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The Fitness-Corrected Block Model,
or how to create maximum-entropy
data-driven spatial social networks

Massimo Bernaschi', Alessandro Celestini, Stefano Guarino®*™, Enrico Mastrostefano® &
Fabio Saracco®?

Models of networks play a major role in explaining and reproducing empirically observed patterns.
Suitable models can be used to randomize an observed network while preserving some of its features,
or to generate synthetic graphs whose properties may be tuned upon the characteristics of a given
population. In the present paper, we introduce the Fitness-Corrected Block Model, an adjustable-
density variation of the well-known Degree-Corrected Block Model, and we show that the proposed
construction yields a maximum entropy model. When the network is sparse, we derive an analytical
expression for the degree distribution of the model that depends on just the constraints and the
chosen fitness-distribution. Our model is perfectly suited to define maximum-entropy data-driven
spatial social networks, where each block identifies vertices having similar position (e.g., residence)
and age, and where the expected block-to-block adjacency matrix can be inferred from the available
data. In this case, the sparse-regime approximation coincides with a phenomenological model where
the probability of a link binding two individuals is directly proportional to their sociability and to

the typical cohesion of their age-groups, whereas it decays as an inverse-power of their geographic
distance. We support our analytical findings through simulations of a stylized urban area.

The definition of a suitable data-driven spatial social network model is a widely studied problem in computa-
tional social sciences. Various dynamical processes (e.g., diseases spread) can be represented on such networks,
and the topology of the network has a direct impact on the evolution of the process. Having general models for
social interactions, based on available data and capable of reconstructing stylized facts known from the literature,
is of utmost importance to prevent from reaching conclusions biased by incorrect or ill-defined assumptions.
With widely available survey and census data, it is now possible to generate synthetic geo-localized populations,
stratified by age and organized into households. However, there is no equally direct way to accurately model
interpersonal relationships.

Many real social networks exhibit some form of group mixing, driven by the tendency of individuals to social-
ize with their peers!. This property can be reproduced using the so-called Stochastic Block Model (SBM), risen
to prominence as a way to generate networks with a known community structure®*. In the SBM, the vertex set
is partitioned into disjoint blocks and the probability of an edge between two nodes depends on the blocks to
which the two nodes belong. In the original formulation of the SBM, all vertices belonging to the same block are
indistinguishable, so that the degree distribution within each block tends to be Poisson-like for large graphs?. To
produce a more realistic network, a few extensions to the model have been proposed in the literature, including
the Degree-Corrected Block-Model (DCBM)? and its maximum-entropy version*. These models are, in some
sense, the SBM-equivalent of the well-known configuration model. They are based on enforcing both the desired
group mixing and a target degree-sequence, either exactly or in expectation. If Ly is the number of links between
blocks I'and J - or twice that number, if I = J — and deg; is the degree of node v;, the maximum-entropy DCBM
works by imposing that (L;;) = Kj; and (deg;) = k; for suitable constants Kj and k;. The internal consistency

f the model requires >, Ky = > 21y Ky
o q T N(N-1)’
N is the size of the network.

In this paper, we define and analyze the Fitness-Corrected Block Model (FCBM), a variation of the DCBM
where the network density p is a configuration parameter. In the FCBM the block-level mixing is specified in
terms of a matrix of edge-densities A—as in the original SBM—whereas a sequence f of vertex intrinsic fitness

ki for all I, and the density of the network is fixed equal to where
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values™® measures the propensity of each vertex to establish links and can be used to enforce the desired intra-
block heterogeneity. In the DCBM the constants Kjj and k;, that bound, respectively, (Ly;) and (deg;), need to
be known explicitly. The DCBM was in fact conceived as an instrument to randomize an observed graph while
preserving some of its features. In the FCBM, instead, Kjy and k; are determined based on p, A and f, making the
FCBM a suitable model for generating random graphs whose properties may be tuned upon the characteristics
of a given population or set of entities.

To the purpose of having a model that is maximally random, the FCBM is defined following the approach
first presented in Ref.* for the DCBM, and later clarified and generalized in Ref.”. In a nutshell, the approach
consists in: (1) the definition of an ensemble of networks, each with the same number of nodes, but with all
possible configurations of links; (2) the constrained maximization of the entropy associated to the network
ensemble, via the method of Lagrangian multipliers. By imposing the conditions (L;) = Ky and (deg;) = ki,
for all I, ], 1, the probability per graph in the ensemble factorises in terms of probabilities per link. The numerical
value of the Lagrangian multipliers has to be calculated solving the system of nonlinear equations given by the
model constraints. The resolution of this system might become expensive when the network is large and, to the
best of our knowledge, it is not implemented in any publicly available software library. For the present paper,
we implemented a parallel version of the solver for the maximum-entropy DCBM, written in C making use of
the Intel MKL scientific library and the OpenMP API, which can also be used to solve our FCBM. The solver is
released as open-source software at https://gitlab.com/cranic-group/dcbm_solver.

A known sparse-regime approximation for the edge probability of the DCBM implies that, in the sparse
FCBM, the probability of a link binding two individuals i and j is directly proportional to their sociability and to
the cohesion of their blocks, i.e., pjj o pfifjAry for alli € I and j € J. Under the sparse-regime approximation,
the maximum entropy condition leads to a system of equations that admits a closed-form solution. We make
use of this approximate solution to find two closed-form estimates for the degree distribution pj of the FCBM—
one more accurate, the other neater. These two estimates put in direct relation py with the fitness distribution
pf> showing that the degree distribution of the FCBM, albeit not known a priori, can be essentially controlled
through the model’s parameters. In particular, if py follows a power-law, lognormal or exponential distribution,
then the same holds, approximately, for py.

Among the many possible applications, the FCBM is especially well suited for generating a data-driven
social network of geo-referenced and age-stratified individuals. The partition of the population into blocks can
be obtained by grouping the individuals having similar position (e.g., residence) and age, whereas the expected
block-to-block edge-density matrix A can be calibrated based on survey data that quantify the dependence of con-
tact frequencies upon geographic and socio-demographic factors. Finally, the fitness vector f may be drawn from
a suitable probability distribution, modelled upon measurable features such as wealth, employment, or mobility.
In this context, the sparse FCBM is well approximated by the phenomenological model presented in Refs.®’.

To show how the FCBM can be used in practice, and to provide empirical support to our analytical findings,
we generate a set of synthetic social networks for a stylized urban population distributed on a disk of radius
2.5 Km. We use the SOCRATES!®!! tool to extract age-based social mixing patterns, and we embrace the widely-
accepted assumption that an inverse-power-law relation binds the distance between two individuals and the
frequency of their social interactions'>!>. We generate instances of our FCBM using either the exact model or its
sparse-regime approximation, varying both the spatial density of the individuals in the territory and the fitness
distribution. We show that the empirical degree distribution obtained with all considered configurations is in
sharp agreement with the analytical estimates. The implementation of the FCBM is publicly available as part of
the Urban Social Networks (USN) framework at https://gitlab.com/cranic-group/usn.

Contributions and results
In the following, we summarize the main contributions and present the main analytical and experimental results
of this paper. For all methodological details, we refer the reader to the “Methods” section.

The Fitness Corrected Block Model. We propose the Fitness-Corrected Block Model (FCBM), a new
maximum-entropy model for modular networks, parameterized by the network density p € (0, 1), the block-
wise mixing structure A—a symmetric matrix such that 3, ; Ay; = 2—and the vertex-intrinsic fitness f—a
vector that controls the tendency of each vertex to establish links with other vertices.

Formally, let V be a vertex set of size N partitioned into n blocks {Br}/—;. The FCBM is defined as the
maximum entropy probability distribution P, over all networks having vertex set V, fulfilling the following two
conditions:

<LU>p=P(I;)AU forallI,] (1)

<degi>P=p<g>zLZA1i] for all i (2)

uEI,-fu Ji

where Ly is the number of edges between Brand By; deg;, f; and I; are the degree, fitness and pertaining block of
vertex v;; (-) p denotes the expected value with respect to P.

The FCBM can be seen as a generalization of the Degree-Corrected Block Model (DCBM). However, contra-
rily to the DCBM, we show that the FCBM is consistent for any choice of the configuration parameters, making
it suitable for generating random graphs with tunable topological properties.
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Leveraging on the framework of entropy-based null-models, we prove that the probability P(G) of generating
a specific graph G with the FCBM can be factorized as the product of independent edge probabilities, namely
PG =TI, j Pij» where pj; is the probability of an edge between v; and v;. The edge probabilities can be recovered
solving a system of non-linear equations obtained from (1) and (2).

Efficient solver for FCBM/DCBM system of equations. The system of nonlinear equations, needed to
explicitly calculate edge probabilities, becomes computationally expensive as the size of the network increases.
Already with a few thousand nodes, a straightforward implementation may be too slow to be used in practical
applications. We implemented a parallel C-program that efficiently solves this system, as well as the analogous
system arising from the DCBM. The solver follows the Sequential Quadratic Programming approach presented
in Ref.™®, using Newton’s method for the Hessian approximation. To the best of our knowledge, this is the first
publicly available solver for the DCBM. The source code is publicly released as open-source software at https://
gitlab.com/cranic-group/dcbm_solver.

Properties of the FCBM. The fitness sequence ]? guarantees intra-block heterogeneity. In fact, (2) can be
rewritten as

(deg;)p = Z ~ fu (degy)p

where <degI>P is the expected total degree of block By, i.e., the total number of edges incident to B;.

When the network is sparse, we show that the system from which all p;i’s must be derived admits a closed-
form approximate solution. The sparse-regime approximation allows to estimate the expected degree distribution
of the sampled graph based on the fitness distribution ps. We derive two estimates for the degree distribution
px of the network. The first estimate reads

", Dy \ N

k)~ —== ) pr|k — 3)
N XI: f U |

where pi1 is the expected average degree of the vertices in Br. The second estimate, less accurate but easier to

interpret and use in practice, reads

o\ )
m@%wk7%'7% (4)

where p is the average degree of the network. The obtained analytical expressions for py have a very desirable
property: for many choices of pr—including power-law, lognormal or exponential distributions— py. essentially
has the same “shape” of py.

Data-driven FCBM for spatial social networks. We propose an application for our FCBM as a maxi-
mum-entropy model for data-driven spatial social networks. In particular, we envision its application to generate
geographic networks informed by census data, contact surveys, and geospatial data. Indeed, the phenomenologi-
cal model described at the end of this section has already been employed to develop a realistic social network at
the urban scale® and to study the spread of an epidemic process'>~"7, on it.

Let the vertex set V describe an age-stratified population of N individuals living in a territory tessellated into
square tiles of side I. Each v; is thus characterized by two data-driven discrete attributes: its tile of residencet; € T,
that is, the discretized position of v; in the territory, and its age-group g; € I'. These two attributes induce a partl—
tion of the population inton = |T| - |T'| blocks {B;}} 0,w1th vi € By = (t1,gr)ifand only ift; = t;and g; =

To define a data-driven block-wise mixing matrix A, we observe that:

® Social mixing patterns, derived from heterogeneous data sources such as surveys, cell phones or wearable
sensors'®~2, can be used to reconstruct a data-driven age-based mixing matrix $, whose sj; element measures
the tendency of age groups g and gj to socialize with each other.

e The frequency of social relations between individuals living in t; and #; is generally assumed to decay as d’ s
where djj is the normalized (geographic or euclidean) distance between tiles ¢; and t, and the exponent 8 > 0
depends on the type of relation and on the extension of the territory'>**.

This leads to:

d;ﬁSU
M_——L—— (5)
ZO<Q QSOQ

Finally, we extract the fitness vector f from a suitable distribution py, set the density parameter p € (0, 1)
and, for all pairs i, j, compute the edge probability p;; as prescribed by the FCBM. As a result, the graph sam-
pling probability P guarantees that: (1) the expected number of links between By and By is proportional to sy
and decays as d ]ﬂ ; (2) the expected degree of v; is proportional to f; and to the expected total degree of block I;.
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Figure 1. The degree distribution for an ideal city (circular, 10K inhabitants) for 3 different densities (uniform,
radial increasing, radial decreasing) and 3 different fitness distributions (powerlaw, lognormal, exponential).

In this case, the sparse-regime approximation yields

-B
. RP(N) fi o f s
TN 2 ) e fa e Fo S dy sy

Expression (6) defines a phenomenological model, analogous to the one presented in Ref.?, where the prob-
ability of two individuals being connected is proportional to their sociability and to the cohesion of their age-
groups, while decaying as a power of their distance. Clearly, the estimates obtained in (3) and (4) for the degree
distribution stay valid in the data-driven model. If the network is sufficiently sparse and the population of all
tiles/groups is sufficiently large, the degree distribution of the sampled graph G is controlled by the available data

and by the chosen fitness distribution py.

(6)

Experimental analysis. We implemented both the exact FCBM and its sparse-regime approximation. The
code is released, as open-source software, as part of the Urban Social Networks (USN) framework at https://
gitlab.com/cranic-group/usn.

We used our data-driven FCBM to generate instances of a spatial social network for a stylized city of 10K
inhabitants living in disk of radius 2.5 Km. We set p so that the average degree of the network is ;. = 25, we set
B =1, we used age-density data for Italy as released by the Italian National Institute of Statistics (ISTAT), and
we extracted the matrix S from data released by the POLYMOD project*’. We considered three possible spatial
densities—uniform, and increasing or decreasing with the distance from the disK’s center—and three possible
fitness distributions—pareto, lognormal and exponential. For all nine combinations, we generated 10 independ-
ent graph instances.

In Fig. 1 we show the empirical degree distribution, averaged over the 10 instances of the FCBM for each
configuration, considering both the exact model and the sparse-regime approximation. We also show the two
estimates (3) and (4). The plots confirm that the approximation is sound and that the two estimates can be safely
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used in practice—at least, for sparse networks—with (3) working especially well in all cases—except, possibly,
for very small degrees.

Discussion

Developing realistic network models for social interactions is of paramount importance to understand the
underlying mechanisms that lead to the observed features of such networks and to study all dynamical processes,
such as disease spreading, that are strongly influenced by the network topology. Extreme care must be taken
to avoid that any bias is unintentionally injected in the model. For this reason, maximum-entropy models are
extensively used in network analysis, either as null models, or to generate synthetic networks that have specific
characteristics, but are otherwise maximally random.

In this paper, we introduced the maximum-entropy Fitness-Corrected Block Model (FCBM), an adjustable-
density model for modular and heterogeneous networks, whose block-wise mixing pattern is known in expec-
tation. The model has a general and flexible formulation, but it was designed with a key application in mind:
providing a working tool for building synthetic social networks informed with census, survey and geospatial
data. Publicly available spatial density and demographic data are in fact necessarily discrete, thus inducing a
partition of the population into blocks of agents who belong to the same age-group and live in the same area. The
expected block-to-block edge-density can be estimated based on empirical findings that quantify the dependence
of contact frequencies upon geographic and demographic features. However, both the density and the degree
of heterogeneity of real-world social networks depend on the considered type of interpersonal relations and are
rarely explicitly known beforehand. Contrarily to other block-models in the literature, the FCBM makes both
these network features adjustable. In particular, the desired intra-block heterogeneity can be enforced through
a vertex-intrinsic social fitness, possibly modelled upon observable population-level variables, such as wealth,
employment or mobility.

We implemented the FCBM and made it publicly available as open-source software. The released software
includes a parallel code that speeds up the computation of the most expensive part of the required maximization
procedure, a step of the algorithm that is also needed in the well-known Degree-Corrected Block Model. We
tested our implementation of the FCBM by reconstructing instances of a social network connecting the individu-
als of a stylized city of 10K inhabitants. The experiments allowed to verify that the exact model and its efficient
sparse-regime approximation yield networks with almost identical degree distributions. We also showed and
experimentally verified that, in the sparse-regime, the expected degree distribution of the output network can
be estimated by two closed-form expressions. Thanks to these two estimates, the shape of the degree distribution
can be predicted based on the chosen fitness distribution.

In the next future, we plan to use the FCBM—and, possibly, a temporal extension of the model—to simulate
dynamical processes in real-world territories and understand how socio-demographic features and social habits
affect the outcomes of these processes. To this end, we will work towards gaining a better understanding of how
the topological properties of the FCBM depend on the configuration parameters, with special attention paid to
a set of network properties, such as the clustering coeflicient and the excess degree distribution, that can be used
to study percolation and diffusion dynamics on the network.

Related work

Under the pressure of the COVID-19 pandemic, several simulation frameworks have been developed to provide
realistic descriptions of the disease spread process on different spatial and temporal scales, from a single building
to complex urban areas up to a global scale??~%°. World-scale meta-population models and agent-based systems
describing small and large areas can be informed by a variety of data sources. Census data and/or grid based
population counts can be integrated to reconstruct populations that are statistically indistinguishable from real
ones, including age, geographic distribution, education and wealth. The number and intensity of contacts in
specific settings, such as workplaces, schools, or households, can be collected through surveys, questionnaires,
diaries, and, if possible, supplemented with data obtained from digital technologies such as cell phones or wear-
able sensors'®-%°. These data are then used to reconstruct contact matrices, individual or group schedules, and
are widely used to reproduce synthetic interactions®**!.

In comparison, generative network models that can reproduce the characteristics of real-world social net-
works by incorporating information from data, have received much less attention. The task of inferring a realistic
distribution of social ties is quite challenging, since friendship ties can only be measured for a small subset of
real-world networks, and the mechanism underlying tie formation, while thoroughly studied, is still far from
being fully understood. Ideally, the models should reproduce the main features of real-world social networks, well
summarized in Ref.2. These networks show a heavy-tailed (e.g, lognormal) degree distribution, often with a finite
cutoff in agreement with Dunbar’s number. The transitivity of the networks is high, compared to a random graph
model, as a consequence of the well-established principle that “friends of my friends are my friends” Moreover,
they show positive assortativity by degree and type. By quantitatively looking at ego networks, mobile phone
networks, and online social networks we now have a better understanding of some of their peculiar features and
underline mechanisms. Education, wellness, age and spatial proximity are regarded as critical elements in the
formation of friendship bonds***. Among these, age is probably the most studied, possibly due to the fact that
age-related data is actually available at different spatial scales®. While there is wide evidence that geographical
factors alone cannot explain the structure of real-world spatial social networks'>*%, the dependence of friend-
ship on distance is widely assumed to follow an inverse power-law with exponent 8 € [0.5,2]'>!3-4!—and
this surprisingly holds even for online relationships*. In particular, 8 < 1seems to work better for short range
contacts (< 20 km)" and for urban networks*, in line with sociological studies*’. However, contrary to other
real-world networks***, such networks do not present very large hubs'>*”3%4_ Their degree distribution is right
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skewed and relatively long-tailed'>*, and it has been, at times, approximated by a power-law with a large (5-8)

exponent®®*® or by a lognormal distribution'. Within cities, population density impacts on the frequency of
close-range contacts, but usually not on the overall size of each person’s network*'. While geographical proximity
and community structure appear to be related®#**!, some authors argue that only small clusters (< 30 members)
are geographically bounded®, whereas the large ones may span across very large areas of a city”’.

Defining simple models that capture all of these features is not an easy task. Models designed to mimic the
scale-free degree distribution emerging in many real networks, for instance, may fail to yield the expected clus-
tering structure*”*®, Exponential random graphs have been shown to overcome some of these limitations**.
Stochastic Block Models (SBMs)>?, on the other hand, have been specifically developed to reproduce networks
with a community structure, a typical characteristic of real-world social networks, which follows from the pres-
ence of some kind of group-level homophily. In this type of network models, the nodes are partitioned into
disjoint sets named blocks and the probability of an edge existing between two nodes depends on the blocks to
which the two nodes belong. The SBM and its generalization have gained their success in the last decades as
they can be used to discover and understand the structure of a network, as well as for clustering purposes®2,

Spatial network models are often obtained by incorporating vertices into a metric space and induced con-
straints can determine some of the network properties®. Introducing a penalty on “long” edges, which mimics a
penalty in maintaining long-distance relationships, has an impact on clusters, path lengths, degree distributions,
and more!. Recently, network instances having suitable features have been generated by means of the so-called
random geometric models®>~’, where the popularity and similarity of the nodes depend on their position in
some latent metric space®®. Embedding the vertices into a hyperbolic disk® has proved a way to obtain both high
clustering and heavy-tailed degree distribution.

In the present paper, we leverage on the framework of entropy-based null-models for real complex networks,
revised in Ref.”. Among the very first fundamental papers, the work of Park and Newman has a particular
relevance®”: based on Jaynes’ derivation of Statistical Physics from Information Theory®, they proposed a general
maximum entropy approach for the randomization of complex networks. Among the extension to a different
context, the main innovations of Ref.* are the introduction of local constraints, as the degree sequence, and the
interpretation of the general framework of Exponential Random Graphs (ERGs) in terms of maximum entropy
models. The present construction was later extended to the analysis of real networks®%, tailoring the entropy-
based model on the observed network. As a matter of fact, the various Lagrangian multipliers, introduced for
the entropy maximisation in Ref.”, can be numerically calculated by maximising the (Log-)Likelihood associ-
ated with the real network. Such a construction represents a perfect benchmark for the analysis of real systems,
since it is maximally random (due to the entropy maximisation) and tailored on the observed system (due to
the Likelihood maximisation). It is not surprising that it has been extensively applied to the study of non trivial
structural patterns of different systems, as financial and trade networks, biological systems and online social
networks”®*. Moreover, the general framework can be easily extended to tackle different kinds of networks, as
undirected, directed, weighted, directed and weighted®-%, bipartite®, bipartite weighted®® and degree corrected
block models*. Another relevant branch of research focuses on the reconstruction of networks from limited
information®. This application is of particular interest for risk assessment of financial networks, and limited
information is available due to privacy concerns”. Reconstruction approaches based on entropy-based null
models have proven particularly effective in this context, and the maximally random nature of the framework
described here is critical to avoid the introduction of bias into the predictions®-7>,

Methods

Formalism. Let G be the ensemble of all simple graphs of N vertices. If P is a probability distribution over
G, P(G) is the probability of graph G € G, and (-)p denotes the expectation with respect to P. The vertex set
V= {vi}fi?)l is partitioned into # blocks {B; }?;(}. The size of block I'is Ny = |B;|and, for each v; € V, I; denotes
the index of the block to which v; belongs. For all pairs I, ], Ny denotes the number of possible pairs (i, j) with
vi€l,vje]andi#j, ie, Ny = Ni(N; — 1) and Ny = NyNj if I # J—notice that in the case of Ny we are
counting twice the number of couples, as we will do for the counts of edges in the following.

Each G € G is uniquely determined by its adjacency matrix A(G) = {a;;(G) }f\]-;l, where a;;(G) = 1if edge
(i,5) € E(G) and a;;(G) = 0 otherwise. The degree of vertex v; in G is deg;(G) = 2':]‘ a;j(G). The total degree of
block I'is deg; (G) = > ";; deg;(G)and, forall I J, Ly (G) = Y ;¢; Zje] a;j(G) is the number of edges between B;
and B;in G, or, if I = J, twice that number. Therefore, using the definitions, deg;(G) = Z] Ly (G). For the sake
of simplicity, the dependence of these quantities on the specific graph G will be often omitted in the following.

Maximum entropy Degree-Corrected Block Model®. The maximum entropy Degree-Corrected
Block Model (DCBM) is defined as the maximum entropy probability distribution P over G in which the num-
ber of links per block and the degree sequence are constrained on average, i.e.

(Ly), =Ky foralll,] -

(deg;)p = ki foralli, (8)

with Z] Ky =Y e ki, for all I If H(P) denotes the Shannon entropy of P, the sought P can be obtained by
finding the stationary points of
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H'(P,1},0) = H(P) — C(P,7},6) = —(In P(G))p — (Znu (Lyp)p — Kiy) +Ze ((deg;), — ki) +a(ZP<G>1>>

I<J
9
where 17, 6; and « are Lagrange multipliers: while, nyy and 6; control the conditions (7) and (8), respectively, « is
necessary for the normalization of the probability P(G). Since the functional derivatives with respect to P(G) are

dﬁ(”g;’ = ZIdZaU(G) and fipe(gc”,gl’ = Zj a;j(G), then
dC(p, n,e)
—IPG => Y. > a6+ Ze Zal,(c) toa= nyaiG + Y (0 +6)a;(G) + o

I<] iel jeJ i<j i<j

This results in

P(G) < exp [ = > (0 + 6 + 11 (G)

i<j
and the probability per graph factorises in terms of probabilities per link as
XiXjYLJ;
Wy
pij = 1+xixyy; (10)
0

otherwise

where x; = e %and yyy = ¢, Forall iand all T < J, x;and yj can be found by solving the system of equations

EZPU = KU forallI <] (11)
iel jej
> pij=k foralli (12)

J

Sparse DCBM. When the average degree (k) is small, i.e., when the network is sparse, the edge probability of the
DCBM can be approximated as pjj & x;x;jyy; Ji This allows to rewrite (11) and (12) as

)/UZX,' Z xj=K1] forallI <]

el jej (13)
j#i
x,»ZyL.] Z xj =k; foralli
] jeJ (14)
J#Ei

Since the constants K and k are, by construction, bound by the relation ) ; Ky = (deg;) = > ;e ki» (13) and
(14) admit the following solution

xj = k; foralli
K
yy = U forallI <]
(Zielki) Zj e]J k
j#i

Maximum entropy Fitness-Corrected Block Model.  Given a scalar p € (0,1), a symmetric matrix A
such that  7; r Ay = 2, and a fitness sequence f, we define the Fitness-Corrected Block Model (FCBM) as the
maximum entropy model fulfilling the following two conditions:

<LU>P:p(I;])AU forallI,] (15)

<degi>p=p<N)Z IfuZA” for all i (16)

The FCBM is a variation of the DCBM where the network density p is a configuration parameter. As in the
original stochastic block model, the block-level mixing is specified in terms of a set of edge-densities Ay, rather
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than a set of edge-counts Kj;. Similarly, the degree sequence  is replaced by a vertex intrinsic fitness sequence

£ in line with previous models available in the literature>®. f; measures v;’s propensity to establish links and

deg;) p is set proportional to f; by a constant that depends on I;, other than p. By design, (15) and (16) imply
7 <LU>p = <degI>P = ier <degi>P, and (16) can be rewritten as

<degi>P ZZ a <deg1>P

which clarifies the role of j as an element of intra-block heterogeneity.

For fixed A and f, the derivation of the maximum entropy FCBM is identical to that of the DCBM: the
maximum entropy probability per graph factorizes into the probability per edge given by (10) and the vectors
of constants X and y can be obtained by solving the analogous of (11) and (12), i.e.

ZZPU =P<ZZ>AU foralll <] -

iel jej

N
>_pi =p< 5 ) = ZAL] for all )
j el

Sparse FCBM. In the sparse-regime, i.e, when p < 1, using pjj & x;x;jyy; yields the following approximate
solution to (17) and (18):

N\ fi fi
X = Ay = de forall i
P( 2 ) Zuelif“ ; 19 Zuel,f“< gl>P

p(g)AU ~ p(g])AU
P(]Z) (Xo AIO)p<Z;]>(ZO Aoy) - (degr)n(degy),

In this regime, the probability per edge can thus be rewritten as

(NS b,
pl] p( 2 ) Euelifu ZWE]ij I[]j. (19)

forallI <]

g =

Degree distribution for the sparse FCBM. Let us assume that each fitness value f; is drawn from a suitable dis-
tribution py. The sparse-regime approximation allows to estimate the expected degree distribution of the sam-
pled graph G with respect to both p; and the graph sampling probability P. If Ny, is large enough, we have
Suerfu = (f >Pf Ni,. Now, following the approach used in Ref.’, we have

f f
k(f,I) = (deg; {f,-:f,Ii=I> N o (deg;)p = 20
i PP <f>prI P <f>pf (20)
where pu; = % = (deg; ’ L=1I) pis the expected average degree of the vertices in I. Equation (20) can be
inverted leading to estimate
s
k1) ~ k——
fkD) ”
so that
d (k) o\ )
prte,I) = Prlk(f) =k | Il = Pelf (k) = f | 1=~ f LN .5 1)
wi wi
and, hence,
N D) O > .
k(k) = Prlk(f) = k] = k(k, ) — ~ k = —
P U ;p N ;pf %54 %54 zI: 125
(22)
A slightly less accurate, yet much simpler, approximation can be obtained computing first
Scientific Reports|  (2022) 12:18206 | https://doi.org/10.1038/s41598-022-22798-6 nature portfolio



www.nature.com/scientificreports/

I

N f N f
k)— dei i = —Ek,])fmig —_ =
= e | f>Pf’P i I N <f>Pf My <f>Pf ' @

where u = > g % is the average degree of the network. Then, (23) can be inverted as

N

flo) ~ k—
"
yielding

df (k) P \
k) = Pr[k =k]l=P k) = = & k——— | —~
pr(k) = Prlk(f) = k] = Prlf (k) = f] o b m m (24)

In many cases, px belongs to the same family of probability distributions of py: e.g., if ps follows a power-law,
lognormal or exponential distribution, then the same holds for py.

Data-driven FCBM for spatial social networks. Our FCBM can be easily tuned upon real data and
empirical findings to produce instances of a maximum entropy spatial social network. On one hand, the local
density and demographic profile of the population are generally available in the form of discrete, geographically
located (e.g., residents in 500 m x 500 m tiles) and/or age-stratified (e.g., 0-5 years old) population segments.
These data naturally induce a partition of the population into blocks. On the other hand, intra-block population
heterogeneity can be controlled by a vertex-related social fitness, possibly modelled upon measurable features
such as wealth, employment or mobility.

Formally, let the vertex set V describe an age-stratified population of N individuals living in a territory
tessellated into square tiles of side I. Each v; is characterized by two data-driven discrete attributes: its tile of
residence t; € T, that is, the discretized position of v; in the territory, and its age-group g; € I'. t; and g; may
either be directly available—in the case of a real population—or be drawn, respectively, from given spatial den-
sity pr and age-distribution p,—in the case of a synthetic population. These two attributes induce a partition
of the population into n = |T| - |T"| blocks {B}},, with v; € B; = (1, ¢) if and only if ; = t; and g; = gr. We
embrace the widely-acknowledged assumption that an inverse-power-law relation binds the distance djj and the
frequency of social relations between individuals living in ¢; and ¢;'>'3. For all pairs of blocks I, ], we thus define
the edge-density

dﬁﬂSU
Ay=— 5
2_0<q d0gs0Q

where djy is the normalized (geographic or euclidean) distance between tiles ; and #;; the normalization is
obtained through a division by % We set djif = 1, so that the distance between individuals in the same tile is
half the distance of individuals living in neighboring tiles. 8 > 0is a configuration parameter. s;y measures the
tendency of age groups g7 and gj to socialize with each other; such a|I"| x |I"| symmetric age-based social mixing
matrix S can be obtained, by imposing reciprocity and normalizing, from a suitable data-driven contact matrix’.

Finally, we extract the fitness vector f, set the density parameter p € (0, 1) and, for all pairs i, j, compute the
edge probability p;; as described for the FCBM. As a result, the graph sampling probability P guarantees that:
(1) the expected number of links between By and B; is proportional to s; and decays as dj | ]ﬁ ; (2) the expected
degree of v; is proportional to f; and to the expected total degree of block I;.

In this case, the sparse-regime approximation yields

—p
pij~p ( 3 ) . ! il (25)
ij ~ —

’ 2 Zue[,-fu Zwe],-fw Dy dI]ﬁSU

Expression (25) defines a phenomenological model, where the probability of two individuals being connected
is proportional to their sociability and to the cohesion of their age-groups, while decaying as a power of their
distance. Clearly, the estimates obtained in (22) and (24) for the degree distribution stay valid in the data-driven
model. If the network is sufficiently sparse and the population of all tiles/groups is sufficiently large, the degree
distribution of the sampled graph G is controlled by the available data and by the chosen fitness distribution py.

Data availability
All code and data used in this paper are available at the following public repositories: https://gitlab.com/cranic-
group/usn and https://gitlab.com/cranic-group/dcbm_solver.
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