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A B S T R A C T   

The main objective of this study is to investigate the impact of nanoparticles as reinforcement 
material on the vibrational behavior of sandwich structures in an acidic medium. The glass fiber 
reinforced polymer (GFRP) faces were fabricated with and without the addition of 3 wt% 
nanoclay and nanosilica to determine the mechanical behaviors of the GFRP faces in the presence 
of an acidic medium. The obtained results showed adding 3 wt% of nanoclay caused better 
durability and less mass variation of composite specimens in sulfuric acid. The “Coefficient of 
acidic immersion expansion” (βacid) is determined by measuring the length and mass variation of 
GFRP specimens in the immersion, and applied to low order piecewise shear deformation theory 
(LOPSDT) for the first time; Also the frequency results of LOPSDT have been shown good 
agreement in validation with the ANSYS numerical solution. It is shown that acidic environment 
reduces the frequency of the first mode of sandwich plates with reinforced face by 3 wt% 
nanosilica, and nanoclay has increased by 6.81 % and 4.66 %, respectively. This study indicates 
after one month of immersion, the natural frequency of the sandwich with pure, and 3 wt% 
nanoclay reduces about 1 %, and the natural frequency of the sandwich with the faces reinforced 
with 3 wt% nanosilica reduces by more than 3 %; Moreover, the frequency of forced vibrations, 
caused by acidic immersion expansion, was improved significantly by 10.04 % and 6.54 % in the 
first mode by incorporating 3 wt% of nanoclay, and nanosilica into the faces of the sandwich in 
one month of immersion compared to the sandwich with pure faces.   

1. Introduction 

Sandwich panels are used in various industries in terms of their lightweight, and resistance to external effects [1–4]. An acidic 
environment is known as a destructive environment that changes the mechanical properties, and dynamic characteristics of structures; 
Therefore, the analysis of structures, such as storage tanks and desulfurization pipelines and their vibrations in the chemical and 
corrosive industries requires a comprehensive study [5–9]. Based on a review of prior research, it is evident that researchers have 

* Corresponding author. New Technologies Research Center, Amirkabir University of Technology, Tehran, Iran. 
E-mail address: saeedss@aut.ac.ir (S. Saber-Samandari).  

Contents lists available at ScienceDirect 

Heliyon 

journal homepage: www.cell.com/heliyon 

https://doi.org/10.1016/j.heliyon.2023.e20864 
Received 30 April 2023; Received in revised form 27 September 2023; Accepted 9 October 2023   

mailto:saeedss@aut.ac.ir
www.sciencedirect.com/science/journal/24058440
https://www.cell.com/heliyon
https://doi.org/10.1016/j.heliyon.2023.e20864
https://doi.org/10.1016/j.heliyon.2023.e20864
https://doi.org/10.1016/j.heliyon.2023.e20864
http://creativecommons.org/licenses/by-nc-nd/4.0/


Heliyon 9 (2023) e20864

2

shown a keen interest in exploring the behavior of different materials and structures under mechanical loading [10–14]. Such in-
vestigations can provide valuable insights for structural design by shedding light on how materials behave under various loading 
conditions [15–19]. Notably, the study of structural behavior under vibrational loading has garnered considerable attention from 
researchers, given the crucial role that vibrations play in real-world structural loading conditions [20]. In order to mitigate the 
deleterious effects of acidic environments on structures subjected to various forces, it is imperative to have a thorough understanding 
of the medium and the design of the structures, and to implement appropriate preventive and remedial measures [21–24]. In industries 
involved in pipelines and sulfuric acid production, sulfurization and heat exchangers are particularly vulnerable to environmental 
corrosion resulting from exposure to sulfur and sulfuric acid [25]. Furthermore, structures operating in highly acidic and low-pH 
environments are often subject to significant deterioration, resulting in diminished mechanical and physical properties [26]. 

For the mechanical properties of composite structure, and its vibration behavior in the acidic medium, several factors are involved 
[27,28]. Based on the previous literature, fibers and adding clay and silica nanoparticles played an important role due to their chemical 
properties, manufacturing process, particle morphology, and the type of bonding of nanoparticles to polymers [29–35]. 

Thus, many studies on the effect of adding nanoparticles in destructive and acidic environments were studied based on the 
experimental tests [36,37]. 

In the literature, studying the vibrations of sandwich structures in different environments was studied. However, few studies were 
conducted in the field of strengthening the sandwich structure with nanoparticles, and comparing them to improve the vibration 
behavior and forced vibrations under environmental pre-stress based on the experimental tests and analytical and numerical solutions. 
Hamami et al. [38] evaluated the durability, and environmental degradation of glass-vinyl ester composites in high temperature, 
humid environments, seawater, and corrosive fluids. They performed the experiments on the composites using three-point bending 
test; it was observed that, in corrosive fluids, by increasing the fluid concentration of medium, and the immersion time, the perfor-
mance of composite specimens drastically changed; Moreover, after a longer immersion period, the swellings grow which cause the 
composites to fail. Kamal et al. [37] investigated the impact of both alkaline and acidic solutions on the mechanical properties of 
polymer composite materials. Hardness, tensile properties, and effect strength of composite specimen (glass/kevlar) reinforced with 
the nanosilica particles before and after immersion in HCl and NaOH solutions were studied, and regardless of the solution, hardness, 
tensile, and effect resistance decreased by increasing immersion time. Tanks et al. [39] conducted an experiment to investigate the 
effect of water and sulfuric acid solutions on the strength of plain-weave laminates composed of C-glass and amine-cured epoxy. The 
outcomes revealed that both solutions damage the fibers, with sulfuric acid having a more severe impact. Specifically, sulfuric acid 
increases the absorption and saturation uptake of water in the structures, leading to a notable reduction in the mechanical properties. 
Reddy et al. [40] evaluted the impact of adding nanoparticles to glass/epoxy laminates by changing the loading of nanoclay from 0 wt 
% to 12 wt%, and subjected them to low velocity impact energy. In their study, by increasing the effect energy to 110 J, the energy 
absorption of nanocomposite laminates was improved by 37 % compared to the laminate without nanoparticles; Therefore, incor-
porated composite specimen with 9 wt% nanoclay showed a more favorable performance in terms of the energy absorption and 
displacement. Chang et al. [41] investigated the mechanical behavior of two types of fiber-reinforced polymers, namely epoxy and 
vinyl ester resin, which were enhanced with various amounts of nanosilica (1, 2, 3, and 4 wt%). The study found that the optimal 
improvement in mechanical properties was achieved with a nanoparticle content of 3 wt%. Specifically, the inclusion of nanoparticles 
led to a 26 % increase in tensile strength, a 6 % increase in bending resistance, and a 49 % increase in impact resistance of the epoxy 
resin compared to the resin without nanoparticles. Based on a review of previous studies, it is clear that adding nanoparticles can have 
a beneficial effect on the properties of various materials [42–44]. The phenomenon has been witnessed in polymer and fiber-reinforced 
composite materials, which have undergone improvements through the incorporation of diverse nanoparticles [45–47]. The bolstered 
mechanical characteristics can be ascribed to the superior mechanical properties possessed by the reinforcing nanoparticles [48–51]. 

Alsaadi et al. [52] carried out an experimental investigation to examine the influence of nanoparticles (specifically nano-silica) on 
the mechanical properties of hybrid composites comprising woven fibers, carbon, Kevlar, and epoxy. The study focused on analyzing 
the tensile strength, vibration characteristics, and damping properties of the composites. The results revealed notable changes when 
nano-silica was incorporated into the epoxy resin. Specifically, a significant increase of 20.5 % in the natural frequency of the com-
posites was observed when the nano-silica content reached 0.5 wt%. Moreover, the researchers noted enhancements in both flexural 
and tensile strength upon the introduction of nano-silica into the composites. This improvement was attributed to the effective bonding 
between the nano-silica particles and the epoxy/fiber system, resulting in enhanced load transfer between the particles and the matrix. 
Senthamaraikannan et al. [53] conducted a study on the free vibration characteristics of carbon fiber reinforced composite beams, 
which incorporated a blend of nanosilica and carboxyl-terminated butadiene acrilonitrile copolymer particles of micro size in an epoxy 
matrix. The results indicated that incorporating both nano-sized silica particles and micro-sized particles led to an enhancement in the 
damping performance of the composite beams, along with an improvement in their flexural rigidity. These results demonstrate that the 
use of such hybrid composites can be highly effective in structural applications. 

Wiwat et al. [54], by studying acid penetration in the reinforced composite with nanoclay, stated that nanoclay, and its weight 
percentage for the nanocomposites have an effective performance against sulfuric acid. It was stated that the homogeneity of particles 
is vital to make the specimens; besides, the layered nanoclays are effective to stabilize the movement of polymer and prevent the rapid 
penetration of (SO2−

4 ) ions into the matrix. Gitiara et al. [55] conducted a study to investigate the impact behaviors of GFRP reinforced 
by nanoclay (NC) and nanosilica (NP) after immersion in sulfuric acid for 0, 1, and 3 months. The findings indicate that GFRP rein-
forced with nanoclay exhibited better low-velocity impact behavior. Specifically, the addition of 5 wt% of nanoclay resulted in a 15.72 
% increase in impact force and a 5.26 % decrease in displacement. Li et al. [56] developed mathematical models that incorporate both 
low-order and high-order piecewise shear deformation to account for the in-plane rigidity and transverse shear rigidity of sandwich 
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panels’ core and faces. These models were compared against finite element analysis, demonstrating their effectiveness in accurately 
predicting the frequency equation for a simply supported rectangular sandwich panel. Furthermore, the researchers utilized the 
derived theoretical solution to analyze the thermal post-buckling and free vibration of a sandwich beam. By applying the principle of 
virtual work, nonlinear equations were obtained for a sandwich beam with a soft core. The study also investigated the vibration 
analysis of a post-buckling sandwich beam and observed that, at a critical temperature, the beam exhibited a sudden increase in 
deformation, resulting in loss of stability [57]. In other research, the effects of vibration, and buckling of sandwich structures in terms 
of the thermal loads and forced vibrations were studied [58,59]. 

Upon reviewing the existing literature, it became apparent that limited research has been conducted on the impact of silica and clay 
nanoparticles on the free and forced vibrations of sandwich plates reinforced with GFRP composite faces in acidic environments. As a 
result, this study aims to investigate the effect of incorporating 3 wt% of clay and silica nanoparticles on the strengthening of composite 
faces in a 5 % sulfuric acid solution. The hydrophobicity and hydrophilicity of the added nanoparticles are taken into consideration, 
and the effect of their incorporation on the mechanical behavior, weight, and length variation of GFRP composites in an acidic im-
mersion is examined. The βacid is then determined to quantify this effect. Next, the equations of motion are derived to express the effect 
of the manufactured GFRP composite on the natural and forced frequencies of sandwich plates with a softcore immersed in 5 % sulfuric 
acid. The obtained natural and forced frequencies of the sandwich plates are then compared to finite element simulation results to 
validate the findings. Finally, the study compares the efficacy of adding nanosilica and nanoclay to GFRP faces and examines their 
impact in the sulfuric acid solution. The research gap identified in the previous studies underlines the significance and application of 
this study in the field of composite materials, particularly in acidic environments. 

2. Experimental procedure 

In order to investigate the impact of incorporating nanoparticles in strengthening the faces of sandwich structures, three types of 
GFRP composite faces were fabricated: pure composite, reinforced faced sheets with clay nanoparticles, and reinforced faced sheets 
with silica nanoparticles. The mechanical properties of these faces were tested, including their response to an acidic environment. The 
obtained properties will be utilized in the analytical solution of sandwich plate vibrations with a soft core. 

2.1. Materials and fabrication method 

To fabricate the composite specimens, C-glass material with a surface density of 600 g/m2 was obtained from Mytex Turkey. Epon 
828 epoxy resin and its hardener, Deithvlenetriamine (DETA), in a ratio of 100:10 by weight, were purchased from Kumho P&B 
Chemicals. In this study, two different types of nanoparticles were utilized to enhance the mechanical properties of composite ma-
terials in acidic conditions. The first type consisted of clay nanoparticles (Cloisite 15A) supplied by Merck, Germany, with a plate 
diameter measuring 24.2 nm and a density of 1.77. The second type comprised spherical silica nanoparticles obtained from Tecnan 
nano-materials Co., Spain, with an average particle size ranging from 20 to 30 nm. Composite specimens were fabricated by 

Fig. 1. A schematic representation of the fabrication process used to create the pure and nanocomposite specimens with 3 wt% of nanosilica (NS) 
and nanoclay(NC). 
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incorporating 3 wt% of both nanosilica and nanoclay into the pure composite material. The objective of this research was to investigate 
the impact of these additional nanoparticles on the mechanical properties of the composite materials under acidic conditions. To 
achieve this objective, the type of nanoparticles and their weight percentage were selected based on our prior research. However, it is 
important to note that the addition of a high concentration of nanoparticles may not necessarily result in a significant improvement in 
mechanical properties. In fact, the agglomeration of nanoparticles and insufficient degassing during the fabrication process may lead to 
a reduction in mechanical properties due to stress concentration within the samples. This can be attributed to the increase in viscosity 
of the resin due to the presence of high loading nanoparticles [60–62]. 

The fabrication process of composite specimens is shown in Fig. 1. As the schematic of fabrication process shows, first, 3 wt% of 
nanoclay or nanosilica was added into Epon 828 resin followed by mechanical mixing for 40 min and sonication for 35 min to well 
distribution of nanoparticles into the epoxy resin based on our previous study method [63–65]. Following the addition of the 
appropriate quantity of hardener to the pure epoxy resin and the epoxy resin filled with nanoparticles, the mixture underwent a 
degassing process in a vacuum oven for a duration of 20 min. This step aimed to eliminate any air pockets that may have formed during 
the mixing procedure. The composite sheets were fabricated using the hand layup method with six layers of C-glass woven fabric. The 
laminates were then cured under a pressure of 10 KPa at 25 ◦C for 24 h. Finally, specimens for characteristic testing were cut using a 
water-jet method. 

2.2. Evaluation of mechanical properties of prepared composites in the acidic medium 

The mechanical characteristics of the face specimens of the sandwich plate were evaluated through experimental testing following 
their immersion in a 5 % sulfuric acid solution for a duration of 30 days. According to the standard and our previous research [55], the 
immersion tests of specimens in the chemical environment are designed, and the elastic modulus, and weight and longitudinal 
variation of the GFRP composite faces are measured in 5 % sulfuric acid [66,67]. 

Tensile and shear elastic modulus of GFRP composite faces after 0 and 30 days of immersion was performed with SANTAM uni-
versal testing machine (UTM) based on ASTM D3039 and ASTM D3518 standards [68,69]; Furthermore, the density of fabricated faces 
before immersion was measured based on ISO 1183 standard [70]. 

The mechanical behaviors of three composite face specimens were experimentally determined, including pure GFRP composite and 
incorporated GFRP composites with 3 wt% of silica and clay nanoparticles. As anticipated, the mechanical properties of the immersed 
specimens were reduced as a result of exposure to the corrosive environment, as shown in Table 1. 

To calculate the βacid of fabricated composites, length, and weight variations were measured in sulfuric acid. The longitudinal 
changes of specimens were similarly measured to a previous study reported by Refs. [71,72] with a profile projector of Nikon company 
in two directions. This instrument measures the length with a precision of 1 μm. Weight changes were measured with an accuracy of 
0.001 g for each specimen. The ratio of length and weight changes of the fabricated composites is compared according to Eq. (1). 

ratio of weight variation=
Mfinal − Minitial

Minitial
=

(
ΔM
M0

)

ratio of length variation=
Lfinal − Linitial

Linitial
=

(
ΔL
L0

)

(1) 

The experiments of this research are different in the type of solution, the immersion time, and measuring devices, which were 
changed based on the conditions of project. After immersing the composites in sulfuric acid 5 %, in certain time intervals, the length of 
specimens was measured by the profile projector. To determine the weight changes, the composites were removed from the acid, and 
before measuring, specimens drying with a napkin. 

The βacid is calculated according to Eq. (2) by determining the relative length and mass variation of specimens. Hence, the linear 
part of length and weight changes of GFRP composites was used to calculate βacid, before their moisture saturation and about 30 days 
(See Fig. 2). 

(
ΔL
L0

)/(
ΔM
M0

)

= βacid (2) 

The βacid of fabricated GFRP faces is presented in Table 1. Based on the results, βacid of the pure composite is higher than fabricated 

Table 1 
Mechanical properties of fabricated GFRP faces in 0 and 30 days of submerging in the sulfuric acid.  

Composites type Immersion Time (day) E1(GPa) E2(GPa) G12(GPa) v12 ρ
(Kg

m3

)
βacid

xx = βacid
yy 

Pure composites 0 10.61 10.61 3.69 0.266 1741.17 0.73 
30 9.97 9.97 3.62 0.266 1741.17 

Filled with 3 wt% nanosilica 0 13.46 13.46 3.89 0.266 1750.00 0.33 
30 11.27 11.28 3.48 0.266 1750.00 

Filled with 3 wt% nanoclay 0 14.06 14.06 4.52 0.266 1773.11 0.53 
30 13.65 13.65 4.09 0.266 1773.11  
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nanocomposite, which is due to its length variation (see Fig. 2(b)). 
The reinforced GFRP composites with 3 wt% of nanosilica had a lower βacid, and that is for its high mass absorption (see Eq. (1)); 

This increase in mass may be due to the hydrophilicity of nanosilica particles, which is shown in Fig. 2(a). 
The mass absorption diagram (Fig. 2(a)) demonstrates the effectiveness of incorporating clay and silica nanoparticles in saturating 

the faces of GFRP composites. In contrast, the pure specimens exhibited incomplete saturation and their porosity did not reach mass 
saturation even after one month, with no significant decrease in the rate of mass absorption. 

Furthermore, by immersing the composite in an acidic medium, there is a possibility of corrosion and dissolution in acid. Disso-
lution can cause a decrease in the mass of specimens, and these changes were included in the results of experimental tests. According to 
Fig. 2, reinforced GFRP composites with 3 wt% of nanoclay had the lowest longitudinal displacement and mass absorption after one 
month of submerging in acid. 

Experimental tensile tests were conducted to determine the mechanical properties of the manufactured composite faces. According 
to Table 1, the tensile modulus increased by 32.52 %, and 24.84 % by adding 3 wt% of clay, and silica nanoparticles compared to the 
pure composite; and after one month of immersion, reinforced GFRP faces with clay, and silica nanoparticles, and the pure composite 
had 2.95 %, 16.20 % and 5.99 % reduction in tensile modulus, respectively. 

The shear modulus of composite faces, like the tensile elastic modulus, increases by adding the nanoparticles and decreases due to 
immersion in the acid. After one month of immersion, the shear modulus of filled GFRP composites with 3 wt% clay and silica 
nanoparticles and the pure specimens decreased by 9.38 %, 10.41 %, and 1.73 %, respectively. 

Our previous research showed that the presence of hydrophobic clay nanoparticles can cause less reduction of mechanical prop-
erties of reinforced composites due to less water absorption in an acidic environment and the reduction of damages caused by corrosive 
environmental conditions [55]. 

The properties that were reported served as the material properties for the faces in the vibration analysis of the sandwich plates. 

Fig. 2. The a) weight and b) longitudinal variation of GFRP faces during submerging in sulfuric acid.  

Fig. 3. The Sandwich plate layers, dimensions and bending deformations.  
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3. Theoretical formulation 

The vibrations of sandwich with the immersion of faces in the acidic environments were studied with the LOPSDT analytical so-
lution [73]. Fig. 3 shows a symmetrical sandwich plate with dimensions a× b× h, which consists of two composite faces with the 
thickness of hf and a soft core with the thickness of hc [56]. 

3.1. Governing equations 

In sandwich plate vibration, it is assumed that in-plane and out-of-plane displacements of mid-plate are u(x,y, z, t) = u0(x,y, t), 
v(x, y, z, t) = v0(x, y, t) and w(x, y, z, t) = w0(x, y, t); The shear deformation angle of the core with respect to the mid-plane based on 
Fig. 3, is ψ1 = ψcore

x and ψ2 = ψcore
y , and for composite faces, in terms of their small thickness, it is ∂w0

∂y = ψ face
y and ∂w0

∂x = ψ face
x . 

By the assumptions, the displacements of the sandwich in the upper and lower faces are expressed as Eq. (3) and (4). 

utop(x, y, z, t) = u0(x, y, t) −
(
2hc + hf

)

2
ψ1 −

(

z −
(
2hc + hf

)

2

)
∂w0

∂x

vtop(x, y, z, t) = v0(x, y, t) −
(
2hc + hf

)

2
ψ2 −

(

z −
(
2hc + hf

)

2

)
∂w0

∂y

wtop(x, y, z, t) = w0(x, y, t)

(3)  

ubottom(x, y, z, t) = u0(x, y, t) +
(
2hc + hf

)

2
ψ1 −

(

z +
(
2hc + hf

)

2

)
∂w0

∂x

vbottom(x, y, z, t) = v0(x, y, t) +
(
2hc + hf

)

2
ψ2 −

(

z +
(
2hc + hf

)

2

)
∂w0

∂y

wbottom(x, y, z, t) = w0(x, y, t)

(4) 

Also, the displacements of the core is written as Eq. (5). 

ucore(x, y, z, t) = u0(x, y, t) − z
((

2hc + hf
)

2hc
ψ1 −

hf

2hc

∂w0

∂x

)

vcore(x, y, z, t) = v0(x, y, t) − z
((

2hc + hf
)

2hc
ψ2 −

hf

2hc

∂w0

∂y

)

wcore(x, y, z, t) = w0(x, y, t)

(5) 

Using the linear relations of strain 
[
εij =

1
2 (ui,j + uj,i)

]
, and neglecting small strains and rotations, the strain-displacement relations 

for faces are written as Eq. (6) and (7). 

εtop
xx =

(
∂u0

∂x
−

(
2hc + hf

)

2
∂ψ1

∂x
+

1
2

(
∂w0

∂x

)2
)

+

(

z −
(
2hc + hf

)

2

)(

−
∂2w0

∂x2

)

εtop
yy =

(
∂v0

∂x
−

(
2hc + hf

)

2
∂ψ2

∂y
+

1
2

(
∂w0

∂y

)2
)

+

(

z −
(
2hc + hf

)

2

)(

−
∂2w0

∂y2

)

εtop
xy =

1
2

γ
top

xy
=

1
2

([(
∂u0

∂y
+

∂v0

∂x

)

−

(
2hc + hf

)

2

(
∂ψ1

∂y
+

∂ψ2

∂x

)]

+

(

z −
(
2hc + hf

)

2

)(

− 2
∂2w0

∂x∂y

))

(6) 

And: 

εbottom
xx =

(
∂u0

∂x
+

(
2hc + hf

)

2
∂ψ1

∂x
+

1
2

(
∂w0

∂x

)2
)

+

(

z +
(
2hc + hf

)

2

)(

−
∂2w0

∂x2

)

εbottom
yy =

(
∂v0

∂x
+

(
2hc + hf

)

2
∂ψ2

∂y
+

1
2

(
∂w0

∂y

)2
)

+

(

z +
(
2hc + hf

)

2

)(

−
∂2w0

∂y2

)

εbot
xy =

1
2

γ
bottom

xy
=

1
2

([(
∂u0

∂y
+

∂v0

∂x

)

+

(
2hc + hf

)

2

(
∂ψ1

∂y
+

∂ψ2

∂x

)]

+

(

z +
(
2hc + hf

)

2

)(

− 2
∂2w0

∂x∂y

))

(7) 

By substituting Eq. (5) in the linear strain relationship, the core strain equations can be derived as follows (Eq. (8)): 
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εcore
xx =

(
∂u0

∂x
+

1
2

(
∂w0

∂x

)2
)

+ z
(

−

(
2hc + hf

)

2hc

∂ψ1

∂x
+

hf

2hc

∂2w0

∂x2

)(
∂2w0

∂x2

)

εcore
yy =

(
∂v0

∂y
+

1
2

(
∂w0

∂y

)2
)

+ z
(

−

(
2hc + hf

)

2hc

∂ψ2

∂y
+

hf

2hc

∂2w0

∂y2

)(
∂2w0

∂y2

)

εcore
xy =

1
2

γ
core

xy
=

1
2

((
∂u0

∂y
+

∂v0

∂x

)

+ z
[

−

(
2hc + hf

)

2hc

(
∂ψ1

∂y
+

∂ψ2

∂x

)

+
hf

2hc

(

2
∂2w0

∂x∂y

)])

(8)  

εcore
xz =

1
2

γ
core

xz
=

1
2

[(
2hc + hf

)

2hc

(
∂w0

∂x
− ψ1

)]

εcore
yz =

1
2

γ
core

yz
=

1
2

[(
2hc + hf

)

2hc

(
∂w0

∂y
− ψ2

)]

The presented strains (εxx, εyy, γxy) in Eq. (8), which are related to the core of sandwich plates are linear along with the thickness, 
while transverse shear strains (γxz, γyz) remain constant via the core thickness in this theory. Stress-strain relations for core and 
composite surfaces will be written as Eq. (9). (In these equations, stresses from the acidic environment are assumed to be external 
loads.) 

⎧
⎪⎪⎨

⎪⎪⎩

σxx

σyy

τxy

⎫
⎪⎪⎬

⎪⎪⎭

(k)(top),(bottom),(core)

=

⎡

⎢
⎢
⎣

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

⎤

⎥
⎥
⎦

(k)(top),(bottom),(core) ⎧
⎪⎪⎨

⎪⎪⎩

εxx

εyy

γxy

⎫
⎪⎪⎬

⎪⎪⎭

(k)(top),(bottom),(core)

,

{
τyz

τxz

}(k)(core)

=

[
Q44 Q45

Q45 Q55

](k)(core) {
γyz

γxz

}(k)(core)

(9) 

Where Qij describe as Eqs. 10 and 11: 

Q11 = Q11 cos4 θ + 2(Q12 + Q66)sin2 θcos2 θ + Q22 sin4 θ
Q12 = Q12 (cos4 θ + sin4 θ

)
+ (Q11 + Q22 − 4Q66)sin2 θcos2 θ

Q22 = Q22 cos4 θ + 2(Q12 + Q66)sin2 θcos2 θ + Q11 sin4 θ  

Q16 = (Q11 − Q12 − 2Q66)sin θ cos3 θ + (Q12 − Q22 + 2Q66)cos θ sin3 θ
Q26 = (Q11 − Q12 − 2Q66)cos θ sin3 θ + (Q12 − Q22 + 2Q66)sin θ cos3 θ

Q66 = (Q11 + Q22 − 2Q12 − 2Q66)sin2 θcos2 θ + Q66
(
sin4 θ + cos4 θ

) (10)  

Q44 = Q44 cos2 θ + Q55 sin2 θ,Q55 = Q55 cos2 θ + Q44 sin2 θ,Q45 = (Q55 − Q44)sin θ cos θ 

And: 

Q11 =
E1

1 − v12v21
,Q12 =

v21E1

1 − v12v21
,Q22 =

E2

1 − v12v21

,Q66 = G12,Q44 = G23,Q55 = G13

(11) 

The equations of motion are obtained by applying Hamilton’s principle, which allows for the expression of the energy values of 
internal and external loads based on Eq. (12): 

∫ T

0
(δU + δV − δK)dt= 0 (12) 

The internal virtual work of the layers will be calculated as Eq. (13): 

δU =

∫

Ω0

∫ hc+hf

hc

(
σtop

xx δεtop
xx + σtop

yy δεtop
yy + 2σtop

xy δεtop
xy

)
dz dxdy+

∫

Ω0

∫ hc

− hc

(
σc

xx δεcore
xx + σc

yy δεcore
yy + 2σc

xy δεcore
xy + 2σc

xz δεcore
xz + 2σc

yz δεcore
yz

)
dzdxdy

+

∫

Ω0

∫ − hc

− hc − hf

(
σbottom

xx δεbottom
xx + σbottom

yy δεbottom
yy + 2σbottom

xy δεbottom
xy

)
dz dxdy

(13) 

By substituting the virtual strains, and taking the integral along the thickness, the internal virtual work will obtained as follows: 
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δU =

∫

Ω0

{[

Ntop
xx

(
∂δu0

∂x
−

(
2hc + hf

)

2
∂δψ1

∂x
+

(
∂w0

∂x
∂δw0

∂x

))

+Mtop
xx

(

−
∂2δw0

∂x2

)

+Ntop
yy

(
∂δv0

∂y
−

(
2hc + hf

)

2
∂δψ2

∂y
+

(
∂w0

∂y
∂δw0

∂y

))

+Mtop
yy

(

−
∂2δw0

∂y2

)

+Ntop
xy

((
∂δu0

∂y
+

∂δv0

∂x

)

−

(
2hc + hf

)

2

(
∂δψ1

∂y
+

∂δψ2

∂x

))

+Mtop
xy

(

− 2
∂2δw0

∂x∂y

)]

+

[

Ncore
xx

(
∂δu0

∂x
+

(
∂w0

∂x
∂δw0

∂x

))

+Mcore
xx

(

−

(
2hc + hf

)

2hc

∂δψ1

∂x
+

hf

2hc

∂2δw0

∂x2

)

+Ncore
yy

(
∂δv0

∂y
+

(
∂w0

∂y
∂δw0

∂y

))

+Mcore
yy

(

−

(
2hc + hf

)

2hc

∂δψ2

∂y
+

hf

2hc

∂2δw0

∂y2

)

+Ncore
xy

((
∂δu0

∂y
+

∂δv0

∂x

))

+Mcore
xy

(

−

(
2hc + hf

)

2hc

(
∂δψ1

∂y
+

∂δψ2

∂x

)

+
hf

2hc

(

2
∂2δw0

∂x∂y

))

+Qcore
x

(
∂δw0

∂x
− δψ1

)

+Qcore
y

(
∂δw0

∂y
− δψ2

)]

+

[

Nbottom
xx

(
∂δu0

∂x
+

(
2hc + hf

)

2
∂δψ1

∂x
+

(
∂w0

∂x
∂δw0

∂x

))

+Mbottom
xx

(

−
∂2δw0

∂x2

)

+Nbottom
yy

(
∂δv0

∂x
+

(
2hc + hf

)

2
∂δψ2

∂y
+

(
∂w0

∂x
∂δw0

∂x

))

+Mbottom
yy

(

−
∂2δw0

∂y2

)

+Nbottom
xy

((
∂δu0

∂y
+

∂δv0

∂x

)

+

(
2hc + hf

)

2

(
∂δψ1

∂y
+

∂δψ2

∂x

))

+Mbottom
xy

(

− 2
∂2δw0

∂x∂y

)]}

dxdy

(14) 

Eq. (15) depicts the moments and forces of Eq. (14). 
⎧
⎪⎪⎨

⎪⎪⎩

Nxx

Nyy

Nxy

⎫
⎪⎪⎬

⎪⎪⎭

top

=

∫ hc+hf

hc

⎧
⎪⎪⎨

⎪⎪⎩

σxx

σyy

τxy

⎫
⎪⎪⎬

⎪⎪⎭

top

dz,

⎧
⎪⎪⎨

⎪⎪⎩

Mxx

Myy

Mxy

⎫
⎪⎪⎬

⎪⎪⎭

top

=

∫ hc+hf

hc

⎧
⎪⎪⎨

⎪⎪⎩

σxx

σyy

τxy

⎫
⎪⎪⎬

⎪⎪⎭

top
(

z −
2hc + hf

2

)

dz

⎧
⎪⎪⎨

⎪⎪⎩

Nxx

Nyy

Nxy

⎫
⎪⎪⎬

⎪⎪⎭

bottom

=

∫ − hc

− hc − hf

⎧
⎪⎪⎨

⎪⎪⎩

σxx

σyy

τxy

⎫
⎪⎪⎬

⎪⎪⎭

bottom

dz,

⎧
⎪⎪⎨

⎪⎪⎩

Mxx

Myy

Mxy

⎫
⎪⎪⎬

⎪⎪⎭

bottom

=

∫ − hc

− hc − hf

⎧
⎪⎪⎨

⎪⎪⎩

σxx

σyy

τxy

⎫
⎪⎪⎬

⎪⎪⎭

bottom
(

z +
2hc + hf

2

)

dz

⎧
⎪⎪⎨

⎪⎪⎩

Nxx

Nyy

Nxy

⎫
⎪⎪⎬

⎪⎪⎭

core

=

∫ hc

− hc

⎧
⎪⎪⎨

⎪⎪⎩

σxx

σyy

τxy

⎫
⎪⎪⎬

⎪⎪⎭

core

dz,

⎧
⎪⎪⎨

⎪⎪⎩

Mxx

Myy

Mxy

⎫
⎪⎪⎬

⎪⎪⎭

core

=

∫ hc

− hc

⎧
⎪⎪⎨

⎪⎪⎩

σxx

σyy

τxy

⎫
⎪⎪⎬

⎪⎪⎭

core

z dz,

{
Qx

Qy

}core

=

∫ hc

− hc

{
τxz

τyz

}core (
2hc + hf

2hc

)

dz

(15) 

The motion equations for virtual work of internal loads may be written as Eq. (16) by considering the variation in terms of virtual 
rotations and displacements. 

δu0 :
∂Nxx

∂x
+

∂Nxy

∂y
δv0 :

∂Nxy

∂x
+

∂Nyy

∂y

δw0 :
∂2Mxx

∂x2 + 2
∂2Mxy

∂x∂y
+

∂2Myy

∂y2 +

(
δQx

core

∂x
+

δQy
core

∂y

)

δψ1 :
2hc + hf

2hc

(
∂Mxx

core

∂x
+

∂Mxy
core

∂y

)

− Qx
core +

(
2hc + hf

2

)[
∂
∂x
(
Ntop

xx − Nbottom
xx

)
+

∂
∂y

(
Ntop

xy − Nbottom
xy

)]

(16)  

δψ2 :
2hc + hf

2hc

(
∂Mxy

core

∂x
+

∂Myy
core

∂y

)

− Qy
core +

(
2hc + hf

2

)[
∂
∂x

(
Ntop

xy − Nbottom
xy

)
+

∂
∂y

(
Ntop

yy − Nbottom
yy

)]

where forces are described as Eq. (17). 

⎧
⎪⎪⎨

⎪⎪⎩

Nxx

Nyy

Nxy

⎫
⎪⎪⎬

⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Ntop
xx + Ncore

xx + Nbottom
xx

Ntop
yy + Ncore

yy + Nbottom
yy

Ntop
xy + Ncore

xy + Nbottom
xy

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

⎧
⎪⎪⎨

⎪⎪⎩

Mxx

Myy

Mxy

⎫
⎪⎪⎬

⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mtop
xx −

hf

2hc
Mcore

xx + Mbottom
xx

Mtop
yy −

hf

2hc
Mcore

yy + Mbottom
yy

Mtop
xy −

hf

2hc
Mcore

xy + Mbottom
xy

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(17) 

The virtual work of the kinetic energy of the sandwich plate will also be calculated as follows: 
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δK =

∫
(
δKtop + δKcore + δKbottom) dV

= =

∫

Ω0

{∫ hc+hf

hc

ρtop (u̇top δu̇top + v̇top δv̇top + ẇtop δẇtop) dz+
∫ hc

− hc

ρcore (u̇core δu̇core + v̇core δv̇core + ẇcore δẇcore) dz

+

∫ − hc

− hc − hf

ρbottom ( u̇bottom δu̇bottom + v̇bottom δv̇bottom + ẇbottom δẇbottom)dz

}

dxdy

(18) 

By substituting the virtual strain into Eq. (18), and taking the integral along the thickness: 

δK =

∫

Ω0

[

− Iface
0 (u̇0δu̇0 + v̇0δv̇0 + ẇ0δẇ0)+ Iface

1 (ψ̇1δψ̇1 + ψ̇2δψ̇2)+ Iface
3

(
∂ẇ0

∂x
∂δẇ0

∂x
+

∂ẇ0

∂y
∂δẇ0

∂y

)

− Icore
0 (u̇0δu̇0 + v̇0δv̇0 + ẇ0δẇ0)

+ Icore
1 (ψ̇1δψ̇1 + ψ̇2δψ̇2)+ Icore

3

(
∂ẇ0

∂x
∂δẇ0

∂x
+

∂ẇ0

∂y
∂δẇ0

∂y

)

− Icore
2

(

ψ̇1
∂δẇ0

∂x
+ ψ̇2

∂δẇ0

∂y
+

∂ẇ0

∂x
δψ̇1 +

∂ẇ0

∂y
δψ̇2

)]

dxdy
(19)  

where Eq. (20) describes the I(k)i in Eq. (19). 

Iface
0 = 2

∫ hc+hf

hc

ρface dz, Iface
1 = 2

∫ hc+hf

hc

ρface
(

2hc + hf

2hc

)2

dz, Iface
3 = 2

∫ hc+hf

hc

ρface
(

z −
2hc + hf

2hc

)2

dz,

Icore
0 =

∫ hc

− hc

ρcore dz, Icore
1 =

∫ hc

− hc

ρcore
(

2hc + hf

2hc

)2

z2 dz, Icore
2 =

∫ hc

− hc

ρcore
(

2hc + hf

2hc

)
hf

2hc
z2 dz, Icore

3 =

∫ hc

− hc

ρcore
(

hf

2hc

)2

z2 dz (20) 

By solving the equations with the variational method, virtual work equations of the kinetic energy will be written as follows: 

δu0 : I0
∂2u0

∂t2 , δv0 : I0
∂2v0

∂t2 , δw0 : I0
∂2w0

∂t2 + I2

(
∂3ψ1

∂x∂t2 +
∂3ψ2

∂y∂t2

)

− I3

(
∂4w0

∂x2∂t2 +
∂4w0

∂y2∂t2

)

,

δψ1 : − I1
∂2ψ1

∂t2 + I2
∂3w0

∂x∂t2, δψ2 : − I1
∂2ψ2

∂t2 + I2
∂3w0

∂y∂t2 (21)  

where moments of inertia are defined as Eq. (22). 

I0 = Iface
0 + Icore

0 , I1 = Iface
1 + Icore

1 , I2 = Icore
2 , I3 = Iface

3 + Icore
3 (22) 

The virtual work of external forces is calculated as follows: (It is assumed that only the faces are in contact with sulfuric acid, and by 
using a proper adhesive, the core will not be in contact with the corrosive environment; therefore, the environmental load is applied 
only to faces.) 

δV = −

∫

q .δui dv=
(

N(acid)
x

∂2w0

∂x2 +N(acid)
y

∂2w0

∂y2

)

δw0 (23) 

In Eq. (23), the force values due to the acidic environment will be obtained by Eqs. 24 and 25. 

N(acid)
x =N(acid)

x
top

+ N(acid)
x

bottom
,N(acid)

y = N(acid)
y

top
+ N(acid)

y
bottom (24) 

Where: 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

N(acid)
x

N(acid)
y

N(acid)
xy

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(k)(top),(bottom)

=
∑N

k=1

∫ zk+1

zk

⎡

⎣
Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66

⎤

⎦

(k)(top),(bottom) ⎧
⎨

⎩

βxx
acid

βyy
acid

(
2βxy

acid = 0
)

⎫
⎬

⎭

(k)(top),(bottom)
(

Δm
m0

)(k)(top),(bottom)

dz (25) 

The equations of motion for the sandwich plate under the environmental load caused by immersion in sulfuric acid are calculated 
using equations (16), (21) and (23): 

δu0 :
∂Nxx

∂x
+

∂Nxy

∂y
= I0

∂2u0

∂t2 δv0 :
∂Nxy

∂x
+

∂Nyy

∂y
= I0

∂2v0

∂t2 (26)  

δw0 :
∂2Mxx

∂x2 + 2
∂2Mxy

∂x∂y
+

∂2Myy

∂y2 +Nacid(w0)+

(
δQx

core

∂x
+

δQy
core

∂y

)

= I0
∂2w0

∂t2 + I2

(
∂3ψ1

∂x∂t2 +
∂3ψ2

∂y∂t2

)

− I3

(
∂4w0

∂x2∂t2 +
∂4w0

∂y2∂t2

)

δψ1 :
2hc + hf

2hc

(
∂Mxx

core

∂x
+

∂Mxy
core

∂y

)

− Qx
core +

(
2hc + hf

2

)[
∂
∂x
(
Ntop

xx − Nbottom
xx

)
+

∂
∂y

(
Ntop

xy − Nbottom
xy

)]

= − I1
∂2ψ1

∂t2 + I2
∂3w0

∂x∂t2 
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δψ2 :
2hc + hf

2hc

(
∂Mxy

core

∂x
+

∂Myy
core

∂y

)

− Qy
core +

(
2hc + hf

2

)[
∂
∂x

(
Ntop

xy − Nbottom
xy

)
+

∂
∂y

(
Ntop

yy − Nbottom
yy

)]

= − I1
∂2ψ2

∂t2 + I2
∂3w0

∂y∂t2 

The equations of motion (26) can be expressed with the displacement parameters as Eq. (27) using Eq. 9 and 15. 

δu0 : g(4)
11

(
∂
∂x

(
∂u0

∂x
+

1
2

(
∂w0

∂x

)2
))

+ g(4)
12

(
∂
∂x

(
∂v0

∂y
+

1
2

(
∂w0

∂y

)2
))

+ g(4)
66

(
∂
∂y

(
∂u0

∂y
+

∂v0

∂x

))

= I0
∂2u0

∂t2 (27)  

δv0 : g(4)
22

(
∂
∂y

(
∂v0

∂y
+

1
2

(
∂w0

∂y

)2
))

+ g(4)
12

(
∂
∂y

(
∂u0

∂x
+

1
2

(
∂w0

∂x

)2
))

+ g(4)
66

(
∂
∂x

(
∂u0

∂y
+

∂v0

∂x

))

= I0
∂2v0

∂t2  

δw0 : g(3)
11

∂4w0

∂x4 +
(

2g(3)
12 + 4g(3)

66

) ∂4w0

∂y2∂x2 + g(3)
22

∂4w0

∂y4 − g(2)
11

∂3ψ1

∂x3 − g(2)
22

∂3ψ2

∂y3 −
(

g(2)
12 + 2g(2)

66

)( ∂3ψ1

∂x∂y2 +
∂3ψ2

∂y∂x2

)

+ Scxz

(
∂ψ1

∂x
−

∂2w0

∂x2

)

+ Scyz

(
∂ψ2

∂y
−

∂2w0

∂y2

)

+

(

N(acid)
x

∂2w0

∂x2 +N(acid)
y

∂2w0

∂y2

)

= − I0
∂2w0

∂t2 − I2

(
∂3ψ1

∂x∂t2 +
∂3ψ2

∂y∂t2

)

+ I3

(
∂4w0

∂x2∂t2 +
∂4w0

∂y2∂t2

)

δψ1 : g(2)
11

∂3w0

∂x3 +
(

g(2)
12 + 2g(2)

66

) ∂3w0

∂y2∂x
−
(

g(1)
12 + 2g(1)

66

) ∂2ψ2

∂y∂x
− g(1)

11
∂2ψ1

∂x2 − g(1)
66

∂2ψ1

∂y2 + Scxz

(

ψ1 −
∂w0

∂x

)

= − I1
∂2ψ1

∂t2 + I2
∂3w0

∂x∂t2  

δψ2 : g(2)
22

∂3w0

∂y3 +
(

g(2)
12 + 2g(2)

66

) ∂3w0

∂x2∂y
−
(

g(1)
12 + 2g(1)

66

) ∂2ψ1

∂y∂x
− g(1)

22
∂2ψ2

∂y2 − g(1)
66

∂2ψ2

∂x2 + Scyz

(

ψ2 −
∂w0

∂y

)

= − I1
∂2ψ2

∂t2 + I2
∂3w0

∂y∂t2  

Which the constant values of g(k)ij are calculated by Eqs. 28 and 29. 

g(2)
11 =Dcore

11

(
hf + 2hc

2hc

)(
hf

2hc

)

g(1)
11 = 2Aface

11

(
hf + 2hc

2

)2

+ Dcore
11

(
hf + 2hc

2hc

)2

(28)  

g(2)
12 =Dcore

12

(
hf + 2hc

2hc

)(
hf

2hc

)

g(1)
12 = 2Aface

12

(
hf + 2hc

2

)2

+ Dcore
12

(
hf + 2hc

2hc

)2  

g(2)
22 =Dcore

22

(
hf + 2hc

2hc

)(
hf

2hc

)

g(1)
22 = 2Aface

22

(
hf + 2hc

2

)2

+ Dcore
22

(
hf + 2hc

2hc

)2  

g(2)
66 =Dcore

66

(
hf + 2hc

2hc

)(
hf

2hc

)

g(1)
66 = 2Aface

66

(
hf + 2hc

2

)2

+ Dcore
66

(
hf + 2hc

2hc

)2  

g(4)
11 = 2Aface

11 +Acore
11 g(3)

11 = 2Dface
11 + Dcore

11

(
hf

2hc

)2  

g(4)
12 = 2Aface

12 +Acore
12 g(3)

12 = 2Dface
12 + Dcore

12

(
hf

2hc

)2  

g(4)
22 = 2Aface

22 +Acore
22 g

(3 = 2Dface
22 +Dcore

22

(
hf

2hc

)2)

22  

g(4)
66 = 2Aface

66 +Acore
66 g(3)

66 = 2Dface
66 + Dcore

66

(
hf

2hc

)2  

Scxz =A55
core
(

2hc + hf

2hc

)2

Scyz =A44
core
(

2hc + hf

2hc

)2  

A(face)
ij =

∫ hc+hf

hc

Qij
(face)(top) dz =

∫ − hc

− hc − hf

Qij
(face)(bottom) dz, (29)  

D(face)
ij =

∫ hc+hf

hc

Qij
(face)(top)

(

z −
(
2hc + hf

)

2

)2

dz=
∫ − hc

− hc − hf

Qij
(face)(bottom)

(

z +
(
2hc + hf

)

2

)2

dz,
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A(core)
ij =

∫ hc

− hc

Qij
(core) dz,D(core)

ij =

∫ hc

− hc

Qij
(core) z2 dz  

3.2. Vibration analysis 

The out-plane vibrations of sandwich plate are analyzed. The sandwich equations of motion extracted in the previous section 
included five motion equations based on the displacement quantities for (u0,v0,w0,ψ1,ψ2), and in terms of uncoupling of the first two 
equations, they can be eliminated. To address the SSSS boundary condition of the displacement field for variables (w0, ψ1, ψ2), an 
expansion using trigonometric series, including double series, is employed. This expansion involves utilizing undefined variables and is 
used to solve the boundary condition as expressed in Eq. (30). 

w0(x, y, t) =
∑∞

n=1

∑∞

m=1
Wmn(t) × sin αt sin βy

ψ1(x, y, t) =
∑∞

n=1

∑∞

m=1
Xmn(t) × cos αt sin βy

ψ2(x, y, t) =
∑∞

n=1

∑∞

m=1
Ymn(t) × sin αt cos βy

(30) 

Within Eq. (30), the variables α and β are defined as α = mπ
a and β = nπ

b , where m and n correspond to the number of semi-waves 
present in the x and y directions, respectively. 

The outcome will be as follows by replacing Eq. (30) in the equations of motion: 
⎡

⎣
C11 + f1 C12 C13

C12 C22 C23
C13 C23 C33

⎤

⎦

⎧
⎨

⎩

Wmn
Xmn
Ymn

⎫
⎬

⎭
− ω2

⎡

⎣
M11 M12 M13
M12 M22 M23
M13 M23 M33

⎤

⎦

⎧
⎨

⎩

Wmn
Xmn
Ymn

⎫
⎬

⎭
= 0 (31) 

The coefficients of matrix, Cij and Mij, will be obtained as Eq. (32). 

C11 = g(3)
11 (bmπ)4

+ g(3)
22 (anπ)4

+
(

2g(3)
12 + 4g(3)

66

)
(abmnπ)2

+ Scxz(amπ)2
(b)4

+ Scxz(bnπ)2
(a)4

C12 = − g(2)
11 (mπb)3 ab −

(
g(2)

12 + 2g(2)
66

)(
a3b2mn2π2) − Scxz

(
a3b4mπ

)

C13 = − g(2)
22 (nπa)3 ab −

(
g(2)

12 + 2g(2)
66

)(
b3a2nm2π2) − Scyz

(
b3a4nπ

)

Fig. 4. FE model of Ansys software for a) mesh modeling, b) boundary conditions, and c) vibration analysis for mode (1,1).  
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C22 = g(1)
11 (amπ)2b4 + g(1)

66 (bnπ)2a4 + Scxz(ab)4

C23 =
(

g(1)
12 + g(1)

66

)(
mnπ2)(ab)3

C33 = g(1)
22 (bnπ)2a4 + g(1)

66 (amπ)2b4 + Scyz(ab)4  

M11 = I0 (ab)4
+ I3

((
ab2mπ

)2
+
(
ba2nπ

)2
)
,M12 = − I2

(
a3b4mπ

)

M13 = − I2
(
a4b3mπ

)
,M22 = − I1(ab)4

,M23 = 0,M33 = − I1(ab)4 f1 = N(m)
x

(
ab2mπ

)2
+ N(m)

y

(
ba2nπ

)2
(32) 

Eq. (31), creates an eigenvalue matrix that the natural frequency and the frequency under environmental load will be calculated 
based on the following equation. 

det
[
[C] − ω2 [M]

]
= 0 (33) 

In Eq. (33), the positive and real values will be the correct answer of ω2 which is shown as ωmn for each mode shape [74]. 

3.3. Finite element evaluation in validating natural frequency 

The theoretical solution will be validated by the Ansys numerical solution. The sandwich plate is modeled as a surface, and with 
SHELL181 elements according to Fig. 4(a); and the definition of boundary condition, and contour results of the free vibration of 
sandwich was illustrated in Fig. 4 (b, c). 

Mesh sensitivity analysis for the natural frequency of sandwich with incorporated faces by 3 wt% of nanoclay was checked in 
different modes before immersion in sulfuric acid; And as the results show in Table 2, increasing the number of elements in the 
sandwich is effective on results. The frequency converges in the 100 × 100 number of elements. 

Vibration analysis is performed on the sandwich structure with the dimensions of 1000 mm × 1000 mm and thickness of 55 mm. In 
this analysis, the thickness of core is 50 mm, and the thickness of each face is 2.5 mm. The isotropic core of the sandwich structure 
exhibits the following mechanical properties: E1 = 3 Gpa, v12 = 0.4, ρ = 1400 Kg

m3 [75]. 
In Table 3, the analytical solution and ANSYS finite element are compared, and the results showed good accuracy. Therefore, the 

analytical solution can be used to calculate the natural frequency and frequency under pre-stress due to immersion in acid. 

4. Results and discussion 

The accuracy of the results and good agreement between the analytical solution using LOPSDT and the ANSYS solution were 
demonstrated in the previous section. This section presents the sandwich’s natural frequency and its frequency under environmental 
stress and investigates the sandwich plate’s vibration frequency as a result of the addition of 3 wt% of nanosilica and nanoclay to the 
GFRP composite faces in an acidic medium. 

4.1. Natural frequency of sandwich plate in the acid immersion 

Based on Fig. 5(a), by adding nanoparticles, the natural frequency of sandwich plate is increased before immersion in acid; This 
increase can be due to the strengthening of mechanical properties by adding clay and silica nanoparticles to the epoxy glass composites 
faces. 

Based on the findings provided in Table 1, the inclusion of 3 wt% of nanoclay demonstrates a greater improvement in the me-
chanical properties of the GFRP composite face compared to the addition of 3 wt% of nanosilica. Consequently, the natural frequency 
of the sandwich structure with a GFRP composite face reinforced by 3 wt% of nanoclay surpasses that of the sandwich structure with a 
face containing 3 wt% of nanosilica. 

Fig. 5(a) shows that adding 3 wt% of nanoclay to the pure composite faces in the sandwich caused a 6.81 % increase in the natural 
frequency of the first mode; Also, there is an increase of 4 %–6 % in other modes. 

The variation in natural frequency of the sandwich plates following one month of acid immersion is depicted in Fig. 5(b). Through a 

Table 2 
Mesh sensitivity analysis for natural frequency (Hz) of sandwich plate with reinforced composite face by 3 wt% of nanoclay before immersion in acid 
for FE model.  

Element NO. Modes (m,n)

(1, 1) (1, 2) (2, 2) (2, 3) (1, 4) (3, 3)

10 × 10 102.90 278.83 403.79 660.37 932.85 884.60 
20 × 20 102.07 263.65 391.57 621.32 822.13 829.66 
40 × 40 101.86 258.26 388.60 612.82 796.06 816.62 
50 × 50 101.84 257.35 388.25 611.71 792.78 815.07 
100 × 100 101.81 255.60 387.78 610.17 788.03 813.02 
200 × 200 101.80 254.84 387.66 609.73 786.60 812.50  
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comparison of Fig. 5(a) and (b), it can be observed that the natural frequencies of the sandwich plates with faces reinforced by 3 wt% of 
nanosilica tend towards the natural frequency of the sandwich plates with pure faces after the month-long immersion in sulfuric acid. 
This decline in natural frequency can be attributed to the water absorption by the silica particles within the composite faces, leading to 
a degradation in their mechanical properties in the acidic environment. Conversely, the sandwich plates with GFRP faces reinforced by 
3 wt% of nanoclay exhibit a lesser reduction in natural frequency and maintain a higher natural frequency even after the one-month 
immersion period. 

Upon analyzing the sandwich plate following a one-month immersion period, it was observed that the natural frequency of the 
sandwich plate with the pure composite face and the one incorporating 3 wt% of nanoclay experienced a decrease of approximately 1 
%. In contrast, the sandwich plate with the face containing 3 wt% of nanosilica exhibited a higher reduction of over 3 % in its natural 
frequency. 

4.2. Frequency of sandwich plate under pre-stress of acidic environment 

In the experimental tests, it was observed that immersion in the sulfuric acid causes GFRP composite to swell in longitudinal di-
rections. In the analysis of forced vibrations, because of the swelling of the sandwich, fixed boundaries in the simply supported plate, 
cause normal force due to the pre-stress of acidic environments. Using the βacid and the amount of mass absorption of the faces (see 
Fig. 2(a)), the normal force on the sandwich will be obtained from Eq. (2) and Eq. (26). By obtained force, the vibration frequency of 
sandwich plate under the pre-stress of the acidic environment can be calculated. 

In this solution, the variation of mechanical properties in one month of submerging is assumed to be linear, and βacid is constant; In 
this case, the only factor that causes the results to be non-linear is the absorption of the mass in the faces, which is shown in Fig. 2(a). 

Fig. 6 is presented the results of frequency for 6 mode shapes. Fig. 6, shows immersion in acid, and environment pre-stress on the 

Table 3 
Validation of the frequency of analytical solution with Ansys numerical solution.  

Fabricated GFRP composites Solutions 
Method 

Modes (m,n)

(1,1) (1,2) (2,2) (2,3) (1,4) (3,3) 

Sandwich Plate with pure composite face before immersion Ansys (Hz) 95.34 239.59 364.79 575.26 741.76 769.28 
Analytical (Hz) 95.40 234.21 365.57 575.88 739.37 772.53 
Error (%) 0.06 2.29 0.21 0.11 0.32 0.42 

Sandwich Plate with pure composite face after one month of immersion Ansys (Hz) 94.27 236.73 360.92 569.15 732.75 761.80 
Analytical (Hz) 94.33 231.34 361.73 569.80 730.31 765.13 
Error (%) 0.06 2.33 0.22 0.12 0.36 0.44 

Sandwich Plate with incorporation of 3 wt% nanosilica into the face before 
immersion 

Ansys (Hz) 99.79 251.53 380.70 600.38 779.37 799.79 
Analytical (Hz) 99.85 246.22 381.43 600.90 777.22 802.76 
Error (%) 0.05 2.16 0.19 0.09 0.28 0.37 

Sandwich Plate with incorporation of 3 wt% nanosilica into the face after 
one month of immersion 

Ansys (Hz) 95.85 241.57 366.63 578.80 749.93 772.89 
Analytical (Hz) 95.91 236.24 367.38 579.34 747.63 775.96 
Error (%) 0.06 2.26 0.20 0.09 0.31 0.40 

Sandwich Plate with incorporation of 3 wt% nanoclay into the face before 
immersion 

Ansys (Hz) 101.81 255.60 387.78 610.17 788.03 813.02 
Analytical (Hz) 101.86 250.24 388.54 610.78 785.88 816.14 
Error (%) 0.05 2.14 0.20 0.10 0.27 0.38 

Sandwich Plate with incorporation of 3 wt% nanoclay into the face after one 
month immersion 

Ansys (Hz) 100.39 252.70 382.79 603.22 781.71 803.64 
Analytical (Hz) 100.45 247.38 383.53 603.77 779.55 806.66 
Error (%) 0.06 2.15 0.19 0.09 0.28 0.37  

Fig. 5. The comparisons of natural frequency of sandwich plates in a) 0 day, and b) 30 day of immerision in acid.  
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sandwich with pure composite faces caused a remarkable decrease in natural frequency, which decreases 15.23 %, 6.79 %, 4.64 %, 
3.37 %, 3.06 %, and 2.72 % in modes 1 to 6, respectively. 

As depicted in Fig. 7(a), the frequencies of modes 1 to 6 of the sandwich plate with a reinforced GFRP face containing 3 wt% of 
nanosilica exhibit reductions of 13.72 %, 7.93 %, 6.22 %, 5.22 %, 5.08 %, and 4.60 % after one month of immersion. Similarly, for the 
sandwich plate with the face reinforced by 3 wt% of nanoclay, the frequencies of modes 1 to 6 have decreased by 12.64 %, 5.60 %, 
4.21 %, 3.04 %, 2.29 %, and 2.62 %, respectively, during the one-month immersion period (see Fig. 7(b)). 

According to the results of Figs. 6 and 7, the sandwich plate with GFRP faces reinforced by 3 wt% of nanoclay has the lowest 
frequency reduction for each mode shape and gives more stability to the sandwich structure during immersion in sulfuric acid. The 
diagram of Fig. 8 compares the forced frequency of sandwich plates after one month of acid immersion. 

Considering βacid and higher swelling of pure GFRP faces, the lowest frequency under environment pre-stress is related to the 
sandwich with the neat face. On the other hand, according to Fig. 2, adding nanoparticles to the layers of sandwich structures has 
caused less longitudinal expansion and better durability that increased the frequency of sandwich. 

It can be seen in Fig. 8, adding 3 wt% of nanoclay or nanosilica to the faces of the sandwich plate causes less frequency reduction 

Fig. 6. Frequency of forced vibration of sandwich with pure face in one month of immersion.  

Fig. 7. Frequency of forced vibration of sandwich with a) 3 wt% of nanosilica and b) 3 wt% of nanoclay faces in one month of immersion.  
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and 10.04 % and 6.54 % improvement, respectively, in the first frequency mode during a month-long of submerging in the sulfuric 
acid. 

As obtained results show, reinforcing sandwich plates with nanoparticles prevents the destruction of the acidic environment and 
improves the frequency; Also, it can be stated that adding 3 wt% of nanoclay to the composite faces of the sandwich plate had a better 
effect on the vibration frequency. 

5. Conclusion 

A comprehensive investigation was carried out to analyze the vibrations of a sandwich plate with GFRP faces, which were 
strengthened with a composite material comprising 3 wt% of nanoparticles. The study focused on evaluating the impact of these 
nanoparticles on the mechanical properties and frequency characteristics of both the faces and the overall sandwich plate. Vibrations 
of the sandwich plate were analyzed with the LOPSDT, and the natural frequency was validated with the results of the ANSYS nu-
merical solution. The frequency results for six modes of free vibrations and vibrations under environmental load conditions were 
obtained for a sandwich plate. Subsequently, the effectiveness of incorporating clay and silica nanoparticles into the composite faces 
was assessed and compared. Based on obtained results, some conclusions are as follows:  

- The incorporation of 3 wt% of silica and clay nanoparticles into the composite faces resulted in a substantial increase in the tensile 
modulus compared to the pure specimens. Specifically, the tensile modulus exhibited a rise of 24.84 % and 32.52 % for the 
nanosilica and nanoclay reinforced composites, respectively. Furthermore, even after a month-long immersion in sulfuric acid, the 
tensile modulus of the nanosilica and nanoclay reinforced GFRP composites remained 12.07 % and 36.81 % higher, respectively, 
than that of the pure specimens, despite experiencing a decrease.  

- Adding 3 wt% of nanoclay causes better resistance of the GFRP composite in the sulfuric acid, and the composite with 3 wt% 
nanoclay will have less longitudinal and mass changes than other specimens in acid.  

- During the analysis of free vibrations in a sandwich plate, it was observed that the natural frequency of the first mode increased by 
6.81 % and 4.66 % for the sandwich plate with GFRP faces reinforced by 3 wt% of nanosilica and nanoclay, respectively. However, 
after undergoing a month-long immersion, the natural frequency of the sandwich plate with pure composite layers and GFRP faces 
containing 3 wt% of nanoclay experienced a decrease of approximately 1 %. Conversely, the sandwich plate with GFRP faces 
reinforced by 3 wt% of nanosilica exhibited a higher reduction of over 3 % in its natural frequency.  

- Studying the forced vibrations under pre-stress of an acidic environment showed that adding 3 wt% of nanoclay and nanosilica to 
the GFRP faces of the sandwich plate has caused a lower frequency reduction and 10.04 % and 6.54 % improvement in the fre-
quency of the first mode, compared to the sandwich with pure GFRP faces after a month-long of submerging in the sulfuric acid.  

- The results illustrated better effects of adding 3 wt% of nanoclay on the mechanical properties of GFRP composite face and 
improving the vibration frequency of sandwich plates with the GFRP faces reinforced with 3 wt% nanoclay in the sulfuric acid 
environment. 

Fig. 8. The comparisons of frequency of forced vibration for sandwich after one month of immerision in the acid.  
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