
nonrotating regime.

The Taylor-Proudman theorem (71, 72) is an important con-
straint in systems where rotation dominates all other applied
forces. The formal result comes from taking the curl of Eq. 5
and neglecting all effects other than rotation,

2Q% -Vu = 0. [14]

Strictly speaking, Eq. 14 is simply not true for convection. A
generic system with boundaries cuts off the dynamics to fit
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within the domain; hence, |2 - Vu|~ |u|/H.,. In a deep shell,
|2 - Vu| ~ |ul /H,.

The more subtle view of the Taylor-Proudman constraint
comes from considering the magnitude of the neglected terms.
For Rog. < 1, there is a substantial degree of anisotropy between
the 2 and perpendicular directions,

14 |u|H,
— ~R = Iy L,
=T V 20

Eq. 15 results from taking the curl of the momentum equations
and balancing the resulting Coriolis terms against the nonlinear
terms: that is,

[15]

20(:2V-u—%2-Vu) ~ VX [(Vxu)Xul, [16]
which is the CI part of the CIA balance. The curl eliminates
leading-order geostrophic terms. Eq. 15 follows from estimating
the left-hand side of Eq. 16 with 2Q|u|/H, and the right-hand
side with |u|?/£2.

Eq. 15 gives a direct link between flow speed and scale in
a rapidly rotating system. Determining if this relation holds
requires considering convective energy and momentum balances
in detail.

This anisotropic picture of rotating convection has existed
for many years in the Boussinesq convection community. The
anisotropy principle is present in the linear-stability results in
Chandrasekhar’s famous book on hydrodynamic stability (73).
Stevenson (74) expanded the understanding using linear the-
ory, arriving at essentially the same scaling presented in Table
2. Ingersoll and Pollard (75) made a similar analysis applied
to the interiors of planets. Sakai (76) observed the phenomena
clearly in laboratory experiments. In a fully nonlinear and tur-
bulent setting, Julien and coworkers (70, 77-81) have refined
and promoted the principles of anisotropy and local Taylor—
Proudman balance for strongly nonlinear flows since the mid-
1990s; Aurnou et al. (10) has a current summary, including
experimental evidence.

Stevenson (74) used incompressible linear theory to assess
an optimal exponentially linear mode followed by an estima-
tion of nonlinear saturation deduced from ideas leveraged from
wave-mean theory. Julien et al. (79) independently reproduced
the same theoretical scaling as obtained by Stevenson (74).
This derivation used dimensional analysis and boundary-layer
arguments for incompressible theory. Barker et al. (82) arrived
at the same scaling yet again, in a modernized form. The
approach used in the present manuscript is a force-balance
approach intimately dependent on the processes that dictate
the magnitude of the Bernoulli pressure. Detailed notions of
rotational anisotropy have been slow to gain traction in the
stratified stellar modeling community and astrophysics in gen-
eral, although that has been changing in recent years (82-87).
Overall, it seems that a consensus is forming surrounding the
proper mechanical and thermal balances in rapidly rotating
convection.

Table 2. Possible dynamical scaling in the large- and
small-Rossby number regimes

Case Rogq. ¢ lu| ToS Condition
F/3 1/3 2/3
' =, H, Fo F Rog.> 1
F1/5 13 Fz/z
0
I} (ZQ:I/J)Z/S Hp ROd_ (FoROd) Ro;/3 ROd_ <1

Rogy. represents the dynamical Rossby number (i.e., the ratio of local vor-
ticity to rotation rate). |u| and ¢ represent flow amplitude and length scale,
respectively. The local timescale is 7 = ¢/|u].
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Pressure. If we know the size of w in terms of ¢ and |u|, then Eqs.
8 and 15 give the characteristic magnitude of everything else. In
fully compressible dynamics, the pressure (equivalently, @) is a
genuinely dynamical variable; it requires its own initial condition.
In low—Mach number flows, the pressure becomes a Lagrange
multiplier (66) that enforces the divergence-free condition by
cancelling locally compressive terms. Finding an equation for w
requires multiplying Eq. 5 by po and taking the divergence, which
eliminates the time-evolution term and leaves an elliptic equa-
tion for w. Because w appears linearly, we can decompose the
total Bernoulli pressure as a sum of three “partial pressures,”

W = WKin. + @Ther. + WRot. . [17]
Each partial pressure responds to three separate sources
V- (poVokin.) = V- (po u X (V X u)), [18]
V- (poV@rher.)= V- (po ToVs), [19]
V- (poVorot.) = V- (2Q po u X 2). [20]

Solving Egs. 18-20 in practice also requires appropriate bound-
ary conditions of the same magnitude as the bulk sources.
We can estimate the size of each partial pressure from its
source. First,
‘wKin.| ~ |u‘27 |wTher.‘ ~ TO|5‘- [21]
At this point, the magnitude of |s| is unknown, but we show later
that it cannot dominate all other terms. If all three partial pres-

sures are assumed roughly equal, then |u| ~ F /3 This has been
the traditional assumption in mixing-length theory. However,
it could also happen that the rotational (geostrophic) pressure
dominates the kinetic pressure.

Eq. 20 differs from Eqs. 18 and 19 in that the left- and right-
hand sides contain different numbers of derivatives. Geostrophy
selects a length scale,

|@wRot.| ~ 2Q |ull ~ /2QH, |ul3.

The crux of our argument is that the traditional mixing-length
theory does not account for differences between wkin. and wrot.
and the resulting implications. Altogether, we find two separate
cases: CASE I in the slowly rotating scenario and CASE II in the
rapidly rotating scenario. Table 2 has a summary.

[22]

Entropy. The magnitude of buoyancy variation poses a subtle
question. The direct entropy evolution satisfies

poTo (ats+u~Vs) = V(K()VT()) [23]
The right-hand side radiative heating varies only in radius. The
deviations from an adiabatic background, therefore, contain both
mean and fluctuating parts: s = (s)(r) + 3(r, 6, ).

Convection happens because large-scale entropy gradients
become unstable to growing fluctuations. The instability satu-
rates from turbulent transport counteracting the advection of the
background. Specifically, u -V (s) ~ u - V3, or

£ {s—s0) ~ H, 53, [24]
where (so) represents the global mean adiabat. An estimate for
§ follows from the curl of the momentum equations,

VX [(Vxu)xu] ~ VT x V3, [25]

which is the IA part of CIA balance. Therefore,

Vasil et al.
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2
~ u
To S ~ 7{{!)(1‘,

T (s — [uf® 26
o (s—s0) ~ ROz’ [26]
d.

Putting everything together, in the rapidly rotating regime (10),
Roc ~ —— ~ Rog. [27]

With all the theoretical elements in place, we apply our analysis
to the solar convection zone.

Summary of Closed Balances. We give a summary of the minimal
chain of reasoning needed to arrive at the results outlined in
Table 2. CASES I and II denote nonrotating and rapidly rotating
regimes, respectively:

CASEIland II: w|u|~ Fo [28]

CASE I: ww|u|2 L~H,

CASEIL: Z ~2Q £ dul [29]
B ~ |u‘ Hp ~ 200"

Assuming rapid rotation, flux transport, geostrophy, and Taylor—
Proudman determine the length scale and flow amplitude. The
Bernoulli pressure acts as the crucial mediator. We can also
rephrase these balances in the nondimensional language of rotat-
ing Rayleigh-Bénard convection theory. Defining the Ekman,
Rayleigh, and Prandtl numbers,

4
v Ra= VIOV H,T - p v 5
K

Ek: )
2QH, VK

where v, k represent the viscous and thermal diffusivities, respec-
tively. The linear theory of onset predicts that //H, ~ Ek'/? and
Ra~ Ek~*/%. In general, sufficiently above onset

¢/H, ~ Ek'? (RaEk**)*Pr”. [31]

Our inviscid balances correspond to a=1/2, 8=—1/2. Some
recent works (7, 8) find £/H, ~ Q~*/3 in high-resolution numer-
ical simulations. The only way for this to happen is if a=0.
Independence of the criticality suggests that even the best sim-
ulations are still close to onset. The Reynolds number depends
directly on the criticality, Re ~ (Ra Ek*/%)3* Pr3?, For example,
the most extreme parameters of figure 1C in ref. 8 show only
a twofold difference between the measured inertial and viscous
forces.

3. Results

Table 1 summarizes the parameters used to estimate the Rossby
number, convective velocities, and length scales.

Fig. 14 shows Rossby number estimates as a function of depth.
If we assume the traditional CASE I scenario, we find Rog < 1
for r/Re <0.93. This is a contradiction because CASE 1 pre-
sumes no rotational influence, and hence, CASE II must apply
instead. While Rogy, is not asymptotically small, it is less the unity
for most of the convection zone and is less than 0.5 for the bot-
tom half. Fig. 1B shows flow amplitude. The flow speed is only
slightly less in the rotating regime than the nonrotating equiva-
lent. A weak power of the Rossby number distinguishes between
CASES I and II.

The dynamical length scale is the most dramatic effect of rapid
rotation. Fig. 2 shows a consistent size for most of the convection
zone, which is also much smaller than the bulk depth,

{ =~ 0.15H;,. ~ 30—Mm. [32]

This number happens to coincide with the characteristic length
scale of supergranulation, with spherical harmonic degree =~
120-150.
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Fig. 1. (A) The estimated dynamical Rossby number as a function of depth.
(B) The estimated convective flow speed estimates as a function of depth. In
both panels, the solid curves represent the rapidly rotating regime (CASE II).
The dashed lines show the slowly rotating counterfactual (CASE I). Both Rog,
estimates are less than unity for much of the convection zone; hence, rotat-
ing assumptions apply. The shaded regions above r/R¢ = 0.93 mark where
rotational effects are subdominant. Several other effects become important
in the outer layers.

Effects of Geometry. A question remains how the misalignment of
gravity and the rotation axis affects the estimates. Several studies
investigated the dependence on the local latitude in Cartesian
domains (86, 88-91). No results seem definitive, and much of
the effort is still ongoing. Achieving rotational constraint at solar
parameters requires a domain large enough to experience the
variation of background forces. A sizable energy-containing eddy
near the equator will feel off-equator effects.

Table 2 depends on H,, which entered the analysis by assum-
ing 2-V~1/H,<1/H.,. Variation along the rotation axis is
the important overall reference length scale. The poles pose no
challenge, where 7 = 2. However, starting from the equator, the
distance from r = R, to r = Ry in the Z direction is

H, = Hc.z.\/ 2Rc.z./[’lc.z.“!‘ 1= 5Hp- [33]

We, therefore, expect at low latitudes modest increases to

the true length scale appearing in Table 2, ¢ < H2® ~

1.9H,%®. However, Rog o H73 ~ 0.4H, 3% and |u|ox
H.'/® ~0.7H, ~'/3. Moreover, these estimates are the extreme
case. Therefore, near the equator, we might expect Fig. 2 to show
a slight increase in scale (perhaps up to ~50-60 Mm for r ~ R.,),
but this would be accompanied by slower flows and additional
rotational constraint.

Differential Rotation. Helioseismology provides a few additional
checks on the overall rectitude of our estimates. Even with
some differences, convection and shear provide proxies for one
another (87). Helioseismology, therefore, presents a consistency
check for some of our estimates.

As a function of radius, r, and colatitude, 6, the local rota-
tion rate Q(r,0) implies an angular inertial-frame bulk flow
u=rsin 6 ¢, which implies a total vorticity,

V x (rsinfQ@) = 205+ rsin 0 VQ x §. [34]
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Fig. 2. The convective length-scale estimate as a function of depth in the
solar convection zone. The solid red curve shows the estimate under the
rapidly rotating assumption (CASE Il). The dashed line shows the H,(r) pro-
file from Eq. 11 (CASE 1). The shaded region above r /R & 0.93 marks where
rotation is subdominant (i.e., a depth &~50 Mm). The rotationally constrained
length scale stays consistently ~30-Mm and is the length scale realized
below r/Rs ~ 0.93. The density-scale height becomes the dominant length
scale only in the near-surface regions.

Assuming the differential rotation is strongly coupled to the

dynamics,

rsin 6| V|
20

Fig. 3 shows the local Rossby number of the differential
rotation as a function of latitude and depth in the convection
zone. The data come from the local rotation rate in Larson and
Schou (92). We compute the gradient of Q(r, ) with a fourth-
order finite difference derivative. A few pertinent observations
are in order. The Rossby number is never more than 0.4 for
r/Re < 0.95. The tachocline (0.65< r/Rs < 0.75) dominates
the picture in the deep interior. The radiative zone is almost
in solid-body rotation, and therefore, the shear Rossby num-
ber nearly vanishes. Above 7/R¢ ~0.95, the rapid increase of
the Rossby number indicates the start of the near-surface shear
layer, which is poorly understood. However, for much of the bulk
convection zone, the differential rotation Rossby number hovers
consistently around ~0.1.

Also intriguing, the half-width of the tachocline bump is ~
35-Mm, which is consistent with the ~30-Mm estimate for the
convection. If convection maintains the tachocline, it seems
reasonable that their sizes should match. We are aware that
the resolution of helioseismology degrades with depth and that
tachocline widths are upper bounds on the actual thickness. Even
so, the data from helioseismology accord with simple dynamical
estimates.

Rog. ~ [35]

Thermal Wind. The above picture of differential rotation is con-
sistent with the large-scale thermal-wind model of Balbus et al.
(93). The above scaling allows a significant balance between

r?sin(0) 0.0 ~ —TH(r) De3. [36]
Thermal wind results from taking the curl of the momentum
equation and balancing global vortex stretching with baroclinic
production. The balance should exist in any thermally driven
rapidly rotating system; it results from neglecting convective
inertia and dissipation. There has been some discussion in the
literature regarding the precise degree of global thermal-wind
balance in the convection zone (94). It is becoming clear how
sensitive differential rotation can be to large-scale thermal gra-
dients (95). Eq. 36 does not necessarily give the exact large-scale

*The data are from the electronic supplementary material for the article “Global-mode
analysis of full-disk data from the Michelson doppler imager and helioseismic and
magnetic imager” (93).
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entropy profile (e.g., due to possible subdominant Reynolds and
Maxwell stress corrections), but it gives a good indication and
provides a consistency check.

Fig. 4 shows a solution to Eq. 36. We integrate the right-
hand side over ¢ using the trapezoidal rule. As Balbus et al. (93)
pointed out, we can freely add any radial function to the solu-
tion. We set the integration constant by [* 5(r,6) sin(#)df =
0. The entropy state needed to maintain differential rotation
is roughly the same that is needed to drive rotationally con-
strained turbulent convection. From Eq. 26, we estimate 7,5 ~
(2QH,F3)'/®, but this should be interpreted carefully. By defini-
tion, the thermal-wind entropy contains no mean radial gradient.
The convective flux debt contains only a radial profile and van-
ishes at the base of the convection zone (also by definition).
Nevertheless, different entropy profiles match in a character-
istic sense. Fig. 5 shows the latitudinal rms thermal wind as a
function of radius along with the radial convective estimates.
The thermal-wind profile does not distinguish between rotating
vs. nonrotating hypotheses. The two predictions differ by a low
power of the Rossby number. Nevertheless, the independently
measured differential rotation provides a consistency check on
theory derived from flux-balance considerations. Also notewor-
thy, Fig. 4 suggest the thermal-wind entropy is better mixed near
the equator than near the poles.

4. Conclusions

Based on well-understood physics, we furnish a detailed estimate
of the degree of rotational constraint in the solar interior.
We summarize our assumptions as follows.

e Solar convection comprises negligibly viscous convective fluc-
tuations around a nearly adiabatic hydrostatic background.

e Convective turbulence transports a radiative flux debt (i.e.,
the part of the solar luminosity that an adiabatic temperature
gradient cannot carry).

e The definition of “rapid rotation” is equivalent to leading-
order balance between Coriolis and pressure forces (QG), fol-
lowed by a joint triple balance between inertia, buoyancy, and
the nondivergent component of Coriolis deflections (CIA).

rsin(6) |[VQ|/(2Q)
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Fig. 3. The local Rossby number computed from helioseismic-inferred pro-
file Q(r, ) in the convection zone. We use a fourth-order finite difference
to compute the gradient from the raw rotation rate data, which are found
in the electronic supplementary material from Larson and Schou (92).
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Fig.4. The local thermal-wind entropy profile computed from helioseismic-
inferred profile Q(r, 0) in the convection zone. We use a fourth-order finite
difference to compute 9, =cos 09, — r~'sin09 and a trapezoidal rule
to integrate over 0. The data are found in the electronic supplementary
material from Larson and Schou (92).

e Magnetic energies should be roughly similar to kinetic ener-
gies. At most, we expect | B| < /mopo|u|, which does not alter
any of our conclusions.

We summarize our results as follows.

e The solar convection zone is rotationally constrained roughly
everywhere below the near-surface shear layer.

e The flow amplitudes in the rotating regime are similar to what
would exist in the absence of rotation.

e Rotation noticeably reduces the dynamical length scale. We
predict ~30-Mm robustly throughout the convection zone.

e The strongest flow gradients are perpendicular to the rota-
tion axis, with scales ~ H, ~100 to 200-Mm variation in the 2
direction.

e Individual deep convective structures should persist for multi-
ple rotation periods.

e Solar differential rotation is itself strongly rotationally influ-
enced and indicative of the above conclusions.

e Both the equator and poles experience strong rotational
influence. Moreover, there should exist significant differ-
ences between the flow signatures observable in different
regions.

The 30-Mm prediction is intriguing for several reasons.
First, the scale matches the observed size of surface super-
granulation. While it is tempting to suggest supergranulation
is the surface manifestation of deep convection, we do not
believe the situation is altogether this simple. While the spa-
tial scales do match, the timescale of supergranulation is fast
compared with rotation (i.e., ~1d vs. ~1mo). It also hap-
pens that Rog~1 at r/Rg ~0.93, which is ~50 Mm below
the surface. While they may not be literally the same phenom-
ena, a spatial matching means that the different phenomena
can interact in interesting ways. We hope future studies will
clarify the connections between anisotropic deep convection,
supergranulation, and the near-surface shear layer. All three pro-
cesses surely interact in unforeseen ways with magnetism (e.g.,
refs. 96 and 97).

Vasil et al.
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We also believe our estimates resolve several past questions
regarding observations and simulations. First, we believe the
observation of Hanasoge et al. (1) finds anomalously low sig-
nals because of a scale effect, rather than a genuinely small
flow. We believe our estimates are inconsistent with the results
from ref. 2. The new results of Hanasoge et al. (3) also appear
to imply this. It is not clear what kind of signal should exist
at ~200-Mm scales, given a true peak of power at ~30-Mm
scales. However, a direct and local inverse cascade should be
weak. We anticipate at least an order of magnitude reduc-
tion. Specifically, an inverse cascade should transfer energy to
barotropic differential rotation, not to larger convective motions
(80, 98-102).

Our estimates also address numerous stellar convection sim-
ulations carried out in recent decades. Any simulation with
spherical harmonic degree less than ~1,000 is unlikely to resolve
a spectrum of low—Rossby and large-Reynolds number convec-
tion (103). It is not enough to only just resolve 30-Mm structures.
These features must also not dissipate viscously or thermally,
as they surely do not in the real Sun. We believe that the sim-
ulations of Featherstone and Hindman (5) represent the first
spherical simulations convincingly in this challenging compu-
tational regime. As computational tools improve (104, 105),
studies of this type are becoming increasingly more feasible
(e.g., ref. 106). Moreover, it is possible that after the rota-
tional length scales are safely captured in a low-friction regime,
there may be diminishing returns from continued resolution
increases.

How can these predictions be tested against observations?
The expectation of vorticity parallel to the rotation axis offers
a promising possibility. Unfortunately, helioseismic techniques
are relatively insensitive to radial flow and are confined to
regions within 60° of disk center. Helioseismically measuring
vorticity parallel to the rotational axis is quite difficult from
the ecliptic plane. Techniques based on tracking supergran-
ules fare a bit better away from disk center, and recent results
appear to indicate the presence of large-scale vortical, cellular
motions in the Sun’s polar regions (39). Even better, observa-
tions from a polar vantage could use multiple techniques to
analyze vorticity. Such high-latitude measurement are, there-
fore, becoming more crucial if theory and observations are
to meet.

Finally, we point out that the Sun rotated faster earlier in
its history. It was also smaller and less luminous. All of these
effects will surely produce an interesting interplay in the dynami-
cal Rossby number, dominant length scales, and hence, magnetic

2.0ke=0

070 075 080 085 090 095  1.00

Fig. 5. Radial entropy profiles. The orange curve is the 6 rms of the two-
dimensional profile from Fig. 4. The black curve is the convective estimate
regime based on the flux debt; (2Q2H,FZ)"/5 /hy with background enthalpy
ho =¢pTy. The dashed curve shows the estimate based on nonrotating
theory, Fg/3/ho. By magnitude, all three of these profiles are consistent.
Distinguishing rotating vs. nonrotating theories lies with other quantities,
particularly the convective length scale.
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field generation. However, global magnetism is the cause of rota-
tional spin down. The nature of magnetic breaking in stars is far
from settled (107). We hope our estimates motivate future stud-
ies in rotating and magnetized systems outside the present-day
Sun.
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