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Abstract

Many skin diseases show circular red lesions on the skin, called erythema. Erythema is

characterized by the expansion of its circular area solely from local stimulation. A pathologi-

cal inflammatory response caused by the stimulation persistently increases inflammatory

mediators in the dermis, whereas a normal inflammatory response transiently increases

mediators, resulting in the shrinkage of the erythema. Although the diffusion of mediators

theoretically reproduces the expansion, how the inflammatory response expands or shrinks

the erythema remains unknown. A possibility is positive feedback, which affects mediator

production and can generate two distinct stable states (i.e., inflamed and noninflamed),

referred to as bistability. Bistability causes a state transition either from the noninflamed to

inflamed state or the reverse direction by suprathreshold stimulation. Additionally, the diffu-

sion selectively causes state transition in either direction, resulting in spatial spread of the

transited state, known as the traveling wave. Therefore, we hypothesize that the traveling

wave of the inflammatory response can account for both the expansion and shrinkage.

Using a reaction-diffusion model with bistability, we theoretically show a possible mecha-

nism in which the circular inflamed area expands via the traveling wave from the nonin-

flamed to the inflamed state. During the expansion, the boundary between the inflamed and

noninflamed areas moves at a constant velocity while maintaining its concentration gradient.

Moreover, when the positive feedback is weak, the traveling wave selectively occurs from

the inflamed to noninflamed state, shrinking the inflamed area. Whether the inflamed area

expands or shrinks is mainly controlled by the balance of mediator concentration between

the noninflamed and inflamed states, relative to the threshold. The traveling wave of the

inflammatory response provides an experimentally testable framework for erythema expan-

sion and shrinkage, thereby contributing to the development of effective treatments, includ-

ing probiotics.

Background

Numerous inflammatory skin diseases, including eczema, urticaria, psoriasis, infectious dis-

eases, and lymphomas, lead to circular red lesion areas on the skin called erythema [1, 2].
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Erythema is caused by various pathogenic factors, such as physical stimulation, chemical

drugs, and bacterial infections (Fig 1Ai) [1]. These factors lead to inflammatory response, that

is, the secretion of inflammatory mediators, such as cytokines (e.g., TNF-α and IL-1β) and his-

tamine (Fig 1Aii) [3–5]. These mediators increase blood volume in the dermal blood vessels

(Fig 1Aiii) [6, 7]. The increase in the blood volume appears as erythema (Fig 1Aiv), which typi-

cally appears over a few millimeters solely by local transient stimulation (e.g., in a few minutes)

[8] and expands to a few centimeters in a few days [1, 8]. During expansion, the lesions are

well-circumscribed (i.e., thick red-colored) in some diseases or skin conditions (Fig 1B) and

poorly circumscribed (i.e., light red-colored) in others (Fig 1C) [9]. The expansion of multiple

erythemas leads to their fusion [1]. Autonomous expansion is an indispensable event during

disease progression. In a pathological case, inflammatory response persists, and concentrations

of mediators fail to return to the original levels [10–13]. In contrast, the inflammatory response

in the healthy skin (normal inflammatory response) initiates a temporal increase in the level of

mediators, which returns to original levels [10–13]. Controlling the inflammatory response to

suppress the expansion velocity and further shrink the erythema can offer indications for

developing effective treatments. Nevertheless, how the inflammatory response controls the

expansion and shrinkage of erythema remains unclear because of the experimental difficulty

in detecting spatiotemporal dynamics of inflammatory mediators in the dermis.

In recent years, mathematical models and computer simulations have predicted the spatio-

temporal dynamics in the dermis [14–19]. One model incorporated experimentally known

biochemical or transcriptional regulation of mediators and their intercellular diffusion and

highlighted the expansion of a well-circumscribed lesion [14]. This type of model incorporates

the reaction and diffusion of molecules, referred to as the reaction–diffusion model [20, 21].

Another reaction–diffusion model incorporating self-activation, that is, positive feedback of

histamine, has also shown expansion [15]. These models show that the diffusion of mediators

could cause erythema expansion. The common regulation of mediators responsible for the

expansion in these two models is the positive feedback. Experiments support the positive feed-

back in the dermis, that is, the inflammatory mediators activate NF-κB signaling, and their

production is induced in response to NF-κB activation [22]. Mathematically, positive feedback

can generate two distinct and stable states (i.e., inflamed and noninflamed states) called bist-

ability. Bistability causes a persistent transition between the noninflamed and inflamed states

by a suprathreshold stimulation [13]. Diffusion and bistability selectively cause transition from

one (e.g., noninflamed) state to another (e.g., inflamed), resulting in the spatial spread of the

state transitions, referred to as the traveling wave [20, 23]. Furthermore, weak positive feed-

back selectively causes a reverse transition, e.g., from inflamed state to noninflamed state,

resulting in a traveling wave in the reverse direction [20, 23]. Therefore, we hypothesized that

the diffusion and bistability of inflammatory mediators could account for both expansion and

shrinkage.

This study develops a bistable reaction–diffusion model to determine whether and how dif-

fusion and bistability can cause expansion and shrinkage. The expansion of the inflamed area

appears as the traveling wave of the transition from the noninflamed to inflamed state. We fur-

ther demonstrate that diffusion and bistability can shrink the inflamed area through a traveling

wave of a reverse transition from the inflamed to noninflamed state, depending on the strength

of the positive feedback.

Methods

To analyze the expansion of erythema, we formulated a reaction–diffusion model [20, 21, 23].

Because mediator-secreting cells (e.g., immune cells and keratinocytes) do not exhibit spatial
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localization in the dermis [1, 4, 24], we assumed a homogeneous distribution of these cells in

the two-dimensional space of the dermis along the skin surface (Fig 1A). We first formulated

the following equation by introducing the observed biochemical or transcriptional regulation

of the inflammatory mediator’s concentration (p) in the intracellular and extracellular

Fig 1. Modeling of the expansion of erythema. (A) Process of the inflammatory response for erythema development. When keratinocytes in the epidermis and

resident immune cells in the dermis are stimulated (i), they secrete inflammatory mediators that induce their own production from these mediator-secreting cells (ii).

The mediators diffuse in the dermis and cause the dilation of local blood vessels (iii). The dilation appears as redness on the skin surface, forming erythema (iv). (B,

C) Photographs of erythema expansion showing well-circumscribed lesion (B) and poorly circumscribed lesion (C) of mRNA COVID-19 vaccine. (D) Range

(surrounded by black solid line) of a and b such that the model (Eq 3, d = 0) exhibits bistability. (E) Kinetics of bistability in Eq (3) represented by the production rate

of mediators (
dq
dt) as a function of the concentration (q). Two filled circles represent stable steady states (SNI, SI), whereas the hollow circle indicates an unstable steady

state (ST). This system can switch between the stable states of low (SNI)- and high (SI)- concentration depending on the perturbation, such as initial stimulation or

diffused mediators (a = 2.14, b = 0.05).

https://doi.org/10.1371/journal.pone.0263049.g001
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environments into an ordinary differential equation:

dp
dT
¼

apn

pn þ KM
n þ b � gp: ð1Þ

The first, second, and third terms represent the induction of own production (i.e., the posi-

tive feedback) [22], basal secretion [25], and degradation [26], respectively. Here, α, n, KM, β,

and γ denote the maximum production rate, Hill coefficient of the cooperativity, threshold of

production, basal secretion rate, and degradation rate, respectively. The values of these param-

eters can depend on the skin condition. For example, experiments have suggested that the

maximum production rate (α) of one type of mediator, IL-1β, increased with the deterioration

of skin microbiome [27], and that the basal secretion rate (β) of IL-1β increased with the defi-

ciency of the skin barrier integrity [25].

Then, we introduced the diffusion to formulate a reaction–diffusion equation:

@p
@T
¼

apn

pn þ KM
n þ b � gpþ DDp; ð2Þ

where D and Δ in the fourth term denote the diffusion coefficient and the Laplacian operator

@2

@x2 þ
@2

@y2

� �
, respectively [28]. Eq (2) becomes identical with the previous model incorporating

both inflammatory mediator and its substrate as variables [14] when the substrate is assumed

to be in a steady state (See Appendix A2 in S1 Appendix for a detailed derivation). We set n
(Eq 2) to 2 to introduce the simplest form of the cooperativity required for the bistability.

Because there is no quantitative information on the other kinetic parameter values (α, β, γ, and

KM) and diffusion coefficient (D), we investigated the model dynamics for a wide range of

parameters, such that the model exhibits bistability. For this purpose, we non-dimensionalized

Eq (2) by normalizing the variables and parameters as follows (See Appendix A1 in S1 Appen-

dix for a detailed derivation):

@q
@t
¼

aqn

qn þ 1
þ b � qþ dDq; ð3Þ

where q, t, a, b, and d are the normalized concentration of mediator, normalized time, normal-

ized maximum production rate, normalized basal secretion rate, and normalized diffusion

coefficient, respectively.

We analytically determined the range of a and b such that the model exhibits bistability in

the absence of diffusion (Fig 1D); there are two stable states given by low and high concentra-

tions, corresponding to the noninflamed (SNI in Fig 1E) and inflamed (SI in Fig 1E) state,

respectively. We assumed that an area with a concentration of SI in the dermis appears as ery-

thema on the skin surface. In this setting, the model has one unstable steady state, correspond-

ing to a threshold concentration (ST in Fig 1E) for the transition between the two stable states.

SNI is maintained for a subthreshold perturbation (i.e., below the concentration of ST), whereas

it transits to SI for a suprathreshold perturbation (i.e., above the concentration of ST). SI also

transits to SNI when the concentration decreases below ST.

Finally, as an initial condition of the model simulation (Eq 3), we referred to the physiologi-

cal condition at the onset of erythema, where one or a few small (~1mm) inflamed areas exhib-

ited a concentration of mediators above the threshold (ST) [1]. In contrast, the surrounding

areas exhibited a concentration of mediators below the threshold in the dermis [1]. Based on

these observations, for each inflamed area, we set a circular area of q> ST and the surrounding

area of q< ST, which are given by the two-dimensional Gaussian distribution (Fig 2A, t = 0).

Given this initial condition, numerical simulation of Eq (3) was performed in two-dimensional
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Fig 2. Diffusion and bistability can cause expansion via the traveling wave. (A, E, F, J) Spatiotemporal evolution of inflammatory

mediator levels (q; inset at the left) upon initial stimulation in a circular area (A; a = 4.0 and F; a = 2.5) and in three separate areas (E; a = 4.0

and J; a = 2.5). (B, G) Spatial pattern of mediator levels at three different time points, (C, H) spatiotemporal evolution in the inflamed area,

and (D, I) temporal evolution of the diameter of the inflamed area (above the unstable steady state ST, q = 0.26 for D, q = 0.69 for I; red), at

y = 100 in A (B–D) and F (G–I) (dashed line in the left panel). b = 0.01, d = 0.5 in A–J. The obtained results were almost the same for

Δt = 0.05 and Δt = 0.1 in D.

https://doi.org/10.1371/journal.pone.0263049.g002
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geometry under periodic boundary conditions using a finite difference scheme of the first-

order approximation in time and space, referred to as the Euler method:

qðt þ Dt; x; yÞ � qðt; x; yÞ
Dt

¼ aqðt; x; yÞn

qðt; x; yÞn þ 1
þ b � q t; x; yð Þ þ d qðt; xþ Dx; yÞ þ qðt; x � Dx; yÞ � 2qðt; x; yÞ

Dx2
þ qðt; x; yþ DyÞ þ qðt; x; y � DyÞ � 2qðt; x; yÞ

Dy2

� �
;

where Δt, Δx, and Δy were chosen to satisfy Von Neuman stability. We confirmed that the

obtained results were barely influenced by the choice of the temporal discretion size Δt (Fig

2D). A simulation code written in C language is available from GitHub: https://github.com/

MakiSudo/Travelingwave_Simulation/blob/bc2c10ddd5eff8db374b0804e11a63ef3c0e766a/

Simulationcode.c.

Results

Diffusion and bistability can cause expansion of circular inflamed area

We examined whether diffusion and bistability can cause expansion of the erythema in the

model. The model simulations showed that a circular inflamed area was initially caused by a

transient and local perturbation to the mediator’s concentration and subsequently expanded

centrifugally over time (Fig 2A), consistently with the expansion of erythema (Fig 1B). During

the expansion, the inflamed area maintained a steep gradient of concentration at the boundary

(Fig 2B) and increased the diameter at a constant rate (velocity) over time (Fig 2C and 2D).

The mediator level was persistently high (S1A and S1B Fig in S1 Appendix), consistently with

the pathological inflammatory response [13]. This model further reproduced the fusion of

multiple inflamed areas (Fig 2E). Even when the ratio of the inflamed and noninflamed con-

centration (SI /SNI) was smaller according to a decrease in the maximum production rate (a),

the inflamed area similarly expanded (Fig 2F) with a steep boundary gradient (Fig 2G) at a

constant velocity (Fig 2H and 2I) and fused (Fig 2J). We then examined whether diffusion is

necessary for expansion. Without diffusion (i.e., d = 0), an inflamed area appeared; however,

this area did not expand and remained constant over time (S1C Fig in S1 Appendix). We next

examined whether bistability is necessary for expansion. When bistability was lost by further

decreasing a, a local transient stimulation caused an inflamed area, but the area did not expand

(S1D Fig in S1 Appendix). Similar results were obtained when the bistability was lost by

decreasing the basal secretion rate (b) (S1E Fig in S1 Appendix). Thus, these results confirmed

that diffusion and bistability could cause the expansion of the circular inflamed area.

Expansion caused by a traveling wave of the transition from a noninflamed

to inflamed state

The expansion follows spatiotemporal changes in inflammatory mediator concentration. First,

an initial suprathreshold perturbation locally induces an inflamed area (Fig 2A, 2B, 2F and 2G,

time = 0). In this area, the production of mediators increases by positive feedback. The pro-

duced mediators diffuse to the adjacent noninflamed area. In the noninflamed area, the dif-

fused mediators are large enough to become a suprathreshold perturbation, causing a selective

transition from the noninflamed state (SNI) to the inflamed state (SI) at the boundary between

the inflamed area and the noninflamed area (Fig 2A, 2B, 2F and 2G, e.g., time = 150). This

series of events, that is, positive feedback of production, diffusion, and state transition in the

adjacent area, occurs in each position and propagates to the surrounding noninflamed area.

Thus, the inflamed area expands as the traveling wave, while maintaining the velocity (Fig 2D

and 2I) and a gradient at the boundary (Fig 2B and 2G). Therefore, diffusion and bistability
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cause the traveling wave of selective transition from the noninflamed to the inflamed state,

resulting in the expansion.

Control of bistability or diffusion to suppress the expansion velocity

We examined whether the expansion velocity of the inflamed area can be suppressed by con-

trolling diffusion and bistability. The expansion velocity monotonically decreased with a

decrease in the diffusion coefficient (d) (Fig 3A). It also decreased with a decrease in the maxi-

mum production rate (a) or basal secretion rate (b) controlling the positive feedback activity

(Fig 3B–3E and S2A-S2D Fig in S1 Appendix). Unlike the dependence on d, the velocity con-

tinuously decreased and fell below zero at a threshold value of a and b (Fig 3B, 3C and 3F).

Note that the parameter value did not affect the gradient (Fig 3G–3I). Thus, these results show

that the expansion velocity was suppressed by diffusion and positive feedback activity for a

given bistability.

Erythema shrinkage by controlling bistability

Below the threshold value of a or b, the expansion velocity became negative, where transition

selectively occurred from the inflamed (SI) to the noninflamed (SNI) state (Fig 3B, 3C and 3F).

This traveling wave resulted in the shrinkage of the inflamed area (Fig 3B, 3C, 3J and S2E–S2G

Fig in S1 Appendix). During the shrinkage, the mediator level at the initial stimulation tran-

siently increased to the inflamed state and then returned to the original noninflamed state

(S2H Fig in S1 Appendix), consistently with the normal inflammatory response [13]. There-

fore, these results showed that diffusion and bistability accounted for the normal inflammatory

response leading to the shrinkage as well as the pathological response leading to the expansion.

Balance between the inflamed and noninflamed state concentrations

determines expansion or shrinkage

Finally, we clarify how bistability controls the expansion and shrinkage (Fig 4A). To theoreti-

cally formulate the velocity of the traveling wave using the model parameters [20], we approxi-

mated Eq (3) to

@q
@t
¼ A q � SNIð Þ ST � qð Þ q � SIð Þ þ dDq; ð4Þ

under an assumption that 1

STnþ1
is approximated to a constant A (See Appendix A3 in S1

Appendix). Mathematically, the velocity is approximately determined by the diffusion coeffi-

cient (d) and the concentrations at the three steady states (i.e., SNI, ST, SI):

v ¼

ffiffiffiffiffiffi
Ad
2

r

SNI þ SI � 2STð Þ: ð5Þ

The theoretical velocity is proportional to the square root of the diffusion coefficient (d),

and more interestingly, to the difference between the concentrations of the stable (SNI and SI)
relative to unstable (ST) states. For the range of parameter values showing bistability, the theo-

retical velocity agreed with the simulated velocity in the sign (Figs 3F and 4A) and the approxi-

mate value, except for the parameter values at the velocity of zero (S3 Fig in S1 Appendix).

When ST is closer to SNI than to SI, the velocity is positive, indicating the expansion of the

inflamed area (Fig 4A and 4B). When ST is at an equal distance from SNI and SI, given a

decrease in the maximum production rate (a), the velocity is suppressed toward zero (Fig 4A
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Fig 3. Expansion velocity is controlled by diffusion and positive feedback for given bistability. (A–C) Dependence of the expansion

velocity on the diffusion coefficient (d; A), maximum production rate (a; B), and basal secretion rate (b; C). (D, E, J) Spatiotemporal changes

in the inflamed area, which is above the unstable steady state ST (D) q = 0.55; © q = 0.63; (J) q = 0.72, respectively, for three different values of

maximum production rate indicated in B. (F) Simulation results were superimposed on the theoretically calculated range of bistability

(surrounded by black solid line) shown in Fig 1D. Symbols represent the expansion (orange circles) and shrinkage (blue diamonds). The

dashed line represents the theoretical velocity of zero (v = 0) calculated from Eq 5. d = 0.5. (G–I) Dependence of the spatial pattern on the

diffusion coefficient (d; G), maximum production rate (a; H), and basal secretion rate (b; I). a = 4, b = 0.01 in A, G. b = 0.05, d = 0.5 in B, D, E,

H, J. a = 2, d = 0.5 in C, I.

https://doi.org/10.1371/journal.pone.0263049.g003
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and 4C). The velocity is negative, indicating the shrinkage of the inflamed area when ST is

closer to SI than to SNI (Fig 4A and 4D). Similar results were obtained by decreasing the basal

secretion rate (b). Therefore, depending on whether the threshold concentration (ST) is closer

to the noninflamed state (SNI) or inflamed state (SI), erythema expands or shrinks, respectively

Fig 4. Balance of mediator concentration regulates expansion or shrinkage. (A) Range of a and b for the velocity v> 0 (calculated from Eq 5), indicating the

expansion (orange), v< 0, indicating the shrinkage (light blue), and v = 0 (dashed line). d = 0.5. (B–D) Kinetics of bistability in Eq (3) represented by the

production rate of mediators (
dq
dt) as a function of the concentration (q) for a = 2.14 (B), a = 2.04 (C), a = 1.96 (D). b = 0.05 in B–D. Two filled circles (SNI, SI)

represent stable steady states, whereas the hollow circle (ST) indicates an unstable steady state.

https://doi.org/10.1371/journal.pone.0263049.g004
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(Fig 5). The balance of mediator concentrations (i.e., how close the threshold is to the nonin-

flamed or inflamed state) further determines the velocity of expansion or shrinkage.

Discussion

Diffusion and bistability cause both expansion and shrinkage of erythema

as the traveling wave

Erythema is characterized by the expansion of its circular area. In pathological skin showing

expansion, inflammatory response persists and the concentration of mediators fails to return

to the original level [10–13]. Recent theoretical studies have shown two independent mecha-

nisms of how the pathological inflammatory response causes expansion [14, 15]. One is the

diffusion of inflammatory mediators and the other is positive feedback, which can generate

bistability. However, the mechanism of how diffusion and bistability can cause expansion

remains unknown. Furthermore, how we can reduce the expansion velocity and further shrink

the erythema has not yet been identified. In this study, we theoretically show that diffusion

and bistability can synergistically cause not only expansion (Fig 2) with the pathological

inflammatory response (S1B Fig in S1 Appendix) but also shrinkage (Fig 3; S2E–S2G Fig in S1

Appendix) with the normal inflammatory response (S2H Fig in S1 Appendix) by the traveling

wave. Whether the inflamed area expands or shrinks is determined by the concentration bal-

ance between the noninflamed (SNI) and inflamed (SI) state relative to the threshold (ST; Eq 5).

Expansion occurs when ST is closer to SNI than to SI, whereas shrinkage occurs when ST is

closer to SI than to SNI in a wide range of parameters controlling the inflammatory response,

including positive feedback, basal secretion, and degradation (Fig 4; S3 Fig in S1 Appendix).

An interesting future study would be the analysis of whether the balance captures such inflam-

matory wave dynamics in other bistable systems, with more complex biochemical reactions

[12, 14, 15]. Therefore, the balance of bistable states could provide an experimentally testable

framework for the normal and pathological inflammatory responses (Fig 5).

Expansion of a well- and poorly-circumscribed erythema

Erythema expands with well-circumscribed lesions (Fig 1B) or with poorly circumscribed

lesions (Fig 1C) depending on diseases and skin conditions [9]. A well-circumscribed lesion

indicates an inflamed area clearly distinguished from the surrounding noninflamed area [29],

which may appear in situations such as a sharp gradient at the boundary and/or a large ratio of

the inflamed and noninflamed concentration (SI /SNI) in the dermis. In contrast, a poorly cir-

cumscribed erythema, which is difficult to distinguish from the surrounding noninflamed area

[29], may appear in situations such as a shallow gradient or a small concentration ratio (SI
/SNI) in the dermis. Some of the expansion of inflamed areas in our model appear with the

steep gradient and a large ratio of the inflamed and noninflamed concentration (SI /SNI) in the

dermis (Fig 2A and 2E), accounting for the possible situations of well-circumscribed lesions.

Other expansions appear with a small ratio (SI /SNI) in the dermis (Fig 2F and 2J), consistently

with the one possible situation of poorly circumscribed lesions. The consistency can be experi-

mentally verified by checking whether a poorly circumscribed erythema has a small concentra-

tion ratio and expands at a constant velocity (e.g., Fig 2I). Alternatively, a well-circumscribed

lesion in a deep layer of the dermis may appear to be a poorly circumscribed lesion on the skin

surface [29]. Our framework for the expansion of both well- and poorly-circumscribed lesions

provides a new perspective on how inflammation in the dermis appears as erythema on the

skin surface.
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Fig 5. Traveling wave of inflammatory response regulates the expansion and shrinkage of erythema.

https://doi.org/10.1371/journal.pone.0263049.g005
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Possible relevance to biological factors in the skin

The expansion velocity was suppressed by decreasing the model parameters (Fig 3), which can

depend on the skin condition. Experiments have shown that the maximum production rate (α
in Eq 2, a in Eq 3) and basal secretion rate (β in Eq 2, b in Eq 3) are lower in healthy skin than

in pathological skin with a deterioration of the skin microbiome [27] and in skin with defi-

ciency of the skin barrier integrity [25], respectively. Measuring the expansion velocity under

different skin conditions will reveal the relation between the model parameters and the skin

conditions, thereby potentially providing possible treatments to lower the maximum produc-

tion rate or the basal secretion rate. For example, probiotics that improve the skin microbiome

composition significantly lower the maximum production rate [30]. Additionally, probiotics

improve the skin barrier integrity [30], which is expected to lower the basal secretion rate.

Thus, probiotics can lower the maximum production rate and the basal secretion rate, thereby

possibly reducing the expansion velocity and shrinking erythema. Further study of the rela-

tionship between the expansion velocity and the skin condition will offer further insights help-

ful in developing more effective treatments of erythema.

Limitation of the present model

In pathological inflammatory response, erythema expands to a certain size and eventually

autonomously disappears [1]. Unlike shrinkage in normal inflammatory response (Fig 3J;

S2E-S2H Fig in S1 Appendix), the disappearance often shows a decrease in intensity (i.e., red-

ness) without changing the diameter of erythema [14]. Such disappearance could not be repro-

duced by the present model of inflammatory mediator alone; it may require other factors.

Some of the responsible factors are anti-inflammatory mediators, such as IL-10 and TGF-β [5,

6]. The anti-inflammatory mediators are produced by inflammatory mediators during the

development of erythema, and inhibit the production of inflammatory mediators [22]. A pre-

vious mathematical model incorporating the interaction of these mediators accounted for the

temporal evolution (i.e., decrease) of the inflammatory response [13], but not the spatiotempo-

ral evolution (i.e., autonomous disappearance). Thus, future studies should extend our model

to incorporate the interaction and examine how anti-inflammatory and inflammatory media-

tors synergistically control the disappearance of erythema.

Conclusions

In this paper, we demonstrated that diffusion and bistability could cause expansion and

shrinkage as a traveling wave. Furthermore, the positive feedback activity of mediator produc-

tion regulates the transition between the noninflamed and inflamed states, thereby determin-

ing whether the inflamed area expands or shrinks (Fig 5). Moreover, regulating the balance of

mediator concentration between noninflamed and inflamed states provides an experimentally

testable framework for the spatiotemporal evolution of erythema, which can help in the devel-

opment of effective treatments.

Supporting information

S1 Appendix.

(DOCX)

PLOS ONE Traveling wave model for erythema expansion and shrinkage

PLOS ONE | https://doi.org/10.1371/journal.pone.0263049 February 9, 2022 12 / 14

http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0263049.s001
https://doi.org/10.1371/journal.pone.0263049


Acknowledgments

We thank A. Inoue (Osaka Univ., Japan) for providing clinical photos, and M. S. Kitazawa and

K. Matsushita (Osaka Univ., Japan) for stimulating discussion.

Author Contributions

Conceptualization: Maki Sudo, Koichi Fujimoto.

Formal analysis: Maki Sudo.

Investigation: Maki Sudo.

Methodology: Maki Sudo.

Supervision: Koichi Fujimoto.

Writing – original draft: Maki Sudo, Koichi Fujimoto.

Writing – review & editing: Maki Sudo, Koichi Fujimoto.

References
1. Shimizu H. Shimizu’s textbook of dermatology. 1st edition. Hokkaido University Press/Nakayama Sho-

ten; 2007.

2. Segel LA, Perelson AS, Hyman JM, Klaus SN. Rash theory. Perelson AS, Weisbuch G, editors. Theo-

retical and Experimental Insights into Immunology. 1992;333–52.

3. Zhang J-M, An J. Cytokines, inflammation, and pain. International Anesthesiology Clinics. 2007; 45

(2):27–37. https://doi.org/10.1097/AIA.0b013e318034194e PMID: 17426506

4. Fernández TD, Canto G, Blanca M. Molecular mechanisms of maculopapular exanthema: Current

Opinion in Infectious Diseases. 2009 Jun; 22(3):272–8. https://doi.org/10.1097/QCO.

0b013e3283298e62 PMID: 19398898

5. Nestle FO, Di Meglio P, Qin J-Z, Nickoloff BJ. Skin immune sentinels in health and disease. Nat Rev

Immunol. 2009 Oct; 9(10):679–91. https://doi.org/10.1038/nri2622 PMID: 19763149

6. Murphy K, Weaver C. Janeway’s immunobiology. 9th Edition. New York, NY: Garland Science; 2016.

924 p.

7. Kabashima K, Honda T, Ginhoux F, Egawa G. The immunological anatomy of the skin. Nat Rev Immu-

nol. 2019 Jan; 19(1):19–30. https://doi.org/10.1038/s41577-018-0084-5 PMID: 30429578

8. Zucchi E, Cavallieri F, Giovannini G, Antonelli F, Mascia MT, Bedin R, et al. Post-infectious sensory

neuropathy with anti-GT1a and GQ1b antibodies associated with cold urticaria. Journal of Clinical Neu-

roscience. 2018 Oct; 56:175–7. https://doi.org/10.1016/j.jocn.2018.06.056 PMID: 30318072

9. Nast A, Griffiths CEM, Hay R, Sterry W, Bolognia JL. The 2016 International League of Dermatological

Societies’ revised glossary for the description of cutaneous lesions. Br J Dermatol. 2016 Jun; 174

(6):1351–8. https://doi.org/10.1111/bjd.14419 PMID: 26801523

10. Dainichi T, Hanakawa S, Kabashima K. Classification of inflammatory skin diseases: A proposal based

on the disorders of the three-layered defense systems, barrier, innate immunity and acquired immunity.

Journal of Dermatological Science. 2014 Nov; 76(2):81–9. https://doi.org/10.1016/j.jdermsci.2014.08.

010 PMID: 25242498

11. Yeo S-Y, Lee K-W, Shin D, An S, Cho K-H, Kim S-H. A positive feedback loop bi-stably activates fibro-

blasts. Nat Commun. 2018 Dec; 9(1):3016. https://doi.org/10.1038/s41467-018-05274-6 PMID:

30069061

12. Domı́nguez-Hüttinger E, Christodoulides P, Miyauchi K, Irvine AD, Okada-Hatakeyama M, Kubo M,

et al. Mathematical modeling of atopic dermatitis reveals “double-switch” mechanisms underlying 4

common disease phenotypes. Journal of Allergy and Clinical Immunology. 2017 Jun; 139(6):1861–

1872.e7. https://doi.org/10.1016/j.jaci.2016.10.026 PMID: 27931974

13. Valeyev NV, Hundhausen C, Umezawa Y, Kotov NV, Williams G, Clop A, et al. A systems model for

immune cell interactions unravels the mechanism of inflammation in human skin. Androulakis IP, editor.

PLoS Comput Biol. 2010 Dec 2; 6(12):e1001024. https://doi.org/10.1371/journal.pcbi.1001024 PMID:

21152006

PLOS ONE Traveling wave model for erythema expansion and shrinkage

PLOS ONE | https://doi.org/10.1371/journal.pone.0263049 February 9, 2022 13 / 14

https://doi.org/10.1097/AIA.0b013e318034194e
http://www.ncbi.nlm.nih.gov/pubmed/17426506
https://doi.org/10.1097/QCO.0b013e3283298e62
https://doi.org/10.1097/QCO.0b013e3283298e62
http://www.ncbi.nlm.nih.gov/pubmed/19398898
https://doi.org/10.1038/nri2622
http://www.ncbi.nlm.nih.gov/pubmed/19763149
https://doi.org/10.1038/s41577-018-0084-5
http://www.ncbi.nlm.nih.gov/pubmed/30429578
https://doi.org/10.1016/j.jocn.2018.06.056
http://www.ncbi.nlm.nih.gov/pubmed/30318072
https://doi.org/10.1111/bjd.14419
http://www.ncbi.nlm.nih.gov/pubmed/26801523
https://doi.org/10.1016/j.jdermsci.2014.08.010
https://doi.org/10.1016/j.jdermsci.2014.08.010
http://www.ncbi.nlm.nih.gov/pubmed/25242498
https://doi.org/10.1038/s41467-018-05274-6
http://www.ncbi.nlm.nih.gov/pubmed/30069061
https://doi.org/10.1016/j.jaci.2016.10.026
http://www.ncbi.nlm.nih.gov/pubmed/27931974
https://doi.org/10.1371/journal.pcbi.1001024
http://www.ncbi.nlm.nih.gov/pubmed/21152006
https://doi.org/10.1371/journal.pone.0263049


14. Ringham L, Prusinkiewicz P, Gniadecki R. Skin patterning in psoriasis by spatial interactions between

pathogenic cytokines. iScience. 2019 Oct; 20:546–53. https://doi.org/10.1016/j.isci.2019.10.008 PMID:

31655064

15. Seirin-Lee S, Yanase Y, Takahagi S, Hide M. A single reaction-diffusion equation for the multifarious

eruptions of urticaria. Merks RMH, editor. PLoS Comput Biol. 2020 Jan 15; 16(1):e1007590. https://doi.

org/10.1371/journal.pcbi.1007590 PMID: 31940345

16. Gilmore S, Landman KA. Is the skin an excitable medium? pattern formation in erythema gyratum

repens. Journal of Theoretical Medicine. 2005; 6(1):57–65.

17. Denda M, Denda S, Tsutsumi M, Goto M, Kumamoto J, Nakatani M, et al. Frontiers in epidermal barrier

homeostasis—an approach to mathematical modelling of epidermal calcium dynamics. Exp Dermatol.

2014 Feb; 23(2):79–82. https://doi.org/10.1111/exd.12302 PMID: 24330223

18. Nakaoka S, Kuwahara S, Lee C, Jeon H, Lee J, Takeuchi Y, et al. Chronic inflammation in the epider-

mis: a mathematical model. Applied Sciences. 2016 Sep 9; 6(9):252.

19. Vig DK, Wolgemuth CW. Spatiotemporal evolution of erythema migrans, the hallmark rash of lyme dis-

ease. Biophysical Journal. 2014 Feb; 106(3):763–8. https://doi.org/10.1016/j.bpj.2013.12.017 PMID:

24507617

20. Murray JD. Mathematical biology. 3rd ed. New York: Springer; 2002. 2 p. (Interdisciplinary applied

mathematics).

21. Kondo S, Miura T. Reaction-diffusion model as a framework for understanding biological pattern forma-

tion. Science. 2010 Sep; 329(5999):1616. https://doi.org/10.1126/science.1179047 PMID: 20929839

22. Bonizzi G, Karin M. The two NF-κB activation pathways and their role in innate and adaptive immunity.

Trends in Immunology. 2004 Jun; 25(6):280–8. https://doi.org/10.1016/j.it.2004.03.008 PMID:

15145317

23. Volpert V, Petrovskii S. Reaction–diffusion waves in biology. Physics of Life Reviews. 2009 Dec; 6

(4):267–310. https://doi.org/10.1016/j.plrev.2009.10.002 PMID: 20416847

24. Barzilai A, Sagi L, Baum S, Trau H, Schvimer M, Barshack I, et al. The Histopathology of Urticaria

Revisited—Clinical Pathological Study. The American Journal of Dermatopathology. 2017 Oct; 39

(10):753–9. https://doi.org/10.1097/DAD.0000000000000786 PMID: 28858880

25. Bäsler K, Brandner JM. Tight junctions in skin inflammation. Pflugers Arch—Eur J Physiol. 2017 Jan 1;

469(1):3–14. https://doi.org/10.1007/s00424-016-1903-9 PMID: 27853878

26. Zhao W, Oskeritzian CA, Pozez AL, Schwartz LB. Cytokine production by skin-derived mast cells:

endogenous proteases are responsible for degradation of cytokines. J Immunol. 2005 Aug 15; 175

(4):2635–42. https://doi.org/10.4049/jimmunol.175.4.2635 PMID: 16081839

27. Meisel JS, Sfyroera G, Bartow-McKenney C, Gimblet C, Bugayev J, Horwinski J, et al. Commensal

microbiota modulate gene expression in the skin. Microbiome. 2018 Dec; 6(1):20. https://doi.org/10.

1186/s40168-018-0404-9 PMID: 29378633

28. Cornelissen LH, Bronneberg D, Bader DL, Baaijens FPT, Oomens CWJ. The Transport Profile of Cyto-

kines in Epidermal Equivalents Subjected to Mechanical Loading. Ann Biomed Eng. 2009 May; 37

(5):1007–18. https://doi.org/10.1007/s10439-009-9652-y PMID: 19234790

29. Iryojohokagaku-kenkyusho. Medical Disease: An illustrated reference guide vol.14 -Dermatology. (in

Japanese). 2020. (Medic Media, Tokyo) ISBN978-4-89632-818-9

30. Chen L, Li J, Zhu W, Kuang Y, Liu T, Zhang W, et al. Skin and Gut Microbiome in Psoriasis: Gaining

Insight Into the Pathophysiology of It and Finding Novel Therapeutic Strategies. Front Microbiol. 2020

Dec 15; 11:589726. https://doi.org/10.3389/fmicb.2020.589726 PMID: 33384669

PLOS ONE Traveling wave model for erythema expansion and shrinkage

PLOS ONE | https://doi.org/10.1371/journal.pone.0263049 February 9, 2022 14 / 14

https://doi.org/10.1016/j.isci.2019.10.008
http://www.ncbi.nlm.nih.gov/pubmed/31655064
https://doi.org/10.1371/journal.pcbi.1007590
https://doi.org/10.1371/journal.pcbi.1007590
http://www.ncbi.nlm.nih.gov/pubmed/31940345
https://doi.org/10.1111/exd.12302
http://www.ncbi.nlm.nih.gov/pubmed/24330223
https://doi.org/10.1016/j.bpj.2013.12.017
http://www.ncbi.nlm.nih.gov/pubmed/24507617
https://doi.org/10.1126/science.1179047
http://www.ncbi.nlm.nih.gov/pubmed/20929839
https://doi.org/10.1016/j.it.2004.03.008
http://www.ncbi.nlm.nih.gov/pubmed/15145317
https://doi.org/10.1016/j.plrev.2009.10.002
http://www.ncbi.nlm.nih.gov/pubmed/20416847
https://doi.org/10.1097/DAD.0000000000000786
http://www.ncbi.nlm.nih.gov/pubmed/28858880
https://doi.org/10.1007/s00424-016-1903-9
http://www.ncbi.nlm.nih.gov/pubmed/27853878
https://doi.org/10.4049/jimmunol.175.4.2635
http://www.ncbi.nlm.nih.gov/pubmed/16081839
https://doi.org/10.1186/s40168-018-0404-9
https://doi.org/10.1186/s40168-018-0404-9
http://www.ncbi.nlm.nih.gov/pubmed/29378633
https://doi.org/10.1007/s10439-009-9652-y
http://www.ncbi.nlm.nih.gov/pubmed/19234790
https://doi.org/10.3389/fmicb.2020.589726
http://www.ncbi.nlm.nih.gov/pubmed/33384669
https://doi.org/10.1371/journal.pone.0263049

