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A signature invariant geometric 
algebra framework for spacetime 
physics and its applications 
in relativistic dynamics of a massive 
particle and gyroscopic precession
Bofeng Wu

A signature invariant geometric algebra framework for spacetime physics is formulated. By following 
the original idea of David Hestenes in the spacetime algebra of signature (+,−,−,−) , the techniques 
related to relative vector and spacetime split are built up in the spacetime algebra of signature 
(−,+,+,+) . The even subalgebras of the spacetime algebras of signatures (±,∓,∓,∓) share the same 
operation rules, so that they could be treated as one algebraic formalism, in which spacetime physics 
is described in a signature invariant form. Based on the two spacetime algebras and their “common” 
even subalgebra, rotor techniques on Lorentz transformation and relativistic dynamics of a massive 
particle in curved spacetime are constructed. A signature invariant treatment of the general Lorentz 
boost with velocity in an arbitrary direction and the general spatial rotation in an arbitrary plane is 
presented. For a massive particle, the spacetime splits of the velocity, acceleration, momentum, and 
force four-vectors with the normalized four-velocity of the fiducial observer, at rest in the coordinate 
system of the spacetime metric, are given, where the proper time of the fiducial observer is identified, 
and the contribution of the bivector connection is considered, and with these results, a three-
dimensional analogue of Newton’s second law for this particle in curved spacetime is achieved. Finally, 
as a comprehensive application of the techniques constructed in this paper, a geometric algebra 
approach to gyroscopic precession is provided, where for a gyroscope moving in the Lense-Thirring 
spacetime, the precessional angular velocity of its spin is derived in a signature invariant manner.

William Kingdon Clifford introduced geometric algebra (GA) based on the earlier work of Hamilton and 
 Grassmann1, and then, David Hestenes developed it by inventing geometric calculus and formulating space-
time algebra (STA)2. GA is a unified language for mathematics and  physics3, and has important applications in 
theoretical  physics4–16. STA, as the GA for spacetime, provides a synthetic framework for spacetime  physics17. 
One of the remarkable advantages of STA is that Lorentz boost and spatial rotation can be handled with rotor 
techniques in an elegant and highly condensed  manner17–20. Therefore, for those topics involving a knowledge of 
Lorentz boost and spatial rotation, such as gyroscopic  precession21,22, it could be expected that a more efficient 
approach to dealing with them will be found in the language of STA.

STA can be generated by an orthonormal frame with respect to the Minkowski metric. Since the signature 
(+,−,−,−) is widely used in  STA17 whereas the opposite signature (−,+,+,+) is often adopted in literatures 
on  relativity23, when STA is applied to relativistic physics the change of signature from one to another will cause 
inconvenience. In fact, the STA of signature (−,+,+,+) is also  used24–29, and however, because the techniques 
related to relative vector and spacetime split have not been developed in this algebraic formalism, its applica-
tions are quite limited. One of the purposes of this paper is to build up these techniques in the STA of signature 
(−,+,+,+) by following the original idea of David Hestenes in the STA of signature (+,−,−,−) , which will 
definitely facilitate the study of relativistic physics in the language of GA.

Throughout the paper, the following notation and rules are adopted unless stated otherwise:

OPEN

Department of Physics, College of Sciences, Northeastern University, Shenyang 110819, China. email: bofengw@
pku.edu.cn

http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-022-06895-0&domain=pdf


2

Vol:.(1234567890)

Scientific Reports |         (2022) 12:3981  | https://doi.org/10.1038/s41598-022-06895-0

www.nature.com/scientificreports/

• For two multivectors A and B in spacetime, their geometric product, inner product, outer product, and com-
mutator product are represented by AB,A · B,A ∧ B , and A× B , respectively;

• For a multivector M in spacetime, M̃ and �M�p (p = 0, 1, 2, 3, 4) denote its reverse and p-vector part, respec-
tively, where 〈M〉0 is abbreviated as 〈M〉;

• The Greek letters, denoting the spacetime indices, range from 0 to 3, whereas the Latin letters, denoting the 
space indices, range from 1 to 3;

• The sum should be taken over, when repeated indices appear within a term;
• The international system of units is used.

 Let {γ+
α } and {γ−

α } be orthonormal frames with respect to the Minkowski metrics in the signatures (+,−,−,−) 
and (−,+,+,+) , respectively, and the STAs of the two signatures can be generated by them. In these two STAs, 
we find the following important conclusions:

• Denote {γ α
±} as the reciprocal frames of {γ±

α } , and frames of relative vectors are constructed by {σ±
k := γ±

k γ 0
±} , 

where both {σ+
k } and {σ−

k } , spanning the relative spaces orthogonal to the timelike vectors γ+
0  and γ−

0  , respec-
tively, provide representation-free versions of the Pauli matrices;

• The two relative spaces are both the Euclidean spaces of dimension 3 with {σ±
k } as right-handed orthonormal 

bases, where the inner product and the cross product in these two spaces can be defined as their conventional 
ones, respectively;

• The even subalgebras of the STAs of signatures (±,∓,∓,∓) are generated by {σ±
k } , and they share the same 

operation rules;
• For vectors b± = bα±γ

±
α  , their spacetime splits with γ±

0  are b±γ 0
± = b0± + b± , where b± = bi±σ

±
i  , as bivectors 

in spacetime, are called the relative vectors of b±;
• For operators ∂± := γ α

±∂α , their spacetime splits with γ±
0  are γ±

0 ∂± = ∂0 +∇± , where ∂µ := ∂/∂xµ and 
∇± := σ k

±∂k with xµ and {σ k
± := γ±

0 γ k
±} as coordinates in spacetime and the reciprocal frames of {σ±

k } in 
the relative spaces, respectively.

 Since the even subalgebras of the two STAs share the same operation rules, we will no longer distinguish them 
strictly and treat them as one algebraic formalism hereafter. In Appendix B of this paper, a detailed presenta-
tion of this algebraic formalism is given. It will be shown that the “common” even subalgebra of the STAs of 
signatures (±,∓,∓,∓) actually provides a signature invariant GA framework for spacetime physics. In order 
to give an application paradigm of the two STAs and their “common” even subalgebra, we need to make use of 
them to study some specific problems in spacetime physics, and gyroscopic precession is such a typical topic.

According to the prediction of General Relativity, the spin of a gyroscope precesses relative to the asymptotic 
inertial frames as it moves around a rotating spherical  source22. The conventional method to describe gyroscopic 
precession under the weak-field and slow-motion (WFSM) approximation in tensor language is presented in 
Refs.21,22. For a uniformly rotating spherical source, the external gravitational field is stationary, and only the 
leading pole moments need to be considered, so that the spacetime geometry is described by the Lense-Thirring 
 metric30. As a result, the corresponding spacetime is known as the Lense-Thirring spacetime. When a torque-
free gyroscope is moving in this spacetime, there exist three types of precession for its spin, namely, the de Sitter 
precession, the Lense–Thirring precession, and the Thomas precession, where these phenomena are, respectively, 
resulted from gyroscopic motion through the spacetime curved by the mass of the source, rotation of the source, 
and gyroscopic non-geodesic  motion31.

In the traditional description for gyroscopic precession based on tensor language, one always needs to work 
with the components of some tensor in a chosen coordinate frame, which often leads to many equations with a 
low degree of clarity. The language of STA could provide a physically clear approach to dealing with this topic, 
since one just involves geometric objects during  calculation32. As a preliminary attempt, another purpose of 
the present paper is to handle gyroscopic precession by applying the STAs of signatures (±,∓,∓,∓) and their 
“common” even subalgebra, so that for a gyroscope moving in the Lense-Thirring spacetime, a signature invari-
ant derivation of the precessional angular velocity of its spin could be achieved. For brevity, in later applications, 
the signs “±” associated with multivectors and operators will be suppressed, and for equalities like A = F(±B) and 
C = G(∓D) , the signs “ + ” and “−” in the former equation correspond to the cases in the signatures (+,−,−,−) 
and (−,+,+,+) , respectively, and the situation in the latter equation is reverse.

Before analyzing gyroscopic precession, rotor techniques on Lorentz transformation and relativistic dynamics 
of a massive particle in curved spacetime need to be addressed in the two STAs. Rotor techniques are available in 
the STA of signature (+,−,−,−)17–20, and however, since the STA of signature (−,+,+,+) is rarely employed, 
these techniques have not been fully developed in this algebraic formalism, where in particular the expres-
sions of the rotors inducing Lorentz boost and spatial rotation should be clearly established. Being the third 
purpose of this paper, by virtue of the rotors constructed in the “common” even subalgebra of the two STAs, 
the general Lorentz boost with velocity in an arbitrary direction and the general spatial rotation in an arbitrary 
plane are handled in a signature invariant manner. How to study physics in curved spacetime based on STA is 
a fundamental problem. By following GA techniques for General Relativity formulated in Ref.33, the treatment 
of gyroscopic precession in this paper is able to be put on a solid theoretical footing. To generate the STAs of 
signatures (±,∓,∓,∓) in a curved spacetime, one just needs to define a local orthonormal tetrad {γα} by the 
orthonormalization of a coordinate frame (in either signature), and then, by applying these two STAs and their 
“common” even subalgebra, the relevant topics in spacetime physics can be dealt with.

Relativistic dynamics of a massive particle in curved spacetime should be studied so as to describe the 
motion of a gyroscope moving around a gravitating  source34. We assume that a collection of fiducial observers 
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is distributed over space, and each fiducial observer is at rest in the coordinate system of the spacetime metric. 
For a massive particle, the spacetime splits of the velocity, acceleration, momentum, and force four-vectors 
with the normalized four-velocity γ0 of the fiducial observer need to be derived, which is easy when spacetime 
is flat. However, in curved spacetime, some subtleties appear and ought to be seriously analyzed. For instance, 
the proper time of fiducial observers should be identified, and the contribution of the bivector connection ω(u) 
associated with {γα} (cf. Ref.33) should also be considered. In this paper, after overcoming these difficulties, the 
results are given, and with them, a three-dimensional analogue of Newton’s second law for the particle in curved 
spacetime is achieved, which is the fourth purpose of the present paper. Besides, the Fermi-Walker derivatives 
presented in tensor language are recast in the STAs of signatures (±,∓,∓,∓) so that the motion of the spin of a 
gyroscope can be depicted in these two  STAs21.

With the aid of the GA techniques constructed before, an efficient treatment of gyroscopic precession could 
be provided in the two STAs. Considering a gyroscope moving in the Lense-Thirring spacetime, some significant 
results like the three-dimensional generalized equation of motion for the gyroscope are first given on the basis 
of relativistic dynamics of a massive particle. Then, the rotor techniques are employed to handle the spin of the 
gyroscope, and the direct result shows that a bivector field Ω(τ) along its worldline completely determines the 
motion of its spin, where τ is the proper time. The bivector field Ω(τ) is dependent on the rotor L̂ generating the 
pure Lorentz boost from the gyroscope’s four-velocity u to the fiducial observer’s four-velocity cγ0 and the bivec-
tor connection ω(u) associated with {γα} , where c is the velocity of light in vacuum. Just like the Faraday bivector, 
namely the electromagnetic field strength, the bivector field Ω(τ) can also be decomposed into the electric part 
Ω(E)(τ ) and the magnetic part Ω(B)(τ ) . Let {γ β} be the reciprocal tetrad of {γα} , and technically, if the condi-
tion ˜̂LaL̂γ 0 = cΩ(E)(τ ) is fulfilled, the spin of the gyroscope always precesses relative to its comoving frame, 
determined by the pure Lorentz boost generated by the rotor L̂ , with Ω(B)(τ ) as the precessional angular velocity.

The key point is to write down signature invariant expression of the bivector field Ω(τ) and the spacetime 
split of the gyroscope’s four-acceleration a with the normalized four-velocity γ0 of the fiducial observer based 
on the “common” even subalgebra of the two STAs. According to Refs.33,35, the bivector connection ω(u) associ-
ated with {γα} can be directly derived, and then, by recasting it in terms of the relative vectors {σ k} , its signature 
invariant expression and those of its electric part ω(E)(u) and magnetic part ω(B)(u) are obtained. Moreover, by 
applying the rotor techniques, the pure Lorentz boost L̂ from u to cγ0 can also be derived. Thus, as noted before, 
the signature invariant expression of Ω(τ) and those of Ω(E)(τ ) and Ω(B)(τ ) are completely determined. As to 
a, its spacetime split with γ0 could be directly obtained from the relevant conclusion in relativistic dynamics of a 
massive particle. Thus, with a, L̂ , and Ω(E)(τ ) , one is capable of verifying that the condition ˜̂LaL̂γ 0 = cΩ(E)(τ ) 
holds by means of various operations in the “common” even subalgebra of the two STAs, and hence, the spin of 
the gyroscope indeed precesses in the comoving frame with Ω(B)(τ ) as the precessional angular velocity. After 
expanding Ω(B)(τ ) up to 1/c3 order with 1/c as the WFSM  parameter36, the gyroscope spin’s angular velocities 
of the de Sitter precession, the Lense-Thirring precession, and the Thomas precession are able to be read out, 
and their expressions, in the form of geometric objects, are equivalent to their conventional ones in component 
form, respectively.

The whole derivation implies that the “common” even subalgebra of the STAs of signatures (±,∓,∓,∓) does 
provide a signature invariant GA framework for spacetime physics, and the rotors, presented in a signature 
invariant form, can be used to generate Lorentz transformations in these two STAs. The treatment of relativistic 
dynamics of a massive particle and gyroscopic precession intuitively displays the basic method of dealing with 
specific topics in curved spacetime within the signature invariant GA framework, which suggests that the GA 
techniques established in this paper are efficient and reliable. No doubt, if these techniques are directly applied to 
gyroscopic precession in alternate theories of gravity, such as f(R)  gravity30,37–39, f (R,G)  gravity40,41, and f(X, Y, Z) 
 gravity42, they will definitely facilitate the relevant studies, where G is the Gauss-Bonnet invariant, X := R is the 
Ricci scalar, Y := RµνR

µν is the quadratic contraction of two Ricci tensors, and Z := RµνσρR
µνσρ is the quadratic 

contraction of two Riemann tensors. Furthermore, by developing other types of techniques, the method in this 
paper could also be applied to more fields, and in fact, some topics in classical mechanics and electrodynamics 
have been described in such a manner. The applications of this method will be expected to be extended to a wider 
range in the future, so that the study of spacetime physics in the language of GA could be greatly promoted.

This paper is organized as follows. In “STAs of signatures (±, ∓, ∓, ∓) and their “common” even subalgebra”, 
the STAs of signatures (±,∓,∓,∓) and their “common” even subalgebra are formulated. In “Rotor techniques 
on Lorentz transformation and relativistic dynamics of a massive particle in curved spacetime”, rotor techniques 
on Lorentz transformation and relativistic dynamics of a massive particle in curved spacetime are constructed. 
In “A GA approach to gyroscopic precession in the Lense–Thirring spacetime”, a GA approach to gyroscopic 
precession in the Lense-Thirring spacetime is given. In “Summary and discussions”, some concluding remarks 
will be made. In Appendix A, operation rules of blades in the STAs of signatures (±,∓,∓,∓) are summarized. 
In Appendix B, the “common” even subalgebra of the STAs of signatures (±,∓,∓,∓) is introduced in detail. In 
Appendix C, a local orthonormal tetrad {γα} and the bivector connection ω(u) associated with it in the Lense-
Thirring spacetime are derived.

STAs of signatures (±,∓,∓,∓) and their “common” even subalgebra
STA, introduced in the classical literature Space-Time Algebra by David Hestenes (1966), can provide a synthetic 
framework for relativistic  physics17, so it has attracted widespread attention in the physical community. Since 
the establishment of STA, the signature (+,−,−,−) has been widely used, and however, in relativistic physics, 
one of the main application fields of STA, the opposite signature (−,+,+,+) is often  adopted17,23. Thus, when 
one intends to apply STA to relativistic physics, the change of signature from one to another will cause incon-
venience even though these two signatures differ only by a minus sign. In fact, the STA of signature (−,+,+,+) 
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was also  used24–29, but a lack of long-term attention to it results in that the techniques related to relative vector 
and spacetime split have not been developed in this algebraic formalism so that its applications are quite limited. 
In this section, by following the original idea of David Hestenes, we will build up these techniques in the STA of 
signature (−,+,+,+) so that a more convenient approach to relativistic physics could be given in the language 
of GA. For the ease of writing, we will directly formulate the STAs of signatures (±,∓,∓,∓) , and analyze the 
operation rules of multivectors.

In spacetime, the STAs of signatures (±,∓,∓,∓) can be generated by corresponding orthogonal vectors 
{γ±

α } satisfying

respectively, where η±αβ are the Minkowski metrics in the two signatures. With these vector generators {γ±
α } , 

explicit bases for both the STAs are defined, namely

where, in either signature, one scalar, four vectors, six bivectors, four trivectors, and one pseudoscalar are con-
tained. One can perform operations between any two multivectors in spacetime by expanding them in a basis, 
once operation rules of blades of different grades are given, where the term “blade” here denotes a multivector 
written as the outer product of a set of vectors (cf. Ref.17). In Appendix A of this paper, a detail list of operation 
rules of blades in the two STAs is presented, and based on these rules, the “common” even subalgebra of these 
two STAs will be constructed in the following.

According to Eqs. (A1) and (A7), the orthogonality between the vector generators {γ±
α } implies that the bases 

(2) can be rewritten as

where the geometric products of {γ±
α } are obviously anticommutative,

 By making use of the anticommutation of {γ±
α } , the pseudoscalars I± also have the expressions,

with ǫijk as the three-dimensional Levi-Cività symbol. Among the basis blades, those of even grade,

form bases for the even subalgebras of the two STAs. Now, we will first discuss some properties of the bivectors 
{γ±

0 γ±
k } . With Eqs. (1), (4), and (A14), one can directly derive the following equalities,

where δij is the Kronecker symbol, and in the second step of (8), Eqs. (5), (A5), and (A10) have been used. These 
equalities show that relative vectors, spanning the relative spaces orthogonal to the timelike vectors γ±

0  , could 
be defined as {σ±

k = ∓γ±
0 γ±

k = γ±
k γ 0

±} with {γ α
±} as the reciprocal frames of {γ±

α } , so that they have the similar 
algebraic properties to the Pauli matrices,

 Clearly, {σ+
k = γ+

k γ 0
+ = γ+

k γ+
0 } is the frame of relative vectors introduced in the STA of signature (+,−,−,−)

2,17,32, whereas {σ−
k = γ−

k γ 0
− = −γ−

k γ−
0 } is the one in the STA of signature (−,+,+,+) . Further properties of 

{σ±
k } can also be obtained. Eqs. (A18) and (A19) yield

(1)γ±
α · γ±

β = η±αβ = diag(±,∓,∓,∓),

(2)
{
1, γ±

α , γ±
µ ∧ γ±

ν (µ < ν), γ±
ρ ∧ γ±

σ ∧ γ±
�

(ρ < σ < �), γ±
0 ∧ γ±

1 ∧ γ±
2 ∧ γ±

3

}
,

(3)
{
1, γ±

α , γ±
µ γ±

ν (µ < ν), γ±
ρ γ±

σ γ±
�

(ρ < σ < �), I± := γ±
0 γ±

1 γ±
2 γ±

3

}
,

(4)γ±
µ γ±

ν = −γ±
ν γ±

µ , (µ �= ν).

(5)I± = 1

3! ǫijkγ
±
0 γ±

i γ±
j γ±

k

(6)
{
1, γ±

0 γ±
k , γ±

i γ±
j

(
i < j

)
, I±

}
,

(7)
(
γ±
0 γ±

i

)
·
(
γ±
0 γ±

j

)
= δij ,

(8)
(
γ±
0 γ±

i

)
×

(
γ±
0 γ±

j

)
= ∓γ±

i ∧ γ±
j = ∓ǫijk

(
γ±
0 γ±

k

)
I±,

(9)
(
γ±
0 γ±

1

)(
γ±
0 γ±

2

)(
γ±
0 γ±

3

)
= ∓I±,

(10)σ±
i · σ±

j = δij ,

(11)σ±
i × σ±

j = ǫijkσ
±
k I

±,

(12)σ±
1 σ

±
2 σ

±
3 = I±.

(13)γ±
i · γ±

j =
γ±
i γ±

j + γ±
j γ±

i

2
,
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and then, by inserting Eqs. (13) and (14) into Eqs. (7) and (8), respectively, we get

which prove once again that the algebraic properties of {σ±
k } are similar to those of the Pauli matrices. In fact, as 

mentioned in Ref. 32, {σ+
k } or {σ−

k } provide a representation-free version of the Pauli matrices.
Equations (10) and (12) show that the relative spaces orthogonal to γ±

0  are both the Euclidean spaces of 
dimension 3 with {σ±

k } and I± as orthonormal bases and pseudoscalars, respectively. In relative space, a rela-
tive vector, although being a bivector in STA, is actually treated as a multivector of grade 1, and thus, in this 
sense, the inner product and the cross product between two relative vectors can be defined. Let a± = a±i σ

±
i  and 

b± = b±j σ
±
j  be relative vectors, and then, with the help of Eqs. (10) and (11), the inner products and the cross 

products between a± and b± are defined as

where the commutator products between a± and b±,

and

have been used. Obviously, the above definitions of inner product and cross product are identical to their con-
ventional ones, respectively. The cross products defined in Eqs. (19) determine the handedness of {σ±

k } , and by 
applying them, one easily gets

which clearly suggest that {σ±
k } are both right-handed bases. Next, we will employ relative vectors to reconstruct 

bases of the even subalgebras of the STAs of signatures (±,∓,∓,∓) . The definitions of {σ±
k } provide

and then, by further using Eqs. (1) and (4), there are

 After inserting Eqs. (23), (24), and (12) into (6), we know that bases of the even subalgebras of the two STAs 
can be reconstructed as

which indicates that {σ±
k } are actually the vector generators of the two subalgebras. Eqs. (11) and (17) imply 

that equalities

hold, and thus, the anticommutation of {σ±
k },

is explicitly obtained. As a consequence, there exist three types of basic homogeneous multivectors (cf. Ref.17) 
in the even subalgebras of the two STAs, namely,

(14)γ±
i ∧ γ±

j =
γ±
i γ±

j − γ±
j γ±

i

2
,

(15)σ±
i σ

±
j + σ±

j σ
±
i = 2δij ,

(16)σ±
i σ

±
j − σ±

j σ
±
i = 2ǫijkσ

±
k I

±,

(17)σ±
i σ

±
j = δij + ǫijkσ

±
k I

±,

(18)a± · b± =
〈
a±b±

〉
= a±k b

±
k ,

(19)a± ×3 b
± = − I±

(
a± × b±

)
= ǫijka

±
i b

±
j σ

±
k ,

(20)a± × b± =
〈
a±b±

〉
2
= a±i b

±
j ǫijkσ

±
k I

±

(21)a±I± = I±a±,
(
I±

)2 = I±I± = −1

(22)σ±
i ×3 σ

±
j = ǫijkσ

±
k ,

(23)γ±
0 γ±

k = ∓σ±
k ,

(24)γ±
i γ±

j = ∓ σ±
i σ

±
j (i < j).

(25)
{
1, σ±

k , σ±
i σ

±
j (i < j), σ±

1 σ
±
2 σ

±
3

}
,

(26)σ±
i σ

±
j = σ±

i × σ±
j (i �= j)

(27)σ±
i σ

±
j = −σ±

j σ
±
i (i �= j),

(28)a± = a±i σ
±
i ,
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 In view of (12), 
(
a± × b±

)
∧ c± in (30) are able to be written in the form of multiplications of the pseudoscalars 

I± by real numbers, and in fact, from the bases (25), all multivectors of grade 4 could be expressed in such a form. 
Thus, Eq. (A5) states that the geometric product between any multivector and a pseudoscalar is equivalent to 
their inner product. Keep this conclusion in mind, and then, with the help of the following formulas,

one gets a convenient way to carry out operations involving multivectors of grade 4, where in the derivation 
of (31), Eqs. (20) and (21) have been used. Eqs. (23) and (8) show that both σ±

k  and σ±
i × σ±

j (i �= j) are bivec-
tors in the two STAs, where the former contain timelike components, whereas the latter do not. The geometric 
products of them also need to be derived, where according to Eq. (A2), we have

 By further using Eqs. (1), (4), (A8), and (A15), the terms on the right-hand sides of Eqs. (33), (34), and (35) 
are achieved,

 With the aid of the above operation rules of the basic homogeneous multivectors, namely Eqs. (31)–(39), one 
can carry out operations of any two multivectors in the even subalgebras of the STAs of signatures (±,∓,∓,∓) . 
Evidently, as shown in these formulas, the two even subalgebras share the same operation rules, and thus, when 
dealing with specific problems, such as relativistic dynamics of a massive particle and gyroscopic precession in 
the next two sections, we will no longer distinguish them strictly and treat them as one algebraic formalism. In 
Appendix B of the present paper, a detailed presentation of this “common” even subalgebra of the two STAs is 
given. It will be shown that this algebraic formalism provides a signature invariant GA framework for spacetime 
physics.

When STA is used to describe relativistic physics, the techniques on spacetime split are also of significance, 
where in the STA of signature (+,−,−,−) , these techniques provide an extremely efficient tool for comparing 
physical effects in different  frames2,17. Of course, these techniques can also be constructed in the STA of signa-
ture (−,+,+,+) . Let b± = bα±γ

±
α  be vectors in spacetime, and the spacetime splits of b± with γ±

0  are defined as

where b± = bi±σ
±
i  are called the relative vectors of b± . Besides, as for operators ∂± := γ α

±∂α , their spacetime 
splits with γ±

0  are given by

(29)a± × b± = a±i b
±
j σ

±
i × σ±

j =
∑

i<j

(
a±i b

±
j − a±j b

±
i

)
σ±
i σ

±
j ,

(30)
�
a± × b±

�
∧ c± = det




a±1 , b±1 , c±1
a±2 , b±2 , c±2
a±3 , b±3 , c±3


σ±

1 σ
±
2 σ

±
3 with c± = c±k σ

±
k .

(31)
(
σ±
i × σ±

j

)
I± = −ǫijkσ

±
k ⇔ σ±

k I
± = 1

2
ǫkij

(
σ±
i × σ±

j

)
,

(32)σ±
i σ

±
j = σ±

i · σ±
j + σ±

i × σ±
j ,

(33)σ±
k

(
σ±
i × σ±

j

)
= σ±

k ×
(
σ±
i × σ±

j

)
+ σ±

k ∧
(
σ±
i × σ±

j

)
,

(34)
(
σ±
i × σ±

j

)
σ±
k =

(
σ±
i × σ±

j

)
× σ±

k +
(
σ±
i × σ±

j

)
∧ σ±

k ,

(35)
(
σ±
i × σ±

j

)(
σ±
p × σ±

q

)
=

(
σ±
i × σ±

j

)
·
(
σ±
p × σ±

q

)
+

(
σ±
i × σ±

j

)
×

(
σ±
p × σ±

q

)
.

(36)σ±
k ×

(
σ±
i × σ±

j

)
= −

(
σ±
i × σ±

j

)
× σ±

k =
(
σ±
k · σ±

i

)
σ±
j −

(
σ±
k · σ±

j

)
σ±
i ,

(37)
σ±
k ∧

(
σ±
i × σ±

j

)
=

(
σ±
i × σ±

j

)
∧ σ±

k = σ±
i ∧

(
σ±
j × σ±

k

)

= σ±
j ∧

(
σ±
k × σ±

i

)
,

(38)
(
σ±
i × σ±

j

)
·
(
σ±
p × σ±

q

)
=

(
σ±
j · σ±

p

)(
σ±
i · σ±

q

)
−

(
σ±
i · σ±

p

)(
σ±
j · σ±

q

)
,

(39)

(
σ±
i × σ±

j

)
×

(
σ±
p × σ±

q

)
=

(
σ±
j · σ±

p

)(
σ±
i × σ±

q

)
+

(
σ±
i · σ±

q

)(
σ±
j × σ±

p

)

−
(
σ±
i · σ±

p

)(
σ±
j × σ±

q

)
−

(
σ±
j · σ±

q

)(
σ±
i × σ±

p

)
.

(40)b±γ 0
± = b0± + b±,

(41)γ±
0 ∂± = ∂0 +∇±,
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where ∂µ := ∂/∂xµ and ∇± := σ k
±∂k with xµ and {σ k

± := γ±
0 γ k

±} as coordinates in spacetime and the reciprocal 
frames of {σ±

k } in the relative spaces, respectively. As clearly shown, the spacetime splits of b+ and ∂+ are indeed 
the same as those introduced in the STA of signature (+,−,−,−)2,17, and the spacetime splits of b− and ∂− are 
those defined in the STA of signature (−,+,+,+).

The timelike vectors cγ±
0  could be recognized as the four-velocities of some observer, so the spacetime split 

introduced above is observer dependent, and consequently, one of the most powerful applications of the tech-
niques on spacetime split is that they can greatly simplify the study of effects involving different  observers2,17. 
Technically, spacetime split actually encodes the crucial geometric relationship between STA and its even 
 subalgebra2, where with these techniques, many calculations between vectors in spacetime are able to be trans-
formed into those in the even subalgebra of STA. As a result, based on various operations in this algebraic for-
malism, a large number of specific problems could be solved efficiently. Moreover, since the even subalgebras of 
the STAs of signatures (±,∓,∓,∓) share the same operation rules, by resorting to the techniques on spacetime 
split, one is capable of managing to acquire a signature invariant approach to these problems. We will see that 
the above advantages of spacetime split play a key role in the following treatment of relevant topics.

Rotor techniques on Lorentz transformation and relativistic dynamics of a massive 
particle in curved spacetime
It is well known that one of the remarkable advantages of STA is that Lorentz boost and spatial rotation can 
be handled with rotor techniques in an elegant and highly condensed  manner17–20. As shown in classical 
 literatures21,22, a knowledge of Lorentz boost and spatial rotation is heavily involved in the description of gyro-
scopic precession, and hence, it could be expected that a more efficient approach to dealing with this topic will be 
found in the language of STA. Besides, in “STAs of signatures (±, ∓, ∓, ∓) and their “common” even subalgebra”, 
it is claimed that the “common” even subalgebra of the STAs of signatures (±,∓,∓,∓) provides a signature 
invariant GA framework for spacetime physics, and thus, when this framework is applied to gyroscopic preces-
sion, a signature invariant GA derivation of the precessional angular velocity of the gyroscope spin could be 
achieved. Therefore, as a preliminary attempt, making use of the two STAs and their “common” even subalgebra 
to study gyroscopic precession is one objective of the present paper, which, if successful, will definitely become 
an application paradigm of STA. In view that many relevant techniques need to be constructed in this section, 
the detailed treatment of gyroscopic precession will be left to the next section.

In the analyse of gyroscopic precession, rotor techniques on Lorentz boost and spatial rotation are widely 
used, and therefore, these techniques need to be specifically addressed in the two STAs. Rotor techniques are 
available in the STA of signature (+,−,−,−)17–20, and however, since the STA of signature (−,+,+,+) is rarely 
employed, these techniques have not been fully developed in this algebraic formalism, where in particular the 
expressions of the rotors inducing Lorentz boost and spatial rotation should be clearly established. In this section, 
by constructing the rotors on the basis of the exponential function defined on the “common” even subalgebra of 
the two STAs, the general Lorentz boost with velocity in an arbitrary direction and the general spatial rotation 
in an arbitrary plane are handled in a signature invariant manner. In addition, relativistic dynamics of a massive 
particle in curved spacetime ought be studied so as to describe the motion of a gyroscope moving around a gravi-
tating  source34. To this end, for a massive particle, the spacetime splits of the velocity, acceleration, momentum, 
and force four-vectors with the normalized four-velocity of the fiducial observer, at rest in the coordinate system 
of the spacetime metric, are first derived, and then with these results, a three-dimensional analogue of Newton’s 
second law for this particle in curved spacetime is achieved. Furthermore, in order to describe the motion of 
the spin of a gyroscope, the Fermi-Walker derivative in the STA of signature (−,+,+,+) is also constructed by 
following the way in the (+,−,−,−) signature.

In Appendix B of this paper, the signs “±” associated with multivectors have been omitted in the “common” 
even subalgebra of the STAs of signatures (±,∓,∓,∓) , so that all the formulas in this algebraic formalism are 
presented in a neat form. Inspired by this, when formulas in the two STAs are involved hereafter, the following 
convention will be adopted for brevity: The signs “±” associated with multivectors and operators are suppressed, 
and for equalities like A = F(±B) and C = G(∓D) , the signs “ + ” and “−” in the former equation correspond to the 
cases in the signatures (+,−,−,−) and (−,+,+,+) , respectively, and the situation in the latter equation is reverse.

Rotor techniques on Lorentz boost and spatial rotation . In GA, a rotor R is defined as an even 
multivector satisfying RR̃ = 1 and the property that the map defined by b  → RbR̃ transforms any vector into 
another  one17. Rotors encode an important geometric object and can provide a more elegant scheme for per-
forming orthogonal transformations in spaces of arbitrary signature, where mathematically, rotor group, formed 
by the set of rotors, provides a double-cover representation of the connected subgroup of the special orthogonal 
group. In the present paper, we are only interested in rotors in spacetime, and in such a case, the rotor group in 
spacetime is a representation of the group of proper orthochronous Lorentz  transformations17.

In the STA of signature (+,−,−,−) , rotor techniques on Lorentz boost and spatial rotation have been 
 established17–20, which greatly promotes the application of STA in spacetime physics. Of course, in order to 
complete the necessary discussion on gyroscopic precession in a signature invariant manner, these techniques 
also need to be explicitly constructed in the STA of signature (−,+,+,+) . To facilitate the writing, as in “STAs 
of signatures (±, ∓, ∓, ∓) and their “common” even subalgebra”, we will directly build up rotor techniques in the 
STAs of signatures (±,∓,∓,∓).

In Appendix B of this paper, a simple method to construct rotor is presented, and it has been shown that for 
a real number α and a unit 2-blade B, eαB is a rotor. Here, we will make use of eαB to handle Lorentz boost and 
spatial rotation in the two STAs. From Eqs. (8) and (23), σ k and σ i × σ j have the forms 
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 and their squares are deduced by applying Eqs. (B3) and (B17), 

Clearly, both σ k and σ i × σ j (i �= j) are unit 2-blades, and the signs of their squares are different, which sug-
gests that there are two types of unit 2-blades in spacetime. It is based on the exponential functions of these 
two types of unit 2-blades that the rotors inducing Lorentz boost and spatial rotation can be constructed. Let 
v = vkσ k ,m = miσ i , and n = njσ j be three arbitrary relative vectors. Consider the bivectors v and m× n , and 
the following results can be easily given by means of Eqs. (42a)–(43b): 

 and 

The former two equations indicate that both v and m× n are 2-blades, and thus, with the latter two equations, 
two unit 2-blades are derived, 

 where a direct calculation verifies that 

According to Ref.17, a proper orthochronous Lorentz transformation can be generated by a rotor R in spactime, 
and under this transformation, a general multivector M will be transformed double-sidedly as M  → R−1MR . 
Let θ and ϕ be two real numbers, and the corresponding rotors associated with ev and I2 are constructed as e

θ
2 ev 

and e
ϕ
2 I2 , respectively. When they act on vectors x and y, two new vectors x′ and y′ are obtained, 

In order to analyze the generated Lorentz transformations in the “common” even subalgebra of the two STAs, 
the techniques on spacetime split need to be applied. From Eqs. (44a)–(46b) and (A1), the orthogonality and 
anticommutation of {γα} imply 

 and then, with the help of Eq. (B39), one gets 

The spacetime splits of x, y, x′, and y′ with γ0 are provided by applying Eq. (40), 

(42a)σ k = ∓γ0 ∧ γk ,

(42b)σ i × σ j = ∓γi ∧ γj ,

(43a)(σ k)
2 = 1,

(43b)
(
σ i × σ j

)2 = −1 (i �= j).

(44a)v = ∓ γ0 ∧
(
vkγk

)
,

(44b)m× n = ∓
(
miγi

)
∧
(
njγj

)

(45a)v2 = vkvk ,

(45b)(m× n)2 = −
∑

i<j

(
minj −mjni

)2
.

(46a)ev : =
v√
v2

,

(46b)I2 : =
m× n√
−(m× n)2

,

(47a)(ev)
2 = 1,

(47b)(I2)
2 = − 1.

(48a)x′ = e−
θ
2 ev x e

θ
2 ev ,

(48b)y′ = e−
ϕ
2 I2y e

ϕ
2 I2 .

(49a)γ0ev = − evγ0,

(49b)γ0I2 = I2γ0,

(50a)x′γ 0 = e−
θ
2 ev xγ 0e−

θ
2 ev ,

(50b)y′γ 0 = e−
ϕ
2 I2yγ 0e

ϕ
2 I2 .
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 and substituting them in Eqs. (50a) and (50b), Eqs. (48a) and (48b) are recast in a signature invariant form, 

For the relative vectors x, x′, y , and y′ , Eqs. (46b), (B8), and (B9) yield the decompositions, 

Since one can directly check that 

by virtue of Eqs. (46b), (47b), (B15), and (B16), the following relative vectors can be defined with Eqs. (B8)–(B10) 
and (B13): 

 with 

 and 

(51a)xγ 0 = x0 + x,

(51b)x′γ 0 = x′0 + x′,

(51c)yγ 0 = y0 + y,

(51d)y′γ 0 = y′0 + y′,

(52a)x′0 + x′ = e−
θ
2 ev

(
x0 + x

)
e−

θ
2 ev ,

(52b)y′0 + y′ = e−
ϕ
2 I2

(
y0 + y

)
e
ϕ
2 I2 .

(53a)x =
(
x · ev

)
ev +

(
x × ev

)
ev ,

(53b)x′ =
(
x′ · ev

)
ev +

(
x′ × ev

)
ev ,

(53c)y =
(
y × I2

)
I−1
2 +

(
y ∧ I2

)
I−1
2 ,

(53d)y′ =
(
y′ × I2

)
I−1
2 +

(
y′ ∧ I2

)
I−1
2 .

(54a)
(
x × ev

)
∧ ev = 0,

(54b)
(
x′ × ev

)
∧ ev = 0,

(54c)
(
y × I2

)
∧ I−1

2 = 0,

(54d)
(
y′ × I2

)
∧ I−1

2 = 0

(55a)x� :=
(
x · ev

)
ev , x⊥ :=

(
x × ev

)
× ev =

(
x × ev

)
ev ,

(55b)x′� :=
(
x′ · ev

)
ev , x′⊥ :=

(
x′ × ev

)
× ev =

(
x′ × ev

)
ev ,

(55c)y� :=
(
y × I2

)
× I−1

2 =
(
y × I2

)
I−1
2 , y⊥ :=

(
y ∧ I2

)
· I−1

2 =
(
y ∧ I2

)
I−1
2 ,

(55d)y′� :=
(
y′ × I2

)
× I−1

2 =
(
y′ × I2

)
I−1
2 , y′⊥ :=

(
y′ ∧ I2

)
· I−1

2 =
(
y′ ∧ I2

)
I−1
2

(56a)x = x� + x⊥,

(56b)x′ = x′� + x′⊥,

(56c)y = y� + y⊥,

(56d)y′ = y′� + y′⊥

(57a)x� × ev =
〈(
x · ev

)
evev

〉
2
= 0, x⊥ · ev =

〈(
x × ev

)
evev

〉
0
= 0,

(57b)x′� × ev =
〈(
x′ · ev

)
evev

〉
2
= 0, x′⊥ · ev =

〈(
x′ × ev

)
evev

〉
0
= 0,
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As stated in “STAs of signatures (±, ∓, ∓, ∓) and their “common” even subalgebra”, the relative space is an 
Euclidean space of dimension 3, and a relative vector, although being a spacetime bivector, could be treated as a 
multivector of grade 1, which implies that in terms of the three-dimensional geometric meaning, a relative vector 
is just a  vector17. Similarly, the commutator product of two relative vectors, referred to as the relative bivector, 
also has three-dimensional geometric meaning. After comparing Eq. (B8) with Eq. (A1), one is able to find that 
the commutator product of two relative vectors serves as the role of the wedge product of two vectors in general 
finite dimensional GA, and thus, in the three-dimensional relative space, it encodes an oriented  plane3,17. In 
such a sense, Eqs. (57a) and (57b) indicate that x� (x′�) and x⊥ (x′⊥) are, respectively, the components of x (x′) 
parallel and perpendicular to ev.

Of course, I2 also defines an oriented plane in the relative space. Let

and then, together with Eqs. (46b), (B14), (B20), and (B23), one obtains

 By further applying Eq. (B26), one can verify that 

 which mean that the relative vector l  is a unit normal vector to the plane encoded by I2 . Thus, for any relative 
vector a , 

 hold, where Eqs. (59) and (B13) are used. With the aid of these results, Eqs. (57c) and (57d) can be transformed 
into 

 which explicitly show that y� (y′�) and y⊥ (y′⊥) are, respectively, the components of y (y′) parallel and perpen-
dicular to the plane defined by I2.

When the relative vectors x, x′, y , and y′ in Eqs. (52a) and (52b) are replaced by their decompositions, namely 
Eqs. (56a)–(56d), it will be seen that a clear physical explanation of the Lorentz transformations induced by ev 
and I2 in Eqs. (48a) and (48b) is able to be achieved. To this end, the following properties of the components of 
x, x′, y , and y′ need to be first derived by means of the combination of Eqs. (46b), (57a), (57c), and the relevant 
formulas in Appendix B, 

 With these equalities and Eqs. (B39)–(B41), after substituting Eqs. (56a)–(56d) in Eqs. (52a) and (52b), important 
intermediate results are obtained, 

In order to handle these two equations, e−θev and e−ϕI2 should be rewritten as 

(57c)y� ∧ I2 =
〈(
y × I2

)
I−1
2 I2

〉
4
= 0, y⊥ × I2 =

〈(
y ∧ I2

)
I−1
2 I2

〉
2
= 0,

(57d)y′� ∧ I2 =
〈(
y′ × I2

)
I−1
2 I2

〉
4
= 0, y′⊥ × I2 =

〈(
y′ ∧ I2

)
I−1
2 I2

〉
2
= 0.

(58)l : = m×3 n√
(m×3 n)2

,

(59)l = − I2I ⇔ I2 = lI .

(60a)l2 = 1,

(60b)m · l = 0,

(60c)n · l = 0,

(61a)a × I2 = �alI�2 = (a × l)I ,

(61b)a ∧ I2 = �alI�4 = (a · l)I

(62a)y� · l = 0, y⊥ × l = 0,

(62b)y′� · l = 0, y′⊥ × l = 0,

(63a)x�ev = evx�, x⊥ev = −evx⊥,

(63b)y�I2 = −I2y�, y⊥I2 = I2y⊥.

(64a)x′0 + x′� + x′⊥ = e−θev
(
x0 + x�

)
+ x⊥,

(64b)y′0 + y′� + y′⊥ = y0 + e−ϕI2y� + y⊥.

(65a)e−θev = cosh θ − ev sinh θ =: γ (1− β),

(65b)e−ϕI2 = cosϕ − I2 sin ϕ
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 with 

Plug Eqs. (65a) and (65b) into (64a) and (64b), respectively, and then, by using the grade operator �· · · � and the 
orthogonal projection operator successively, we finally arrive at 

In the above derivation, Eqs. (57a) and (B8) have been employed, and besides, one also needs to note that in view 
of Eqs. (46b), (57c), (60b), (60c), (B10), (B15), and (B17), 

hold, and hence, I2y‖ is indeed a relative vector parallel to the plane defined by I2 . Remember that θ is a free 
parameter, and if one defines 

because of Eqs. (46a), (66a), and (66b),

Thus, the equivalent expression of Eq. (67a) is given by making use of Eqs. (55a), (56a), (56b), and (57a),

 As for Eq. (67b), by virtue of Eqs. (63b), (B8), (B39), and (B41), one can achieve 

Evidently, these results suggest that the Lorentz transformations induced by ev and I2 in Eqs. (48a) and (48b) 
are, respectively, a Lorentz boost with the velocity v5–7,43 and a spatial rotation through an angle ϕ in the plane 
encoded by I2 . Here, in order to reasonably interpret relevant equations obtained in this subsection, the active 
view for Lorentz transformation needs to be  adopted5–7. Moreover, it also needs to be stressed that for the spatial 
rotation, Eq. (71b) shows that if ϕ > 0 , the relative bivector y� × y′� has the same orientation as I2 in the three-
dimensional geometry. Let us recall that the relative vectors v,m , and n were chosen arbitrarily in the beginning, 
and therefore, with the rotors e

θ
2 ev and e

ϕ
2 I2 , the general Lorentz boost with velocity in an arbitrary direction and 

the general spatial rotation in an arbitrary plane can be handled. Furthermore, considering that Eqs. (67a), (67b), 
(70), (71a), and (71b) are derived in the “common” even subalgebra of the STAs of signatures (±,∓,∓,∓) , all of 
these equations are presented in a signature invariant form.

According to the previous discussion, the Lorentz boost and the spatial rotation have been first generated 
in Eqs. (48a) and (48b), and however, until these two equations were transformed into those in the “common” 
even subalgebra of the two STAs, their physical explanations were achieved in the three-dimensional geometry. 
In this process, the techniques on spacetime split have been employed, which implies that the intuitive pictures 
formed in the relative space are observer dependent. In addition, one may also have found that it is since the 

(66a)β : = tanh θ ,

(66b)β : = βev ,

(66c)γ : = cosh θ = 1√
1− β2

.

(67a)





x′0 = γ
�
x0 − β · x�

�
,

x′� = γ
�
x� − x0β

�
,

x′⊥ = x⊥,

(67b)





y′0 = y0,

y′� = e−ϕI2y� = cosϕy� − sin ϕI2y�,
y′⊥ = y⊥.

(68a)I2y� = I2 × y�,

(68b)
(
I2y�

)
· l = �I2y�l� = I2 · (y� × l) = 0

(69a)tanh θ =
√
v2

c
,

(69b)β = v

c
.

(70)





x′0 = γ

�
x0 − v · x

c

�
,

x′ = x + v

�
(γ − 1)

x · v
v2

− γ
x0

c

�
.

(71a)y′� · y′� =
〈
y�e

ϕI2 e−ϕI2y�
〉
= y� · y�,

(71b)y�y
′
� =

�
y� · y�

�
eϕI2 ⇒





y� · y′� =
�
y� · y�

�
cosϕ,

y� × y′� =
�
y� · y�

�
sin ϕI2.



12

Vol:.(1234567890)

Scientific Reports |         (2022) 12:3981  | https://doi.org/10.1038/s41598-022-06895-0

www.nature.com/scientificreports/

“common” even subalgebra of the two STAs are independent of the signatures that the original equation (48a) 
or (48b) has the same three-dimensional meaning in the two signatures, and thus, a signature invariant method 
for handling Lorentz boost and spatial rotation is gained. In fact, many topics in spacetime physics can be dealt 
with in such a manner, and inspired by this, we will apply this method to studying gyroscopic precession in the 
next section, so that a signature invariant GA derivation of the precessional angular velocity of the gyroscope 
spin could be found.

As the final task of this subsection, the pure Lorentz boost (cf. Ref.17) between two vectors of the same magni-
tude will be discussed based on the previous results. Assuming that x′ = cγ0 , Eqs. (51a), (51b), (66c), and (67a) 
yield xγ 0 = γ (c + v) , and then, with Eq. (A1) and v = cβ , one obtains 

 and 

 where Eq. (73a) implies that the vectors x and x′ could be thought of as the four-velocities of observers. In such 
a case, by means of Eqs. (B39) and (66a)–(66c), the rotor e

θ
2 ev can be expressed as

and thus, Eq. (48a) states that under the Lorentz boost generated by the rotor

x is mapped to x′ by

 According to Ref. 17, the above L̂ in the (+,−,−,−) signature is exactly the rotor that determines the pure Lor-
entz boost between x and x′ , and motivated by this, we claim that the above L̂ in the (−,+,+,+) signature also 
plays the same role. It should be noted that the validity of Eq. (76) is able to be directly verified only by Eqs. (73a) 
and (75), which does not depend on the selection of the frame {γα} . In the treatment of gyroscopic precession in 
the next section, Eqs. (75) and (76) will be used to generate the pure Lorentz boost between a comoving ortho-
normal frame of the gyroscope and a local orthonormal tetrad at rest in the coordinate system of the spacetime 
metric, which greatly improves the computational efficiency.

Relativistic dynamics of a massive particle in curved spacetime. As mentioned previously, the 
description of the motion of a gyroscope requires that relativistic dynamics of a massive particle in curved spa-
cetime should be  studied34, and to this end, a brief introduction to relevant GA techniques for General Relativity 
formulated in Ref.33 needs to be given, so that the treatment of gyroscopic precession in the following can be 
put on a solid theoretical footing. In order to develop a GA description of curved spacetime, one should define 
a local orthonormal tetrad {γα} by the orthonormalization of a coordinate frame and then generate the corre-
sponding STA. Let xµ and {gµ} be local coordinates in a curved spacetime and the associated coordinate frame, 
respectively. Assume that a collection of fiducial observers is distributed over space, and each fiducial observer is 
at rest in the coordinate system. Then, the components of the metric with respect to the coordinate frame {gµ},

satisfy the conditions 44 

(72a)±x · x′ = γ c2,

(72b)±x ∧ x′ = γ c2β

(73a)x2 = x′2 = ±c2,

(73b)ev = ± x ∧ x′√
(x ∧ x′)2

,

(74)e
θ
2 ev = 1+ cosh θ + ev sinh θ√

2(1+ cosh θ)
= 1+ γ + γβ√

2(1+ γ )
= c2 ± xx′√

2c2
(
c2 ± x · x′

) = e
± θ

2
x∧x′√
(x∧x′)2 ,

(75)L̂ := c2 ± xx′√
2c2

(
c2 ± x · x′

) = e
± θ

2
x∧x′√
(x∧x′)2 ,

(76)x′ = ˜̂LxL̂.

(77)gµν : = gµ · gν ,

(78a)±g0 · g0 = ± g00 > 0,

(78b)−(g1 ∧ g0) · (g0 ∧ g1) = − det

(
g00, g01
g10, g11

)
> 0,

(78c)±(g2 ∧ g1 ∧ g0) · (g0 ∧ g1 ∧ g2) = ± det

(
g00, g01, g02
g10, g11, g12
g20, g21, g22

)
> 0,
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 where in the last three equations, Eqs. (A8), (A11), and (A13) are used. By means of the GA technique on the 
Gram–Schmidt orthogonalization procedure provided in Ref.3, the coordinate frame {gµ} is able to be ortho-
normalized conveniently,

 With the relevant formulas in Appendix A, one can immediately verify that {γα} , as a local orthonormal tetrad, 
satisfies

and 

Within the framework of General Relativity, the covariant derivative ∇ on the spacetime manifold can be 
defined in the standard  way45, where one of its important properties is that it will reduce to ∂ when acting on 
scalar functions. Suppose that ∇ is the unique torsion-free and metric-compatible derivative operator. Then, 
according to Ref.33, the covariant derivative of a multivector A along a vector b is evaluated by the formula

 Here, the operator b · ∂ satisfies 

 with {γ β} and φ as the reciprocal tetrad of {γα} and a scalar field in spacetime, respectively. ω(b) , being the 
bivector connection associated with {γα} , is defined by

where if b = bµgµ , the expression of ω(b) is given  by33,35

with

 With the aid of the corresponding GA  technique3, {gν} , as the reciprocal frame of {gµ} , is constructed as

where from Eq. (79), the coordinate frame {gµ} can be expanded in the local orthonormal tetrad {γα},

(78d)−(g3 ∧ g2 ∧ g1 ∧ g0) · (g0 ∧ g1 ∧ g2 ∧ g3) = − det




g00, g01, g02, g03
g10, g11, g12, g13
g20, g21, g22, g23
g30, g31, g32, g33


 > 0,

(79)





γ0 = g0√±g0·g0 ,

γ1 = ± g0(g0∧g1)√±g0·g0
√

−(g1∧g0)·(g0∧g1)
,

γ2 = − (g1∧g0)(g0∧g1∧g2)√
−(g1∧g0)·(g0∧g1)

√
±(g2∧g1∧g0)·(g0∧g1∧g2)

,

γ3 = ± (g2∧g1∧g0)(g0∧g1∧g2∧g3)√
±(g2∧g1∧g0)·(g0∧g1∧g2)

√
−(g3∧g2∧g1∧g0)·(g0∧g1∧g2∧g3)

.

(80)γα · γβ = ηαβ = diag(±,∓,∓,∓)

(81a)γ0 ∧ γ1 =
g0 ∧ g1√

−(g1 ∧ g0) · (g0 ∧ g1)
,

(81b)γ0 ∧ γ1 ∧ γ2 =
g0 ∧ g1 ∧ g2√

±(g2 ∧ g1 ∧ g0) · (g0 ∧ g1 ∧ g2)
,

(81c)γ0 ∧ γ1 ∧ γ2 ∧ γ3 =
g0 ∧ g1 ∧ g2 ∧ g3√

−(g3 ∧ g2 ∧ g1 ∧ g0) · (g0 ∧ g1 ∧ g2 ∧ g3)
.

(82)b · ∇A = b · ∂A+ ω(b)× A.

(83a)b · ∂γα = b · ∂γ β = 0,

(83b)b · ∂φ = b · ∇φ

(84)b · ∇γα = ω(b)× γα ,

(85)ω(b) = bµω(gµ)

(86)ω(gµ) =
1

2
gρ ∧ gσ

(
gσ · ∂gµρ

)
+ 1

2
gρ ∧

(
gµ · ∂gρ

)
.

(87)





g0 =
�
g1 ∧ g2 ∧ g3

��
g0 ∧ g1 ∧ g2 ∧ g3

�−1
,

g1 = −
�
g0 ∧ g2 ∧ g3

��
g0 ∧ g1 ∧ g2 ∧ g3

�−1
,

g2 =
�
g0 ∧ g1 ∧ g3

��
g0 ∧ g1 ∧ g2 ∧ g3

�−1
,

g3 = −
�
g0 ∧ g1 ∧ g2

��
g0 ∧ g1 ∧ g2 ∧ g3

�−1
,
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 Because only the knowledge of covariant derivative and bivector connection will be involved in the discussion 
of gyroscopic precession, other GA techniques for General Relativity will not be covered here, and the reader 
wishing to go into more details may consult Ref.33.

Next, for a massive particle, the spacetime splits of the velocity, acceleration, momentum, and force four-
vectors with the normalized four-velocity of the fiducial observer will be discussed, so that relativistic dynamics 
of this particle in curved spacetime can be studied. Let us first identify the proper time of fiducial observers. As 
indicated earlier, fiducial observers are at rest in the coordinate system xµ , which means that their worldlines are 
the coordinate curves with xi = const. (i = 1, 2, 3) , namely, t := x0/c coordinate curves. As a consequence, if we 
let t0 denote the proper time of each fiducial observer, ±c2(dt0)

2 = g00c
2(dt)2 hold along his worldline, and then,

 Assuming that xµ(τ) is the worldline of a massive particle with τ as the proper time, the four-velocity of the 
particle can be rewritten  as22,30

 We will prove that

 Consider an event P on the particle’s worldline. The t coordinate curve with xi = xi(P) (i = 1, 2, 3) passes through 
P and is the worldline of a fiducial observer. Based on the orthonormal tetrad {γµ|xi=xi(P)} carried by this fiducial 
observer, his proper reference frame can be defined, and thus, a local coordinate system 

(
y0 =: ct0, y1, y2, y3

)
 

covering a finite domain near his worldline can also be defined. In this coordinate system, if the worldline of the 
particle is yµ(τ) , its four-velocity at the event P is

 Comparing Eq. (92) with Eq. (90), we get

 P is an arbitrary event on the particle’s worldline, and due to Eq. (89),

does not depend on the selection of the coordinate system yµ , so Eq. (91) holds. By applying Eq. (40), the spa-
cetime split of the four-velocity of the particle with γ0 yields

where because of (ũγ 0) · (uγ 0) = ±u2 = c2 , one is able to achieve

 Since cγ0 could be identified as the four-velocity of some fiducial observer, u is actually the relative velocity 
measured in his orthonormal tetrad, which is also able to be inferred from Eq. (92).

(88)





g0 =
�

±g0 · g0 γ0,

g1 = ± g01√±g0 · g0
γ0 +

�
−(g1 ∧ g0) · (g0 ∧ g1)√±g0 · g0

γ1,

g2 = ± g02√±g0 · g0
γ0 −

(g2 ∧ g0) · (g0 ∧ g1)√±g0 · g0
�
−(g1 ∧ g0) · (g0 ∧ g1)

γ1

+
�
±(g2 ∧ g1 ∧ g0) · (g0 ∧ g1 ∧ g2)�

−(g1 ∧ g0) · (g0 ∧ g1)
γ2,

g3 = ± g03√±g0 · g0
γ0 −

(g3 ∧ g0) · (g0 ∧ g1)√±g0 · g0
�
−(g1 ∧ g0) · (g0 ∧ g1)

γ1

± (g3 ∧ g1 ∧ g0) · (g0 ∧ g1 ∧ g2)�
−(g1 ∧ g0) · (g0 ∧ g1)

�
±(g2 ∧ g1 ∧ g0) · (g0 ∧ g1 ∧ g2)

γ2

+
�
−(g3 ∧ g2 ∧ g1 ∧ g0) · (g0 ∧ g1 ∧ g2 ∧ g3)�

±(g2 ∧ g1 ∧ g0) · (g0 ∧ g1 ∧ g2)
γ3.

(89)
dt0

dt
=

√
±g00.

(90)u = γu
(
cγ0 + uiγi

)
.

(91)γu = dt0

dτ
.

(92)u|P = dt0

dτ

∣∣∣∣
P

(
cγ0|P + dyi

dt0

∣∣∣∣
P

γi|P
)
.

γu|P = dt0

dτ

∣∣∣∣
P

.

(93)
dt0

dτ
= dt0

dt

dt

dτ
=

√
±g00

dt

dτ

(94)uγ 0 = γu(c + u) with u := uiσ i ,

(95)
γu = 1√

1− u2

c2

.
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After clarifying many concepts, we are in a position to derive the spacetime split of the four-acceleration of the 
particle with γ0 , which is an essential ingredient in the formalism of relativistic dynamics. The four-acceleration 
of the particle, a = Du/dτ = u · ∇u , is immediately gained from Eq. (82), and then, by employing Eq. (40), its 
spacetime split with γ0 is provided,

 The first term is

in which, Eqs. (83a), (83b), (90), (91), (94), σ i = γiγ
0 , and 

 have been used. Explicitly, the above a is the relative acceleration measured by the fiducial observer. By virtue 
of Eqs. (A1), (A6), (A14), and (94), the second term of Eq. (96) is

 Here, just like the Faraday bivector, namely the electromagnetic field strength, the bivector connection ω(u) has 
been decomposed into the electric part ω(E)(u) and the magnetic part ω(B)(u) , 

 and by making use of Eq. (A1) and the anticommutation of {γα} , the important equalities are obtained, 

Finally, let us deal with the last three terms in Eq. (99) with Eqs. (90), (94), (100a), and (100b), 

(96)aγ 0 = (u · ∂u)γ 0 + (ω(u)× u)γ 0.

(97)

(u · ∂u)γ 0 =
(
u · ∂(cγu)

)
+

(
u · ∂(γuui)

)
σ i

=
(
u · ∇(cγu)

)
+

(
u · ∇(γuu

i)
)
σ i

= c
dγu

dτ
+ dγu

dτ
u+ γu

du

dτ

= γ 4
u

u · a
c

+ γ 4
u

u · a
c2

u+ γ 2
u a,

(98a)a : = du

dt0
,

(98b)
dγu

dt0
= γ 3

u

u · a
c2

(99)

(ω(u)× u)γ 0 = (ω(u) · u) · γ 0 + (ω(u) · u) ∧ γ 0

= ω(u) ·
(
u ∧ γ 0

)
+ γ 0 ∧ (u · ω(u))

= γuu · ω(E)(u)+ γuu · ω(B)(u)+ γ 0 ∧
(
u · ω(E)(u)

)

+ γ 0 ∧
(
u · ω(B)(u)

)
.

(100a)ω(E)(u) : =
(
ω(u) ·

(
γ k ∧ γ 0

))
γ0 ∧ γk ,

(100b)ω(B)(u) : =
∑

i<j

(
ω(u) ·

(
γ j ∧ γ i

))
γi ∧ γj ,

(100c)ω(u) = ω(E)(u)+ ω(B)(u),

(101a)γ0ω(u)γ
0 = − ω(E)(u)+ ω(B)(u),

(101b)ω(E)(u) = 1

2

(
ω(u)− γ0ω(u)γ

0
)
,

(101c)ω(B)(u) = 1

2

(
ω(u)+ γ0ω(u)γ

0
)
.

(102a)γuu · ω(B)(u) = γuu
i
(
γi ∧ γ 0

)
· ω(B)(u) = 0,

(102b)
γ 0 ∧

(
u · ω(E)(u)

)
= γ 0 ∧

(
cγuγ0 · ω(E)(u)

)
+ γ 0 ∧

(
γuu

iγi · ω(E)(u)
)

= cγuγ
0 ∧

(
γ0 · ω(E)(u)

)
= cγuω

(E)(u),
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 in which, Eqs. (A7), (A8), and σ i = γiγ
0 are used. Substituting them in Eq. (99) and together with Eqs. (96) 

and (97), one finally arrives at

Let m be the rest mass of the particle. The spacetime splits of its four-momentum p = mu and the four-force 
f = Dp/dτ = u · ∇p acting on it also need to be evaluated so that a three-dimensional analogue of Newton’s 
second law in curved spacetime will be achieved. Starting from Eq. (94), the spacetime split of the particle’s 
four-momentum p with γ0 is

where 

  are the energy and the relative momentum of theparticle measured by the fiducial observer (cf. Ref.17), respec-
tively. The relationship between E and p can be directly obtained from (p̃γ 0) · (pγ 0) = m2c2,

which is exactly the same as that in Special Relativity. Assuming that the particle’s rest mass remains unchanged 
as it moves, namely dm/dτ = 0 , the four-force f acting on it is able be expressed as

 When the spacetime is flat and xµ are coordinates in an inertial frame of reference with gµν = ηµν , by definition, 
fiducial observers reduce to inertial observers. In such a case, Eq. (89) suggests that dt0 = dt , and the relative 
force f = f iσ i acting on the particle should be given by f i = dpi/dt46. Thus, using σ i = γiγ

0 , one is capable of 
recasting f  as

 In curved spacetime, we claim that the corresponding relative force f  measured by the fiducial observer is 
related to Dp/dt0 in the same way,

in which, Eqs. (91), (103), and (107) have been used. Furthermore, by employing Eq. (95), the power delivered 
by the relative force f  is evaluated as

 Thus, with Eqs. (103) and (107)–(109), one can verify that

Equation (108) is a three-dimensional analogue of Newton’s second law in curved spacetime, which con-
stitutes the core content of relativistic dynamics of a massive particle. In the above discussion, the key point 
is that the relative velocity, relative acceleration, relative momentum, and relative force for the particle could 
be reasonably defined in the orthonormal tetrad carried by the fiducial observer. Evidently, in terms of the 

(102c)

γ 0 ∧
(
u · ω(B)(u)

)
= γ 0 ∧

(
cγuγ0 · ω(B)(u)

)
+ γ 0 ∧

(
γuu

iγi · ω(B)(u)
)

= γ 0 ∧
(
γuu

iγi · ω(B)(u)
)
+ γ 0 ·

(
γuu

iγi ∧ ω(B)(u)
)

= γu

〈
γ 0uiγiω

(B)(u)
〉
2
= γuω

(B)(u)× u,

(103)
aγ 0 = γ 4

u

u · a
c

+ γ 4
u

u · a
c2

u+ γ 2
u a

+ γuu · ω(E)(u)+ cγuω
(E)(u)− γuu× ω(B)(u).

(104)pγ 0 = E

c
+ p,

(105a)E : = γumc2 = cp · γ 0,

(105b)p : = γumu = p ∧ γ 0

(106)E2 = p2c2 +m2c4,

(107)f = ma.

f = dpi

dt0
σ i =

dp�

dt0
γ� ∧ γ 0 = dp

dt0
∧ γ 0.

(108)
f = Dp

dt0
∧ γ 0 = dτ

dt0

Dp

dτ
∧ γ 0 = 1

γu
ma ∧ γ 0

= m

(
γ 3
u

u · a
c2

u+ γua + c ω(E)(u)− u× ω(B)(u)

)
,

(109)
f · u = m

(
γuu · a

(
γ 2
u

c2
u2 + 1

)
+ cω(E)(u) · u−

(
u× ω(B)(u)

)
· u

)

= m
(
γ 3
u u · a + cu · ω(E)(u)

)
= c

Dp

dt0
· γ 0.

(110)f γ 0 = γu

(
f · u
c

+ f

)
.
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three-dimensional geometric meaning in the relative space, these relative vectors ought to be interpreted as their 
corresponding three-vectors in tensor language. When the spacetime is flat, the bivector connection ω(u) and 
its electric part ω(E)(u) and magnetic part ω(B)(u) vanish. In this case, via considering the components of these 
relative vectors in the rest frame of the fiducial observer, namely {σ k} , one is able to verify that all the above 
results reduce to those in Special Relativity. Therefore, the formalism of relativistic dynamics of a massive particle 
constructed in this subsection is an elegant generalization of the classical one in flat spacetime.

In the tetrad formalism of General  Relativity47, the covariant derivative of a vector b = bαγα along the coor-
dinate frame vector gµ is given by

where

are the spin connection coefficients, and due to the metric compatibility condition, they  satisfy48

 Using Eqs. (84) and (A14), one obtains

which means that the bivector connection ω(gµ) can be expressed as

 The above discussion suggests that it could be expected that when the relative vectors in Eq. (108) are expanded 
in the frame {σ k} , the corresponding generalization of Newton’s second law in the tetrad formalism will also 
be acquired. Compared with those results in the tetrad formalism, the results in this paper are presented in the 
form of geometric objects, so they are endowed with a higher degree of clarity. Besides, as highlighted before, 
since the operations in the “common” even subalgebra of the STAs of signatures (±,∓,∓,∓) are independent 
of the signatures, the relevant results like Eqs. (95), (106), (108), and (109) are able to be handled in a signature 
invariant manner. As a primary application of the signature invariant GA framework provided by the “common” 
even subalgebra of the two STAs, the treatment of relativistic dynamics of a massive particle in this subsection 
provides a paradigm on how to achieve a signature invariant approach to spacetime physics in curved spacetime.

In order to depict the motion of the spin of a gyroscope, the behaviors of vector fields along the worldline 
of the particle also need to be studied, and here, we only focus our attention on the Fermi-Walker derivatives 
in the (±,∓,∓,∓) signatures. In fact, their classical forms written in tensor language have been available in 
Refs.49,50, and recasting them in the STAs of the two signatures is a straightforward task. Hence, the results are 
directly provided as follows: The Fermi-Walker derivatives of a vector field p(τ ) along the particle’s worldline in 
the STAs of signatures (±,∓,∓,∓) are

where if DFp(τ )/dτ = 0 , the vector field p(τ ) is said to be Fermi–Walker transported along the particle’s world-
line. For a torque-free gyroscope moving in spacetime, any nongravitational forces acting on it are applied at 
its center of mass, and in this case, the spin of the gyroscope experiences the Fermi-Walker transport along its 
 worldline21. In the next section, we will regard the transport equation satisfied by the gyroscope spin as the start-
ing point for the discussion of gyroscopic precession. Interestingly, by means of the Leibniz rule and the  formula3

with B as a bivector in spacetime, the above forms of Fermi–Walker derivative can readily be extended to a 
multivector field A(τ ) along the worldline of the particle, namely,

and readers who are interested in this conclusion could attempt to prove it.

A GA approach to gyroscopic precession in the Lense–Thirring spacetime
According to the prediction of General Relativity, the spin of a gyroscope precesses relative to the asymptotic 
inertial frames as it moves around a rotating spherical  source22. Conventionally, by following the standard 
method in tensor  language21,22, the precessional angular velocity of the gyroscope spin is able to be evaluated 
under the WFSM approximation. In General Relativity, the time-dependent metric, presented in the form of 
multipole expansion, for the external gravitational field of a spatially compact supported source is derived under 
the WFSM approximation in Ref.30. Since we are only interested in uniformly rotating spherical sources like 
the Earth in this paper, the spacetime is stationary, and only the leading pole moments of the source need to be 
considered. Consequently, in such a case, the metric reduces to the Lense–Thirring  metric30, and the spacetime is 

(111)gµ · ∇b =
(
Dµb

α
)
γα =

(
∂µb

α + ωµ
α
βb

β
)
γα ,

(112)ωµ
α
β :=

(
gµ · ∇γβ

)
· γ α

(113)ωµαβ = −ωµβα with ωµαβ = ωδ
µβηδα .

(114)ωµαβ =
(
gµ · ∇γβ

)
· γα =

(
ω(gµ) · γβ

)
· γα = ω(gµ) ·

(
γβ ∧ γα ),

(115)ω(gµ) =
1

2
ωµαβγ

α ∧ γ β .

(116)
DFp(τ )

dτ
= Dp(τ )

dτ
± 1

c2
(u ∧ a) · p(τ ),

(117)B× (C ∧ D) = (B× C) ∧ D + C ∧ (B× D)

(118)
DFA(τ )

dτ
= DA(τ )

dτ
± 1

c2
(u ∧ a)× A(τ ),
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accordingly known as the Lense–Thirring spacetime. When a torque-free gyroscope is moving in this spacetime, 
there exist three types of precession for its spin, namely, the de Sitter precession, the Lense–Thirring precession, 
and the Thomas precession, where these phenomena are, respectively, resulted from gyroscopic motion through 
the spacetime curved by the mass of the source, rotation of the source, and gyroscopic non-geodesic  motion31. 
Today, the type of experiments designed according to these effects of gyroscopic precession have become an 
important method to test gravitational theories.

In the traditional description for gyroscopic precession based on tensor language, since one always needs to 
work with the components of some tensor in a chosen coordinate frame, many equations are given a low degree 
of clarity. In the language of STA, it could be expected that a physically clear approach to handling this topic 
will be found, since one just involves geometric objects during  calculation32. In this section, as a comprehensive 
application of the STAs of signatures (±,∓,∓,∓) formulated in “STAs of signatures (±, ∓, ∓, ∓) and their “com-
mon” even subalgebra” and the GA techniques constructed in “Rotor techniques on Lorentz transformation and 
relativistic dynamics of a massive particle in curved spacetime”, a GA approach to gyroscopic precession will be 
provided, where for a gyroscope moving in the Lense–Thirring spacetime, the precessional angular velocity of 
its spin will be derived in a signature invariant manner. The GA description of curved spacetime and the relevant 
GA techniques for General Relativity introduced at the beginning of “Relativistic dynamics of a massive particle 
in curved spacetime” will still be adopted, and here, we let xµ and {gµ} be local coordinates in the Lense–Thir-
ring spacetime and the associated coordinate frame, respectively. In addition, it should be pointed out that 
some physical quantities in this section and Appendix C are presented in the form of the 1/c expansion, where 
1/c is used as the WFSM  parameter36. Since the Lense-Thirring metric is only expanded up to 1/c3 order, the 
framework of the linearized General Relativity is sufficient to analyze gyroscopic  precession30,37–39, and in such a 
case, the coordinates (xµ) =: (ct, xi) are treated as though they were the Minkowski coordinates in flat  space51,52.

Consider a torque-free gyroscope moving in the Lense–Thirring spacetime, and denote xµ(τ) as its worldline 
with τ as the proper time. Assuming that the four-force acting on the gyroscope is f, from Eq. (107), its four-
acceleration a is determined by

with m as its rest mass. In fact, Eq. (119) should be derived from the Mathisson–Papapetrou–Tulczyjew–Dixon 
(MPTD) equations, where the term related to the curvature tensor has been omitted because the gyroscope scale 
is very much smaller than the characteristic dimensions of the gravitational  field34. In accordance with Refs.21,22, 
the spin s of the gyroscope (i.e., its angular momentum vector) is always orthogonal to its four-velocity u and 
experiences Fermi-Walker transport along its worldline,

 It will be seen that starting from the above three equations, the precessional angular velocity of the gyroscope 
spin can be derived. Besides, gyroscopic precession can also be discussed based on MPTD equations, and inter-
ested readers may consult Refs.53,54. Since the four-velocity of the gyroscope satisfies

by use of Eqs. (A6) and (A7), Eq. (121) is equivalent to

 Thus, Eqs. (120) and (123) directly result in

which means that s2 remains fixed along the worldline of the gyroscope.
As shown in Appendix C, the Lense-Thirring metric satisfies Eqs. (78a)–(78d), which implies that we are 

capable of assuming that there exists a collection of fiducial observers who are distributed over space and at 
rest in the coordinate system xµ , and as a consequence, a local orthonormal tetrad {γα} in the Lense-Thirring 
spacetime could be directly defined by means of the corresponding formulas in “Relativistic dynamics of a mas-
sive particle in curved spacetime”. Based on the detailed calculation in Appendix C, the tetrad {γα} determined 
up to 1/c3 order is given by

where the potentials U and Ui are, respectively,

(119)f = ma

(120)s · u = 0,

(121)
DFs

dτ
= Ds

dτ
± 1

c2
(u ∧ a) · s = 0.

(122)u2 = ±c2 ⇒ u · a = 0,

(123)u · ∇s = ∓ 1

c2
(a · s)u.

(124)ds2

dτ
= u · ∇s2 = 2s · (u · ∇s) = 0,

(125)





γ0 =
�
1+ 1

c2
U

�
g0,

γi = − 4

c3
Vig0 +

�
1− 1

c2
U

�
gi ,
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 Here, G is the gravitational constant, M and J are the mass and the conserved angular momentum of the 
gravitating source, respectively, and r :=

√
xixi  . Before analyzing the motion of the spin s of the gyroscope, its 

relativistic dynamics needs to be discussed. Let t0 be the proper time of the fiducial observer, which is related to 
the coordinate time t by Eq. (89), and from Eq. (C1), the expression of dt0/dt up to 1/c3 order is

 As in Eqs. (90) and (91), the four-velocity u of the gyroscope can be expanded in the tetrad {γα},

and then, Eq. (94) indicates that its spacetime split with γ0 yields

where u := uiσ i is the relative velocity measured in the orthonormal tetrad of the fiducial observer. Due to 
u2 = ±c2 , the Lorentz factor γu has the expression (95), and thus, by expanding it up to 1/c3 order, one gets

 Furthermore, based on Eqs. (103) and (108)–(110), the spacetime splits of the four-acceleration of the gyroscope 
and the four-force acting on it are able to be given, respectively, and in view of Eq. (119), we only give the result 
of the four-force,

 In the Lense–Thirring spacetime, after inserting Eqs. (C14) and (C15) into Eqs. (108) and (109), the expres-
sions of the relative force f  exerted on the gyroscope and the corresponding power f · u delivered by it up to 
1/c3 order are derived,

and

with ∇ := σ k∂k and V := Viσ i . It could be verified that these two equations are compatible. By plugging the 
potential U into Eq. (132), one will find that −m∇U is the Newtonian gravitational force acting on the gyroscope, 
and hence, at the leading order, Eqs. (132) and (133) reduce to the corresponding results in Newtonian gravity, 
which means that Eq. (132) is a three-dimensional analogue of Newton’s second law for the gyroscope in the 
Lense–Thirring spacetime. Evidently, the terms at the next-leading order fall into three classes that depend on U, 
V  , and f  , respectively, and as implied from Eq. (126), they should be resulted from gyroscopic motion through 
the spacetime curved by the mass of the source, rotation of the source, and gyroscopic non-geodesic motion. It 
will be seen that due to the same reasons, the spin of the gyroscope also experiences three types of precession. 
In Eqs. (132) and (133), the corrections to the results in Newtonian gravity are presented in a very elegant way, 
which intuitively displays the powerful potential of the signature invariant GA framework formulated in “STAs 
of signatures (±, ∓, ∓, ∓) and their “common” even subalgebra” for application in spacetime physics.

Next, we begin to review the basis process of evaluating the precessional angular velocity of the gyroscope 
spin in the language of STA. Let {γ(α)} be a local orthonormal frame comoving with the gyroscope, and by defini-
tion, the timelike vector γ(0) is given by γ(0) = u/c . In order to determine the other three spacelike vectors γ(i) of 
{γ(α)} , the pure Lorentz boost between the gyroscope’s four-velocity u and the fiducial observer’s four-velocity 
cγ0 needs to be presented. According to Eqs. (75) and (76), under the pure Lorentz boost generated by the rotor

the vector u is mapped to cγ0 by

(126)





U = GM

r
,

Vi = −GJǫ3ijx
j

2r3
.

(127)
dt0

dt
= 1− 1

c2
U .

(128)u = γu
(
cγ0 + uiγi

)
with γu = dt0

dτ
,

(129)uγ 0 = γu(c + u),

(130)γu = 1+ 1

2c2
u2.

(131)f γ 0 = γu

(
f · u
c

+ f

)
.

(132)

f = m

(
a −∇U − 1

c2
u2∇U − 1

c2
U∇U + 2

c2
(u ·∇U)u− 4

c2
u× (∇ × V)+ 1

mc2
(u · f )u+ 1

2mc2
u2f

)

(133)f · u = m

(
u · (a −∇U)+ 1

c2
(u ·∇U)u2 − 1

c2
(u ·∇U)U + 3

2mc2
(u · f )u2

)

(134)L̂ := c2 ± u(cγ0)√
2c2

(
c2 ± u · (cγ0)

) ,

(135)cγ0 = ˜̂LuL̂.
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 After inserting Eq. (129) into Eq. (134), the rotor L̂ is expressed as

with

 In addition, based on Eq. (134), one is able to directly check that being a rotor, L̂ satisfies

 As indicated in Ref. 21, the comoving orthonormal frame {γ(α)} of the gyroscope is related to the tetrad {γα} by

and thus, the other three spacelike vectors γ(i) of {γ(α)} are fully determined. One consequence of Eq. (139) is that

where {γ (α)} is the reciprocal frame of {γ(α)} . Now, let us expand the spin s of the gyroscope in its comoving 
frame {γ(α)},

and by virtue of Eq. (120) and u = cγ(0) , we have

 In this case, Eq. (124) states that

 The above two equations suggest that in the comoving frame {γ(α)} of the gyroscope, its spin 
(
s(1), s(2), s(3)

)
 is a 

purely spatial vector with constant length, and therefore, from the viewpoint of the observer comoving with it, 
the spin 

(
s(1), s(2), s(3)

)
 experiences a spatial rotation. That is to say, the spin of the gyroscope always precesses 

relative to its comoving frame {γ(α)} . The objective of the derivation in this section is to first write down the 
equation satisfied by 

(
s(1), s(2), s(3)

)
 , and then derive the expression of the precessional angular velocity of the 

gyroscope spin up to 1/c3 order within the signature invariant GA framework formulated in “STAs of signatures 
(±, ∓, ∓, ∓) and their “common” even subalgebra”.

From Eqs. (82), (123), and (A14), the differential equation satisfied by the spin s of the gyroscope is

where from Eqs. (83a) and (83b),

 Motivated by this, we could consider the derivative of s(i) with respect to τ , namely ds(i)/dτ so as to obtain the 
equation fulfilled by 

(
s(1), s(2), s(3)

)
 . On the basis of Eq. (140) and �AB� = �BA� , there is

with

and as a result, the effect of the pure Lorentz boost generated by the rotor L̂ can be seen by taking s to s′ . By means 
of Eqs. (142), (145), and (146), one will find that

from which, the spacetime splits of s′ and ds′/dτ with γ0 are, respectively,

(136)L̂ = L0 + L

(137)





L0 = 1+ γu√
2(1+ γu)

,

L = γu(u/c)√
2(1+ γu)

.

(138)L̂ ˜̂L = ˜̂LL̂ = 1.

(139)γ(α) = L̂γα
˜̂L,

(140)γ (α) = L̂γ α ˜̂L,

(141)s = s(α)γ(α),

(142)s(0) = s · γ (0) = ±1

c
s · u = 0.

(143)
d
(
s(i)s(i)

)

dτ
= ∓

d
(
s(i)s(j)δij

)

dτ
= 0.

(144)
ds

dτ
= ∓ 1

c2
(a · s)u− ω(u) · s,

(145)
ds

dτ
= u · ∂s = dsα

dτ
γα .

(146)s(α) = s · γ (α) =
〈
sL̂γ α ˜̂L

〉
=

〈 ˜̂LsL̂γ α
〉
= s′ · γ α

(147)s′ := ˜̂LsL̂,

(148)s′ = s(i)γi ⇒
ds′

dτ
= ds(i)

dτ
γi ,

(149)s′γ 0 = s′ = s(i)σ i ,
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 Thus, instead of ds(i)/dτ , the expression of ds′/dτ could be deduced hereafter, and since it is more convenient to 
be handle ds′/dτ in GA, working with s′ will greatly facilitate the calculations. With the aid of Eqs. (135), (144), 
(147), and (150), ds′/dτ is evaluated as

 Define

and because of Eqs. (122), (138), (140), and u = cγ(0),

holds, which results in that the spacetime split of a′ with γ0 is

 Via this result, a · s is able to be written as

where Eqs. (147)–(149) and γ 0γi = −γiγ
0 are used. By further using Eqs. (A6) and (A18), one gets

and here, because ˜̂Lω(u)L̂ is an even multivector satisfying

it is a bivector. In addition, Eq. (138) provides

which means that like ˜̂Lω(u)L̂ , ˜̂L(dL̂/dτ) is also a bivector. Thus, by employing Eqs. (A6) and (A14), the term 
inside the square brackets in Eq. (151) is

 After inserting Eqs. (155), (156), and (158) into Eq. (151), ds′/dτ is rewritten as

with the bivector Ω(τ) defined by

 This result indicates that the motion of the spin of the gyroscope relative to the comoving frame {γ(α)} is com-
pletely determined by the bivector field Ω(τ) along its worldline, where Ω(τ) is dependent on the rotor L̂ generat-
ing the pure Lorentz boost from the gyroscope’s four-velocity u to the fiducial observer’s four-velocity cγ0 and the 
bivector connection ω(u) associated with the tetrad {γα} . Like the bivector connection ω(u) in Eqs. (100a)–(101c), 
the bivector Ω(τ) is also able to be decomposed into the electric part Ω(E)(τ ) and the magnetic part Ω(B)(τ ) , 

(150)ds′

dτ
γ 0 = ds′

dτ
= ds(i)

dτ
σ i .

(151)

ds′

dτ
=

(
˜̂L ds

dτ
L̂+ d ˜̂L

dτ
sL̂+ ˜̂Ls dL̂

dτ

)
γ 0

= ∓ 1

c
a · s − ˜̂L(ω(u) · s)L̂γ 0 +

[(
d ˜̂L
dτ

L̂

)
s′ + s′

(
˜̂LdL̂
dτ

)]
γ 0.

(152)a′ = ˜̂LaL̂,

(153)a′ · γ 0 =
〈
a′γ 0

〉
=

〈
aγ (0)

〉
= a · γ (0) = ±1

c
a · u = 0

(154)a′γ 0 = a′.

(155)a · s = �as� =
〈
a′s′

〉
= ±

〈
a′γ 0γ 0s′

〉
= ∓a′ · s′,

(156)−˜̂L(ω(u) · s)L̂ = ˜̂L(s · ω(u))L̂ = s′ ·
( ˜̂Lω(u)L̂

)
,

˜̂̃Lω(u)L̂ = −˜̂Lω(u)L̂,

(157)d ˜̂L
dτ

L̂ = ˜̂̃LdL̂
dτ

= −˜̂LdL̂
dτ

,

(158)

(
d ˜̂L
dτ

L̂

)
s′ + s′

(
˜̂LdL̂
dτ

)
= 2s′ ×

(
˜̂LdL̂
dτ

)
= s′ ·

(
2 ˜̂LdL̂

dτ

)
.

(159)
ds′

dτ
= 1

c
a′ · s′ +

(
s′ ·Ω(τ)

)
γ 0

(160)Ω(τ) = ˜̂Lω(u)L̂ + 2 ˜̂LdL̂
dτ

.

(161a)Ω(E)(τ ) : =
(
Ω(τ) ·

(
γ k ∧ γ 0

))
γ0 ∧ γk ,
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 and they satisfy 

Consequently, based on Eqs. (148), (149), and the relevant formulas in Appendix A, the second term in Eq. (159) 
can be recast as

where in the third and fifth steps, γ 0γi = −γiγ
0 has been used. Finally, by substituting this result back in 

Eq. (159), we arrive at

which is the differential equation describing the motion of the spin of the gyroscope relative to its comoving 
frame {γ(α)} . As analyzed previously, in this frame, the gyroscope spin 

(
s(1), s(2), s(3)

)
 experiences a spatial rota-

tion, and therefore, Eq. (164) should depict the precession of s′ = s(i)σ i . If the condition

holds, Eq. (164) reduces to

and then,

where in terms of the three-dimensional meaning in the relative space, the conservation of s′2 along the world-
line of the gyroscope means that Eq. (166) is the equation depicting the precession of s′ . In this case, based on 
Eqs. (B13), (B14), and (B20), Eq. (166) is capable of being transformed into

which clearly suggests that −Ω(B)(τ )I , as a relative vector, is the precessional angular velocity of s′ in the con-
ventional sense, and because the cross product (denoted by ×3 ) is rarely employed in GA, the relative bivector 
Ω(B)(τ ) could be regarded as the precessional angular velocity of s′ . That is to say, in the comoving frame {γ(α)} 
of the gyroscope, its spin always precesses with Ω(B)(τ ) as the precessional angular velocity. In addition, one 
should also note that since (164) or (166) has been represented in the “common” even subalgebra of the STAs of 
signatures (±,∓,∓,∓) , a signature invariant GA derivation of the precessional angular velocity of the gyroscope 
spin could be found.

In order to make a further analysis on Eq. (164), we need to derive the expressions of Ω(E)(τ ) , Ω(B)(τ ) , and 
a′ . Let us first evaluate the corresponding results of Ω(E)(τ ) and Ω(B)(τ ) , and as shown in Eqs. (161a)–(161c), 
their expressions can directly be read out from that of the bivector Ω(τ) . By plugging Eqs. (136) and (100c) into 
Eq. (160), the bivector Ω(τ) is able to be expressed as

(161b)Ω(B)(τ ) : =
∑

i<j

(
Ω(τ) ·

(
γ j ∧ γ i

))
γi ∧ γj ,

(161c)Ω(τ) = Ω(E)(τ )+Ω(B)(τ ),

(162a)γ0Ω(τ)γ 0 = −Ω(E)(τ )+Ω(B)(τ ),

(162b)Ω(E)(τ ) = 1

2

(
Ω(τ)− γ0Ω(τ)γ 0

)
,

(162c)Ω(B)(τ ) = 1

2

(
Ω(τ)+ γ0Ω(τ)γ 0

)
.

(163)

(
s′ ·Ω(τ)

)
γ 0 =

(
s′ ·Ω(τ)

)
· γ 0 +

(
s′ ·Ω(τ)

)
∧ γ 0

=
(
γ 0 ∧ s′

)
·Ω(τ)+

(
s(i)γi ·Ω(τ)

)
∧ γ 0

= − s′ ·Ω(E)(τ )+
(
s(i)γi ·Ω(B)(τ )

)
∧ γ 0 +

(
s(i)γi ∧Ω(B)(τ )

)
· γ 0

= − s′ ·Ω(E)(τ )+
〈
s(i)γiΩ

(B)(τ )γ 0
〉
2

= − s′ ·Ω(E)(τ )+ s′ ×Ω(B)(τ ),

(164)
ds′

dτ
= s′ ·

(
a′

c
−Ω(E)(τ )

)
+ s′ ×Ω(B)(τ ),

(165)
a′

c
= Ω(E)(τ )

(166)
ds′

dτ
= s′ ×Ω(B)(τ ),

(167)ds′2

dτ
= 2s′ ·

(
s′ ×Ω(B)(τ )

)
= 2

〈
s′
2
Ω(B)(τ )

〉
= 2s′

2
〈
Ω(B)(τ )

〉
= 0,

(168)
ds′

dτ
= −

〈
s′Ω(B)(τ )II

〉
2
= −

〈
s′Ω(B)(τ )I

〉
2
I = −

(
s′ ×

(
Ω(B)(τ )I

))
I =

(
−Ω(B)(τ )I

)
×3 s

′,
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in which Eqs. (100a), (100b), (137), (B15), and

have been used. Equations (161a)–(161c) suggest that the timelike vector γ0 or γ 0 only appears in the electric 
part Ω(E)(τ ) of the bivector Ω(τ) , and thus, from Eq. (169), 

After substituting Eq. (137) in the above results, the expressions of Ω(E)(τ ) and Ω(B)(τ ) are derived, 

We turn now to the evaluation of a′ . Due to γiγ 0 = −γ 0γi and u = uiσ i = uiγiγ
0 , one gets uγ 0 = −γ 0u , which 

leads to L̂γ 0 = γ 0 ˜̂L via Eqs. (136) and (137). As a consequence, by means of Eqs. (152), (154), (119), and (131),

 Define the unit relative vector

and the components of the relative force f  parallel and perpendicular to it can be determined by following the 
method presented in “Rotor techniques on Lorentz boost and spatial rotation”, 

 where they satisfy

and 

 Thus, together with Eqs. (136), (137), and (174), there are 

 Based on these two results, (175a), and (176), a′ is able to be rewritten as

(169)

Ω(τ) =
〈
(L0 − L)

(
ω(E)(u)+ ω(B)(u)

)
(L0 + L)

〉
2
+

〈
2(L0 − L)

(
dL0

dτ
+ dL

dτ

)〉

2

= L20ω
(E)(u)+ L20ω

(B)(u)+ L2ω(E)(u)+ L2ω(B)(u)+ 2L0ω
(E)(u)× L + 2L0ω

(B)(u)× L

− 2
(
ω(E)(u) · L

)
L − 2

(
ω(B)(u) ∧ L

)
· L + 2L0

dL

dτ
− 2

dL0

dτ
L − 2L × dL

dτ
,

(170)L2ω(B)(u) =
〈
ω(B)(u)LL

〉
2
=

(
ω(B)(u)× L

)
× L +

(
ω(B)(u) ∧ L

)
· L

(171a)Ω(E)(τ ) = L20ω
(E)(u)+ L2ω(E)(u)+ 2L0ω

(B)(u)× L − 2
(
ω(E)(u) · L

)
L + 2L0

dL

dτ
− 2

dL0

dτ
L,

(171b)Ω(B)(τ ) = L20ω
(B)(u)+ L2ω(B)(u)+ 2L0ω

(E)(u)× L − 2
(
ω(B)(u) ∧ L

)
· L − 2L × dL

dτ
.

(172a)

Ω(E)(τ ) = γuω
(E)(u)+ γu

c
ω(B)(u)× u− γ 2

u

c2(1+ γu)

(
ω(E)(u) · u

)
u+ γ 4

u

c3(1+ γu)
(u · a)u+ γ 2

u

c
a,

(172b)Ω(B)(τ ) = γuω
(B)(u)+ γu

c
ω(E)(u)× u− γ 2

u

c2(1+ γu)

(
ω(B)(u) ∧ u

)
· u− γ 3

u

c2(1+ γu)
u× a.

(173)
a′ =

〈 ˜̂LaL̂γ 0
〉
2
=

〈 ˜̂Laγ 0 ˜̂L
〉
2
= 1

m

〈 ˜̂Lf γ 0 ˜̂L
〉
2

= γu

m

[
1

c
(f · u)

〈( ˜̂L
)2〉

2

+
〈 ˜̂Lf ˜̂L

〉
2

]
.

(174)eu = u√
u2

,

(175a)f � =
(
f · eu

)
eu = 1

u2

(
f · u

)
u,

(175b)f ⊥ =
(
f × eu

)
× eu =

(
f × eu

)
eu = 1

u2

(
f × u

)
u,

(176)f = f � + f ⊥

(177a)f �eu = euf �,

(177b)f ⊥eu = − euf ⊥.

(178a)f �
˜̂L = ˜̂Lf �,

(178b)f ⊥
˜̂L = L̂f ⊥.
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where Eqs. (136) and (137) have been used again. Comparing Eq. (179) with Eq. (172a), it is easy to verify that 
Eq. (165) holds, and as noted before, the spin of the gyroscope always precesses relative to its comoving frame 
{γ(α)} with Ω(B)(τ ) as the precessional angular velocity. Here, by making use of Eqs. (95) and (108), the expres-
sion of Ω(B)(τ ) in Eq. (172b) can be recast as

 This is the general formula for the precessional angular velocity of the spin of a gyroscope moving in curved 
spacetime. In the Lense-Thirring spacetime, one only needs to insert Eqs. (C14), (C15), and (130) into the above 
result, and then, the expression of Ω(B)(τ ) up to 1/c3 order is obtained,

with

 In the three-dimensional relative space, Ω(B)
d (τ ) , Ω(B)

LT (τ ) , and Ω(B)
T (τ ) describe three types of precession of the 

gyroscope spin in complete generality under the WFSM approximation. If the gyroscope does not experience 
any force, namely f = 0 , Ω(B)(τ ) = Ω

(B)
d (τ )+Ω

(B)
LT (τ ) is the precessional angular velocity of its spin brought 

about by the curved spacetime in General Relativity. As implied from Eqs. (126) and (182), Ω(B)
d (τ ) and Ω(B)

LT (τ ) 
are resulted from gyroscopic motion through the spacetime curved by the mass of the source and rotation of 
the source, respectively, and hence, they should be the de Sitter precession and the Lense-Thirring  precession22. 
Besides, Ω(B)

T (τ ) , associated with the relative force f  acting on the gyroscope, explicitly represents the Thomas 
precession of its spin, which is caused by gyroscopic non-geodesic motion. In the fine structure of atomic spectra, 
Thomas precession plays a significant  role21.

Recall that the three-dimensional operator ∇ appearing in Eq. (182) is defined by ∇ = σ k∂k (cf. (41)), and on 
the basis of it, the expression of Ω(B)

d (τ ) can be readily derived by the potential U in Eq. (126),

where r := xiσ i is the relative position vector of the gyroscope, and due to r =
√
xixi  , there is r =

√
r2 . In order 

to deduce the expression of Ω(B)
LT (τ ) , some tricks need to be applied. In the language of GA, the relative angular 

momentum bivector J  , is more convenient to describe the rotation of the source. Equations (126) and (C1) 
indicate that the source is rotating around the x3 axis, so its relative angular momentum vector is

and then, from Eqs. (B14), (B20), (B2), and (B6), its relative angular momentum bivector should be

 Thus, via Eqs. (126) and (B15), one is able to express V  as

 Keeping in mind that the relative angular momentum bivector J  of the source is conserved, the following 
identity holds,

(179)
a′ = γu

m

[
1

c
(f · u)

〈( ˜̂L
)2〉

2

+
〈( ˜̂L

)2
f �

〉

2

+
〈
f ⊥

〉
2

]

= cγuω
(E)(u)+ γuω

(B)(u)× u− γ 2
u

c(1+ γu)

(
ω(E)(u) · u

)
u+ γ 4

u

c2(1+ γu)
(u · a)u+ γ 2

u a,

(180)Ω(B)(τ ) = γu

c(1+ γu)
ω(E)(u)× u+ ω(B)(u)− γu

mc2(1+ γu)
u× f .

(181)Ω(B)(τ ) = Ω
(B)
d (τ )+Ω

(B)
LT (τ )+Ω

(B)
T (τ )

(182)





Ω
(B)
d (τ ) := 3

2c2
u×∇U ,

Ω
(B)
LT (τ ) := 2

c2
∇ × V ,

Ω
(B)
T (τ ) := − 1

2mc2
u× f .

(183)Ω
(B)
d (τ ) = 3GM

2c2r3
r × u,

(184)Jpseu : = Jσ 3,

(185)J = JpseuI = Jσ 1 × σ 2 =
1

2
Jǫ3ijσ i × σ j .

(186)V = Viσ i = −GJǫ3ijx
j

2r3
σ i =

GJǫ3ijx
k
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σ k × (σ i × σ j) =

G
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where in the third and fifth steps, J = JpseuI and (A5) have been used, and as a result, by use of Eqs. (186) and 
(187), the expression of Ω(B)

LT (τ ) is obtained,

 As discussed earlier, Ω(B)
d (τ ) , Ω(B)

LT (τ ) , and Ω(B)
T (τ ) are capable of being directly transformed into their cor-

responding expressions in the conventional sense by multiplying −I , namely,

 Although these expressions presented here seem to be identical to those in Refs.30,55, one still needs to note 
that since the relative velocity u in −Ω

(B)
d (τ )I and −Ω

(B)
T (τ )I is measured in the orthonormal tetrad {γα} of 

the fiducial observer instead of in the coordinate frame {gµ} , their above expressions are slightly different from 
those obtained in tensor language. In despite of this, a straightforward  calculation22,30 shows that the difference 
between the gyroscope’s velocities measured in {γα} and in {gµ} is at least at 1/c2 order, so the above −Ω

(B)
d (τ )I 

and −Ω
(B)
T (τ )I are essentially equivalent to their conventional expressions. These computations in the final 

part of this section display in detail how to give a signature invariant GA derivation of the precessional angular 
velocity of the gyroscope spin within the framework provided by the “common” even subalgebra of the STAs 
of signatures (±,∓,∓,∓) , which could stand as a successful paradigm of the application of this framework in 
spacetime physics.

In this section, based on the STAs of signatures (±,∓,∓,∓) formulated in “STAs of signatures (±, ∓, ∓, ∓) and 
their “common” even subalgebra” and the GA techniques constructed in “Rotor techniques on Lorentz transfor-
mation and relativistic dynamics of a massive particle in curved spacetime”, an efficient treatment of gyroscopic 
precession is achieved. One significant advantage of GA approach is that only geometric objects are involved 
during calculation, and thus, many equations are given a degree of clarity which is lost in tensor language. A typi-
cal example is that the relationship between the gyroscope spin s and its components s(i) in the comoving frame 
{γ(α)} is clearly shown by the equation s(i) = s · γ (i) , which could help readers understand that instead of s, it is 
the spin 

(
s(1), s(2), s(3)

)
 in the frame {γ(α)} that experiences a spatial rotation. However, in the classical derivation 

with tensor, since one always needs to work with the components of some tensor, the role of s is usually played 
by its components in the coordinate frame {gµ} , and thus, the above equation is replaced by the corresponding 
component  equations22,30, from which, the relationship between s and s(i) can not be explicitly reflected.

It should be noted that the application of the rotor techniques is also very crucial in simplifying the derivation. 
In the beginning, Eqs. (142)–(144) imply that in order to obtain the precessional angular velocity of the gyro-
scope spin 

(
s(1), s(2), s(3)

)
 in the frame {γ(α)} , the expression of ds(i)/dτ needs to be given. Then as in Eq. (146), 

by employing the rotor techniques, the effect of the pure Lorentz boost generated by the rotor L̂ is transformed 
from γ (i) to s′ , and as a result, one can deal with the geometric object ds′/dτ =

(
ds(i)/dτ

)
γi rather than ds(i)/dτ . 

Being a common trick in STA, such an approach is extremely useful for computations. The STAs of signatures 
(±,∓,∓,∓) and the GA techniques for General Relativity formulated in Ref.33 are organically integrated in 
“Relativistic dynamics of a massive particle in curved spacetime”, so that physics in curved spacetime is able to 
be discussed within the signature invariant framework provided in “STAs of signatures (±, ∓, ∓, ∓) and their 
“common” even subalgebra”, which is perhaps the most easily overlooked contribution of the present paper. It is 
based on the results presented in “Relativistic dynamics of a massive particle in curved spacetime” that relativistic 
dynamics of the gyroscope and the precession of its spin can be studied in the two STAs. In particular, within 
the framework provided by the “common” even subalgebra of the two STAs, the three-dimensional generalized 
equation of motion for the gyroscope and the precessional angular velocity of its spin are able to be derived in a 
signature invariant manner. The treatment of gyroscopic precession in this section intuitively displays the basic 
method of dealing with specific problems in curved spacetime within the signature invariant framework. In the 
future, if the applications of this method could be extended to a wider range, the study of spacetime physics in 
the language of GA will be greatly promoted.
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Summary and discussions
Since the establishment of STA by David Hestenes, the signature (+,−,−,−) has been widely  used2,17, which 
may cause inconvenience to the application of STA in relativistic physics because plenty of literatures on relativ-
ity adopt the opposite signature (−,+,+,+) . Although the STA of signature (−,+,+,+) was also  used24–29, a 
lack of long-term attention to it results in that its applications are quite limited. In this paper, by following the 
original idea of Hestenes, the techniques related to relative vector and spacetime split are built up in the STA 
of signature (−,+,+,+) , so that a more convenient approach to relativistic physics could be given in the lan-
guage of GA. The further research suggests that the two even subalgebras of the STAs of signatures (±,∓,∓,∓) 
share the same operation rules, so that they could be treated as one algebraic formalism. Consequently, many 
calculations between vectors involved in a large number of specific problems can be transformed into those in 
this “common” even subalgebra of the two STAs through the techniques on spacetime split, and then be solved 
efficiently in a signature invariant manner with the help of various operations provided in Appendix B. Thus, the 
“common” even subalgebra of the two STAs provides a signature invariant GA framework for spacetime physics.

When orthogonal transformations in spaces of arbitrary signature are performed, calculations with rotors are 
demonstrably more efficient than calculations with matrices, which is a remarkable advantage of GA. Therefore, 
the topic of rotor techniques on Lorentz transformation should be specifically addressed in the STAs of signatures 
(±,∓,∓,∓) , and what needs to be pointed out is that since rotor techniques have not been fully developed in 
the STA of signature (−,+,+,+) , it is significant to explicitly elaborate how to construct the rotors inducing 
Lorentz boost and spatial rotation in this algebraic formalism. In the present paper, by constructing the rotors 
on the basis of the exponential function defined on the “common” even subalgebra of the two STAs, the general 
Lorentz boost with velocity in an arbitrary direction and the general spatial rotation in an arbitrary plane are 
handled in a signature invariant manner.

Relativistic dynamics of a massive particle in curved spacetime is also studied so as to describe the motion of a 
gyroscope moving around a gravitating  source34. To this end, the two STAs and their “common” even subalgebra 
are first generated by a local orthonormal tetrad, and thus, the corresponding signature invariant GA framework 
can be set up. Then, after organically integrating the STAs of signatures (±,∓,∓,∓) and the GA techniques for 
General Relativity formulated in Ref.33, physics in curved spacetime is able to be discussed within the signature 
invariant framework provided in “STAs of signatures (±, ∓, ∓, ∓) and their “common” even subalgebra”, which 
lays the foundation for dealing with gyroscope precession hereafter. With these preparations, for a massive 
particle, the spacetime splits of the velocity, acceleration, momentum, and force four-vectors with the normal-
ized four-velocity of the fiducial observer are derived, and as a consequence, a three-dimensional analogue of 
Newton’s second law for this particle in curved spacetime is achieved. Since the result is derived in a comoving 
orthonormal tetrad of the fiducial observer and is presented in the form of geometric objects, it is an elegant 
generalization of the classical one in flat spacetime.

As a comprehensive application of the GA techniques constructed before, the last task of this paper is to pro-
vide an efficient treatment of gyroscopic precession in the STAs of signatures (±,∓,∓,∓) . For a gyroscope mov-
ing in the Lense-Thirring spacetime, its relativistic dynamics is first discussed, and some significant results like 
the three-dimensional generalized equation of motion for the gyroscope are given. Then, by applying the rotor 
techniques, the geometric object ds′/dτ =

(
ds(i)/dτ

)
γi is able to be directly dealt with instead of ds(i)/dτ , which 

greatly simplifies the following derivation. The result suggests that if Eq. (165) holds, the spin of the gyroscope 
always precesses relative to its comoving frame {γ(α)} with Ω(B)(τ ) as the precessional angular velocity. Within 
the framework provided by the “common” even subalgebra of the two STAs, signature invariant expressions of 
the relevant physical quantities involved in Eq. (164) are deduced, which clearly indicates that Eq. (165) holds, 
and therefore, the gyroscope spin indeed precesses in the frame {γ(α)} . After expanding Ω(B)(τ ) up to 1/c3 order, 
the gyroscope spin’s angular velocities of the de Sitter precession, the Lense-Thirring precession, and the Thomas 
precession are all directly read out, and their expressions, in the form of geometric objects, are equivalent to their 
conventional ones in component form, respectively.

All physical laws should be independent of the choice of signature, which implies that many significant 
techniques constructed in the STA of signature (+,−,−,−) can also be introduced to the STA of signature 
(−,+,+,+) , and starting from this motivation, we find that the “common” even subalgebra of the two STAs 
provides a signature invariant GA framework for spacetime physics. In order to pave the way for the applications 
of these two STAs and their “common” even subalgebra, we elaborate in detail the rotor techniques on Lorentz 
transformation and the method of handling physics in curved spacetime within the signature invariant frame-
work, and they are of theoretical significance and of practical worth. As two successful paradigms, the treatment 
of relativistic dynamics of a massive particle and gyroscopic precession clearly shows that the GA techniques 
constructed in this paper are efficient and reliable. Being straightforward generalizations, these techniques could 
also be applied to gyroscopic precession in alternative theories of gravity, such as f(R)  gravity30,37–39, f (R,G) 
 gravity40,41, and f(X, Y, Z)  gravity42. However, since these topics are usually explored by making use of some com-
plicated mathematical tools (e.g., the symmetric and trace-free formalism in terms of the irreducible Cartesian 
 tensors30), it is crucial to develop new techniques to apply these tools in STA. In fact, by generalizing various 
GA techniques in STA of signature (+,−,−,−)2–4,17, the approach in this paper could also be applied to other 
fields, and it has been verified that some topics in classical mechanics and electrodynamics can be described in 
such a manner. We expect that the applications of this approach will be extended to a wider range in the future, 
so that the study of spacetime physics in the language of GA could be greatly promoted.
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