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ARTICLE INFO ABSTRACT

Keywords: This study proposes a mathematical model for examining the COVID-19 and tuberculosis (TB) co-
COVID-19 dynamics thoroughly. First, the single infection dynamics: COVID-19 infection and TB infection
Tuberculosis

models are taken into consideration and examined. Following that, the co-dynamics with TB and
COVID-19 is also investigated. In order to comprehend the developed model dynamics, the basic
system attributes including the region of definition, theory of nonnegativity and boundedness of
solution are investigated. Further, a qualitative analysis of the equilibria of the formulated model
equations is performed. The equilibria of both infection models are globally asymptotically stable
if their respective basic reproductive number is smaller than one. As the associated reproductive
number reaches unity, they experience the forward bifurcation phenomenon. Additionally, it is
demonstrated that the formulated co-dynamics model would not experience backward bifurcation
by applying the center manifold theory. Moreover, model fitting is done by using daily reported
COVID-19 cumulative data in Ethiopia between March 13, 2020, and May 31, 2022. For instance,
the non-linear least squares approach of fitting a function to data was performed in the fitting
process using scipy.optimize.curve_fit from the Python. Finally, to corroborate the analytical
findings of the model equation, numerical simulations were conducted.

Mathematical model
Co-infection
Stability

Bifurcation analysis

1. Introduction

A new coronavirus family termed SARS-CoV-2 that was initially found in China is the cause of a communicable disease called
Coronavirus Disease 2019 (COVID-19) [1]. Since then, it has rapidly spread across the world, raising major global concerns. This
disease often causes mild to severe respiratory illness in its victims. Older people and people having medical issues including cancer,
tuberculosis (TB), chronic respiratory conditions, diabetes, and cardiovascular disease are more prone to get seriously sick [2,3].
The signs of COVID-19 might vary based on the type of variant acquired, ranging from mild symptoms to a potentially fatal disease.
Its clinical symptoms include fever, fatigue, dry cough, headache, sore throat, diarrhoea, and loss of scent or taste, whereas the
symptoms in serious cases are chest discomfort or pressure, shortness of breath, loss of speech, or inability to move [4].

On the other hand, TB is an ancient but persistent present common and fatal pathogenic bacterial illness caused by Mycobacterium
tuberculosis (MTB). It can transmit through sneeze, cough, speak, kiss or spit from people with active pulmonary TB. Transmission
can only occur from active TB-infected people but not latent TB. TB is curable and preventable [5]. It remains very critical due to
the fact if people do not take their drugs efficiently or they do not take the correct drugs they’ll now no longer be cured. This is why
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such a lot of people nonetheless die from TB due to the fact their TB is not always absolutely cured. Worldwide, TB is still the biggest
cause of mortality. Approximately 1.5 million people deceased from TB in 2020, and around 10 million contracted TB worldwide
according to WHO TB report of 2021 [5]. Recently, some studies have shown that individuals infected with latent and active TB have
a high risk of COVID-19 infection [6].

Co-epidemics necessitate a critical comprehension of the relationships between the diseases, their prevalence, and their mitigation
in order to successfully manage these diseases. In the recent time, this has happened with TB and COVID-19. Currently, the co-
infection of COVID-19 with comorbidities has been identified as the risk factors for increased COVID-19 cases and higher fatalities
[7,8]. Both TB and COVID-19 are contagious diseases that predominantly affect the lungs, and they become serious public wellness
problems and leave a dangerous mark on the next generation, particularly in sub-Saharan African countries and Asia. Patients who
have both COVID-19 and TB may face poorer treatment outcomes, particularly if the TB medication is halted, because there is little
prior experience with COVID-19 infection in TB sufferers. Cough, fever, and difficulty in breathing are common symptoms of both
diseases. TB, however, has a prolonged incubation period with a later start of symptoms [9].

To achieve the relationships among COVID-19 and TB, many studies have been done [6,10-13]. For example, Chen et al. [6],
found that TB might make people more susceptible to COVID-19 and make its symptoms more severe. According to the study given
Petrone et al. [10], individuals who have TB and COVID-19 infection have a poor immunological response toward SARS-COV-2. In
[11], it is demonstrated that the co-infection of individuals with both diseases are linked to increased mortality and deaths. Besides,
as reported in [12], individuals who have ever experienced a TB infection are at a significant risk of dying if they get COVID-19.
Additionally, as stated in [6], infected individuals with TB would be more likely to get COVID-19 regardless of how bad the condition
is.

Infectious illness mathematical modeling has a long history and is increasingly utilized to comprehend transmission patterns,
comprehend natural history more completely, organize research and public health treatments, assess treatments, and prepare for and
react to outbreaks and epidemics. Since the COVID-19 outbreak, numerous mathematical models investigations have been conducted
to look into the transmission dynamics by considering different scenarios [14-18] and the references cited therein. For instance,
in [17], the authors formulated the COVID-19 model for evaluating and controlling its outbreak and used COVID-19 real data in
Saudi Arabia for model validation. They verified the value of the presented model in analyzing the epidemic spread of COVID-19.
Furthermore, various mathematical models for the COVID-19 co-infection with different illnesses have been proposed [19-21]. For
example, Tchoumi et al. [21] proposed the first mathematical model which describes COVID-19 and malaria co-dynamics. They
expanded the model to an optimal control and suggested that applying the protective measures for both diseases have a key role in
reducing the spread compared to single prevention control measure.

Although some studies on COVID-19 and other illnesses co-infection have been conducted, recently, there is a limited number
of studies for the dynamics of TB and COVID-19 co-infection models [22-25]. In particular, Omame et al. [22] proposed and
examined a mathematical model of TB and COVID-19 co-dynamics using fractional order derivatives. They observed that minimizing
the probability of contracting COVID-19 due to latent TB infection will reduce the burden of the COVID-19, and also their co-
infection from the population. On the other hand, a mechanistic mathematical model of TB and COVID-19 co-dynamics is constructed
and examined in [23]. They investigated that the effects of applying optimal control measures for COVID-19 and TB co-infection
dynamics. In [24], another model is also addressed and it is shown that increasing the contact rate worsen the coinfection, while
reducing the contacts and increasing the treatments could mitigate their spread. In [25] the co-dynamics model which contain the
vaccination class is proposed and analyzed. According to their findings, either TB or SARS-CoV-2 mitigation mechanisms significantly
reduced the number of new co-infections. More recently, a coinfection model to study the effect of isolation and treatment on reducing
COVID-19 infection is proposed in [26]. They found that while medication has an effect that often takes longer to manifest, isolation
had a direct effect in lowering the incidence of COVID-19 infections.

The co-infections of TB and COVID-19, however, require additional attention because both diseases are continually spreading and
taking more lives. Thus, our aim is to explore the co-dynamics of TB and COVID-19 to better understand their spread and control
through mathematical modeling and its analysis by employing a system of related models with various aspects. A further objective
is to look into and discover their co-interactions in order to minimize their spread and effects substantially to recommend the
policymakers. For that, a novel mathematical model which integrates the epidemiological traits of TB and COVID-19 is constructed.
For instance, our model differs from the previous models as we considered some conceivable transmission pathways and recovering
from either or both diseases. Further, the influence of COVID-19 personal protection strategy on the disease load is also considered.
Our model complements earlier co-infection models, and is validated by a model fit to daily reported COVID-19 data in Ethiopia by
using a non-linear least squares method, scipy.optimize.curve_fit function, from PYTHON.

The rest of the paper’s content is organized in the manner described below. Section 2 presents the details of model formulation. In
Section 3, the sub-models of COVID-19 and TB alone are provided and analytically investigated. Further, the stability analysis of the
co-infection model also performed in Section 3.3. To support the theoretical findings, the numerical simulations of the co-dynamics
model are discussed in Section 4. Lastly, the paper’s conclusion is drawn in Section 5.

2. Model formulation

In this part, we develop the model with the intention of observing the transmission dynamics of COVID-19 and TB co-infection.
To formulate our mathematical model, we take into considerations the following assumptions:
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i) Susceptible populations are those who are under the risk of acquiring COVID-19 and TB infections at a rate proportional to the
density of COVID-19 and TB infected people, respectively,
ii) No vertical transmission exists, all influxes (recruits) are born healthy and without infectious immigrants, and all parameters are
positive,
iii) Co-infected individuals can transmit both diseases. Further, a person is more likely to transmit if a contact has already happened
because of the impaired immune system. A contact in this context is any process that can transmit a disease.
iv) Co-infected individuals can not transmit mixed infections at the same time, they transmit only single infection [23],
v) TB infected individuals have an increased risk of susceptibility to COVID-19 [6],
vi) Individuals co-infected with both diseases are associated with higher mortality [11].

The entire number of people at time ¢, indicated by N (), is divided into eight divisions to construct the model: susceptible .S(r) who
have not yet contracted either disease, infected individuals with latent TB L(z), infectious TB class I,(¢), infectious COVID-19 class
I.(), COVID-19 and latent TB co-infection class I, (), COVID-19-TB infectious class I,.(r), TB recovered class R,(t), and COVID-19
recovered class R.(7). Hence, the total human population is provided as

NO=SO+LO+ 1.+ L)+ 1,,.@)+1,.(t)+ R.(t) + R, ().

Susceptible individuals acquire TB after becoming in contact with individuals in the classes I,, and I,.. Hence, the force of
infection related to TB is provided by

_ A+ 1)

= Y

Further, susceptible individuals contract COVID-19 after becoming in contact with individuals in the classes I, I,;, and I,.. Hence,
the force of infection related with COVID-19 becomes

B+ ol + 1)

N
The parameters f, and g, represents the transmission coefficient of COVID-19 and TB, respectively. Here, we considered the standard
incidence type of the forces of infection [27]. The parameter 7 > 1 represents the infectivity of individuals become co-infected due
to TB, and (1 — px) denotes effects of COVID-19 protection like physical distancing, sanitizer, washing hand, face mask, and self-
isolation, where p (between O and 1) denotes efficacy of COVID-19 protection measure, and x (between 0 and 1) is fraction of
community applying COVID-19 protection measure.

Individuals infected with COVID-19 may contract TB at the rate w/, and they become I ;. The parameter ® > 1 denotes the
enhancement factor accounts for how infectiously susceptible people are to becoming TB after contracting COVID-19 disease. Indi-
viduals after being infected with TB join the latent TB infective class L or I.;, and then move on to the class of people with active TB
(I, or I,.) at a progression rate ¢, and 7., respectively. At the rate v4,, TB recovered individuals acquire COVID-19 and become TB
infected at the rate @4,. These types’ of transitions are widely used in many TB models and their co-dynamics [25,28-30], where v
and ¢ are the infectivity factor of TB recovered individuals to COVID-19 and TB respectively. Furthermore, we assume that COVID-19
recovered individuals become TB infected at the rate 4,. Individuals having active TB may contract COVID-19 disease at the rate
o, and join I, class. The parameter ¢ > 1 denotes the modification parameter that shows the enhancement factor for individuals
becoming COVID-19 infected as a result of TB. The descriptions of all transfers in the proposed model are shown in the schematic
diagram given in Fig. 1. Further, the descriptions of the parameters in the model are summarized in Table 1. Following Fig. 1, we
proposed the preceding governing system of ordinary differential equations

A

A= =xkp

S=A—(A+ 4+ S,

L=4S+n. 1, +@AR + AR, — (A + ¢, +rp +p)L,
I.=4.S+a.lI,+ViR,— (0l +r,+8 +wl,
I,=¢,L+0I,, —(cA. +r,+8 +wl,,

i (1
I =AL+wAl, -, +np+ul,.p,
I,=cA 0, +n.0. —(a,+0+6+wl,.,
R.=r.I,—(4+WR,,
R, =ryL+rd, — (oA + Vi + R,
with initial conditions
§0)>0, L(0)>0, 1.(0)>0, 1,(0) >0, @
1.,(0)>0, I,,(0)0>0, R,(0)>0, R.(0)>0.

3. Model analysis

In order to carryout the qualitative analysis of the model, initially we analyze the single infection models as given below.
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Fig. 1. A flow chart that shows the co-dynamics of COVID-19 and TB.

Table 1
Definitions of model parameters.
Parameters Parameter descriptions
A Influx rate
" Natural death rate
8, COVID-19 induced death rate
8, TB induced death rate
83 COVID-19-TB co-infection induced death rate
B, COVID-19 transmission rate
B, TB transmission rate
re COVID-19 recovery rate for individuals in I, class
r, TB recovery rate for individuals in I, class
rp Latent TB recovery rate
a, TB recovery rate for individuals in 7, class
b1, Progression rate from latent classes to active TB
n.,0 Recovery rates from COVID-19 for the classes I, L and I,c, respectively

3.1. COVID-19 sub-model

By setting I,()=1,;(t) = I,.(t) = R,(t) =0 in system (1), we get the COVID-19 sub-model:

S=A-(4 +pwS
I,=A.8S-( +5 +wl,,

Rc =rcIc - ”Rc’

ﬁCIC

where A, = (1 —«p) N

, N=S@+ L)+ R.(0).
3.1.1. Nonnegativity of the solution
Theorem 1. Given the initial data (2), the sub-model (3) remain non-negative for all t > 0.
Proof. Having the first equation of the model (3), we get
ds
— =A—-(4,+wsS.
'R (4 + 1)

When the positive term A is omitted, the aforementioned equation reduces to

ds
= >- S.
2 (Ae + 1)

Heliyon 9 (2023) e18726
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Using integration to solve for variable S results in
S(1) = S(O)elo (re@+n)de >

which implies the nonnegativity of .S(7) for all time 7.
Similarly, from the second and third equation of the model (3), we obtain

. S(&)
o | U=xp)B, T*(n +81+u) |dé
1.()>1.(0)e >0.
R,(f)> R,(0)e# ! > 0.
Therefore, the solution to model (3) is non-negative for every 1 > 0. []

3.1.2. Region of invariance

Theorem 2. The region
Qc = {(S,IC,RC) ER} I N@< ﬁ}
u

is positively invariant for the system (3).

Proof. By adding up the right-hand sides of the COVID-19 sub-model (3), we have

N=A-uN-4§,1,. (4)
From the initial values (2), we have that N(0) > 0. Further, it follows, from equation (4), that

N <A-uN. (5)

Solving equation (5), we arrived at

N < NOe ™ + 21— ey,
u

For a large positive ¢, we have 0 < N(¢) < é. Thus, in the region
U

Qc= {(S,IC,RC)ERi :N@< é},
U

every solution of model (3) initiating in Q. stay there for all r > 0 [31,32]. That is, Q. is positively invariant and attracts [33].
Hence, it is sufficient to study the dynamics of the COVID-19 sub-model (3) in Q. [23,34,35]. O

3.1.3. Disease-free equilibrium and basic reproduction number
The disease free equilibrium (DFE) of the COVID-19 system (3) is calculated by equating it to zero and putting I, = 0. Then, we
get

0_ o0 70 poy _ [ A
E0=(S%1°% R = <;,o,o>.

To obtain basic reproductive number Ry, for system (3), we used the next generation matrix method [36,37] so that Ry, is calculated
from the Jacobian matrix FV'~! computed at EC.
Considering the infected compartment /., system (3) rewritten as

X=f(x)=F(x) - V(x),
where

ST,
N

F=[(1—Kp)ﬂc ] and V= +5 +wl].

As a result, when we evaluate the corresponding Jacobian matrices at E?, we get

F=[(1-xp)f.] and V=[r.+6 +u].
Then, the next generation matrix is provided as,

(1—kp)p.

Fy-t=| 2% |
[("c+51+ll)
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and thus the basic reproduction number for system (3) is

_ (A -xp)B,
o= v +m ©

Remark 1. The basic reproduction number can be defined as the expected number of secondary infectious cases generated by one
infectious individual during his or her infectious period in a fully susceptible population [37].

3.1.4. Disease-free equilibrium and its stability analysis
Theorem 3. The equilibrium, E?, of system (3) is locally asymptotically stable (LAS) for Ry, <1 and unstable when R, > 1.

Proof. To prove the theorem, we compute system (3) at EC, which is given by

—H -(1=kp)p, 0
Jpo=| 0 (A =kp)f.—(re+6+p) 0 |,
0 r. —u

and its eigenvalues are the roots of

(== D(—p = HAA —kp)f. — (re +6; + )] - 1) =0.
Thus, the eigenvalues are
M=-u=4 and Ay=(1-xp)B, — (r, +6, + ).
The eigenvalues 4; and 4, have negative real parts. We can rewrite the eigenvalue 45 as

A —xp)b.

/13=(1—Kp)/3c—(rc+51+/‘)=('f+51+“)((rc+51+m -

1) =(r.+ 6, + (R, — 1),
which have negative real part if and only if Ry < 1. Thus, all the eigenvalues of the Jacobian matrix Jo are negative for if Ry, < 1.
As a result, system (3) has a LAS DFE, E?, when Ry, <1 and unstable if Ry, >1. O

Theorem 4. The DFE of the TB sub-model (3) is globally asymptotically stable (GAS) whenever R, <1.

Proof. Define the Lyapunov function as

V=I.
The time derivative of V' becomes
V=I
=AS = (r.+6, +pl,
=10 = kP = (e + 81 + I,
<M —xkp)p = (re +6; + W,
=(r.+06; +wl, (ROC -1
<0, for Ry <1.
It can be seen that V <0 for ROC <1, with ¥ =0 if and only if I, = 0. Substituting I, = 0 into (3) shows that S — % as t — oo.

Thus, the largest compact invariant set in {(S,1,,R.) €Q¢ : V =0} is E°. Therefore, using LaSalle’s invariance principle [38], every
solution of (3), with initial conditions in Q. approaches ES, as t — oo for Ry, < 1. O

3.1.5. Existence and stability of endemic equilibrium of system (3)
We now investigate the existence and stability of the endemic equilibrium (EE) for COVID-19 sub-model (3).

Theorem 5. The COVID-19 sub-model has a unique EE if and only if Ry > L.

6
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Proof. To determine the EE equilibrium of system (3), we have to calculate given below:

A= (u+ 1)S* =0,
AS* —(r.+6; + I} =0, @
"cI: - yR: =0,

* *

where 1% = (1 - Kp)ﬁcN—C* =(1- Kp)ﬁcm.
c c

From system (7), solving for S*, I and R, we get the EE of sub-model (3)

Alre + )Ry,
Ul = k)P (Ro, = D+ (re + )Ry, 1’

*

T M(R()E - I)S*
e u+r, ®)
rC

It is easily observed from (8) that the sub-model (3) has a unique EE when Roc > 1, but does not have any EE when Roc <1l. O
The next result arises from Theorem 2 provided in [37].
Theorem 6. (Local stability of EE:) The unique EE, E;, of system (3) is LAS if R, > 1 otherwise unstable.

3.1.6. Bifurcation analysis

This section presents the direction of the bifurcation, forward or backward, i.e., the exchange of stability for DFE with an EE based
on threshold value R, . A model with globally stable equilibrium means it does not show the phenomenon of backward bifurcation,
which occurs when a stable DFE coexists with a stable EE [21,23,34,35]. We use the center manifold theory as described in Theorem
4.1 from [39]. It is first necessary to simplify and change variables in order to apply this theory.

Denote x = (x;,X5,x3)] =(S,1,, R.)T. Then system (3) is rewritable as follows:

dx, X1Xy

= =A—(1- 12
7 S1(x) ( Kﬂ)ﬂc e Hxy,
dx, 1Xo
7=f2(x)=(1 Kﬂ)ﬂc?ﬂ—("c*’&*‘ll)xz, (C)]
dx;
T:fg,(x)=rcx2—/4x3.

Considering the case R, =1, and selecting f; as the bifurcation parameter, we get

. (re+o+u)
B.=p= 17'
—kp
The linearization of system (9) at E? and f, = § is given by
—u —(r.+6,+pu O
0 0 0
0 e —H

JEo g =

Clearly, the eigenvalues of J, (0. g are =g, 0, and —u. This implies E? is non-hyperbolic. Hence, we can apply the Castillo-Chavez
and Song [39] to investigate the dynamlcs of the system (9) near g, = ﬁ* Indeed, we carry on as follows.
Representing the right eigenvector of the system (9) by w = (w;, w,, w3)T and solving for
Teo )
we get the right eigenvectors

cw=0,

(re+06,+u)
w == T s wy =Ly, wy=wy > 0.

e e

Likewise, representing the left eigenvector of the system (9) by v = (v, v,, v3) and solving for

v-J

E0.50 =0
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we get the left eigenvectors

v =0, v3=0, vy,=0v,>0.
The two eigenvectors must fulfill the condition v- w=1, i.e.,

ﬂU2w3 =1.
rC

Direction of the bifurcation: The coefficients of the bifurcation at E? are given as

a= 23 VW W " (EY, ")
Kid=1 K fax,.ax, ¢’ e
3% f,
= 3 k 0 p*
b= . EY, .
k,;:lkaI ax[aﬂc( c ﬂc)

Since v; =0 and v; =0, all that is required are the partial derivatives of f,, where

Bex1x)
fo=

=2 48+ )X,
x|+ Xy +x3 e TOT X

Computing the 2nd order partial derivatives of f, at (E?, §*), we have the followings nonzero derivatives:

P o N 0/ Bem
EY gy =—(1 — , and —Z2(E°,p")=-2(1- ‘.
ax3ax2( B)=—1-xp) A an axg( B (1-xp) A
Furthermore,
0% f,

0 pxy _ _
T BB =0 =)

To ascertain the type of the bifurcation, we need to calculate and find out the sign for a and b, which are bifurcation coefficients
evaluated at the DFE (E?). Hence, we obtain

02 02
a=uv, |2w,w; /> +w§l
0x,0x3 dx%

re+6; +
=—202w (3w, +w?) <0,

b 0% f,
=0, | Wy ——
2\ 2 0x,08
=(1-«kp)v,w, >0.

Because a <0 and b > 0, according to Theorem 4.1 given in [39], the COVID-19 infection model (3) doesn’t exhibit the backward
bifurcation phenomenon at R, = 1. Thus, we can have the next conclusion.

Theorem 7. The unique EE, E}, of system (3) is GAS if Ry > 1.

The appearance of forward/transcritical bifurcation indicates that having R, <1, is a necessary and possibly sufficient condition
to control the load of the disease from the populations.

3.2. TB sub-model
By making I.(r)= R,(t)=1.;(t)=I,.(t) =0 in system (1), we get the TB sub-model:

S=A—(u+4)S,
L= AS+ QAR — (¢, +rp +n)L,
I=¢,L—(r,+6,+wl,,

Ry =r L+rd— (¢ + R,

(10)

where 4, = % with N(t) =S+ L)+ I,(1) + R, (D).

Theorem 8. Given the initial condition (2), solutions of the TB sub-model (10) remain positive for all time t > 0 and the biologically feasible
region
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A
QT={(S,L,1,,R,)GR1 : N(t)s;},

is positively invariant and globally attracting for system (10).

Proof. Adding the right hand side of the TB sub-model (10), the total population satisfy

N({) = A—uN —6,I, < A—uN. an

Note that, from the initial values (2), we have N(0) > 0. Hence, for every finite time ¢ > 0, the total population is non-negative and
bounded. Indeed, the differential equation (11) gives us:

N(@) < é,
U
as t — +oo0. Hence, the region of definition for system (10) is

A
Q= {(S,L,I,,R,)e[r\af‘+ N < ;},

and it is positively invariant as well as attracts the solution starting in Q. Thus, it is sufficient to study the TB sub-model (10)
dynamics in Q7. [J

3.2.1. Basic reproduction number for TB sub-model
The DFE point of the TB sub-model (10) is obtained when L = I, =0 and is given by
b

EX =5 L 1% R = (Qo,o,o).
U

Following the approach in [37], and considering the infected compartments x = (L, I,)", system (10) rewritten as

x=F(x)—-V(x),
where
(S +@R)I,
! N [ (b +rp+ulL ]
F= and V= .
0 ¢, L+ (r;+ 6, + )1,

Hence, the corresponding Jacobian matrices evaluated at E? are given as
F=|® P| ana p=|®trLtH 0 .
0 0 -, ro+ by u
As a result we obtain
N
¢ +rp+u

& 1
(b +rp +)r +6+pu) r+6+u

vl=

Thus, the next generation matrix is provided by

B¢ By
Fy-l= (D +rp+w)r+6+n) r+6,+u
0 0

The dominant eigenvalue of FV~! is the basic reproduction number for TB sub-model, i.e.,

B

R, = )
O T (41 + ), + 65+ 1)

12)

Next, we examine the local and global asymptotic stability of the DFE, E?, of TB sub-model (10), to determine if the small
deviations from the equilibrium point will increase or decrease with time.

3.2.2. Disease-free equilibrium and its stability analysis

Theorem 9. The TB sub-model (10) has a LAS DFE, Ef’, whenever Ry, <1, and unstable otherwise.

9
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Proof. First, let as linearize the system (10) at DFE (EIO) to get:

—H 0 -6 0
Joo= 0 —k B 0
B~ o ¢, -k, 0]
0 rp re =
where
ky=¢,+rp+u and k,=r,+6,+pu. (13)
It is obvious that 4; = —u = A, are the two negative eigenvalues of J . The remaining eigenvalues of J o are obtained from the block
1 t
matrix

_kl ﬂt
J 0=
= < ¢ k)
and they are the roots of

PO =22 +ajA+a,=0, 14)

where

ay =k +k,,
ay = kyky(1 = Rg).

It can be clearly seen that, a; >0 and a, > 0 for R, < 1. Again, applying Routh-Hurwitz stability criterion [40,41], the characteristic
polynomial (14) have the roots with negative real part, if R, <1.If Ry > 1, then a; <0 and the equilibrium E? becomes unstable.
Hence, the DFE Et0 of the TB sub-model (10) is LAS for Ro, <l. O

Theorem 10. (Global stability of DFE:) For Ry, <1, the DFE of the TB sub-model (10) is GAS.

Proof. Define the Lyapunov function
V=IkyL+41,
where k; and k, are given in (13).
The time derivative of V' becomes
V=ky,L+p,1,
=ky[A4S+ @A R, — k| L]+ p,[¢p, L — k1]

III
=k, [%[5 +oR]- le] + Bl L — k1))

ﬁYIY
<k, TN—le + pild, L —ky1,]
=pd; L —kiko L
= kikyL (Ry — 1)

<0, for Ry <1.

It can be seen that V' <0 for R, <1, with V' =0 if and only if L = I, = 0. Substituting (L, I,) = (0,0) into (10) shows that § — A as
! U

t —> oo. Therefore, the largest compact invariant set in {(S, LI,R)EQ V= O} is E,(J and using LaSalle’s invariance principle, E?
is globally asymptotically stable in Q; for Ry <1. [

3.2.3. Existence and stability of the endemic equilibrium of the TB sub-model
In this subsection, we determine the non zero point for all population components in the TB sub-model.

Theorem 11. The TB sub-model (10) has only one EE whenever Ry, > 1.

10
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Proof. To proof the theorem, we proceed as follows by solving succeeding system of equations:

A=(u+A5)8* =0
AS* + @A R —k L* =0
¢ L* — koI =0

rp L+ df = (u+@A)R; =0,

BI; B I L
2t Tt andk,,k, are given in (13).

where 1* = =
" N* S+ L*+I'+R’

A few algebraic calculations later, from equation (15), one can get

. A

A+ u

Aky A7 (@ A% + 1)
T 7+ (@A kg + (83 + )] + ki ky)’

*

. A, A (@A + )
T+ W) @A Luky + (83 + 0] + pkyky)

R* = AAf(rpky +10hp)
T+ (@A kg + § (85 + )] + pk ko)

where
P L S—
tOS*+ L+ 1+ R
Note that
ar BAD A7 (A7 + 1)

T+ (@A Tk + (8, + )] + pik k)
Also, using equation (16) we have

A (@A* + p)
S*+L*+I'+R = A % TR

This implies

= +
Al +u o (A7 + (@Al [uky + (6, + W) + ukiky)

[ky + b, +ri ks + 10

S*+L*+1I7+ R =A
Substituting (18) and (19) into (17), we have

B A7 (@47 + 1)

s

(@47 ks + (83 + W] + pk ko) + A7 (A7 + u)(ky + b + 1Ky + 1)
(A + 1)@ A; [uky + (65 + 101 + pk k) '

This gives us

=0 or @A uky+ (8, + ]+ pkyky + AF(@AF + )k + b+ 1Ky + 1) — b B (@AF + ) = 0.

Here, 4] =0 gives the DFE point. From the second equation we obtain

A(A)* + B +C =0,
where

A=g@lky+ ¢, + (rpky +1,0,)]
B =qlur; + kiky(1 — Ryl + plky + ¢, + (rpky +ripp)]

C =k ky(1 = Ry).

11
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As it is observed from (21), B> 0 and C > 0 for Ry, <1. This implies that there does no positive root(s) of (20) exists. For Ry, > 1, we

have that C <0, and B either positive or negative. This implies the existence of a unique positive root of (20). [

3.2.4. Bifurcation analysis

By using the center manifold theory described in [39], the global stability of the TB sub-model (10) is investigated using the same

technique as in Section 3.1. It is first necessary to simplify and change variables in order to apply this theory.

Denoting x = (x|, x,,x3,%,)" =(S, L, I,, R,)T, the infection model (10) can be altered to take the form % = f(x), as follows

= A

_ = xX)=AN—-f, ——— — ux,,

dt ! "x| X+ X3+ Xy a

dx, X1X3 PX3X4

— = x) = - +rp + ux,,
dt £ ﬂ’x1+x2+x3+x4 'x1+x2+x3+x4 (@i FrL+ %)
dx;

W:f3(x):¢rx2_(rt+52+ﬂ)x3a

dxy PX3Xy

—_—= X)=TrpXg+rXxXy—p——————— — UXxy.

ar =i =rxa b ﬁ’x1+x2+x3+x4 Hxa

By selecting f;" as the bifurcation parameter and R, is set to 1, we get

(G 1+ W0+ 8y + )
d)r '

Given below is the linearized matrix for system (22) at E;O and g, = f;.

ﬁx:ﬂ,*:

—u 0 =B 0
P R ) pr 0
(EP) 0 &, —(r,+6,+u) 0
0 rp Ty —H
Clearly, A, = —u = A, are negative. The rest are obtained from

P+ +rp+r +8,+2wA=0,

which are 1, =0 and 43 = —(¢, +r, +r, + 8, +2u). This implies, at §, = f, the DFE, E?, is a non-hyperbolic.

Next, we proceed the method as follows. Representing the right eigenvector of the system (22) by w = (w;,w,, w;,w,)’ and

solving for

J,

@ g w=0

we get the right eigenvectors

klkz w, Wy = ”kz w. Ws = Md)’ w.
Wy, W)= Wy, W3= Wy,
rpko +r¢; rpky +rg; roky +rg,

w; = , wy=wy>0.

Similarly, representing the left eigenvector of the system (22) by v = (v, v,, v3,v,) and solving for

v-J =0,

(EL.B7)
we get the left eigenvectors

&

v, =0, v,=0, vV=—V
¢r+rL+/4

3, U3=03>0.

Both eigenvectors must fulfill:
re+6+u > ueo, 1
G +rp+u ri(p +rp g,

Direction of the bifurcation: The coefficients of the bifurcation at E? are given as:

u~w=v3w4<

a= 24 Ukw‘w»ﬁ(Eo B
kig=t L oxox
3*f,
4 k 0 p*
b= ——(E”, BF).
k,;:lkaI 6x[6ﬂ,( t ﬂr)

12
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Since v; = v, =0, we do not need the derivatives of f, and f,. Also, the second-order partial derivatives of f; are all zero. Therefore,
all that is required are the partial derivatives of f,, where
Bix1x3 Brpx3xy

= + —(p, +rp + 1)x,.
% X HF Xy F X+ Xy X Xy Xy Xy PtrLtux

Thus, we obtain the following nonzero 2nd order partial derivatives of f, at (E,O, B

02 f2

afz (E°. gt < H afz
0x3dx

_ >f
(BB =—p %

0x30p;

0B )=1 E“,ﬁ,)— —Zﬂ and (E% ) =1.

Now, we obtain

f £
a= Z v W; wj 6;-(E?’ﬁ')
J

ki, j=1

>’f

2 0% f,
30X,

2
=0, zw%wzi(E B+ 203wy =2 (B, ) + wi —==(ED, )
7T 0x30x, ox 0 x2 d
=-2p %(wz + w3 + pw,y)vyw; <O0.

Further, the bifurcation constant b is provided by

b_zukw’a ()ﬂ to’ﬁt*)

2
— 2 0
=Wy 200, (E/.B))
=v,w;3 > 0.

Thus, a <0 and b >0 at §, = f;. Therefore, Theorem 4.1 in [39] implies the TB sub-model (10) doesn’t demonstrate the backward
bifurcation conditions at Ry, =1 and thus, the coexistence of a stable DFE with a stable EE is not possible. As a result, the next
conclusion follows.

Theorem 12. The unique EE (E?) of the TB sub-model (10) is GAS if Ry, > 1.

3.3. COVID-19-TB co-infection model

This section presents the analysis of the full TB-COVID-19 system given in (1). The region of invariance for model (1) is given by

Qcr = Qc X Qr,

where Q. and Q, respectively are the invariant region for the sub-models (3) and (10). Following the same approach in [23,34,35],
one can show that for any time 7 > 0, the solution of model (1) with non-negative initial values (2) remains non-negative. Moreover,
from permanence theory [33], all solutions of system (1) at the boundary of Q. enter the interior of Q.;. Hence, Q. is positively
invariant as well as attracts the flow generated by model (1).

3.3.1. Stability analysis of the disease-free equilibrium
The TB-COVID-19 model (1) has a DFE which is provided by

E®=(s°,1%10,10,1° .10, R, RO) = (é,o,o,o,o,o,o,o).
M

[T R

As shown in the previous sections, one can apply the next generation method and obtain the basic reproduction number of COVID-19
and TB co-infection model (1) as follows:

R0=max{R0C,R0t},

where RoL. and Rot are as given in (6) and (12), respectively. From this we conclude that the co-infection dynamics will be in control
of by the disease that have highest reproductive number.

Theorem 13. For R, < 1, the DFE, EY, of the system (1) is LAS, and unstable otherwise.

13
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Proof. The linearized matrix of system (1) at EY, is given as

-4 0 —p.(1-xp) —p —Br(l—xkp) —fr(l—xp)=f 0 O
0 -k 0 B nr B 0 0
0 0 B(-xp—ky, 0 pfr(-xp) a+pfc(l—-xp) 0 0
N U 0 —ks 0 0 0 0
Bl o 0 0 0 —ky 0 o o
0 0 0 0 e —ks 0 0
0 0 r, 0 0 0 -u 0
0 rp 0 r 0 0 0 -u
where
ky=¢,+rp+u, kn=r.+6;+u, ks=r,+6,+u, ky=n.+n; +u, ks=a,+0+6; +u. (23)
Note that, A; = —u, 4, =—p and A3 = —p are the eigenvalues of J. The remaining eigenvalues of Jo are obtained from the block
matrix
—k 0 b nr b
0  p.(d—kp)—k, 0 p.z(l—=xp) a.+p.v(1—-xp)
Jipo=| & 0 —ks 0 0
0 0 0 —k, 0
0 0 0 e —ks

The eigenvalues of J, ;o are obtained from the following block matrices:

ki 0 b —ky 0
b= 0 B(A-xp)—k, 0 | and JgEU=< 4 e )
¢x 0 —k3 Me 5

Clearly, A5 = —k, and Aq = —k5 are the eigenvalues of J;0 (which are negative) and the eigenvalues for J,zo are obtained from

(ka[Ro, = 1] = 4) (4 + @14 +ay) =0, (24)

where

ay =k +ky
ay =kiky[1— Ry, 1.

From (24), we obtain the eigenvalues with negative real parts, when R, = max {ROC J Ry, } < 1. Hence, EV is LAS if R, < | and unstable

otherwise. []
In the following theorem, the GAS of DFE for model (1) is performed following the approach in [42].
Theorem 14. If R, < 1, the DFE (E°) of the TB-COVID-19 model (1) is globally asymptotically stable in Q1.

Proof. To proof the theorem, we first rewrite the co-dynamics model (1) in the form

dx
s F(X,Y),
% =G(X,Y), with G(X,0)=0,

where X = (S, R,,R,) € R} denotes non-infected compartments, and ¥ = (L, I,.1,.I;.I,.) € R} denotes the infected compartments.
Then we have to check the following two requirements.

(Hy) % = F(X,0), X* is GAS, where F(X*,0)=0.
(Hy) G(X,X)=BY —G(X,Y), G(X,¥) >0 for (X,¥) € Qcr, where B = Dy,G(X*,0) is an M-matrix.

For the co-dynamics model (1), we have

ax [AnS
? = _”Rc (25)
—HR,

14
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The DFE for the system (25) is given by X* = (A,O, 0). The system (25) is globally asymptotically stable around its unique equilibrium
U

point X*. Indeed, the trajectories S(r) = A +(S(0)— é)e’”’ , R.(t) = R.(0)e™#" and R,(r) = R,(0)e™*" satisfies tﬂnw S(t) = é, IHan R.(0=
0 and tﬁnw R,(t) =0, respectively, whichﬂimplies thz:lt the global convergence of the system (25) in Q. Thus, the cogdition (H)) is
satisfied.
Furthermore, from model (1), we have
MS+npl. + AR + AR, — (A, + @, +r +p)L
AS+ad,. + VAR, — (@A 1.+ 61 + Wi,
% —GX.Y)= G L+01, — (0h, +r,+6 + ),
AL+ @i d, — (e +np +
oA d +n.d.p —(a. +0 463+,

and we obtain the Metzler Matrix as follows

—ky 0 b nL b
0 fl-xp—ky 0 frl=xp) a+pe(l—xp)
B=DyGX*,0)=| ¢, 0 —ks 0 0 s
0 0 0 —ky 0
0 0 0 e —ks

where ky, k,, k3, k4 and k5 are as in (23).
Now, we have

G(X,Y)=BY-G(X,Y)
B, +1,.)— A(S+ @R +R.)+ AL
B.(L—xp)U, + 7T, + 1) — 4.8 — VAR, + w1,
oA,
—A.L—wl,I,
—oi.d,

Easy observation reveals that G(X, ) # 0, which implies the (H,) requirement is not met. Thus, the DFE point E® may not be globally
asymptotically stable. []

Since the phenomenon of backward bifurcation does not occur in both COVID-19 and TB submodels, so is that for the co-infection
model [23]. Thus, depending on the occurrence of forward bifurcation in each sub-models, the co-infection model equilibrium points
are locally as well as GAS [25].

4. Numerical simulation

To demonstrate the theoretical results, numerical simulations are carried out. Model parameter values and their sources are listed
in Table 2 for the numerical simulations.

4.1. Curve fitting

We fitted the model (1) to the COVID-19 data provided by the health authorities in Ethiopia [43] from March 13, 2020, until
May 31, 2022. In order to fit the cumulative daily COVID-19 cases, we use model (1) and use the programming language Python
(version 3.7) [44]. The cumulative daily COVID-19 cases were obtained from the Ethiopian Public Health Institute (EPHI) [43]
and also available online at [45]. The population of Ethiopia is estimated to be N(0) = 114,963,588 and the life expectancy (in
days) is p = 1/(67.8 x 365) for the year 2021 [46]. We define the initial values for each of the state variables on March 13, 2020
as follows: L(0) = 200,000, 7,(0) = 151,000, 1,(0)=1, I,;(0)=0, I,.(0)=0, R.(0)=0 and R,(0) = 7000. From these, we have S(0) =
N(0) — [L(O) + 1,(0) + I,(0) + 1, (0) + 1,.(0) + R,(0) + R, (0)].

The influx rate, A, is calculated from the relation A/u = N(0), and it is obtained 4,645. Further, we assumed the values of p and
x between 0 and 1. For the model fitting, we used scipy.optimize.curve_f it from Python, see [47] and [48] for more details, that uses
non-linear least squares method to fit a function to data. The best fit to the model is portrayed in Fig. 2.

4.2. Simulation results

In this subsection, we validate the local and global asymptotic stability of DFE and EE point of the COVID-19 and TB co-infection
model (1). Using the baseline parameter values in Table 2 except g, = 0.376513 and g, = 0.638827, the associated reproductive numbers

15
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x10°

e Covid-19 cases
Model solution

Cumulative confirmed Covid-19 cases

0 100 200 300 400 500 600 700 800
Time(Days)

Fig. 2. Model fitting to the cumulative daily COVID-19 cases in Ethiopia, March 13, 2020 — May 31, 2022.

Table 2
Parameters value.

Parameters Estimated values References

A 4645 Calculated

" 1/(67.8 X 365) [46]

K 0.3 Assumed

P 0.5 Assumed

B, 0.506513 Fitted

B, 0.858827 Fitted

T 1.007301 Fitted

) 0.001518 Fitted

5, 21/100000 [49]

8 0.010398 Fitted

@, 0.274029 Fitted

r, 0.324156 Fitted

r 0.175492 Fitted

L 0.749912 Fitted

w 1.018125 Fitted

o 1.009452 Fitted

a, 0.782631 Fitted

A 0.429445 Fitted

0 0.932234 Fitted

[4 0.840226 Fitted
1.000108 Fitted

@ 1.002361 Fitted

are obtained as R, =0.9826 and R, = 0.9728, both of which are less than one and hence, R, = max {RUC’RO,} is less than unity.

From Figs. 3a and 3b, it is evident that the solution trajectories of the infected compartments are moving toward the respective
components of the DFE when the basic reproductive number R, related to COVID-19 and TB is below one. This figure reveals that,
for the basic reproduction number R, less than unity, both diseases will die out in the population.

Fig. 4 illustrates the time series plot of the COVID-19 and TB co-infection model using the baseline parameter values described in
Table 2, so that its basic reproductive number is exceeds one. As it can be shown in Figs. 4a and 4b, all solution curves are converged
to their corresponding components of the EE.

The time series plot for the numerical solutions of the COVID-19 and TB co-infection model (1) using different initial conditions
are plotted in Fig. 5. In this case, we use the baseline parameter values described in Table 2, so that its basic reproductive number
is exceeds one. The Figures given in 5a, 5b, 5c, and 5d reveal that, for the basic reproduction number R, greater than unity, both
diseases will persist in the population.

Fig. 6 and Fig. 7 justifies the GAS of DFE (E®) for COVID-19-TB co-infection model (1). Taking various initial values for infected
compartments, each solution curve moves toward the DFE point when R, < 1 as seen for latent TB, and active TB from Figs. 6a and
6b. Similarly, one can observe the convergence of co-infected individuals to DFE point from Figs. 7a and 7b.
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Fig. 3. Simulations showing the local stability of DFE for the model (1). Here f, =0.376513 and f, = 0.638826 so that R, =0.9826 < | and R, =0.9728 < 1. All other

parameters are as in Table 2.
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Fig. 4. Simulations showing the convergence of model (1) solution to EE. Here we use the baseline parameter values in Table 2 so that R, =1.3218 > 1 and
Ry =1.3078> 1.

4.2.1. Impact of COVID-19 contact rate on COVID-19 and TB co-dynamics

The effects of COVID-19 contact rate (8,) on the dynamics of infected individuals for model (1) are portrayed in Fig. 8. It is
noticeable from Fig. 8a that the number of people who become COVID-19 infected is less when g, decreases; however, they start
increasing for a high values of g,, due to the increase in COVID-19 contact rate. Moreover, in a similar manner, the COVID-19 contact
rate (f.) has the same effects on the co-infected individuals as described in Figs. 8b and 8c respectively.

4.2.2. Impact of the fraction of the community applying COVID-19 personal protection measure

Fig. 9 shows the simulation for various effectiveness of the fraction of the community applying COVID-19 personal protection
measure (k). Simulation of model (1) for the population of COVID-19 infected individuals (1,), at different values of «, is portrayed
in Fig. 9a. As seen from this figure, increasing the number of communities employing COVID-19 personal protection strategy could
significantly reduce the COVID-19 infection from the community. Moreover, a similar trend is observed in Figs. 9b and 9c, revealing
that increasing fraction of the community applying COVID-19 personal protection measure could also minimize the difficulty of the
co-infections. In comparison with a small number of communities employing COVID-19 personal protection strategy, the result shows
that: adopting a high number of communities employing COVID-19 personal protection strategy will minimize the cumulative number
of individuals become infected and co-infected with both diseases. In general, increasing the number of communities employing
COVID-19 personal protection strategy would results in reduction in the number of individuals that would be confirmed with COVID-
19 and co-infected with the two diseases.
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Fig. 5. Simulations of model (1) showing the number of infected and co-infected individuals at various initial values using the parameter values in Table 2 so that
R, =13218> 1 and R, =1.3078 > 1.
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Fig. 6. Simulations of model (1) showing the number of (a) Latent TB and (b) active TB infected individuals at various initial values using parameter values in Table 2
except f, =0.376513 and f, = 0.638826 so that R, =0.9826 <1 and R, =0.9728 < 1.

4.2.3. Impact of modification parameter accounting for the infectiousness of individuals contracting COVID-19 due to TB infection

Fig. 10 depicts the simulation of model (1) for the number of individuals that are infected by COVID-19 (I,), and having active
TB and COVID-19 (1,,), at different values of the modification parameters ¢ and v. As shown in Fig. 10a, reducing the possibility of
the persons that will contract COVID-19 as a result of active TB would significantly decrease COVID-19 infections in the community.
Similar observation is also seen from Fig. 10b in the case of co-infection for COVID-19 and active TB. The simulation results of
COVID-19 infected individuals (I,) at various values of the modification parameter that account relative contagiousness of people
contracting COVID-19 after TB recovery, is also represented in Fig. 10c, and it reveals that preventing the possibility of acquiring
COVID-19 after TB recovery would also help curb the COVID-19 infection. In contrast, TB lowers the immunity against COVID-19
leading, to increased occurrence of COVID-19 infection.

4.2.4. Conditions for both diseases to coexist or eradication
In this subsection, numerical simulations of the co-infection model (1) are performed to ascertain whether the two diseases will

co-exist if their respective basic reproduction numbers exceeds one. In Fig. 11, we have represented simulations for the total number
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Fig. 7. Simulations of model (1) showing the number of co-infected individuals at various initial values using parameter values in Table 2 except g, = 0.376513 and
#, =0.638826 so that R, =0.9826<1and Ry =0.9728 <1.
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of infectious individuals at various initial values for R, and R, greater than unity. It is observed from this figure, that for higher
contact rates of COVID-19 (f, = 0.506513) and tuberculosis (8, = 0.858827), both COVID-19 and TB will persist in the community.

Fig. 12, depicts the results of the simulations for COVID-19 infected and active TB infected individuals at various initial values
for Ry, <1 and R, > 1. It is revealed here, that for lower contact rate of COVID-19 (f, = 0.376513) and higher contact rate of TB
(B, =0.858827), COVID-19 will be driven to extinction by TB dominating the population over time.

In Fig. 13, we have depicted the simulation results of infected individuals at various initial values for R,, and Ry, less than unity.
In view of this figure, it is evident that for low TB and COVID-19 contact rates and as a result of increased COVID-19 treatment rates,
the two diseases will eventually disappear from the community over time.

The simulation results of the co-infected populations at various initial values for R, and R, greater than unity are portrayed in
Fig. 14. From this figure, it is visualized that, for higher contact rates of COVID-19 (8, = 0.506513) and tuberculosis (f, = 0.858827),
the two diseases will coexist in the community, with COVID-19 and latent TB co-infected dominating the individuals in co-infection
class I,..

5. Conclusions

We proposed a mathematical model with the objective of investigating the dynamics of co-infection for COVID-19 and TB.
Basic model characteristics, including the nonnegativity and boundedness of the model solution as well as the invariant region, are
provided. Furthermore, for each sub-models equilibrium points, the stability and bifurcation analysis are presented. Particularly,
their DFE points are both LAS and GAS for the corresponding reproductive numbers R, and R, less than unity, unstable otherwise.
Besides, the EE of both sub-models existed and its stability analysis were investigated. Consequently, the coexistence equilibrium
point of each sub-model is LAS for Ry >1 and R, > 1. We have showed that the model undergoes forward bifurcation. From the
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bifurcation analysis, we observed that both the DFE and the EE can not co-exist, and as a result, the sub-models’ endemic equilibria
are GAS for R, and R, greater than unity. The co-infection model equilibrium is LAS and GAS based on the fact that both sub-models
experience forward bifurcation.

For the numerical simulation, we fitted the curve and also estimated the parameters from the fitted curve. To support the analytical
results, we performed different simulation results. It reveals that minimizing the contact with both infections decrease the disease
load in the population, and hence the co-infection. Again, the parameter x has an impact on reducing COVID-19 infection and its
co-infection. As evidence for increasing the number of communities employing COVID-19 personal preventive strategy reduces the
disease load in the community. Furthermore, the simulation results showed that the invasion of both diseases is always possible inside
the community for basic reproductive number greater than one, agreeing with the analytical results. Thus, one can conclude that
it is possible to lessen the COVID-19 spread through reducing effective contacts and raising the number of communities employing
COVID-19 personal protection strategy, which also mitigates the new co-infection cases. Besides, our study reveals that minimizing
the probability of individuals that have TB infection and contracting COVID-19 will also reduce the burden of COVID-19 disease, and
the co-infection from the populations.
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