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ABSTRACT: To reveal the cleavage mechanism of α-quartz in the
grinding process of nonferrous metal ores, mechanical and charge
properties of α-quartz crystals are investigated using the density
functional theory. Based on the elastic constant matrix, the bulk and
shear moduli were calculated before and after the α-quartz with oxygen
atom defects. The results show that the ratios of bulk and shear moduli
(B/G) were 0.87 and 0.95, respectively, which indicated that at the
same stress level, it was easier to fracture without O-vacancy defects
than with O-vacancy defects. The mapping surfaces indicated that the
O-vacancy defect increased the bulk-, shear-, and Young’s moduli, and
Poisson ratio while decreasing the hardness. The anisotropy index (AL
and AU) was calculated which illustrated that the O-vacancy can result
in an increased anisotropy; meanwhile, the bulk anisotropy index (AB)
increased strongly about two times. The anisotropy analysis shows the dominance crystal cleavage of the (011) plane in the shear
stress and the dominance crystal cleavage of the (111) plane in the normal stress. The electron localization function α-quartz show
that the O-vacancy defect can decrease the Si−Si length from 3.703 to 2.442 Å, which indicated that the O-vacancy formed the new
covalent bonds between silicon atoms. Our work provided a systematic approach containing the mechanical, anisotropic, and
electronic properties of mineral crystals to explain the cleavage behavior of crystals.

1. INTRODUCTION
Quartz, an abundant mineral on Earth, often is a gangue in
paragenesis with strategic mineral resources such as lepidolite,
cassiterite, sphalerite, and galena.1 The broad definition of
quartz also includes α-quartz, besides including β-quartz and
coesite. α quartz is the dominant mineral in a variety of rock
types, including sedimentary, metamorphic, and igneous
rocks.2 The presence of quartz leads to the excessive crushing
of the target minerals, resulting in the loss of approximately 10
to 20% of valuable metallic minerals per year3 and also leads to
higher energy consumption for grinding. Separating valuable
metallic mineral resources from quartz is a significant challenge
due to its sturdy and tough structure that resists crushing and
grinding. Vieira et al.4 studied the floatability of quartz particles
with different particle sizes in the flotation separation process
of itabirite. Zhou et al.5 also studied the effect of particle size
on the flotation separation process of quartz. The results
showed that when the particle size was below 0.030 mm, the
flotation separation effect was poor. Feng et al.6 studied the
effect of calcium ions on the flotation process of quartz and
cassiterite. The results showed that when the pH value was
around 8.2, the floatability of quartz was less than that of
cassiterite. Xie et al.7 studied the effects of Ca(II), Mg(II),
Fe(II, III), and plasma on the flotation separation process of
quartz and spodumene, and the results showed that Fe(OH)3
was preferentially adsorbed on quartz. Nonetheless, under-

standing the physical and mechanical traits of quartz is critical
to studying mineral flotation, which requires the dissociation of
monomers of the target mineral.
At present, the research on macroscope mechanical behavior

such as compressive strength, shear strength, and so on, mainly
studied limestone, sandstone, and other ores.8−10 However, in
the procession of separation and purification, the minerals
need further crushing and grinding for monomeric dissociation
(below the micron scale). Choyal et al.11,12 investigated the
vacancy on the elastic coefficient and Young’s modulus and
shear modulus of boron nitride nanotubes (BNNTs) and
revealed the critical role played by vacancy defected BNNTs in
determining the elastic properties and electronic properties of
BNNTs. Kothari et al.13 also indicated that vacancy defects are
the main factor affecting the thermal conductivity of carbon
nanotubes CNTs. With the particle size of quartz minerals
decreasing below microns, the properties of macroscopic
cleavage cannot accurately characterize the mechanical proper-
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ties of the quartz crystal; instead, the crystal structure of
minerals will have an increasing influence on the mechanical
properties and lattice defect of mineral crystals.14 The
fundamental defects in both crystalline and alpha SiO2 have
been studied intensely for decades. The oxygen vacancy is
important and has also been formed to the fundamental
positive charge trap in bulk.15 The crystal point defects lead to
the deflection of electrons, which can also influence the
electron properties of a pulp in the grinding or floatation
process. The crystal mechanical property of metal materials has
been conducting numerous studies; meanwhile, the mechanical
property of nonmetallic minerals on a crystal scale has become
a hot-spot field gradually. Yuan et al.16 and Zhang et al.17

studied the mechanical properties and fracture surface of
Siderite and hematite, which revealed that the defects did not
affect the symmetry of the distribution of mechanical
properties. Heyliger et al.18 measured the elastic constant of
a natural quartz sphere via resonance-ultrasound spectroscopy.
The research focuses on the properties of unit cell, but the
influence of quartz crystal defects on mechanical properties
and crystal anisotropy is studied less.
In this work, the mechanical properties and anisotropies of

α-quartz with and without O-vacancy defects were studied by
DFT. The supercell method was used to control the defect
concentration at a reasonable level and to eliminate the
influence of interaction among defects. The mechanical

properties of the crystal such as the bulk, shear, and Young’s
moduli were calculated via the elastic constant matrix. The
spatial distributions of Young’s modulus, shear modulus, and
Poisson ratio on the crystal were mapped to illustrate the
elastic anisotropy and the grindability. The distribution of
electron density function and electron localization function
(ELF) reveal the effect of crystal electron properties with and
without the O-vacancy defect. This research into crystalline
mechanical properties will provide new insights into the
relationship between mechanical properties and fracture
surfaces.

2. RESULTS AND DISCUSSION
2.1. Defect Energy. For ensuring the accuracy of the

simulation, the O-vacancy defect crystal was built in a supercell
consisting of a defect surrounded by dozens of atoms of the
host minerals. Although the use of an array of defects may lead
to artificial interactions between the defects, these artifacts
become negligibly small when the supercell size is sufficiently
increased. In this work, the defect-bearing α-quartz was
constructed with large lattice sizes and low concentrations of
defects.
As shown in Figure 1b,c, the with and without the O-

vacancy defect 2 × 2 × 2 supercell of α-quartz crystals both
consisted of 72 atoms, comprising 24 silicon atoms and 48
oxygen atoms, which belong to the space group rhombohedral.

Figure 1. α-Quartz crystal structure unit cell (a), supercell without (b), and supercell with (c) an O-vacancy defect. The in-cell style box indicates
the position of the defect, the red spheres represent oxygen atoms, and yellow spheres represent silicon atoms.

Table 1. Calculated Elastic Constants of α-Quartz

C11/GPa C12/GPa C13/GPa C14/GPa C33/GPa C44/GPa C66/GPa

unit cell this paper 104.08 9.77 21.43 −9.39 107.42 65.40 47.15
ref 18 87.26 6.57 11.95 −17.18 105.8 57.15 40.35

supercell (2 × 2 × 2) this paper 101.87 9.21 19.66 −10.73 109.68 68.60 46.32
O-vacancy 106.85 9.76 21.82 −8.25 110.60 74.39 49.38

Table 2. Calculated Mechanical Properties of α-Quartza

unit cell without O-vacancy with O-vacancy

voigt reuss hill voigt reuss hill voigt reuss hill

bulk modulus 46.76 46.56 46.66 45.61 45.31 45.46 52.58 51.43 52.00
shear modulus 53.12 50.03 51.58 54.36 50.49 52.42 56.94 52.54 54.74
Young’s modulus 115.60 110.51 113.07 116.72 110.45 113.61 125.52 117.59 121.57
Poisson ratio 0.088 0.104 0.073 0.073 0.094 0.083 0.102 0.119 0.110

hardness* 16.81 17.85 16.59
hardness** 19.58 20.95 19.08
β 0.022 0.027 0.019
B/G 0.90 0.87 0.95

aThe unit of bulk-, shear-, Young’s modulus in GPa, β in GPa−1. The * was calculated by Tian,26 and the ** was calculated by Chen.27
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The supercell was created by extending the a, b, and c crystal
lattices of the unit cell. The unit cell of α-quartz has lattice
constants of a = b = 4.93975 Å and c = 5.43625 Å, while after
extending the lattice, the dimensions of the supercells reached
a = b = 9.87893 Å, c = 10.8915 Å, which reduced the
interaction between the defects. The O-vacancy defects in α-
quartz were calculated to have formation energies of 5.69 eV,
which is consistent with the result of others.28−30

The optimized α-quartz with an O-vacancy defect is shown
in Figure 1c. The in-cell style shows the distribution of the O-
vacancy in the crystal. The defect concentrations of α-quartz
were 1.39%. After the geometry optimization, the lattice
parameters were smaller than those in the perfect crystal. This
distortion of the cell geometry led to a change of crystal
symmetry such that the space group of α-quartz with defects
changed to P1.

2.2. Elastic Property. The elastic constants of the unit cell
and supercell of α-quartz were calculated. As shown in Table 1,
the elastic constants of the α-quartz were somewhat different
from those of the unit cells. Almost all the elastic constants of
the supercells were smaller than the unit cell, due to the
different settings of k-points and the crystal boundary effects.
Nonetheless, the differences between the supercell and unit
cell values were within the maximum error requirement and
the values showed the same trend, which suggests the
reliability of these calculation results.
The bulk modulus and shear modulus of the α-quartz can be

calculated with elastic constants. The mechanical properties
are shown in Table 2. The bulk modulus (B) of the unit cell
and without an O-vacancy, a supercell, is a few changes that are
46.66 and 45.46 GPa, respectively. Regardless of the existence
or absence of the defects of the O-vacancy, the shear modulus
values are larger than the bulk modulus, which means that the
α-quartz with the O-vacancy has stronger mechanical stability
than that without O-vacancy.
B/G and Poisson ratio can be used to weigh the ductile or

brittle materials. The value of B/G which distinguishes ductile
and brittle minerals is about 1.75.17,31 The value (B/G) of the
unit cell, supercell without an O-vacancy, and supercell with an
O-vacancy are 0.90, 0.87, and 0.95, respectively. This indicates
that the O-vacancy defect increases the ductile slightly, while
they still are brittle minerals. Meanwhile, for the brittle
covalent materials, it is about 0.1, and for the ductile metallic
materials, it is about 0.33. The Poisson ratio of the α-quartz
crystal (supercell without O-vacancy and supercell with O-
vacancy) is 0.083 and 0.110, respectively. This illustrates that
the O-vacancy defect would increase the brittleness of the α-
quartz crystal. The hardness of α-quartz using eqs 11 and 12 is
shown in Table 2. The results of two way calculation show the
same tendency that the hardness of the O-vacancy defect
decreases slightly.

2.3. Elastic Anisotropy. Elastic anisotropy determines
many basic properties of minerals and is important for
predicting the fracture toughness of minerals. The universal
anisotropy index AU and percent anisotropy indices of
compression and shear (AB and AG) are used to evaluate the
α-quartz. As shown in Table 3, if the values of AU, AB, and AG
equal zero, the crystal is isotropic. The greater their deviation
from 0, the higher the degree of anisotropy.
The mapping surfaces of the mechanical properties are

shown in Figure 2. The surfaces demonstrate how the Young’s
modulus, shear modulus, and Poisson ratio vary with
crystallographic direction. The points of the surface represent

the magnitude of Young’s modulus, shear modulus, and
Poisson ratio in the direction of a vector from the origin to a
given point on the surface. Figures 2a,e and 3d,h show clearly
that the mapping surfaces of α-quartz mechanical properties
which are the unit cell and supercell without an O-vacancy
defect are similar. We can discuss the influence of the supercell
without or with O-vacancy defect. The bulk modulus of the O-
vacancy defect is enlarged along the z-axis in Figure 2i, while
the one without an O-vacancy defect is more like a sphere
(Figure 2e). The maximum values of bulk modulus of the
supercell and supercell with O-vacancy are 53.00 and 67.11
GPa, and the minimum values are 42.25 and 41.02 GPa. The
maximum values of the shear modulus of the supercell without
and with O-vacancy are 66.11 and 68.10 GPa, and the
minimum values are 42.53 and 42.27 GPa. The minimum
values of bulk- and shear moduli of α-quartz with and without
O-vacancy are similar, while the maximum bulk- and shear
moduli of O-vacancy defect α-quartz increased at 21.03 and
2.92% compared without the O-vacancy defect. The O-vacancy
defect is more the maximum values of Young’s modulus of the
supercell and supercell with O-vacancy are 141.81 and 150.82
GPa, and the minimum values are 93.30 and 88.75 GPa. They
increased at 5.97 and 4.88%, respectively. This indicated that
the O-vacancy defect crystal can increase the compressive
strength slightly.
The index of anisotropy calculated by eqs 8 ∼ 10 is shown in

Table 3. The calculation of four different anisotropy indexes
can show the same tendency that is O-vacancy defect increased
the anisotropy of the α-quartz crystal. For AB, the percentage of
the anisotropy index increase about three times, and for AG,
the percentage of the anisotropy index increased by about
8.89%. The effect of the bulk modulus anisotropy index is
much more compared to the shear modulus. Whereas, both the
AU and AL increased by 13.08 and 9.70%.
The bulk-, shear-, and Young’s moduli of the low-index

cleavage plane are shown in Figure 3. The effect of O-vacancy
defects on the bulk modulus of low-index crystalline facets is
(010) > (110) > (011) > (111) > (001) > (112) > (100) >
(101), which is consistent with the profiles of XRD diffraction
peaks of other researches. The effect of O-vacancy defects on
the shear modulus of low-index crystalline planes is (011) >
(101) > (010) > (110) > (112) > (001) > (100) > (111),
which indicates that the exposed surfaces of α-quartz minerals
with oxygen defects, under the shear stress, are mainly (011),
while the probability existing facets (100) and (111) is a few.
The effect of oxygen defects on Young’s modulus of low-index
crystalline planes is (111) > (010) > (110) > (112) = (100) >
(001) > (101), which indicated that the presence of O-vacancy
defects has the greatest effect on the compressive strength of
(111) facets and (101) facets, which increased the compressive
strength of the (111) facet and decreased the compressive
strength of the (101) facet.32 According to the conclusion of
this study, the cleavage plane of α-quartz is strongly related to
its bulk and shear moduli, and it seems that different force
applications (normal, shear stress, and so on) can yield α-

Table 3. Anisotropy Index of the α-Quartz Crystal with and
without the O-Vacancy Defect

AU AB AG AL

unit cell 0.313 0.214 2.996 0.134
supercell without O-vacancy 0.390 0.330 3.691 0.165
supercell with O-vacancy 0.441 1.106 4.019 0.181

ACS Omega http://pubs.acs.org/journal/acsodf Article

https://doi.org/10.1021/acsomega.3c05173
ACS Omega 2023, 8, 43644−43650

43646

http://pubs.acs.org/journal/acsodf?ref=pdf
https://doi.org/10.1021/acsomega.3c05173?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


quartz products with different cleavage planes in the grinding
process of α-quartz.

2.4. Electron Density Analysis. The features of electron
density distributions with and without O-vacancy defects are
discussed. For the O-vacancy defect, we calculated the
formation of a Si−Si bond, whose length decreased from
3.073 to 2.442 Å (the bond length of silicon bulk is 2.35 Å33

which is closed); we also find a slight increase of the Si−O
bonds adjacent to the vacancy (1.627, 1.637, and 1.630 Å); it is
in good agreement with the results of others.34 This indicates
that the defect of the oxygen atom can promote the proximity
of adjacent silicon atoms to each other. Figure 4b,d compare
cross sections of the valence electron density with- and without
O-vacancy defect. The defect of oxygen atoms results in the
decrease of electron density in the adjoint region.
In addition, the iso-surfaces of the ELF calculated from the

valence electron density are shown in Figure 4a,c. The inner
iso-surfaces with isovalue confines two types of domains: one is
shared electron domains represented by small, sphere-shared
density accumulations between bonded Si and O atoms
(shown in white lines), and the other is large cone-shaped and

torus-shaped domains near the O atoms, representing electron
lone-pair domains. The Mulliken population is shown in Table
4. With the O-vacancy defect, the Mulliken population of
forming Si1−Si2 is 0.81. Without O-vacancy defect, the length
of Si−Si is 3.07 Å that cannot form a bond,33 while the bond
Si−O is 1.61 Å, and the Mulliken population of Si−O is 0.52.

3. CONCLUSIONS
The relationship between oxygen atom vacancy defects on
mechanical properties, the anisotropy of crystal and cleavage
planes, and the electron properties, were investigated using the
DFT method and supercell approaches.
On the optimized with and without O-vacancy α-quartz

crystal, an elastic constant matrix was obtained. The calculated
elastic constants show that the O-vacancy defect are
mechanically stable while anisotropy is stronger. The elastic
properties of the unit cell are similar to the supercell. The with
and without O-vacancy defect α-quartz computed bulk moduli
were 45.46/52.00 GPa and shear moduli were 52.42/54.74
GPa. Also, Young’s moduli were 113.61/121.57 GPa and
Poisson ratio were 0.083 and 0.110, respectively.

Figure 2. Mechanical properties mapping surfaces of the α-quartz crystal. (The unit of the color bar is GP, except for the Poisson ratio which is
dimensionless. The mapping surfaces represent bulk-, Young’s-, and shear moduli and Poisson ratio from left to right. (a−d) Unit cell. (e−h)
Supercell without an O-vacancy defect. (i−l) Supercell with an O-vacancy defect).

Figure 3. Difference without and with the O-vacancy of bulk modulus (a), (b) shear modulus, and Young’s modulus (c). (The subscript Va and 0
represent with O-vacancy and without O-vacancy).
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The spatial distributions of bulk, shear, Young’s moduli, and
Poisson ratio on the crystal surface were revealed by the
contours of the computed bulk, shear, Young’s moduli, and
Poisson ratio. It was suggested that O-vacancy is strongly
anisotropic, and the anisotropy index also showed the same
tendency, while the AB, compared with the without O-vacancy
defect α-quartz, decreased two times, and the AG is similar. In
the cleavage plane when the applied stress is dominated by
normal stress, the order of the effect of O-vacancy defects on
the cleavage plane is (010) > (110) > (011) > (111) > (001) >
(112) > (100) > (101). When the applied stress is dominated
by shear stress, the order of the effect of oxygen defects on the
cleavage plane is (011) > (101) > (010) > (110) > (112) >
(001) > (100) > (111). The electron density analysis revealed
that the O-vacancy defect of α-quartz can decrease the length
of Si−Si and also formed the electron trap between the original
oxygen atomic site.

4. MATERIALS AND METHODS
4.1. Materials. Pure quartz mineral was obtained from

Jiangxi Province, China. The massive pure minerals were hand-
selected, crushed, and ground with a clean steel ball mill. Then
quartz below 74 μm was obtained by sieving. The X-ray
diffraction diagram of quartz is shown in Figure 5, which
indicated that the α-quartz had high purity. The lattice
parameters obtained by the refinement of XRD data are shown
in Table 5.

4.2. DTF Parameters Setting of Geometry Optimiza-
tion and Elastic Constants Calculation. The unit cell
structure of α-quartz is obtained by Crystallography Open
Database (COD)19 (Figure 1). The chemical formula of the α-
quartz unit cell is SiO2, and its space group is P3221. All
calculations in this study were conducted using the CASTEP
module. The exchange−correlation convergence tests were
performed using mGGA-RSCAN calculations of α-quartz (see
Table S1 in the Supporting Information). Due to the
subsequent calculation of mechanical properties being sensitive
to the calculation parameters, especially the k-point and cutoff
energy, more accurate selections of k-point sets and cutoff
energies of α-quartz were calculated, and the result was shown
in Figure S1 (see Figure S1 in the Supporting Information).
After convergence tests, a k-point set of 3 × 3 × 3 and cutoff
energy of 570 eV were chosen. The mapping surfaces for bulk-,
shear-, Young’s moduli, and Poisson ratio were obtained using
MATLAB scripts, which were modified by other researchers.20

After the validation of crystal parameters in comparison with
minerals from pure minerals, the relaxed crystal cell is
considered the smallest cell to display the symmetry of the
mineral crystal. Then the minimum formation energy of the
relaxed cell was calculated and named the final energy hereafter
with the unit of eV.

4.3. Calculation of Crystalline Mechanical Properties.
The relationship between stress and strain obeys Hooke’s law
in which the elastic constant can be calculated. The
relationship is also expressed with a matrix as follows
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where σ, τ, ε, and γ are the normal stress, shear stress, normal
strain, and shear strain, respectively. The elastic flexibility
matrix was obtained by inverting the elastic stiffness matrix
(i.e., Sij = [Cij]−1). According to the symmetry of α-quartz, to
express the elastic flexibility matrix, there are seven Sij (i.e., S11,
S12, S13, S14, S33, S44, and S66).

Figure 4. ELF without (a) and with (b) O-vacancy of α-quartz. (The
red and yellow spheres represent the oxygen and silicon atoms,
respectively).

Table 4. Analysis of the Mulliken Population

supercell without O-vacancy supercell with O-vacancy

population length (Å) population length (Å)

Si1−O2 0.52 1.61 0.46 1.62
Si1−O3 0.52 1.61 0.44 1.63
Si1−O4 0.52 1.62 0.47 1.63
Si1−O1 0.52 1.61
Si1−Si2 0.81 2.44

Figure 5. XRD of α-quartz.
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Before calculating bulk-, shear-, Young’s moduli, and
Poisson’s ratios of a lattice, it is important to examine its
mechanical stability. For the rhombohedral system, α-quartz,
the mechanical stability criteria are as follows21
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The Voigt−Reuss−Hill (VRH) moduli based on the VRH
approximation depend on the space group of the crystal.22,23

For the rhombohedral crystal α-quartz, the bulk moduli, BV
and BR, and shear moduli, GV and GR, can be calculated using
eqs 3−6, respectively
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where BV, BR, GV, and GR are the upper and lower limits of the
polycrystalline bulk modulus B and shear modulus G,
respectively. The calculated bulk- and shear moduli are the
arithmetic average of the two limits. The bulk modulus B and
shear modulus G are expressed as follows

= + = +
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G G
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,
2

V R V R
(7)

4.4. Elastic Anisotropy and Hardness. The universal
anisotropy index (AU) proposed by Ranganathan and Ostoja-
Starzewski is expressed in eq 8 which is used to describe the
anisotropy of the materials.24 The percentage anisotropy
indices of compression and shear (AB and AG)

25 are also used
to evaluate the elastic anisotropy of a material, and the
relationship is expressed as follows
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The hardness in terms of the polycrystalline bulk can
expressed as follows26,27

= =H k G k G
B

0.92 ,V
1.137 0.708

(11)

= × × =H G k k G
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2 ( ) 3,V
2 0.585

(12)
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Table 5. Experiment and Calculated Lattice Parameters of α-Quartz

α-quartz a = b/(Å) c/(Å) volume/(Å3)

unit cell experiment 4.90916 5.40216 112.75
this work 4.93975 5.43625 114.879
error/% 0.62% 0.63% 1.89%

supercell (2 × 2 × 2) this work 9.87893 10.8915 920.46
supercell with O-vacancy (2 × 2 × 2) this work 9.87925 10.8080 907.622
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