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Collective modes in simple melts:
Transition from soft spheres to the
hard sphere limit
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Published online: 11 August 2017 : We study collective modes in a classical system of particles with repulsive inverse-power-law (IPL)
. interactions in the fluid phase, near the fluid-solid coexistence (IPL melts). The IPL exponent is varied
. from n =10 to n =100 to mimic the transition from moderately soft to hard-sphere-like interactions.
. We compare the longitudinal dispersion relations obtained using molecular dynamic (MD) simulations
. with those calculated using the quasi-crystalline approximation (QCA) and find that this simple
. theoretical approach becomes grossly inaccurate forn > 20. Similarly, conventional expressions for
. high-frequency (instantaneous) elastic moduli, predicting their divergence as n increases, are
meaningless in this regime. Relations of the longitudinal and transverse elastic velocities of the QCA
model to the adiabatic sound velocity, measured in MD simulations, are discussed for the regime where
QCA is applicable. Two potentially useful freezing indicators for classical particle systems with steep
repulsive interactions are discussed.

- The problem of describing collective motion in liquids is one of the long standing major topics in condensed mat-
© ter physics'™. One of the theoretical approaches to collective motion in neutral liquids is, in certain sense, analo-
. gous to that applied to elastic waves in disordered solids. Comparable expressions for the dispersion relations of
- these elastic waves can be obtained from the analysis of forth and second frequency moments of the dynamical
: structure factor S(k, w)*>, (that is from the sum rules) or from the variational calculation of the frequency spectra
of phonons in classical fluids, performed by Zwanzig®. Particularly enlightening derivation is due to Hubbard
and Beeby’ who considered their simple theory as either a generalization of the random phase approximation
. or, alternatively, as a generalization of the phonon theory of solids. Taking this latter viewpoint, the approach
. was also referred to as the quasi-crystalline approximation (QCA)® and we keep this notation for the class of
considered theories throughout the paper. In many cases the QCA-based description is in fair agreement with the
. dispersion curves deduced experimentally for various simple liquids, at least in the vicinity of the first frequency
: maximum’'%,
: In the context of plasma physics, an analogue of the QCA, known as the quasi-localized charge approximation
(QLCA), has been initially proposed as a formalism to describe collective mode dispersion in strongly coupled
- charged Coulomb liquids'® In the last couple of decades the QCA/QLCA approach has been numerously applied
: to collective wave spectra in one-component-plasma (OCP) in both two-dimensions (2D) and three-dimensions
© (3D)2'%, magnetized 3D OCP'®'7, 2D and 3D Yukawa systems in the context of complex (dusty) plasmas'®-2,
. 2D dipole systems®*, etc. In general, the QCA/QLCA model has been documented to describe rather good collec-
- tive oscillation spectra for soft repulsive interactions between charged particles in the regime of strong coupling
. (when the potential energy of interaction is much greater than the particle kinetic energy). Interestingly, being
. developed for the strongly coupled liquid state, QCA reduces to the conventional phonon-dispersion relation in
© the special case of cold crystalline solid and can describe real part of the dispersion of the electron (Langmuir)
. and ion (ion acoustic) waves in classical weakly-coupled (gaseous) plasmas.
Thus, QCA and (using present notation) its variations have been applied to various real and model systems in
a wide interdisciplinary context. It is the appealing simplicity combined with reasonable accuracy, which made
QCA a commonly used approximation in studies related to condensed matter, soft matter, and plasma physics.
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Within the QCA the dispersion relations are explicitly given in terms of the radial distribution function and the
pair interaction potential by means of very compact expressions [see Egs. (2) and (3) below]. More involved
theories are available, but they require more information about systems under investigation. For example, the
mode coupling theory (MCT)® can also successively describe collective excitations of simple classical liquids®-25.
However, compared to QCA, it requires additionally information about three-particle correlations and the cal-
culation procedure is much more complex?. Although MCT demonstrates some improvement over QCA, in
particular in the vicinity of the first (roton) minimum of the longitudinal dispersion curve?, QCA can still be
considered as a very useful zero approximation to the dispersion relation.

Some deficiencies of the QCA approach (in the original Hubbard and Beeby formulation) are well recognized.
For example, it does not include direct thermal effects associated with the free movement of the particles in a
liquid (although this is not expected to be an important issue at sufficiently strong coupling). Damping effects are
also excluded in the original theory (in complex plasmas, for instance, the collisions between charged particles
and neutral atoms or molecules represent an important damping mechanism, which has to be accounted for).
Possible modifications to QCA in order to remove these deficiencies have been discussed in the literature'® 222,
and demonstrated to be helpful in certain situations. Overall, it is well documented that the QCA model is a
reliable and accurate tool to describe collective modes for strongly interacting particles, provided the interaction
potential is soft enough (e.g., in plasma-related systems).

An important issue is, therefore, related to the applicability limits of QCA from the side of steep
(hard-sphere-like) interactions. Recently, it has been observed that the sound velocity in a system of particles
interacting via the inverse-power-law (IPL) repulsive potential V(r) o r ", calculated using the QCA approach,
diverges as o~/ as the potential exponent 7 increases®. This tendency contradicts the finite value of the sound
velocity in a system of hard spheres®. Such contradiction is a strong indication that QCA, being a very good
approach for soft interactions, loses its accuracy and eventually applicability as the softness of the interaction
potential decreases. The purpose of the present paper is to provide an approximate location of the applicability
limits of QCA-based approaches.

The most direct way is chosen in this study. We consider the IPL family of potentials,

V(r) = elol/r)", (1)

where ¢ is the energy scale and o is the length scale, and perform extensive molecular dynamics (MD) simulations
of the static and dynamical properties of the IPL fluids by increasing the exponent 7 from n=10 to n=100. The
phase state of the studied IPL systems corresponds to a dense fluid, just at the boundary of the fluid-solid coexist-
ence region (hence we call it melt throughout the paper). One of the output of the simulations is the calculated
current fluctuation spectra, which contains information about the dispersion of collective modes. We then com-
pare the dispersion curves from MD simulations with those calculated with the help of QCA approach and iden-
tify the condition when significant deviations emerge. As n increases, the steepness of the potential (1) increases
and in the limitn — oo it approaches the interaction of hard spheres (HS) of diameter o. Thus, the chosen strat-
egy seems appropriate for the main purpose of the present study. Note that collective excitations in the IPL fluid
with =12 have been recently investigated* from a somewhat different perspective.

Results

The equilibrium radial distribution function g(r) is required as an input to calculate the dispersion relations of
collective modes within the QCA approach (see Methods for details). Thus, we briefly address some important
structural properties first. Figure 1 shows the radial distribution functions, g(r), obtained from numerical simu-
lations. The distances are expressed in units of the Wigner-Seitz radius, a = (47p/3) "%, throughout the paper.
We observe that the long-range part is very little affected by the variation of the potential steepness. On the other
hand, the shape of the first coordination shell [region around the first maximum of g(r)] is rather sensitive to the
potential steepness. In particular, we see that the value of g(r) at the first maximum increases considerably with n.

The familiar Raveché-Mountain-Streett freezing rule®® postulates that the ratio of the first non-zero minimum
to the first maximum of g(r), thatisR = 8.i/8....» remains constant at crystallization. This rule was, however, put
forward to describe freezing of the Lennard-Jones fluid and it is not very useful for the IPL family of potential
studied here. We see in the inset in Fig. 1 that the ratio R drops by almost a factor of two when # increases from 10
to 100. Similar observation was previously reported®*. We also see, however, that the value of g(r) at the first min-
imum remains practically constant, g .~ 0.55 + 0.02. Previously, the value of g . has been used to character-
ize the fluid-solid (freezing) phase transition in the Lennard-Jones system?>, and the glass transition in metallic
alloys*”. To which extent this simple freezing indicator applies to other simple model fluids should be investigated
in future work.

The dispersion relations of the longitudinal modes in IPL melts are shown in Fig. 2. The color background
corresponds to the spectral decomposition of the longitudinal current fluctuations. The maximum magnitude
(red color) marks the location of dispersion curves as measured in the MD numerical experiment. The black
dashed curves correspond to the calculations based on the QCA model with the radial distribution functions
taken from MD simulations. Reasonable agreement between QCA results and the current fluctuations analysis is
observed in the vicinity of the first frequency maximum for sufficiently soft interactions withn = 10 (a),n >~ 14.3
(b), andn =~ 16.6 (c). For steeper potentials the deviations are very well observable forn = 20 (d) andn =~ 33 (e).
Finally, for a very steep interaction with n=>50 (f) the QCA curve is completely off MD simulation results.

In Fig. 3 we compare the sound velocities obtained using different approaches. The black diamond, corre-
sponding to n = 00, is the adiabatic sound velocity of the hard sphere system at the fluid side of the fluid-solid
coexistence’. The green symbols (c,) correspond to the linear fit of the MD data on current fluctuation spectra in
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Figure 1. Radial distribution functions, g(r), of IPL fluids near the fluid-solid (freezing) phase transition. The
curves are color-coded according to the increasing value of the IPL exponent # (n ~ 10 correspons to blue,

n~100 corresponds to red). The inset shows the dependence of the two freezing indicators on the exponent .
The blue symbols (left axis) correspond to the familiar Raveché-Mountain-Streett ratio g /¢ at freezing™.
The red symbols correspond to the value of the RDF at the first non-zero minimum, g . . We Observe that the

later quantity is contained in a very narrow range at freezing of the IPL systems.

Figure 2. Dispersion relations of the longitudinal mode in IPL melts. The frequency is measured in units of

wy = vy/a, where vy = +/T/m is the thermal velocity, the wave-number is in units of a~!, = ka. The color
background corresponds to the longitudinal current fluctuation spectrum from MD simulations (the intensity
increases from blue to red). The dashed lines are the results of calculation using QCA model with g(r) obtained
in MD simulations. The results are shown for six different IPL exponents: n = 10 (a),n =~ 14.3 (b),n =~ 16.6 (c),
n=20 (d),n =~ 33 (e), and n =150 (f).

the long-wavelength limit (g — 0). The blue data (c; ) correspond to the extrapolation of the QCA dispersion
relation in the long-wavelength limit. The red data (c,)) show the related instantaneous sound velocity,

—¢ 5(3+n)
00 T FLA3(1 + 3n)
and ¢ practically coincide for n < 25, while ¢; overestimates these sound velocities by approximately a factor of
3/+/5 in the considered regime. These observations are discussed in detail in the next Section.

c . All the sound velocities are expressed in units of the thermal velocity v.. It is observed that ¢
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Figure 3. Sound velocity of IPL melts versus the inverse IPL exponent 1/# (softness parameter). The green data
(up triangles) correspond to the (adiabatic) sound velocities obtained directly from MD simulations (c,), the
blue data (circles) are the sound velocities obtained using QCA model (¢ ), and the red data (down triangles)
show the instantaneous sound velocities ¢ . The black diamond at n = oo corresponds to the adiabatic sound
velocity of the hard sphere fluid at the fluid-solid coexistence. All velocities are expressed in units of the thermal
velocity v.

Discussion

One of the main observations is that the QCA model, designed to describe elastic modes in simple fluids, has
limited applicability with respect to the interactions softness. It is only applicable for sufficiently soft interactions.
In terms of the IPL family studied here, the potential exponent # should satisfy n < 20.

Even when the QCA reasonably describes the dispersion near the first frequency maximum, the predicted
elastic sound velocity C; is generally higher than the adiabatic sound velocity C; (see Fig. 3). The magnitude of C;
can still be estimated using the QCA by means of the instantaneous sound velocity G2 = C/ — éCTZ, related to
the instantaneous bulk modulus (see section Methods for details). For sufficiently large exponent #, the ratio of
elastic to instantaneous sound velocities is approximately 3/~/5. When the potential becomes softer this ratio
decreases and reach unity for n=3. The case n =3 is special for the IPL model since for n < 3 a uniform neutral-
izing background should be applied®. In addition, the dispersion relations for longitudinal waves are non-acoustic
in the long-wavelength limit for n=1 and n=2'>%. A general remark regarding the regime of soft interactions is
appropriate here. In soft interacting dense fluids, not too far from the fluid-solid transition, the longitudinal
sound velocity is normally much higher than the transverse sound velocity, C; >> Cr. This implies thatC_ ~ C;,
and QCA provides a rather good estimate of the actual thermodynamic sound velocity. The very fact that the
QCA elastic and thermodynamic sound velocities are rather close to each other has been numerously docu-
mented for weakly screened Yukawa (screened Coulomb) systems at strong coupling®*~2,

It is observed in Fig. 3 that there is a very wide range of potential softness, at least from n=10ton = oo, where
the longitudinal sound velocity near freezing varies weakly when approaching its HS asymptotic value (~212.5).
This is unlikely to be a specific property of the IPL system. For example, it is well recognized that the ratio of the
sound to thermal velocity of many liquid metals and metalloids has about the same value =10 at the melting tem-
perature*>*4, This observation has been already discussed in the context of the HS system?®' and, more recently, in
the context of soft-sphere interactions®. We just remark here that the approximate constancy of the sound veloc-
ity (in units of thermal velocity) near the fluid-solid phase transition can perhaps be of some use as an approxi-
mate dynamical freezing indicator for systems with steep repulsive interactions.

In an attempt to understand the failure of the QCA consideration in the limit of steep interactions we evalu-
ated some additional dynamical properties of the system. The results are summarized in Figs 4-6.

Figure 4 demonstrates how the velocity autocorrelation functions (VAF) vary upon increasing the potential
steepness. The shape of VAFs is changed considerably as # increases. For n ~ 10 a clear “caging” behaviour of
particles trapped and oscillating in slowly fluctuating potential wells, reminiscent particle dynamics in OCP*, is
observed. For n ~ 100 these oscillations are heavily suppressed and the shape of the VAF tends to that of the HS
fluids near the freezing point*. The amplitude of the first minimum of the VAF shifts considerably upwards with
the increase of n (see inset). Thus, a pronounced oscillatory caging behaviour seems important for the application
of the QCA, in qualitative agreement with the physical picture behind the development of the QLCA model'*

Related to this is the observation by Brazhkin et al.*”», that the caging dynamics changes significantly upon
increasing the potential steepness of the IPL potential. Namely, they calculated the potential-to-kinetic energy
ratio of the IPL fluids near the melting curve and found that it drops below unity atn ~ 30. We repeated this
calculation using the data summarized by Agrawal and Kofke** and present the obtained results in the inset of
Fig. 6. Based on the observations, the particle motion inside the cages can be characterized as harmonic in the soft
interaction regime and purely collisional absolutely non-harmonic in the steep interaction regime*. The transi-
tion between these two regimes atn ~ 301is close to the point where QCA failure occurs. The dynamical crossover
is likely to be the reason.
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Figure 4. Velocity autocorrelation functions (VAF) of the IPL melts when increasing the exponent n from

n =~ 10ton == 100 (curves are color-coded correspondingly). The time is normalized in such a way, that all VAF
curves intersect zero at the same point, Q) is roughly the Einstein frequency’. The inset shows the dependence of
the minimum value of VAF on the IPL exponent #, revealing the saturation-like behavior at large n.

Figure 5. Particle trajectories within a cubic box with the side length ~5a, chosen near the center of the
simulation cell, demonstrating the particle motion in IPL melts for n=10 (a) and n=>50 (b). The trajectories are
color-coded according to particle energy (transition from red to blue corresponds to the decrease in energy).
The time interval during which the trajectories are followed corresponds roughly to one hundred of inverse
Einstein frequencies.

In Fig. 5 individual particle trajectories in a small cubic box, placed near the center of the computation cell, are
shown for two cases, n =10 and n=50. The trajectories are color coded according to the particles energy.
Trajectories shown in (a) appear relatively smooth and continuous. In contrast, we observe in (b) strong breaks in
particles trajectories for steeper potential with n = 50, which result from short hard-core-like collision events.
This is further illustrated in Fig. 6, which shows probability distribution functions for accelerations (in arbitrary
units). There is a significant tail corresponding to higher accelerations in the case #n =50, compared to the case
n=10. This implies, quite expectedly, that as the interaction steepens, the number of short time collisions with
higher accelerations increases and hence the characteristic collision time decreases. In this context, it should be
pointed out that the necessity of a careful consideration of the time-scale of two-particle collisions was discussed
already by Schofield*. In particular, he argued that if there is a sharp hard core, then the duration of a collision 7,
tends to zero. If high frequency elastic solid-like excitations exist, they can only appear above a background of
width 7, ',

One more consideration can be based on the observed behaviour of the instantaneous bulk modulus. Figure 3
demonstrates that the actual adiabatic bulk modulus, as inferred from the sound velocities measured in MD sim-
ulations, remains finite and smoothly approaches its HS limiting value. In contrast, the high frequency bulk
modulus diverges as K o /7 when n increases. It is instructive to consider the main steps of the derivation of
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Figure 6. Probability distribution functions (PDF) of the particle accelerations in IPL melts for two different
exponents: # =10 (blue solid curve) and n=>50 (red dashed curve). The inset shows the ratio of the potential to
kinetic energies stored in the system of interacting particles. The ratio drops below unity atn =~ 30, which is
close to the estimated failure of the QCA. Note that for n > 30 the IPL melts are strongly correlated, but not
strongly coupled.

the analytical expression for K_*>. A particularly simple route to derive its excess (associated with potential
interactions between the particles) part has been discussed previously” %. The starting point is the virial expres-
sion for the excess pressure, which should be differentiated with respect to the particle density. In doing so a term
containing an explicit derivative dg(r)/0p appears. The latter clearly depends on the thermodynamic process. In
the infinite frequency (instantaneous) limit one assumes that no relaxation is allowed and the density change
occurs without any structural rearrangement. Mathematically, this implies that g(r) does not change if r is scaled
by p~ 2. This allows to express dg(r)/dp in terms of dg(r)/r and then, integrating by parts, to recover the con-
ventional results*> %, It is the assumption of no structural rearrangement [independence of g(rp"?) of p] that
causes problems. While well justified for sufficiently soft interactions, it is clearly not applicable to HS like inter-
action, because an intrinsic length scale - the hard sphere diameter — emerges. Thus, it is legitimate to say that the
divergence of the high frequency elastic moduli in the limit of very steep interactions is unphysical. Rather, the
conventional expressions must not be applied in this limit.

Of course, all these considerations are merely qualitative. Only direct comparison between the dispersion
relations from MD simulations and the QCA model allowed us to quantify the limits of the applicability of elastic
approaches to collective modes in fluids asn < 20 for the IPL model. On the other hand, none of these consider-
ations is directly related to the special shape of the IPL potential studied here. Therefore, one should expect that
elastic approaches such as QCA also fail for other systems of strongly interacting particles, provided the interac-
tion potential becomes too steep.

The main results of our investigation can be formulated as follows:

(i) The QCA description of collective modes fails for sufficiently steep interactions; For the IPL model con-
sidered here this failure occurs atn ~ 20.

(ii) For softer potentials QCA can provide a reasonable description of the high-frequency portion of the
longitudinal dispersion relation (in particular, in the vicinity of the first maximum); However, the QCA
elastic sound velocity overestimates the actual sound velocity.

(iil) The instantaneous sound velocity, evaluated using the instantaneous bulk modulus, is an appropriate
measure of the actual (adiabatic) sound velocity observed in MD simulations; This instantaneous sound
velocity (COC) is related to the elastic longitudinal (CL) and transverse (CT) sound velocities of the QCA
approach viaC%: = Cf — éCTZ.

(iv) In the limit of soft interactions (not considered here, but previously extensively studied using Coulomb
and Yukawa model systems), the strong inequality C; >> C; generally holds, which implies that the lon-
gitudinal QCA elastic sound velocity, instantaneous sound velocity, and the thermodynamic sound veloc-
ity are all close to each other.

(v) The conventional expressions for high frequency (instantaneous) elastic moduli should not be employed
in the hard-sphere interaction limit, where they diverge.

The main finding can also be briefly reformulated as follows. The QCA model was formulated originally to
describe collective motion in simple fluids without any explicit limitations regarding the shape of the interac-
tion potential. It turns out, however, that this model works very well for soft interactions (in particularly in the
plasma-related context), but fails when the interaction becomes sufficiently steep. We located this failure here
using the IPL family of potentials.

In addition to this, two important relevant observation have been reported. It was found that the value of
radial distribution function g(r) at the first minimum remains practically constant for all investigated IPL fluids
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with100 > # > 10 near the fluid-solid coexistence. This quantity is shown to exhibit much smaller relative vari-
ation than the ratio of the first minimum to the first maximum of g(r) appearing in the Raveché-Mountain-Streett
freezing criterion. For the same range of steepness, the ratio of the sound to thermal velocities also remains prac-
tically constant, slowly increasing towards the hard-sphere limiting value as n increases. These two observations
can potentially be used as approximate structural and dynamical freezing indicators for simple systems with steep
repulsive interactions.

Methods
QCA dispersion relations. Within the QCA approach the dispersion relations of the longitudinal and
transverse modes are written as”?,

2
i = ff) V(r) )1 — cos(kz)]dr, )

2 82V(r)
wk = f o(r)[1 — cos(kz)]dr, )

where p is the particle number density, m is the particle mass, w is the frequency, k is the wave number, and
z = rcos is the direction of the propagation of the longitudinal wave. The frequency spectra are thus determined
by the first and second derivatives of the interaction potential V(r) and the equilibrium radial distribution function
of the fluid g(r); the explicit expression for w; (after intergration over angles) can be found in the literature®-°!.

As displayed in Eqs (2) and (3), the dispersion relations within QCA are completely determined by the poten-
tial interaction between the particles. In related approaches (e.g. based on sum rules or generalized high-frequency
elastic moduli) kinetic terms can naturally appear additively to the potential terms (3k*v; for the longitudinal
mode and k*v2 for the transverse mode, where v, = /T/m is the thermal velocity)*®. Shofield argued that these
kinetic terms should not be included in the dispersion relation*. We can avoid further related discussion here by
pointing out that the kinetic contributions are normally numerically small at liquid densities*. Since in the pres-
ent paper we consider very dense liquids, just in the vicinity of the solidification, it would be more than sufficient
to keep only the potential terms in the dispersion relations (2) and (3).

In the limit of long wavelengths the dispersion relations of the IPL fluid exhibit an acoustic dispersion and the
longitudinal and transverse sound velocities can be introduced,

4

Further, for the IPL systems these sound velocities can be easily related to the reduced excess pressure of the fluid,
p, = P/pT — 1, as follows:

C = (Bn+ yvip, /5, (5)

and
Ci=(n- 3)VT2Pex/5- (6)

Note the relationship C — 3C# = 2p v, which is a general (independent of the interaction potential) property
of the QCA model in both two- and three dimensions®. In addition, the longitudinal and transverse sound veloc-
ities are related to the high frequency shear modulus G._ and the high frequency bulk modulus K%,

Cl = GG+ K)Imp,  Cf=Gylmp. )

This is very similar to the conventional relations for elastic waves in an isotropic medium®>*. The “instantaneous”
sound velocity can be introduced using the high frequency (instantaneous) bulk modulus*

4
C% = Ky /mp = C{ = C1. (8)

This instantaneous sound velocity C__ appears to be rather close to the conventional thermodynamic sound veloc-
ity for soft repulsive potentials, as has been documented for instance for the case of strongly coupled Yukawa
fluids*. But this is not the case for steeper interactions as demonstrated in this paper.

Numerical simulations. Simulations were performed on graphics processing unit (NVIDIA Tesla K80)
using the HOOMD-blue software>* *>. We used N = 55296 particles in a cubic box with periodic boundary con-
ditions. Simulations were performed in the canonical ensemble (NVT) using the Langevin thermostat at a tem-
perature T = € = 1. A cut-off radius for the potential . was set such that V(r,_, ) = 5 x 10", The numerical
time step was set to be approximately 102 of the inverse Einstein frequency for each exponent 7 investigated. The
system was first equilibrated for fifteen million time steps, and then,the particle positions and velocities were
saved for 80 000 time steps.
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The IPL exponent varied from n =10 to n=100. For each chosen exponent # the system state corresponded
to the fluid side of the fluid-solid (fcc lattice) coexistence region. This was achieved by choosing the reduced den-
sity po according to the data tabulated by Agrawal and Kofke™.

For each simulation runs the following diagnostic tools were implemented. We calculated the radial distribu-
tion function g(r) and the normalized velocity autocorrelation function (VAF)

(v(t)v(0))

(v(0)*) )

where v(t) is the velocity of a particle at time ¢ and (- - - ) denotes an average over all particles. In addition, the lon-
gitudinal component of the particle current

Z(t) =

N
Ju(k, £) = (1NK)S K - v(t)ek ")
L 12::1 vi(t)e o

was calculated. The Fourier transform in time was performed to obtain the current fluctuation spectrum and,
hence, the longitudinal dispersion, similarly to our previous approach?.

References
1. Boon, J. P. & Yip, S. Molecular Hydrodynamics (Dover Books on Physics) (Dover Publications, 2013).
2. March, N. H. & Tosi, M. P. Introduction to Liquid State Physics (World Scientific Pub Co Inc, 2002).
3. Hansen, J. P. & McDonald, I. R. Theory of simple liquids (Elsevier Academic Press, London Burlington, MA, 2006).
4. Copley, J. R. D. & Lovesey, S. W. The dynamic properties of monatomic liquids. Rep. Progr. Phys. 38, 461-563, doi:10.1088/0034-
4885/38/4/001 (1975).

. Gennes, P. D. Liquid dynamics and inelastic scattering of neutrons. Physica 25, 825-839, d0i:10.1016/0031-8914(59)90006-0 (1959).

. Zwanzig, R. Elementary excitations in classical liquids. Phys. Rev. 156, 190-195, doi:10.1103/physrev.156.190 (1967).

7. Hubbard, J. & Beeby, J. L. Collective motion in liquids. J. Phys. C: Solid State Phys. 2, 556-571, doi:10.1088/0022-3719/2/3/318
(1969).

8. Takeno, S. & Goda, M. A theory of phonons in amorphous solids and its implications to collective motion in simple liquids. Prog.
Theor. Phys. 45, 331-352, doi:10.1143/ptp.45.331 (1971).

9. Singwi, K. S., Skold, K. & Tosi, M. P. Collective motions in classical liquids. Phys. Rev. A 1, 454-463, doi:10.1103/physreva.1.454
(1970).

10. Kambayashi, S. & Kahl, G. Dynamic properties of liquid cesium near the melting point: A molecular-dynamics study. Phys. Rev. A
46, 3255-3275, doi:10.1103/physreva.46.3255 (1992).

11. Giordano, V. M. & Monaco, G. Fingerprints of order and disorder on the high-frequency dynamics of liquids. Proceedings of the
National Academy of Sciences 107, 21985-21989, doi:10.1073/pnas.1006319107 (2010).

12. Golden, K. I. & Kalman, G. J. Quasilocalized charge approximation in strongly coupled plasma physics. Phys. Plasmas 7, 14-32,
doi:10.1063/1.873814 (2000).

13. Golden, K. I., Kalman, G. & Wyns, P. Response function and plasmon dispersion for strongly coupled coulomb liquids: Two-
dimensional electron liquid. Physi. Rev. A 41, 6940-6948, doi:10.1103/physreva.41.6940 (1990).

14. Golden, K. I, Kalman, G. & Wyns, P. Dielectric tensor and shear-mode dispersion for strongly coupled coulomb liquids: Three-
dimensional one-component plasmas. Phys. Rev. A 46, 3454-3462, doi:10.1103/physreva.46.3454 (1992).

15. Khrapak, S. A., Klumov, B. A. & Khrapak, A. G. Collective modes in two-dimensional one-component-plasma with logarithmic
interaction. Phys. Plasmas 23, 052115, doi:10.1063/1.4950829 (2016).

16. Ott, T., Kahlert, H., Reynolds, A. & Bonitz, M. Oscillation spectrum of a magnetized strongly coupled one-component plasma. Phys.
Rev. Lett. 108, 255002, doi:10.1103/physrevlett.108.255002 (2012).

17. Ott, T, Baiko, D. A., Kahlert, H. & Bonitz, M. Wave spectra of a strongly coupled magnetized one-component plasma: Quasilocalized
charge approximation versus harmonic lattice theory and molecular dynamics. Phys. Rev. E 87, 043102, doi:10.1103/
physreve.87.043102 (2013).

18. Rosenberg, M. & Kalman, G. Dust acoustic waves in strongly coupled dusty plasmas. Phys. Rev. E 56, 7166-7173, doi:10.1103/
physreve.56.7166 (1997).

19. Kalman, G., Rosenberg, M. & DeWitt, H. E. Collective modes in strongly correlated yukawa liquids: Waves in dusty plasmas. Phys.
Rev. Lett. 84, 6030-6033, doi:10.1103/physrevlett.84.6030 (2000).

20. Kalman, G. J., Hartmann, P, Donkd, Z. & Rosenberg, M. Two-dimensional yukawa liquids: Correlation and dynamics. Phys. Rev.
Lett. 92, 065001, doi:10.1103/physrevlett.92.065001 (2004).

21. Donko, Z., Kalman, G. J. & Hartmann, P. Dynamical correlations and collective excitations of yukawa liquids. J. Phys.: Condens.
Matter 20, 413101, doi:10.1088/0953-8984/20/41/413101 (2008).

22. Hou, L.-J., Mi8kovi¢, Z. L., Piel, A. & Murillo, M. S. Wave spectra of two-dimensional dusty plasma solids and liquids. Phys. Rev. E
79, 046412, doi:10.1103/physreve.79.046412 (2009).

23. Khrapak, S. A., Klumov, B., Couédel, L. & Thomas, H. M. On the long-waves dispersion in yukawa systems. Phys. Plasmas 23,
023702, doi:10.1063/1.4942169 (2016).

24. Golden, K. I., Kalman, G. J., Donko, Z. & Hartmann, P. Acoustic dispersion in a two-dimensional dipole system. Phys. Rev. B 78,
045304, doi:10.1103/physrevb.78.045304 (2008).

25. Gotze, W. The essentials of the mode-coupling theory for glassy dynamics. Condens. Matter Phys. 1, 873-904, http://www.icmp.lviv.
ua/journal/zbirnyk.16/008/art08.pdf (1998).

26. Gétze, W. & Liicke, M. Dynamical current correlation functions of simple classical liquids for intermediate wave numbers. Phys. Rev.
A11,2173-2190, doi:10.1103/physreva.11.2173 (1975).

27. Bosse, J., Gotze, W. & Liicke, M. Mode-coupling theory of simple classical liquids. Phys. Rev. A 17, 434-446, doi:10.1103/
physreva.17.434 (1978).

28. Bosse, J., Gotze, W. & Liicke, M. Current fluctuation spectra of liquid argon near its triple point. Phys. Rev. A 17, 447-454,
doi:10.1103/physreva.17.447 (1978).

29. Khrapak, S. A. Onset of negative dispersion in one-component-plasma revisited. Phys. Plasmas 23, 104506, doi:10.1063/1.4965903
(2016).

30. Khrapak, S. A. Note: Sound velocity of a soft sphere model near the fluid-solid phase transition. J. Chem. Phys. 144, 126101,
doi:10.1063/1.4944824 (2016).

31. Rosenfeld, Y. Sound velocity in liquid metals and the hard-sphere model. J. Phys.: Condens. Matter 11, L71-L74, doi:10.1088/0953-
8984/11/10/002 (1999).

(- %]

SCIENTIFICREPORTS |7: 7985 | DOI:10.1038/s41598-017-08429-5 8


http://dx.doi.org/10.1088/0034-4885/38/4/001
http://dx.doi.org/10.1088/0034-4885/38/4/001
http://dx.doi.org/10.1016/0031-8914(59)90006-0
http://dx.doi.org/10.1103/physrev.156.190
http://dx.doi.org/10.1088/0022-3719/2/3/318
http://dx.doi.org/10.1143/ptp.45.331
http://dx.doi.org/10.1103/physreva.1.454
http://dx.doi.org/10.1103/physreva.46.3255
http://dx.doi.org/10.1073/pnas.1006319107
http://dx.doi.org/10.1063/1.873814
http://dx.doi.org/10.1103/physreva.41.6940
http://dx.doi.org/10.1103/physreva.46.3454
http://dx.doi.org/10.1063/1.4950829
http://dx.doi.org/10.1103/physrevlett.108.255002
http://dx.doi.org/10.1103/physreve.87.043102
http://dx.doi.org/10.1103/physreve.87.043102
http://dx.doi.org/10.1103/physreve.56.7166
http://dx.doi.org/10.1103/physreve.56.7166
http://dx.doi.org/10.1103/physrevlett.84.6030
http://dx.doi.org/10.1103/physrevlett.92.065001
http://dx.doi.org/10.1088/0953-8984/20/41/413101
http://dx.doi.org/10.1103/physreve.79.046412
http://dx.doi.org/10.1063/1.4942169
http://dx.doi.org/10.1103/physrevb.78.045304
http://www.icmp.lviv.ua/journal/zbirnyk.16/008/art08.pdf
http://www.icmp.lviv.ua/journal/zbirnyk.16/008/art08.pdf
http://dx.doi.org/10.1103/physreva.11.2173
http://dx.doi.org/10.1103/physreva.17.434
http://dx.doi.org/10.1103/physreva.17.434
http://dx.doi.org/10.1103/physreva.17.447
http://dx.doi.org/10.1063/1.4965903
http://dx.doi.org/10.1063/1.4944824
http://dx.doi.org/10.1088/0953-8984/11/10/002
http://dx.doi.org/10.1088/0953-8984/11/10/002

www.nature.com/scientificreports/

32. Bryk, T., Gorelli, F, Ruocco, G., Santoro, M. & Scopigno, T. Collective excitations in soft-sphere fluids. Phys. Rev. E 90, 042301,
doi:10.1103/physreve.90.042301 (2014).

33. Raveché, H. ], Mountain, R. D. & Streett, W. B. Freezing and melting properties of the lennard-jones system. J. Chem. Phys. 61, 1970,
doi:10.1063/1.1682198 (1974).

34. Agrawal, R. & Kofke, D. A. Thermodynamic and structural properties of model systems at solid-fluid coexistence. Mol. Phys. 85,
23-42, d0i:10.1080/00268979500100911 (1995).

35. Klumov, B. A. How to quantify solid-liquid phase transition: Lennard-jones system case study. J. Plasma Phys. 79, 1125-1128,
doi:10.1017/s0022377813001098 (2013).

36. Klumov, B. A. On the behavior of indicators of melting: Lennard-jones system in the vicinity of the phase transition. JETP Lett. 98,
259-265, doi:10.1134/s0021364013180070 (2013).

37. Ryltsev, R. E., Klumov, B. A, Chtchelkatchev, N. M. & Shunyaev, K. Y. Cooling rate dependence of simulated cu64.5zr35.5 metallic
glass structure. J. Chem. Phys. 145, 034506, doi:10.1063/1.4958631 (2016).

38. Dubin, D. H. E. & Dewitt, H. Polymorphic phase transition for inverse-power-potential crystals keeping the first-order anharmonic
correction to the free energy. Phys. Rev. B 49, 3043-3048, doi:10.1103/physrevb.49.3043 (1994).

39. Khrapak, S. A., Klumov, B. A. & Thomas, H. M. Fingerprints of different interaction mechanisms on the collective modes in complex
(dusty) plasmas. Phys. Plasmas 24, 023702, d0i:10.1063/1.4976124 (2017).

40. Khrapak, S. A. Relations between the longitudinal and transverse sound velocities in strongly coupled yukawa fluids. Phys. Plasmas
23, 024504, doi:10.1063/1.4942171 (2016).

41. Khrapak, S. A. & Thomas, H. M. Fluid approach to evaluate sound velocity in yukawa systems and complex plasmas. Phys. Rev. E91,
033110, doi:10.1103/PhysRevE.91.033110 (2015).

42. Khrapak, S. A. Thermodynamics of yukawa systems and sound velocity in dusty plasmas. Plasma Phys. Controlled Fusion 58, 014022,
doi:10.1088/0741-3335/58/1/014022 (2016).

43. Tida, T. & Guthrie, R. The Physical Properties of Liquid Metals (Oxford University Press, 1988).

44. Blairs, S. Sound velocity of liquid metals and metalloids at the melting temperature. Phys. Chem. Liq. 45, 399-407,
doi:10.1080/00319100701272084 (2007).

45. Donkd, Z., Kalman, G. J. & Golden, K. I. Caging of particles in one-component plasmas. Phys. Rev. Lett. 88, 225001, d0i:10.1103/
physrevlett.88.225001 (2002).

46. Williams, S. R., Bryant, G., Snook, I. K. & van Megen, W. Velocity autocorrelation functions of hard-sphere fluids: Long-time tails
upon undercooling. Phys. Rev. Lett. 96, 087801, doi:10.1103/physrevlett.96.087801 (2006).

47. Brazhkin, V. V,, Fomin, Y. D,, Lyapin, A. G., Ryzhov, V. N. & Trachenko, K. Two liquid states of matter: A dynamic line on a phase
diagram. Phys. Rev. E 85, 031203, doi:10.1103/physreve.85.031203 (2012).

48. Brazhkin, V. V. et al. Where is the supercritical fluid on the phase diagram? Phys.-Usp. 182, 1137-1156, d0i:10.3367/
ufnr.0182.201211a.1137 (2012).

49. Schofield, P. Wavelength-dependent fluctuations in classical fluids: L. the long wavelength limit. Proc. Phys. Soc. 88, 149-170,
doi:10.1088/0370-1328/88/1/318 (1966).

50. Zwanzig, R. & Mountain, R. D. High-frequency elastic moduli of simple fluids. . Chem. Phys. 43, 4464-4471, doi:10.1063/1.1696718
(1965).

51. Nossal, R. Collective motion in simple classical fluids. Phys. Rev. 166, 81-88, doi:10.1103/physrev.166.81 (1968).

52. Landau, L. D. & Lifshitz, E. Theory of Elasticity (Amsterdam: Elsevier, 1986).

53. Trachenko, K. & Brazhkin, V. V. Collective modes and thermodynamics of the liquid state. Rep. Progr. Phys. 79, 016502,
doi:10.1088/0034-4885/79/1/016502 (2015).

54. HOOMD-blue is a general purpose particle simulation toolkit optimized for performance on NVIDIA GPUs. See HOOMD-blue home
at http://glotzerlab.engin.umich.edu/hoomd-blue/.

55. Anderson, J. A., Lorenz, C. D. & Travesset, A. General purpose molecular dynamics simulations fully implemented on graphics
processing units. J. Comput. Phys. 227, 5342-5359, doi:10.1016/j.jcp.2008.01.047 (2008).

Acknowledgements

This work was supported by the A*MIDEX project (Nr. ANR-11-IDEX-0001-02) funded by the French
Government “Investissements d’Avenir” program managed by the French National Research Agency (ANR).
Simulations were performed using the granted access to the HPC resources of Aix-Marseille Université financed
by the project Equip@Meso (ANR-10-EQPX-29-01) of the program “Investissements d’Avenir” program
managed by the French National Research Agency (ANR). Structure analysis was supported by Russian Science
Foundation (grant RSF 14-50-00124).

Author Contributions
S.K. conceived the research and wrote the manuscript. L.C. conducted simulations. B.K. and L.C. performed
structural and dynamical analysis. All authors reviewed the manuscript.

Additional Information
Competing Interests: The authors declare that they have no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

MM | jcense, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2017

SCIENTIFICREPORTS |7: 7985 | DOI:10.1038/s41598-017-08429-5 9


http://dx.doi.org/10.1103/physreve.90.042301
http://dx.doi.org/10.1063/1.1682198
http://dx.doi.org/10.1080/00268979500100911
http://dx.doi.org/10.1017/s0022377813001098
http://dx.doi.org/10.1134/s0021364013180070
http://dx.doi.org/10.1063/1.4958631
http://dx.doi.org/10.1103/physrevb.49.3043
http://dx.doi.org/10.1063/1.4976124
http://dx.doi.org/10.1063/1.4942171
http://dx.doi.org/10.1103/PhysRevE.91.033110
http://dx.doi.org/10.1088/0741-3335/58/1/014022
http://dx.doi.org/10.1080/00319100701272084
http://dx.doi.org/10.1103/physrevlett.88.225001
http://dx.doi.org/10.1103/physrevlett.88.225001
http://dx.doi.org/10.1103/physrevlett.96.087801
http://dx.doi.org/10.1103/physreve.85.031203
http://dx.doi.org/10.3367/ufnr.0182.201211a.1137
http://dx.doi.org/10.3367/ufnr.0182.201211a.1137
http://dx.doi.org/10.1088/0370-1328/88/1/318
http://dx.doi.org/10.1063/1.1696718
http://dx.doi.org/10.1103/physrev.166.81
http://dx.doi.org/10.1088/0034-4885/79/1/016502
http://glotzerlab.engin.umich.edu/hoomd-blue/
http://dx.doi.org/10.1016/j.jcp.2008.01.047
http://creativecommons.org/licenses/by/4.0/

	Collective modes in simple melts: Transition from soft spheres to the hard sphere limit

	Results

	Discussion

	Methods

	QCA dispersion relations. 
	Numerical simulations. 

	Acknowledgements

	Figure 1 Radial distribution functions, g(r), of IPL fluids near the fluid-solid (freezing) phase transition.
	Figure 2 Dispersion relations of the longitudinal mode in IPL melts.
	Figure 3 Sound velocity of IPL melts versus the inverse IPL exponent 1/n (softness parameter).
	Figure 4 Velocity autocorrelation functions (VAF) of the IPL melts when increasing the exponent n from to (curves are color-coded correspondingly).
	Figure 5 Particle trajectories within a cubic box with the side length , chosen near the center of the simulation cell, demonstrating the particle motion in IPL melts for n = 10 (a) and n = 50 (b).
	Figure 6 Probability distribution functions (PDF) of the particle accelerations in IPL melts for two different exponents: n = 10 (blue solid curve) and n = 50 (red dashed curve).




