SCIENTIFIC REPLIRTS

Comprehensive quantitative
analysis of vector beam states
based on vector field reconstruction

Received: 1 February 2019 Masato Suzuki?, Keisaku Yamane?, Kazuhiko Oka?, Yasunori Toda® & Ryuji Morita®3
Accepted: 28 June 2019 :
Published online: 10 July 2019 . We demonstrate a comprehensive quantitative analysis of vector beam states (VBSs) by using a vector
. field reconstruction (VFR) technique integrating interferometry and imaging polarimetry, where the
. analysis is given by a cylindrically polarized Laguerre-Gaussian (LG) mode expansion of VBSs. From test
- examples of cylindrically polarized LG mode beams, we obtain the complex amplitude distributions of
. VBSs and perform their quantitative evaluations both in radial and azimuthal directions. The results
show that we generated (I, p) = (1, 0) LG radially polarized state with a high purity of 98%. We also
argue that the cylindrically polarized LG modal decomposition is meaningful for the detail discussion
. of experimental results, such as analyses of mode purities and mode contaminations. Thus the
. VFRtechnique is significant for analyses of polarization structured beams generated by lasers and
. converters.

. Vector beam states (VBSs), which include vector vortex states or cylindrically polarized states', are space vari-
: ant polarization beam states having at least one polarization singularity and have been widely utilized in many
applications such as laser processing?~', laser manipulation'*!®, quantum information processing'®-%, classical
communication?-?*, microscopy®*-*%, and nonlinear spectroscopy®*~*. In the present paper, we show that cylin-
drically polarized Laguerre-Gaussian (LG) mode expansions of VBSs are useful for comprehensive quantitative
analysis and feasible by means of a vector field reconstruction (VFR) technique, which we introduce in the section
of Reconstruction of Complex Amplitude Vector Distribution.
The most widely studied features of VBSs are the global polarization states (e.g., a radially polarized state)
. and the rotational symmetry of polarization distributions, that is, changes of local polarization states on the azi-
- muthal axis. In addition, the complex amplitude vector distribution of VBSs on the radial axis has become known
: as an important property for several applications. For example, a radially polarized state with a nonzero radial
: index p can create a quite small spot of the longitudinal electric component on their propagation axis beyond
: the diffraction limit when it is tightly focused®>**. This feature enables refinement of material processing and
. super-resolution microscopy. Some researchers have reported that the complex amplitude distribution on the
. radial axis modulates the focal depth®® and the spot size?®*, the latter of which is vital for laser processing and
: manipulation technologies. We have reported that nonlinear propagations in a uniaxial crystal can alter the out-
* put complex amplitude distribution on the radial axis even if the input VBSs is unchanged?®. That report implies
. that the nonlinear light-matter interactions may be controlled via the complex amplitude vector distributions of
VBSs. Thus, technique for the full characterization of VBSs both in the radial and the azimuth axes is needed.
: In the past, characterization of VBSs has been realized qualitatively by comparing the polarization-resolved
intensity distributions with the calculated ones. Rotating-retarder type imaging polarimetry**-*! is a method to
acquire polarization-resolved intensity distributions (Fig. 1(a)). By using a polarization analyzer system depicted
in Fig. 1(c) %2, we capture four intensity images which are different in the angle of the quarter-wave plate in the
system. The linear combinations of the four images represent the spatial distributions of Stokes parameters, that
is, the polarization distribution of the object beam (See the section of Methods for the detail). For quantitative
analysis, the authors established the extended Stokes parameters (ESPs) and their degree of polarization for the
spatial distribution (DOP-SD), which enable us to directly evaluate the global polarization state and the rotational
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(a) Rotating-retarder type imaging polarimetry (IP) (c) Polarization analyzer system for IP
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Figure 1. (a,b) Flow diagrams of (a) rotating-retarder type imaging polarimetry and (b) vector field
reconstruction technique. (¢,d) Experimental setup of polarization analyzer system for (c¢) imaging polarimetry
and (d) vector field reconstruction. VBS, a vector beam state; QWP, a quarter-wave plate; POL, a polarizer; BS, a
non-polarizing beam splitter; CCD, a charge coupled device camera (the pixel size was 6.45 m X 6.45 ym). 6 is
the angle of the fast axis against the horizontal direction.

symmetry of a VBS, respectively®®4*4243 However, these parameters, being calculated from just intensity distri-
butions of several polarization components, do not provide a phase distribution. Moreover, information of VBSs
with respect to the radial and azimuthal coordinates is lost because these parameters are spatially averaged. In
order to make full fine evaluations of VBSs, we need to acquire complex amplitude vector distributions of VBSs.

The acquisition of complex amplitude vector distributions of VBSs has been reported by using a phase-shifting
interferometry method**~*¢. This method requires taking multiple (over five) interference patterns. If an interfer-
ometer is not stable or arms are too long to keep the relative global phase fluctuate between the object and the ref-
erence beams, it is hard to correct the relative global phase of acquired interference patterns. The authors’ group
has developed a field reconstruction technique for a uniformly polarized optical vortex (OV) state*”-*3. This field
reconstruction technique gives a complex amplitude distribution of a certain uniform polarization component
in the beam cross section. Since VBSs are expressed by the superposition of two orthogonal polarization com-
ponents*’, we can acquire the complex amplitude vector distribution of VBSs by taking the complex amplitude
distributions in each orthogonal polarization through the field reconstruction technique (Fig. 1(b)). Figure 1(d)
shows the system that integrates the imaging polarimetry and the field reconstruction, which is basically an
extension of the polarization analyzer system introduced in Fig. 1(c). We call hereafter this technique reconstruct-
ing two orthogonal polarization states “the vector field reconstruction (VFR) technique”.

Moreover, VBSs can be decomposed in orthonormal basis such as cylindrically polarized Laguerre-Gaussian
(LG) modes*"*°. The cylindrically polarized LG modes, having two indices; the azimuth index ! and the radial
index p, are solutions to the paraxial Helmholtz wave equation. A single cylindrically polarized LG mode propa-
gates with scaling its intensity and polarization distributions. As the LG modal expansion of a uniformly polar-
ized OV state*®52, the mode expansion coefficients ¢ can be calculated from the complex amplitude vector
distribution of VBSs. Here r, ¢ are radial and azimuthal coordinates, respectively. In the present paper, we expand
VBSs into cylindrically polarized LG modes through an interferometric method.

We demonstrate cylindrically polarized LG modal expansion of VBSs by using a VFR technique based on
interferometric field reconstruction, for the first time. The present paper is organized as follows. First, we describe
a procedure of the VFR technique (Fig. 1(b)) in the section of Reconstruction of Complex Amplitude Vector
Distribution. We experimentally demonstrate reconstructions of complex amplitude vector distributions of VBSs.
The polarization distributions of the reconstruction results are compared with ones obtained by imaging polarim-
etry (IP) depicted in Fig. 1(a). Here, the IP method is regarded as VFR method without interferometry. Thus, we
measured the object beams through both the IP method (blocking the reference beam) and the VFR technique
by using the same optical setup. Second, we introduce a cylindrically polarized LG modal decomposition of VBS
states in the section of Decomposition of Vector Beam State in Cylindrically Polarized Laguerre-Gaussian Modes,
following which we show and discuss the decomposition results of the complex amplitude vector distributions.
Finally, we summarize the conclusion in the section of Conclusion. We describe specific methods and definitions
in the section of Methods.
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Reconstruction of Complex Amplitude Vector Distribution
Principle of Vector field reconstruction technique.  We describe the method of VER technique. The VFR
technique can be applied to paraxial beams with enough narrow bandwidth, whose electric field E is described by

o0
E(r, ¢, z, t) = E(r, ¢, z) f f(w)explilk(w)z — wt]}dw, 1
—00

where 7, ¢, z, t, w, and k give the radius from the beam center, the azimuthal angle in the beam cross section, the
propagation axis, time, the angular-frequency, and the wavenumber, respectively, E(r, ¢, z) represents the com-
plex amplitude vector distribution of a VBS, and f(w) is a distribution function of angular frequency w. Filtering
the frequency domain by using a bandpass filter or a grating pair*’, we can make VFRs of certain narrow fre-
quency regions of broadband or ultrashort pulses as well as narrow bandwidth pulses.

The complex amplitude vector distribution E is resolved into two orthogonal polarization components, such
as circular polarized components:

E(r, ¢, 2) = ~+(r, ¢, z)e, + E (r, ¢, 2)e_, )

where E, and E_ represent the right circularly polarlzed (RCP) and the left circularly polarized (LCP) compo-
nents, respectlvely e = (1, i) /42 ande_ = (1, — i)' /+/2 are the polarization basis for RCP and LCP states. As
mentioned in introduction, the RCP and LCP components can be individually reconstructed by using the field
reconstruction (FR) technique*’, which was originally invented by Takeda et al.*. The FR technique is reviewed
in the subsection of Field reconstruction of uniformly polarized optical vortex states, in Methods. Experimental
setup for acquisition of interference pattern is shown in Fig. 1(c). We call the system a polarization analyzer sys-
tem. The polarization analyzer system was based on a rotating-retarder type imaging polarimetor**-*!, which was
composed of a quarter-wave plate (QWP), a polarizer (POL1) and a charge coupled device (CCD) camera. A
non-polarizing beam splitter (BS) was inserted between POLI and the CCD camera in order to make interference
between the VBS beam and a reference beam. When the reference beam is blocked, the polarization analyzer
system is just a general imaging polarimeter. Thus, we can say that we integrated the imaging polarimeter with an
interferometer into one system in order to reconstruct vector fields.

We can acquire the interference patterns for RCP and LCP components by setting the rotation angle § = 7/4
and 37/4, respectively*?, where 0 is the angle of the fast axis of QWP from the horizontal direction (See the sub-
section of Field reconstruction of uniformly polarized optical vortex states, in Methods). When measurement is
made at z = z, the complex amplitude vector distribution on the measurement plane is described as follows:

E(r, &, zy) = EjR(r, 0, zp)e, + Eva(r, o, zo)ei‘sef, 3)

where E:fR and E _FR are the reconstructed RCP and LCP complex amplitude components, respectively. We note
that the relative phase § between RCP and LCP components cannot be generally neglected because it is not always
true that the measurements of the interference patterns of the RCP and LCP components are made at the same
time. Since we perform the measurements of the interference fringes in succession with a single CCD camera
(Fig. 1(c)), which enables us to simplify the superposition of the RCP and LCP components without geometry
transformation, we need to extract the relative phase é. An earlier study®* acquired the interference patterns of
x- and y-polarized components simultaneously by displacing them using a beam displacer. This manner can make
reconstructing the complex amplitude vector distribution imprecise because there should remain the issue of
spatial registration between x— and y— polarized components.

In order to extract the relative phase 4, it is sufficient to show the consistency in intensity distributions of a
certain polarization component between IP and VFR methods. We estimated experimentally the relative phase ¢
through searching the minimum of the mean-squared error G of intensity proﬁle of the x-polarized component:

E®[ — |E R g dd,
Gs = 27er f [ - | rd¢ (4)

where R is a cutoff radius, and [EL(r, ¢, z,) \2 is the intensity profile of the x-polarized component calculated
through IP (Fig. 1(b)). The detail is described in the subsection of Evaluation of relative phase 6, in Methods.
Finally, we acquire the complex amplitude vector distribution.

Results and discussions. In this subsection, we report the analysis results of the cylindrically polarized LG
pulses generated by using the combination of a 4-f spatial light modulator and a common-path optical systems
in ref.*?. Figure 2 shows an essence of the whole system. The detail of the generation system is shown in Fig. 8 of
ref.*2. The light source that we used was a Ti:Sapphire oscillator (central wavelength, 800 nm; bandwidth, 60 nm).
A bandpass filter (central wavelength, 800 nm; bandwidth, 3 nm) narrowed the bandwidth so that we can apply
VER technique. A Mach-Zehnder interferometer was installed in the setup for VFR. One path was for the refer-
ence beam of the polarization analyzer system, the other path was for the generation of cylindrically polarized LG
pulses. We generated the cylindrically polarized pulses with a complex amplitude modulation in the radial axis by
using a spatial light modulator in the 4-f configuration®® and a space variant wave plate®”*,

In the present paper, we analyze two examples of the cylindrically polarized LG modes. The first one is/ = 1
radially polarized state with spatial modulation of a p=0 LG mode (We call it p =0 radially polarized LG pulses).
The second one is! = 1 radially polarized state with spatial modulation of a p=1 LG mode (We call it p=1 radially
polarized LG pulses).

SCIENTIFIC REPORTS | (2019) 9:9979 | https://doi.org/10.1038/s41598-019-46390-7 3


https://doi.org/10.1038/s41598-019-46390-7

www.nature.com/scientificreports/

M2
M1 Ref. Beam (~6m) \\

Ti:Sa / 4-fSLM Polarization
Osc. System Analyzer System

BPF BS SVWP

Figure 2. Experimental Setup. Ti:Sa Osc., a Ti:Sapphire oscillator; BPE, a bandpass filter; BS, a beam splitter;
4-f SLM system, a system of a spatial light modulator in the 4-f configuration; SVWP, a space vatiant wave plate;
M1,2, mirrors; Polatization Analyzer System, a polarization analyzer system for the VFR method depicted in
Fig. 1(d).
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Figure 3. (a) Intensity distributions of RCP and LCP components captured by the IP method. (b) Intensity
(upper row) and Phase (lower row) distributions of RCP and LCP components retrieved by the FR method. The
sizes of images are 9.2 mm x 9.2 mm. Intensity values in (a) and (b) were normalized by the maximum intensity
values of the LCP components in (a) and (b), respectively.

Figure 3 shows a comparison of the analysis results of p =0 radially polarized LG pulses between the IP and
FR methods. The intensity distributions of the RCP and LCP components measured by the IP method (i.e. a
measurement without the reference beam in Fig. 1(c)) and the FR method are displayed in Fig. 3(a) and the upper
row in Fig. 3(b), respectively. The intensity distributions were well reconstructed through the FR method. The fine
noisy structure shown in the intensity distribution taken by the IP method (Fig. 3(a)) was not reproduced in the
reconstructed ones thanks to the spatial frequency filtering in the reconstruction process. The mean-squared
error of the RCP and the LCP intensity distributions were evaluated as 3 x 10~*and 6 x 1074, respectively. The low
mean-squared errors (~107%), which are the same orders as the previous study*’, means that the reconstruction of
the RCP and LCP components was well succeeded in. Unlike the IP method, the FR method outputs phase distri-
butions (lower row in Fig. 3(b)) as well as the intensity distributions. From the phase profiles, the RCP and the
LCP components were mainly /= —1 and! = 1 OV states, respectively. That indicates that the VBS was mainly a
I = 1cylindrically polarized state, that is, an axisymmetrically polarized (AxP) state®.

The arm length of the interferometer was over 6 m. Disturbance (e.g. vibration and air turbulence) easily led to
a fluctuation of the arm length with respect to time, and therefore we needed to estimate the relative phase 6 (see
the subsection of Evaluation of relative phase 8, in Methods for the detail). From Eq. (4), we evaluated 6 was 2.92
rad, thereby reconstructing the complex amplitude vector distribution.

Since the relative phase ¢ is a known parameter, we are able to change the basis from the cylindrically polarized
ones to AxP ones:

B(r 60 20) = B, (0, 20)e, + B (1, 6, 20)e,, )
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Figure 4. (a) Intensity (upper row) and Phase (lower row) distributions of ErFR and E " (b) Comparison of
polarization distributions derived from the IP method (left) and the VFR method (right). The black bars
represent linear polarization and their directions are polarization axes of local linear polarization. Tbg Sizes of
images are 9.2 mm X 9.2 mm. Intensity values were normalized by the maximum intensity value of E, .

P VER
Si 0.999 0.999
~E
S ~0.002 0.008
~E
i —0.046 ~0.043

Table 1. Values of ESPs of the p =0 radially polarized LG polarization distributions obtained through the IP
method (§;_,) and the VFR method (5.} ).

Here, e, = (cos¢, sing)" and e, = (—sing, cos$)" are, respectively, the basis for radially polarized and azimuth-
ally polarized states. ErFR = (E.e" + E?")//2 and E; k= i(E.e' — E e"?"9)./2 are, respectively, the
radially polarized and the azimuthally polarized components. Figure 4(a) shows intensity and phase distributions
of the radially polarized and the azimuthally polarized components (| E,FR|2 and |E, ; R|2). Since the intensity of the
azimuthally polarized component was small enough compared to the radially polarized one, the beam under test
was regarded as a radially polarized state. We note that the phase distribution of the radially polarized component
had no phase ramp along the azimuthal direction, which indicates the object beam under test was an AxP state.
We discuss quantitatively it in the section of Decomposition of Vector Beam State in Cylindrically Polarized
Laguerre-Gaussian Modes. We thereby accomplished the VER of the object beam.

Since we know the complex amplitude vector distribution E(r, ¢, z,), we can obtain Stokes parameter on the
measurement plane through the VFR method. Figure 4(b) gives polarization distributions of the beam obtained from
the IP method (left) and the VFR method. The both polarization distributions represented the radially polarized
state. It was hard to find the difference between them qualitatively. In order to make a quantitative comparison of the
results between VFR and IP methods, we calculated the ESPs of the polarization distributions given by the IP method

and the VFR method (§;E:1 and §E{FR, respectively). Definitions of ESPs are described in the subsection of Extended
Stokes parameters, in Methods and Refs. *404143, Table 1 gives the values of §;E:1 and §IE:’YFR. The values of them were
quite similar. The angle formed by the two extended Stokes vectors in the extended Poincaré sphere was
arccos(gf=1 . §f=’\1]FR) = 0.011 [rad] = 0.60 [deg]. Thus, through the VFR method we reconstructed polarization
distribution with an accuracy of 0.6 degrees on the extended Poincaré sphere.

In the same way, we investigated p =1 radially polarized LG pulses generated by the system in ref.*>.

Figure 5(a) shows intensity and phase distribution for ErFR and E, " ¥ The intensity of E, ¢F ¥ was almost null, thus the
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Figure 5. (a) Intensity (upper row) and Phase (lower row) distributions of ErFR and E, " of p=1radially
polarized LG pulses. (b) Comparison of polarization distributions derived from the IP method (left) and the
VEFR method (right). The black bars represent linear polarization and their directions are polarization axes of
local linear polarization. The sizes of images are 10.5mm x 10.5mm. Intensity values were normalized by the
maximum intensity value of E, "

58 1.000 0.999
~E
S —0.003 0.003
~E
S —0.013 —0.012

Table 2. Values of ESPs of the p=1 radially polarized LG polarization distributions obtained through the IP

method (§;_,) and the VER method (§ ).

beam under the test was regarded as a radially polarized state. The intensity distribution of ENrFR had two rings,
which indicated a p=1 LG mode. It is well known that there is a 7 phase shift between the inner and the outer

rings of p=1 LG mode®. The phase distribution of E,FR in Fig. 5(a) showed that the phase jump of ~m was located
on the boundary of the inner and outer rings. The quantitative mode decomposition results is described in the
section of Decomposition of Vector Beam State in Cylindrically Polarized Laguerre-Gaussian Modes. The polar-
ization distribution derived from the IP method and the VFR method are displayed in Fig. 5(b). These polariza-

tion states were radially polarized ones. Table 2 gives the corresponding ESPs for the polarization distributions.
The angle formed by the two ESPs was evaluated to be arccos(gf= n §IE=’\1/FR) = 0.0010 rad = 0.059 deg, which

shows that we excellently reconstructed the polarization distribution through the VFR method.

Several research groups have reported the fiber mode expansion after a propagation in multimode fiber.
Shapira et al. demonstrated the decomposition of eigenmodes of a photonic-band gap fiber through a noninter-
ferometic approach®. This approach needs taking into account both of far-field and near-field intensity profiles.
The issue of spatial registration® (e.g. the uncertainty of beam centers) can easily decrease the accuracy of the
decomposition results, and it is inevitable for this approach. Fatemi et al. reported LP mode decompositions of
vector beams via an interferometric approach®. However, it is hard to restore the original complex amplitude
vector distribution in the beam cross section because each polarization component is measured after spatial sepa-
ration of two orthogonal polarization states and there also can remain the issue of spatial registration. In contrast
to them, we can reconstruct complex amplitude vector distributions without the issue of spatial registration since
our proposed method does not, in principle, need to capture images at different propagation positions or spatially
separate the optical path of the two orthogonal polarization states.
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Figure 6. Electric-field vector and intensity distributions for I=—1 to [=2, p=0to p=2 (a) radially polarized
modes u CPPLG 7 and (b) azimuthally polarized modes ulC; LGe;b The vector directions give the relative
relationships of the directions of electric vectors.

Decdomp05|t|on of Vector Beam State in Cylindrically Polarized Laguerre-Gaussian
Modes

Description of mode decomposition. We here describe a cylindrically polarized LG mode decomposi-
tion. Since the cylindrically polarized LG modes uCPLG are one of the orthonormal basis for paraxial beams, a
complex amplitude vector distribution at the measurement plane can be decomposed as follows:

E(r, ¢, z)UR — 1) = EOZ uCPLG(TG ?, Zo)(clr,pe; + levef))’ ©)

where

o = [c?slqﬁ]’ elq, _ [—sinlqﬁ],
sinlg cosle (7)

are the Ith cylindrically polarized basis* of radially polarized and azimuthally polarized states, respectively. U(x)
is a step function that if x >0, U(x) =1, otherwise U(x) = 0. Here, R is the cutoff radius introduced in Eq. (4).
U(R — r) means that we put an imaginary aperture whose radius is R at the measurement plane. E, represents an
amplitude of the complex amplitude vector distribution, defined by

~FR ~FR 12
f f (B P + B \Z)dS] .
(8)

¢/, and ¢ ", in Eq. (6) are the mode coefficients for /th radially polarized and azimuthally polarized LG modes
with a radial index p, respectively. Electric-field vector distributions and intensity distributions (1" e} and
ulCP LG e/) of radially and azimuthally polarized LG modes are displayed in Fig. 6(a,b), respectively. A definition of
the cyhndrlcally polarized LG modesu, , “PLG js described in the subsection of Cylindrically polarized Laguerre-
Gaussian modes, in Methods.

From Eq. (6), the mode coefficients are

2 ~FR Sl PR i6-10)y (|, CPLG
- f J @ (i) as,
(©)]
2m ~ ~
Clp _ 1f f FR ity R i(o- z¢))( CPLG) ds, 10)
satisfying a normalized condition }, » (|ef Pl + |cl¢ [) = 1. Thus, we can dlscuss proportions of modes in the

complex amplitude vector distribution through the mode coeflicients ¢/ ' and¢? q Strlctly speaking, the decompo-
sition result is equivalent to the mode distribution at z=z, when an iris whose diameter is 2R is placed at z=z.
We note that the mode coefficients depend on the beam waist radius w, and the distance from the beam waist
z, — z,, which are described in the subsection of Cylindrically polarized Laguerre-Gaussian modes, in Methods
(z, is a position of the beam waist on the z axis). We set z, — z,, = 0 because the object beam was almost colli-
mated. We describe how we decided the beam waist radius in the next subsection.

Results and discussions. In this subsection, we describe decomposition results of the complex amplitude
distribution into cylindrically polarized LG modes.

Figure 7 shows the cylindrically polarized LG mode decomposition results of the complex amplitude distribu-
tion of p = 0 radially polarized LG pulses [Fig. 4(a)]. Since we intended to generate (I, p) = (1, 0) radially polarized
LG state, we searched the best w, maximizing the intensity of the (, p) = (1, 0) mode coefficients |c{,b¢|2 . Its value
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Figure 7. Mode decomposition results for p =0 cylindrically polarized LG pulses for the complex amplitude
distributions shown in Fig. 4(a). (a,c) Normalized, (I, p)-resolved mtensﬂy\c, | and |c | of (a) radially polarized
and (c) azimuthally polarized states, respectively. (b,d) (, p)-resolved phase Arg(cl ) and Arg(cl‘z> ) of (b) radially
polarized and (d) azimuthally polanzed states, respectively (the (I, p)-resolved phase is shown for only the main
(I, p) components, as a function of | c[) d’\
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Figure 8. Mode decomposition results for p=1 cylindrically polarized LG pulses for the complex amplitude
distributions shown in Fig. 5(a). (a,c) Normalized, (I, p)-resolved intensity| c, | and |Cl | of (a) radially polarized
and (c) azimuthally polarized states, respectively. (b,d) (, p)-resolved phase Arg(cl ) and Arg(cld’ ) of (b) radially
polarized and (d) azimuthally polanzed states, respectively (the (I, p)-resolved phase is shown for only the main
(I, p) components, as a function of | c’, ¢\

was wy =202 pm. Since Cl 19 are complex numbers, we show their (I, p)-resolved intensity of radially polarized
states [|¢/ P\ Fig. 7(a)] and azimuthally polarized states |cl¢’ | Fig. 7(c)], and their (I, p)-resolved phase of radially
polarized states [Arg(cl ); Fig. 7(b)] and azimuthally polarized states [Arg(c ) Fig. 7(d)] (the (I, p)-resolved
phase is shown for only the main (/, p) components, as a function of ¢ oP). The (I, p)-resolved intensity appar-
ently shows that the object beam was mainly a (/, p) = (1, 0) radially polarlzed state. The purity was |c; 0¢| = 0.981.
The other mode intensities were not zero but less than 0.005. We intended to generate an (I, p) = (1,0) radially
polarized state, and thus we succeeded in the modulation to the target cylindrically polarized beam with high
purity. Thereby, we can quantitatively analyze the quality of cylindrically polarized beams.

We decomposed the complex amplitude distribution of p =1 radially polarized LG pulses shown in Fig. 5 into
cylindrically polarized LG modes with the same beam waist radius as the ([, p) = (1, 0) radially polarized beam. We
dlsplay their (I, p)-resolved intensity of radially polarized states [|¢; p| Fig. 8(a)] and azimuthally polarized states

|cl¢ | Fig. 8(c)], and their (I, p)-resolved phase of radially polarized states [Arg(c/ p) Fig. 8(b)] and azimuthally
polarlzed states [Arg(c; P) Fig. 8(d)] (the (I, p)-resolved phase is shown for only the main (I, p) components, as a
function of |c’ ¢|2 ). From the (], p)-resolved intensity in Fig. 8(a,c), the (I, p) = (1, 1) radially polarized LG mode
was the domlnant one (¢ 1¢\ = 0.904). The generated beam well agreed with the target beam state (I, p) =(1, 1)

SCIENTIFICREPORTS| (2019) 9:9979 | https://doi.org/10.1038/s41598-019-46390-7 8


https://doi.org/10.1038/s41598-019-46390-7

www.nature.com/scientificreports/

radially polarized LG mode) whereas there were somewhat ignorable other unwanted modes. The unwanted
modes mainly appeared on! = 1 radially polarized modes [Fig. 8(a)], which indicated that the polarization distri-
bution of the object beam was an I = 1 radially polarized state but the complex amplitude distribution on the
radial axis was deviated from that of a (], p) = (1, 1) radially polarized LG mode. The contamination of other modes
was ascribed to that a spatial filter (PH in Fig. 8 of ref.*?) in front of a CCD camera to improve the beam rotational
symmetry had a slightly small hole and excited I = 1, p= 1 radially polarized modes. The cylindrically polarized
LG mode decomposition thus offers us information in order to discuss experimental results in detail.

In general, the VBSs generated by spatial light modulators, spiral phase plates, or space variant wave plates are
Hypergeometric Gaussian modes®*®3, In contrast, our generation system modulates the intensity pattern on the
radial axis by using SLMs so that we can generate LG modes but not Hypergeometric Gaussian modes*2. Thus, we
choose cylindrically polarized LG modes as the base functions.

Conclusion

We demonstrated the reconstruction of complex amplitude vector distributions of VBSs through the VER tech-
nique and the cylindrically polarized LG mode decomposition of them. The reduction of the number of inter-
ferometric image in comparison with the earlier studies**¢ enabled us the reconstruction by using an unstable
interferometer even with arm length over 6 m. We evaluated accuracy of VER technique through comparing the
ESPs calculated from the polarization distributions to the ones acquired by the IP method. The difference between
them was less than 1 degree on the extended Poincaré sphere. Since the VFR method is the integration of interfer-
ometry and the IP method, the VER gives not only spatial polarization profiles of vector beam states but also their
spatial phase profiles with high accuracy. We showed that the cylindrically polarized LG modal decomposition of
VBSs is meaningful for the detail discussion of experimental results, such as analyses of mode purities and mode
contaminations.

The radial index p, which gives a node number of a cylindrically polarized LG mode on the radial axis, had
been nearly forgotten or regarded as a trivial feature®*. However, it is theoretically and experimentally proved that
the radial index p as well as the azimuth index ! of LG modes is attributed to a quantum number of photon®-%’.
Thus, we note that the full quantitative characterization of VBSs is significant for not only classical optics but also
quantum optics.

This VFR and modal decomposition techniques are utilized in mode distribution analysis of lasers emitting
VBSs*%8-72 and VBS converters”*~”?. Moreover, in the context that some researches®*-*? claim that multimode
waveguides and fibers should be treated with exact modes, that is VBSs, instead of LP modes. Our VFR methods
can be also suitable for characterization of spatial mode properties of multimode waveguides and fibers.

Methods
Rotating-retarder type imaging polarimetry. We review the method of rotating-retarder type imaging
polarimetry**-*!. The Stokes vector S = (S, Sy, S», S;) T, where S; (i =0 — 3) are the Stokes parameters, is defined by

S(x, y, 2) = (Vlo]y). (11)

Here, (x, y, z) represents the Cartesian coordinate, [¢)) = (E_, E_)T, and o = (0, 0}, 0,, 03)7 is the Pauli spin
matrices®>$,

We built a rotating-retarder type imaging polarimeter consisting of a quarter-wave plate, a polarizer and a
CCD camera (Fig. 1(c)). The polarization axis of the polarizer is parallel to the y axis. The complex amplitude
distribution at the imaging plane is written by

= 1. 20\ . —i20\
E)x,y,2zy)) = —=[(i—e7)E.—({1—¢e E_].
ox, s 2p) Nl [( E, — ( E_] (12)
We here note that E,__, = i~2E_ (the LCP component) and E,_,, = —i~/2E, (the RCP component).
Therefore, the intensity distribution recorded by the CCD camera I(x, y, z) is described as

1 2 1 . .
I(x, y, zg) = =|Sy — S, cos” 20 — S,— sin4f — S5 sin26|.
0% Ys Zo 210 1 25 3 (13)
Since the Stokes parameters have different cycles against the rotational angle 6 each other, we can acquire each
Stokes parameter distribution by measuring images of over four different 6. In the experiments, we captured four
intensity distributions of 6 = /8, 7/4, 37/4 and 77/8. The Stokes vector is described as follows:

0 1 1 o) fo=ms
-2 2 2| Lo—ra
S(x, vy, z,) = .
R =y B 2|l
0 Lo=1 0y (14)

We, thereby, obtain the Stokes parameter distributions on the beam cross section at the measurement position.
Here we choose § = 7/8, /4, 37/4 and 77/8 because S, _; are described by the linear combinations of the differ-
ences of two intensity distributions at ¢ = 7/8, 7/4, 37/4 and 77/8.

Field reconstruction of uniformly polarized optical vortex states. We briefly review the method of
field reconstruction of uniformly optical vortex states*”. We assume that a y-polarized object beam propagating
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on the z axis interferes with a y-polarized reference beam propagating on the ky(w) = k(w)(siné,,x + cosb;,z)
direction, where k; is a wave vector of the reference beam and x and z represent the unit vectors of x and z axes in
the Cartesian coordinate. When the bandwidths of the object beam and the reference beam are narrow enough,
the electric fields of the object beam E,;; and the reference beam E,; at the measurement plane z =z, can be
approximately written by

E (%, 75 200 £) = Eg(%, 3, 20) explik(wp)zg — web)ly, (15)

E (%, p, 20, y) = Eref(x, ¥, z) exp[i(k(wy) cosb .z, — k(wy) sinby — wyt + )]y, (16)

where E_,; and E, are, respectively, the complex amplitude of the object and the reference beams, wj is the center
wavelengtjh of the object and the reference beams, and « is a constant phase between the object and the reference
beams. The two dimentional Fourier transform (2D-FT) of the interference pattern [Eqy;+ E,d* consists of four terms:

‘7:(|E0bj + Ereflz) = f(lgobj|2) + f(|Eref‘2) + IAC+ + IACf’ 17)

where F{(-) denotes the 2D-FT in the (x, y) plane. The first and the second terms are, respectively, the 2D-FTs of
the intensity distributions of the object and the reference beams, whose intensity peaks appears on the origin of
the wavenumber space (k,, k,) = (0, 0). The third and the fourth ones are described as

Lc,=Lic_= f{Eobj exp (ik sinGiny)Eer}exp{ik(l — cosby )z, — a}. (18)

The peaks of the intensity of |I,c.|* in the wavenumber space are at (k,, k,) = (0, £ksind,,), respectively.
Filtering around the (k,, k,) = (0, +ksin,,), we can extract the third term having information of the complex
amplitude component of the object beam. The size of the reference beam we used in experiments was estimated
to be 3mm, which is large (over ~5 times larger than the size of the object beam) enough to consider that E, ; was
constant. Hence, a 2D-FT of the complex amplitude of the object beam EobJ (kx, p Z0) = ]-'(Eobj) is described as

~FT . . =
Eqyy (kyo k, — K sinby, z) = Lic exp(=iB)/|E o, (19)

where = (k— ky,)z)— o is a constant phase. Thereby, the complex amphtude of the object beam EObJ (x, y, z) is
reconstructed by using the two dimentional inverse Fourier transform F ~'(-):

~FR

Egi(x, y, 29) = F~ { Ob](k k ,zo)}. 20)

We note that (3 is indefinite constant because « is easy to fluctuate depending on the optical path difference owing
to unstableness of an interferometer. Here, the relative phase ¢ is defined by = 3_— 3,, where 3, and 3_ are the

~ ~FR
constant phases /3 for reconstructed RCP and LCP complex amplitude components (E:R and E_ ), respectively.

Extended Stokes parameters. We here review the ESPs. See the supplemental material of refs*®! for the
detail. The ESPs obtained by the IP method are defined by the following equation:

S0 So(%, )
SH S,(%, 7) cos2lp) + S,(%, ¥) sin(2lg) |, .
= dxdy,
! /f —8,F 7) sin(2le) + Sy, 7) cos2le)|
S5 S5 7) (21)

where A is an area of interest, and [ is the azimuthal index of the ESPs. In the present paper, we regarded the area
as a circle, whose center was (x, y) = (c,, ¢,). Modified coordinates (X, y) are (x — c,, y — ¢,). The azimuthal angle ¢
is described by arctan(y /%). Here, the component of temporally-perfect-polarized state in S0 ) are described by

SE®) = /f (S + (S,)° + (Sy*}dxdy . 22)

Unlike higher-order®>-%” and hybrid-order®® Stokes parameters, the ESPs are capable of the definition of the
degree of polarization (DOP). The DOP for the ESPs is defined by

PP = {(SE)? + (S5 + (S5 185 ™, (23)

which gives a measure of symmetry in the Ith cylindrically polarized state. The normalized ESPs (or temporally-
and spatially-perfect-polarized Stokes vector) are described by

~E
Sii ) Si

E LBl _ E

Sl - SZ,I SE (P)Pspace SZZ
~E I SE
3 31 (24)
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Since \gﬁ =1, the normalized extended Stokes vector is always on the extended Poincaré sphere.
Here, we searched the center of the area A maximizing the/ = 1 DOP pr“e. The radius of the circle (the cut-
off radius) R was set to be Max[I(r)]/100 =I(R), where

1) = [ 7102+ (502 + (02 d0dr o)

The values of R for the p=0 and p =1 radially polarized LG pulses were 387 and 516 um, repsectively.
Similarly, we define the ESPs derived from the VFR method, the DOP for the ESPs, and the normalized ESPs by

~FR? ~FR?
5 B + B
SEVER N FR * FR i(8=216)
1 // (B Hdxdy,
SZEI,VFR A 23{ ~FR * ~FR l((5+21¢)}
SEVRR
3,
|y \ " (26)
E,VER E,VFRy2 E,VER
LR (i B v A M CEv i (27)
and
JEBVER E,VFR
1l S
»st,VFR _ |gEVER| _ 1 E,VFR
! 2,1 T E,(P),VER pspace 2,1 ’
~ E,VER 0, 1 S E,VFR
3,0 (28)
respectively. We note that $5F»VFR = = ;"™ because a field reconstruction technique based on interferometry

can retrieve only the temporally perfect- polarlzed state.

Evaluation of relative phase §. We here propose a method to evaluate the relative phase 8. First, we
observe four interference patterns when 6§ = /8, 7/4, 3w/4, and 77/8 by using the polarization analyzer system
shown in F1g 1(c), following which we reconstruct their complex amplitude distributions E, RT,S, Eyu= EfR,
FR

Ea sa = E_ ,and EGF:RWS, respectively. The Stokes parameters SR (x, y, z;) are calculated from the intensity
distribution of them as the IP method (Eq. (14)):

‘9#/8

0 1 1
2 2 2 2| lERLS
SIP,FR X, ), 2 — e .
Crw=\y 5.3 —2 pIR 2
0 1 1 ‘ 0= 37r/4
2
|Eg sl (29)

The intensity distribution of x-polarized component is obtained as

2 1
%ozl = Ly
1 ~FR 2 ~FR 2
_E[_‘E9=7r/4‘ + |Eg—374l ]

~FR ? ~FR 2
+|Egp—rsl + |Eg—rnss| - (30)
By using Eq. (4), we search 6 which minimizes Gs. The center position (r=0) was selected to be the position
maximizing the DOP-SD*40:41:43 P(sPac®) The definition of DOP-SD is described in the subsectlon of Extended

Stokes parameters. We note that if we measure a y- polarlzed component 1nstead of \Ee - /8\ and \Ee 7 /8\ , We can

reduce the total number of acquisition images because ‘ E®(r, ¢, Zo)| =0\ .In this case, §and |E}*(r, ¢, 2)]

in Eqs (3), (4), (9) and (10) should be replaced by 6+ m and |Ey r, &, zo)|2, respectively.

Cylindrically polarized Laguerre-Gaussian modes. As Eq. (6), cylindrically polarized LG modes are
described by I-topological-charge LG modes with pth radial index without the phase ramp®:

CPLG x/_rH 11 2r? Wo
g0 62 = Jm[ ]LP W

2 2 G
W i[ TERR ouy(zo)]’

X exp| —

(31
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where Lﬁ'(g ) represents the generalized Laguerre polynomials. w, R(z), and ¢/°"%(z) are, respectively, a beam size
at zand a radius of curvature at z, and the Gouy phase, which are described by

(o — 2. 12
w=w|l + —— ] ,
2R (32)
2 2
Rz) = B2 T &
= zZy (33)
1/)1(;0“"(2) = +2p+ l)arctan[ﬁ],
’ ZR (34)

where w, = (2z/k)!"? is a beam waist radius, z,, is a position of the beam waist on the z axis, and zy, is the Rayleigh
length. The cylindrically polarized LG modes described in Eq. (31) are normalized.

[/w |”137PLG(T, ®, z)|2dS =1. .
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