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ARTICLE INFO ABSTRACT

Meltem Turan would like to dedicate the work Developing numerical methods to solve polydispersed flows using a Population Balance Equation
in the memory of her mother Nevin Turan who (PBE) is an active research topic with wide engineering applications. The Extended Quadrature
passed away untimely while preparing this Method of Moments (EQMOM) approximates the number density as a positive mixture of Kernel
study Density Functions (KDFs) that allows physical source terms in the PBEs to compute continuous or
Keywords: point-wise form according to the moments. The moment-inversion procedure used in EQMOM has
Moment-inversion procedure limitations such as the inability to calculate certain roots even if it is defined, absence of consistent
Halley-Ridder method result when multiple roots exist or when the roots are nearly equal. To address these limitations,
Extended quadrature method of moments the study proposes a modification of the moment-inversion procedure to solve the PBE based
Population balance equation on the proposed Halley-Ridder (H-R) method. Although there is no significant improvement in

the extent of variability relative to the mean of the tested shape parameter ¢ values, an increase
in the number of floating point operations (FLOPS) is observed which the proposed algorithm
responds in limitations mentioned above. The total number of FLOPS for all the kernels used for
the approximation increased by around 30%. This is an improvement towards the development
of a more reliable and robust moment-inversion procedure.

1. Introduction

Population Balance Model (PBM) is ubiquitous in industrial applications where multiple phases are involved. For instance, PBM
is applied in the modeling of gas-liquid [1], gas-solid [2] and gas-solid-liquid [3] phases with applications in aerosol technology [4],
petrochemical technology [5], crystallization technology [6] and fermentation technology[7] to name a few. Population balance is a
transport equation that is used to track the dynamics of the evolving particulate phase Number Density Function (NDF) with a given
set of internal coordinates (e.g. size, area, shape or chemical composition) in the physical as well as the phase space. The density
function depends on time 7, spatial position x and internal coordinates £. A typical Population Balance Equation (PBE) includes
growth terms on individual particles, source terms for the formation of new particles, and aggregation and breakage terms involving
multiple particles. In this study, only one internal coordinate representing size in terms of particle radius or volume (¢ =r or v) is
considered.
To solve the PBE, there are different solution approaches in literature, such as lattice Boltzmann method [7,8], sectional method
[9,10] and homotopy method [10,11]. A critical review that provides a comprehensive analysis of the state of the art in numerical
approaches with emphasis in algorithmic details and their applications for solving PBEs can be found in Singh et al.[12]. Most of the
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numerical approaches mentioned in [12] have limitations such as high computational cost. A popular solution approach is using the
method of moments, which is both robust and reliable for solving PBEs. A class of such methods solves the moments, for example the
quadrature-based methods have been used. However, when discrete values of NDF are needed, they are not directly obtained from
the moments such as in Quadrature Method of Moments (QMOM). To overcome this, the Extended Quadrature Method of Moments
(EQMOM) was proposed by Yuan et al. [13]. EQMOM approximates the NDF from its moments as a positive mixture of Kernel Density
Function (KDF) of the same parametric family. The reconstruction can be done for a very realisable moment set, except reproducing
the last moment. In the moment-inversion procedure of Yuan et al. [13], both Ridder’s method [14] and bounded Secant method
were employed to update shape parameter of approximation in [13]. Nguyen et al. [15] improved the moment-inversion procedure
which gives a response for cases in which the moments are weakly realisable. Pigou et al. [16] improved the numerical aspects of
EQMOM significantly by reducing the computational cost of this method’s core iterative procedure, however with some exceptions.
They constructed the procedure using Ridder’s method which uses two values to shrink the interval according to the sign of functions.
In Pigou et al. [16], the initial interval was determined by observation of recurring coefficients. However, as a detailed mathematical
proof of these observations have not been given in their study there is a possibility that the root can be out of the initial interval
i.e., they cannot calculate the root (i) out of the initial interval, (ii) when the roots of the function are nearly equal, and (iii) when
there is a gap where the convergence criteria is not defined. Although these cases (i), (ii) and (iii) are not frequently encountered in
moment sets, it is necessary to propose a more robust algorithm that responds to all possible scenarios.

The need for a fast and numerically efficient algorithm to solve the ill-conditioned moment problem through a robust moment-
inversion procedure becomes prominent when external features like turbulent flow properties [17], dilute gas-particle flows [18]
and reacting-mixing species [19] play an important role for any chemical process under investigation. The present study focuses on
the improvement of the moment-inversion procedure for three special cases which do not yield satisfactory results and are examined
in detail. To overcome the first two shortcomings, the procedure given in Pigou et al. [16] is modified. The modified procedure
combines the most desirable properties of Halley’s method [20] which finds the root of one variable function that has continuous
second derivative and whose convergence is not guaranteed with Ridder’s method which finds the root of a continuous function and
whose convergence is guaranteed. In this study, Halley’s method is used by substituting Newton’s forward difference method instead
of the derivatives. To reach the root being out of the interval and not to skip the small interval where the sign of the function changes,
Halley’s approach point is calculated by using Ridder’s approach point. The combination of these two methods is proposed as the
Halley-Ridder (H-R) method in this study. In this method, the initial interval is taken as [0, 1]. The method responds for cases (i) and
(ii) but does not respond for case (iii). This is because the convergence criteria depends not only on the sign of functions but also on
the limitation of the functions to the one for the Hausdorff problem. It is difficult to cross the gap where the convergence criteria is
not defined and reach the root after this gap. Therefore, when no root is found in the initial interval [0, 1], the additional condition
of searching the root for the interval [1,0,] is added to the procedure, where o, is the analytic solution of the function for i =2,
which is obtained by Chebyshev algorithm. In this study, the H-R method is applied to a lot of moment sets taken from literature.
The root is out of the initial interval [0, 1] for some of the tested moment vectors and this was calculated without encountering any
problem. More than one root exist for some of the tested moment vectors and the lowest root among them was calculated by the
H-R method. So small changes in raw moments will cause minor changes in the resulting shape parameter values. Furthermore, due
to the additional condition mentioned earlier, the root can be calculated for case (iii) which indicates a greater applicability of the
proposed method.

2. Population Balance Equation (PBE)

Population balance is a continuity equation based on Number Density Function (NDF). This function is defined depending on
the properties of the evolution of the particle population under observation. Considering the coordinates of the property vector
E=(&),&, ..., &, which specify the state of the particle, the NDF 7(¢; x, ) is defined as

01 &as oo &y X, NAEy,dEy, ... dE, =0(S: x,D)dE

and represents the number of particles with a value of the property vector between ¢ and ¢ + dé. The function #(&, 1) can have only
one internal coordinate such as particle radius or volume, or multiple internal coordinates such as particle volume and particle shape.
In this study, a number density function (NDF) is defined in terms of particle radius or volume (¢; =r or v) and the homogeneous
population balance equation (PBE) is represented as

D SELE D0, = By 1. = Dygg(1.8) + By (1.8) = Dy (1) M
The aggregation terms are given by
£
By (t.8) = % / B.& =&, Ema.& -, &Hag’ (2)
Emin
and
Emax
Dy, t.9) = / B, &,Em@, on(r,gMae’, 3
Emin
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where B(t,¢,&') is the aggregation kernel. The breakage terms can be given as

'fmax
B, (1.&) = / 01, &,ENb(&,E N1, &,E)dE 4
¢
and
Dy, = 0(1,&,Em(t,£,E), ®

where (1, &,¢&) is breakage kernel and b(¢, &) is the daughter particle distribution function.
3. Background theory
3.1. Quadrature Method of Moments (QMOM)

Let u(¢) defined on a domain space Q; be a non-decreasing function and du(¢) induced by u(¢) be a positive metric of this domain
space. This metric is related to the number density #(¢) such that du(¢) = n(¢)dé. Let my be the vector:

mg
my =" m= / g n(&de, ©®)
my Q

whose elements are the first N + 1 integer moments of this metric. Three domain spaces are considered: (i) Q; = (-0, +0c0), (ii)
Q; = (0,+00) and (iii) Q; =(0,1). For each of these domain spaces, all possible positive metrics defined on Q; can induce a set of
vectors of finite moments my, (6) within the associated realisable moment space M, Q).

The transport equation for kth order moment is obtained by multiplying the PBE (1), where B,,,, D4, B; and D,, are given in
(2),(3),(4) and (5) respectively, by & and integrating over Q; and can be given as
Emax Emax Emax
m
o =g Ol + / ke g, Omr e + / EM[Bugg(1,6) = Dyg (1,O)1dE + / E1By, (1,8) — Dy (1, )1+
Emin Emin Emin
Emax 2

/ ko, om, )de.

Smin

EQMOM is based on QMOM proposed by McGraw [21] which approximates the integral properties of a NDF using only the first few
moments of the distribution. Using a Gauss quadrature rule defined as

P
/f(-f)dﬂ(-f) = Z w;i f (&), ®
. i=1

3

where wp = [w;,w,,....wp]! are weights, &p = [£,...,Ep]" are nodes, and it holds true if f(£) =&k, Vk €0,1,...,2P — | where P €N.
Otherwise, this quadrature rule will calculate the integral approximately. The vectors ép and wp are computed by tridiagonal Jacobi
matrix, which is given by

ao\/b_l 0

Vb a
Jdw=| V7! 9
bp_y
0 bp_y ap
where ap_, =[ay,ay,...,ap_,]" and bp_, =[by,b,,...,bp_,]1T recurring coefficients can be computed by the Quotient-Difference [22],

the Product-Difference [23] or the Chebyshev [24] algorithms, such that nodes of £, are eigenvalues of the matrix (9) and the nodes
of wp are w; = mOU%i (vy, is the first component of the normalized eigenvector corresponding to the eigenvalue ¢;.
In other words, the Gaussian quadrature computed with QMOM approximates 7(¢) as

P
n@ =Y w,s& &) (10)
i=1
which is a weighted sum of Dirac delta distribution defined by sifting property.

3
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3.2. Extended Quadrature Method of Moments (EQMOM)

For most applications, non-moment integral properties or discrete evaluation of a distribution needs to be calculated. So 5(¢)
needs to be continuous distribution which is not available in QMOM (see (10)). To tackle this problem, there are various approaches
suggested in literature [21,25,26]. One of them is the EQMOM which uses a basis of non-negative Kernel Density Functions (KDFs)
in place of Dirac delta functions.

EQMOM approximates n(¢) as a positive combination of KDFs that allow to compute unclosed source terms

&)= 2 w;6,(E,&), an

where w; is the weight of the i-th node, 6, is the chosen KDF to perform the approximation where o is the shape parameter of the
approximation and ¢; is the location variable of i-th node. Standard normalized distribution functions are chosen as the kernels (e.g.
Gaussian, Log-normal, Laplace, Weibull, etc.). For consistency, §, is chosen as

l_ii‘%ﬁg(f, &) =088,

such that ¢ is sufficiently small. Thanks to this, EQMOM is numerically stable when a moment set m is on the boundary of realisable
moment space. Moreover, integral properties of the NDF can be computed by EQMOM with high accuracy. Approximation of integral
terms can be given as

»
/f(é)ﬂ(f)di)%zwi[/f(5)5g(5s§,-)d§)]~ (12)
o =l g,

There are multiple available variations of EQMOM in literature such as the Gauss EQMOM [27,28], Log-Normal EQMOM [29], and
Beta and Gamma EQMOM [13]. Also, the integral given in (12) can be calculated approximately by a quadrature rule.

3.2.1. Log-normal Kernel Density Function (KDF)
Gauss-Wigert quadratures [30] is implemented for the preservation of moments for a Log-normal EQMOM reconstruction:

[ rem@uzs Y Yol 1) 13)
5 =1 =l

with wp, £p and o being the reconstruction parameters calculated from m,p. A(Q")

are eigenvalues of the Jacobi matrix J, whose
elements a, and b, are calculated by a; = ((z% + 1)z%* — 1)z%*~! and b, = (2% — 1)z~ with z = exp(c?/2). w, is given by ,; = Pov%j

(Py=1) with v, ; being the first component of the normalized eigenvector corresponding to the eigenvalue 4;.

3.2.2. Gamma Kernel Density Function (KDF)
Gauss-Laguerre quadrature [30] is implemented for preserving the moments for a Gamma EQMOM reconstruction:

/ F@n@de~ Z % Z @ f(oA), a4
0 =T i

with w, £p and o being the reconstruction parameters calculated from m,p. /1(“" ) are eigenvalues of the Jacobi matrix J, (9) whose

elements are ay = 1 + ag, ay =2 +a;_; and b, = k(k + a;) with a; = S _ 1. a) ) s given by o; = P0U2 (P, =T(1 + a;)) with v, ; being
o

g

the first component of the normalized eigenvector corresponding to the eigenvalue /15.“" with a; = = — 1.
I

The computation of the weights wp = [w|,w,,...,wp]T, the nodes &p = [£,,...,Ep]" and the shape parameter ¢ values from the mo-
ment set m,p are calculated by the moment-inversion procedure. The moment-inversion procedures used in literature are mentioned
briefly in section 4.1.

4. Moment-inversion procedure

Various numerical strategies [21,13] have been proposed to reduce the dimensionality of the PBE. In standard moment methods,
this balance equation is multiplied by a function & and integrated over Q. This approach causes a closure problem where moment
transport equations are written in terms of the number of moments higher than the number of transport equations[31]. This problem
can be overcome by obtaining the unknown moments in terms of known moments using the transported moment set or reconstructing
the NDF from the transported moments from which the unclosed terms can be evaluated.
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4.1. Procedures based on moment realisability

For the metric du(¢) = n(€)d¢é given by (6) assumes my be the vector of the first N + 1 integer moments vector of the metric
du€)=n(é)dé, with N =2P as an even integer.

The moment-inversion procedure aims to determine the parameters o, wp =[w, ..., w P]T and ép =[&,...,& P]T such that my =
my with
gy
- m _ _
my=|" | = / gide, 15
iy £

where 7(¢) is given in (11). For any value of the shape parameter ¢, Yuan et al. [13] proposed a procedure that requires calculation
of the parameters wp and &p such that my,_; =my_;, where m_, is given in (15). This simplifies the moment-inversion problem to
a scalar non-linear equation by searching for a root function Dy (c) = my — iin (o). For the KDFs used in EQMOM, using the approach
developed by Yuan et al. [13] and improved by Nguyen et al. [15], the following linear system can be written as:

m, = A,(c).m}, (16)

where A, (o) is a lower-triangular (n + 1) X (n + 1) matrix. The elements of this matrix depend on chosen KDF and ¢. The moments m’
defines as:

"
m
0 P
m k
mi=|"1], ’"Z=waf,»
- i=
mn

refer to the reconstructed moments of the approximation. A brief mechanism of the various EQMOM moment-inversion procedures
proposed by (a) Yuan et al. [13], (b) Nguyen et al. [15] and (c) Pigou et al. [16] is summarized below:
mg m;(a)

@ A5, @ : |= :

Myp-1 myp_;(0)
Calculate a¥,_ (o) =[a}(0),a%(0), ..., a%_ (6)]" and bj,_, (6) = [b7(0), b}(6). ..., b%,_,(6)]” recurring coefficients [21].
Find £p(0) and Wp (o) vectors by calculating the eigenvalues and eigenvectors of the Jacobi matrix Jp_;(d u) formed with the recurring
coefficients.

fyp(0) = X w(@)(EDP (o)

mg(c)
7 =A ‘ 5 16
1y p(0) = Ayp(o) m, () (see (16))
My p(0)
Dyp(o) =myp — ity p(0)
- méz(a)
(b) A;},(G) : =| ’ ©)
myp_1 ”zlf_ég)
2P

Galculate a%,_ (0) =[a}(0),a;(0),...,a}_ ()" and b},_,(6) = [b%(6), b}(6), ..., b%,_ (o)]" recurring coefficients.

Find ¢p(0) and Wp (o) vectors by calculating the eigenvalues and eigenvectors of the Jacobi matrix Jp_,(d ) formed with the recurring
coefficients.

yp(0) = XL, wio)E) (o)

D} p(0) = m} ,(0) — iy p(0)

mg (o)
mg .
(@ A5 : |= mzpil ©
myp_1 ’"zp (o)

Calculate ay,_ (o) = [a;(0),a](0), ... ,a;_l(a)]T and b*P(zr) = [b](0), b;(g),...,b’;,(a)]r recurring coefficients (Q; = R, the Hamburger
problem).

The Stieljes problem: If Q; = (0,+0), the realisability of a moment set m}, = [mg (o), ...
equivalent to the positivity of the Hankel determinants H,p,, defined as

.15, (6),m5,(6)] on Q; = (0,0) is strictly

W) @
Hypia = : - : @7

* *
mP+d(G) m2P+d(6)
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with d €{0,1} and PEN, 2P +d < N.
The condition for the positivity of Hankel determinants (17) can be written in terms of the positivity of ¢, defined by

H, ;H
g:(g)=M7 H;=1 if j<O. (18)
By using Eq.(18), the three-term recurring coefficients of the monic polynomials a; and b} coefficients can be written

B:(0) = (@ (@), al0) =L, (0)+ (o) 19)

with aé(o‘) =¢ l*(a) and the Jacobi matrix can be calculated. The recurring coefficients are calculated using Hankel determinants. Once
the recurring coefficients o} and b7 are known, the zeros of the orthogonal functions can be easily computed from the eigenvalues and
eigenvectors of the Jacobi matrix. However, the ill-conditionality of Hankel matrices makes the formulas (19) not practically useful as
an algorithm for calculating these coefficients. In particular, the function that computes the recurring coefficients from moments by
using Eq.(19) and Eq.18 can be severely ill-conditioned [32,30] which means that the coefficients a* and b are extremely sensitive
to small changes in the moments.
The Hausdorff problem: If Q. = (0, 1), compute
T;P(G) = [rg(o-),r;‘(a), ,T;P(G)]T. Here, 7, vector elements can calculated from through the relation [33]

2P
N )
@)= 1z 7 ©

with {i(o) defined in Eq.(19) and rf(a) = mT(”)'

Here, the shape parameter ¢ is determined by enforcing an additional transported moment m,p to accord with the reconstructed
NDF. So, in (a) and (b), the roots of the D,p(c) and D;‘ (@) objective functions, if any, must be calculated, if not, their minimum
values must be found. Due to the nonlinear dependence of D,,(c) and D, on o, it is inconvenient to find analytical expressions for
the derivative D; p(0) and (D P)’ . Thus to update o, both the Ridder’s method and a bounded secant method have been employed.
If the Ridder’s method can not find a root, the golden-section search method [14] is used to minimize the objective function. In (c)
depending on Q, the ¢ root, which is used for reconstructing NDF, is calculated with the help of sign change of b;_l(o-), C,;P(o-) or
3 ,(0) vectors and by updating ¢ values with the Ridder’s method and using [0, 6,], where o, is the analytical solution of bi (o), &5 (o)
or 77 (o) depending on Q. The above-mentioned procedures respond positively if there is one or more o roots and at least one of the
root falls within the given initial interval. In addition, if no ¢ falls within the initial interval or if there is no root, the optimum o is
calculated by golden-section search method which makes minimization in the initial interval.

4.2. Proposed moment-inversion procedure

While calculating the root of a function with iterative root-finding methods, the false position approach i.e. the search for the
change of a function sign is typically used. However, when the difference between the roots of a function is small, it is difficult to
approach this narrow range in which the function changes sign while searching the root of a function with only one root-finding
algorithm. The Halley’s approach point is thus calculated using the Ridder’s approach point thereby improving the overall moment-
inversion procedure.

In this section, while developing the moment-inversion procedure based on Halley-Ridder (H-R) method, the following cases have
been examined in detail by assessing the evolution of convergence criteria:

. aroot falls within the given initial interval (shown with Hamburger, Stieltjes and Hausdorff moment problems).
. multiple or very close roots fall within the given initial interval (shown with Hausdorff moment problem).

. none of the roots fall within the given initial interval (shown with Hausdorff moment problem).

. no root (shown with Stieltjes and Hausdorff moment problems).

H W

Among these cases, for (3) and (4) the moment-inversion procedures mentioned in Section 4.1 do not respond. For (2), the procedures
do not respond in finding the smallest root. The aim of this study, therefore, is to propose a method that will respond to all the cases
(1-4). In the following section, the situations encountered for Hamburger, Stieltjes and Hausdorff problems using the proposed
moment-inversion procedure are shown in detail.

There are essentially three different types of finite intervals: two end-points, one endpoint and no end-points [34]. In the latter case,
the interval is R while in the first two cases they are (0, 1) and [0, ) respectively. The moment problems on (0, 1), [0,c0) and
(—o0,+00) are called the Hausdorff moment problem, the Stieltjes moment problem, and the Hamburger moment problem.

4.3. Hamburger moment problem

A necessary and sufficient condition that should exist is at least one non-decreasing function d u(¢) = n(¢)dé such that

m=/HW@
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— by (0) — by (0)
b; (o) b; (o)
0
-—- bj(0) i (U -—- bj(0)
5 5 \
Q Q \
1 2
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\
i
]
\
]
]
i
107! 10°
o o
(1)
(a) mg
“\\\ — b;(0) — b;(0)
b; (0) - b; (0)
-=- b;(0) -=- bj(0)
s s
“ T 107
1072
10°
o o
(1) (2)
(c) mg (d) mg

Fig. 1. Evolution of b;(c) where k = 1,2,3, for Gaussian (a, b) and Laplace (c, d) kernels. The three initial moment sets are mgl) =[1 1 2 5 14 42 133]" and
mP=[1 2 7 17 58 149 493]" as given in Pigou et al. [16].

for k=0,1,2,..., with all the integrals converging, the sequence {, }8° is a positive definite [34].

4.3.1. Application of Halley-Ridder (H-R) method to the Hamburger problem

As stated in case (c) from Section 4.1, the metric d u(&) = n(€)dé is realisable on Q; = (—00,+00) ifand only if ¢, e R and b, > 0, Vk €

N. A value of ¢ is searched such that the associated reconstructed moments m’2‘ p_(0) are strictly realisable, and the moments m; (@)

are weakly realisable. Then if a*P_l(a) = [a’é(a), a’f(o), ,a*P_l(o)]T and b’;,_l(a) = [b’lk(a), b;(o), .., b% 1(")]T recurring coefficients are
calculated by the Chebyshev algorithm, the condition of realisability can be given by b),(0) as b;(s) >0, Vk € 1,2,...,P -1 and
b’;,(cr) = 0. The evolution of bZ(o) (k=1,2,3) is shown in Fig. 1 for the Gaussian and Laplace kernels. The initial moments sets, m(Gl)
and m?) are taken from literature [16]. Several randomly selected moment sets are taken for testing purpose and an undefined root
was never observed. According to these moment sets, the root o), being the root of b,(c) lies within the interval [0,0,_;]. It must
be noted here that a mathematical proof of these observations has not been provided by Pigou et al. [16]. Therefore, there is a

possibility that the root o, being the root of by (0), can be outside the interval [0,0,_;]. Considering this possibility, a more robust
procedure is needed. It can be given as an iterative approach as follows:

1. [0,1]= [ol(o), 050)] is the initial interval, then update these bounds.

2. Compute bp(0); check the realisability of m,p = m}, and check the positivity of the elements in the vector b (0).
3. Iterate over k

- Compute bp(c* ") and check if bp(c* ™) has at least one negative element.
« if bp(c® ) has at least one negative element.
- (a) Choose o,.
(b) Compute bp(c,)
- (c) if all elements of by (s,) are positive, assign ‘711 =, and 6 =%V,
— (d) otherwise, assign a,’ = afk_l) and o = oy.

r

- if all elements of bp(c* ™) are positive
- (al) Choose o,

- (bl) Compute by(s,) and check if bp(o;) has at least one negative element.
- (c1) if bp(o,) has at least one negative element, apply (a), (b), (c) and (d) steps
- else

* if b (o) < b’;,(afk_l)), assign ng) =o0,.

« if b3 (0 7) > b% (o)), assign o =5,
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In Pigou et al. [16], the choice of o, in steps 3(a) and 3(al) are made by locating the root o; of bj(a) with j as the index of the

first negative element of b’;,(crﬁk)). o, is selected by using Ridder’s method [14], which tests two ¢ values per iteration. At this stage,
Halley-Ridder (H-R) method is proposed which tests three ¢ values per iteration for step 3(a), and makes minimization by using a

hybridization approach to move out of the initial interval. The procedure is given as follows:

+ Compute bp(0); check the realisability of m,p = m;, and check the positivity of the elements in the vector b(0).
* [6\”.6\”1=[0.1] (initial interval)
« Iterate over k

- Identify j, if defined
(k=1) (k=1)

o -0,

ronE T

bi(o;)

Vb 2 = by s b oY)

k—1
0;, =0y, +(0',1 —0'1( ))

k-1
b)) = b (o)

(k—1
o, - o,
b*(0,) = b*(c* ™)
wy=—-n T
(k—1)
01, =0,

O_ﬁk—l) _ kD

w0 (k=1)
D 2676 )x
« o, = T
3 2X2 - bi(e\ )z

* Set al(k) as the maximum value among a/(k_l) , 0,5 0;, and o, such that all elements of the vector b}, are positive.

« Set ¢ as the minimum value among ¢*~", o> 0, and o, such that at least one element of the vector b7, is negative.

- else
KD _ k=D
R M
! 2
(k-1) (k-1) bp(or,)
* 0 =0y + oy, +(6t1 -0, )

« ) k—1 k—1
V10302 = B0 D) s b () |
k—1 %
b D) = b (0,
X (k=1)
o, -0y,
k—1
_ (0,) = by
- (k—1)
01, =0,

Gfk—l) _ Gl(k—l)

2650 X

— (k=1) _
* oy, =| 20, PP
2X%2=bple, " NZ

« Identify j

if the negative element defined for both b}‘,(ag‘_”) and b}‘,(g(k_l)

3

1 (k+1) _

=o* D 1f ag_l) > a,(}k_l) then assign o,

*

; k+
), assign o

o lse o) = oD,
» Only if the negative element of b’;,(afffl)), assign o} *! = %V and 6**D = aquil).
* Only if the negative element of bf,(ag‘_”), assign of+! = %D and 6**V = o‘f}k_l).

*

if no j is defined

-+ Caleulate b%(c\“™"), b%, (6™, b (0,,), bi(o,,) and b ().

(k=1)  _(k=1)
1

* Assign those o, ', 0," ’, 0, , 0, and o, that correspond to the two smallest b}, values in absolute value as a,(k_l) and

ey

(k)

For simplicity, [0, 1] is taken as the initial interval. The computation is stopped if o-ﬁk) -0

< e or bl(cf) < eb%,(0), with € as a relative
tolerance. Then the weights wp and nodes &p of the reconstruction are computed using a Gauss quadrature based on recurring

coefficients a*(al(k)) and b*(al(k)).
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Fig. 2. Evolution of {7(c), where k =2,3.4,5,6 for Weibull kernel. The initial moment sets are m{® =[1 15 12 131 1520 18033 2.16e5]", m{” =
[1 55 78 1285 22225 4.05¢5 7.88e6]" and m(;):[l 1 2 5 14 42 133]" as given in Pigou et al. [16].

4.4. Stieltjes moment problem

A necessary and sufficient condition that there should exist at least one non-decreasing function d u(¢) = n(£)dé such that

Mk=/§"du(§)
0

for k=0,1,2,..., with all the integrals converging, is that the sequence { e is positive definite [34].

4.4.1. Application of Halley-Ridder (H-R) method to the Stieltjes problem

As stated in case (c) from Section 4.1, one of the realisability criteria to calculate the parameters of the quadrature is looking for
o such that {{(¢) >0, Vk € 1,2,..., N — 1 and ¢} (o) = 0. Several randomly selected moment sets are taken for testing purpose. Fig. 2
shows the evolution of g,j (0), k=2,3,4,5,6 for three moment sets taken from Pigou et al. [16] when used for the Weibull kernel.
Fig. 2a shows all the roots o}, k €2,3,..., N are defined, Fig. 2b shows the root ¢ exist while some roots ¢;, k €3,4,..., N — 1, are

not defined and Fig. 2c shows the root o is not defined.

In the first and second situations, the EQMOM approximation is well defined, because oy exists. In the third situation, the root
oy does not exist in the range, where ¢ +(0), k€2,3,...,N —1 are positive. So instead of root finding algorithm, minimization is

required here.

Similarly, the method for reconstruction of kernels defined in Q; = (0,+c0) can be given in Section 4.3.1 by making a little

adjustment:

* Compute ¢}, (0); check the realisability of m,p = m;, and check the positivity of the elements in the vector s (OB

* [6\”.6\”1=[0.1] (initial interval)

« Iterate over k

- Identify j, if defined
=1y _(k=1)
o, -0,

&)

V@, 2 -6 e
& =Ly,

k-1
* 0, =0; +(0y —GI( ))
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G o)

*

(k—1)
0, =0,
$Z=—i s
o, ' —o
w0 k=1)
e e
= 613 =0, -

2X2—gﬁa§”bz

* Set ol(k) as the maximum value among a/(k_”

, 04> 0;, and o, such that all the elements of the vector {3, are positive.

% Set ng) as the minimum value among aﬁk_” , 04, 0;, and o;, such that at least one of element of the vector £}, is negative.
- else
O_](k—l) — otk
* 6!] = 5
& plor)
k—1 k—1 2P\"1
* 0, =0'£ )+o',1 + (o4, —(71( )

V1650072 = Gl 5 50 |

* k-1 *
50 = 50,)
X= (k=1)

[o =0y,
* k—1
5o — e )
e o S
%, =0
X-Y

% —

O_gk—l) _ 0_l(k—l)

243,00 "X

—[25Kk=D _
* 0 =| 20, 2w o (k=1)
2X2 =850, Z

*

Identify j.
« if the negative element is defined for both (j]’i,(at(:*l)) and (NG

o041 = D elge g+ = D),

,(;‘71)), assign o}t = A i at(ffl) > af}kil) then assign

« Only if the negative element of ¢, (ag‘_l)) exists, assign of*! = c%V and %D = af;‘_l).
« Only if the negative element of ¢ (at(f_l)) exists, assign of*! = %V and 6%tV = af:‘_”.

*

if no j is defined
- Caleulate £, (o)), 63,001 "), £,(01,), &5p(03,) and (o).

l("_l) o+, o, 0, and o, that correspond to the two smallest b}, values in absolute value as ol(k_” and

> Op

- Assign those o

ot h,

Stop the computation if oﬁk) o <eor g (o‘lk) < e(3,(0), with € as a relative tolerance. Then the weights w, and nodes &, of the

1
reconstruction are computed using a Gauss quadrature based on recurring coefficients a*(a;k)) and b*(al(k)).

4.5. Hausdorff moment problem

A sufficient and necessary condition is that there should exist at least one non-decreasing function d u(&) = n(£)dé such that

1
m=/gW@
0

for k=0,1,2,..., with all the integrals converging the sequence {u}y’ is a positive definite [34].

4.5.1. Application of Halley-Ridder (H-R) method to the Hausdorff problem

As stated in case (c) from Section 4.1, one of the realisability criteria of EQMOM moment-inversion procedure is to compute for
o such that 7/(0) €(0,1), Vk € 1,2,..., N — 1 and 7} (¢) = 0. Several randomly selected moment sets are taken for testing purpose. For
the Beta kernel, the evolution of r,’:(a), k=2,3,4,5,6 is shown in Fig. 3 such that the initial moment sets are

10
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Fig. 3. Evolution of 7;(c), where k=2,3,5,6 for Beta kernel with the initial moments sets mentioned in Eq. (20).

_ 1 _ _ 1 -
0.8 0.5
0.736 0.2875
m’=| 069632 [mP=| 0174875
0.6659584 0.10929325
0.640222208 0.0695751215
0.61713719296 0.045108235453
L S N . (20)
1 1
0.409890129103329 0.445967016759259
0.314508552447814 0.361907331989521
m? = 0.268912990299659 |.m" = | 0.320071825637556
0.240626997247657 0.293507585949640
0.220778450679946 0.274561571617238
0.205805473717484 0.260088628766843

which are taken from Pigou et al. [16]. The explanation of Figs. 3(a-d) are as follows:

« Fig. 3a: the root oy of 73 ,(0) exists and the EQMOM Beta kernel is well defined

+ Fig. 3b: the root 6 and oy_; are not defined in the interval, where 7,(0), k€2,3,...,N -2 are all positive.
* Fig. 3c: 7}, (0) has more than a root.

+ Fig. 3d: oy is defined but there is an interval in which convergence criteria is undefined.

The procedure given in Section 4.3.1 can be applied to the Hausdorff problem by checking if all of the elements of 7, (c) fall into
the interval (0, 1).

* Check the realisability of m,, = m}, by computing 73 (0) and check if all elements fall into (0, 1)
. [al(o),aﬁo)] =10, 1] (initial interval) and o, is the analytic solution of r;(o)
* Iterate over k

- identify j as the index of the first element of rj{,(aﬁk—l)) being negative or higher than 1, if defined
oD _ 5=

!
* O-'l_

2
« if j < N and T;f(oﬁ"‘”) >1,

11



M. Turan and A. Dutta Heliyon 9 (2023) 18636

1—1']’.*(0',])

k-1
o, =0y, +(0y, —GI( )

(1=77(0, )? = (1 =77 ") (1 = 77 (o)
« if j= N or (o) <0

«
7 (o)

* 2 _x (k=1) s (k=1)
\/rj (0',1) 7 ((7[ ) * 7 (e, )

k—1
0;, =0y, +(G,1 —GI( ))

(k=1)
56 ) -1,

(k=1)
o =0y,
k=1
ey -Te )
T _ k=D
%1, =9

O_gk—l) kD

1
« if j= N or r;f(a““”) <0

(
¢ k=1)

e 201 -7 )2

_o'r —

& 220 - (1 -7 )z
« if j= N or (o) <0

21;(65‘”)2

O
13 — 9r D T
} 222 -0 ")z
- else G e
' o, -0,
* O-’l = 2
75 p(01))
k—1 k—1 2P 1
s oy =0 4oy, +o, =0 ) 1) k=1
V17500, P =730 D) 25,0 |
o =Dy s
. X = e )~ 1p(0n)

* * =
Y= 7)p(01,) = 7),(0)
- (e=1)
0, =0,
O_ik—l) _ O_I(k—l)

205, )X |
2X2 -2k, () z
(k—l))
2

Identify ;j as the index of the first negative or bigger than 1 element of 7}, (ag‘_l)) and 73, (o,

k—1)
« 0, =| 20" -

3%

"

« if the negative or bigger than 1 element defined for both r]*v(ag‘*l)) and §1’§,(aff’”), assign ”1k+l = aﬁk’”. If a,(ffl) > at(zk*” then
(et) _ (k=1) (k1) _ (k=) ) i

assign o, s else o, 1
+ Only if the negative or bigger than 1 element of T;(ag‘*l)) is defined, assign o} *' = oV and 6**V = 1.
+ Only if the negative or bigger than 1 element of r,’i,(ag‘_l)) is defined, assign of*! = %V and 6%tV = af}k_l)

%

if no j is defined

k-1 k-1 ‘
- Caleulate 77, ), 23,6, 2 ,(5,)), 3,(0,,) and 3, (0,
- Assign those al(k_l), P

o4,

- if Tz*v("/k) > ety,(0), update initial interval as [1,0,] and run the procedure by making the if queries before else for o

, 61,5 0y, and o, that correspond to the two smallest b}, values in absolute value as o](k_l) and

(k=1)
| .

Stop the computation if aﬁk) - al(k) <eorry (al") <ety(0), with ¢ as a relative tolerance. For N (al") > ety (0), if the algorithm cannot

find op in the range [1,0,], the op found in the range [0, 1] is used. Then the weights wp and nodes &p of the reconstruction are
computed using a Gauss quadrature based on recurring coefficients a*(al(k)) and b*(a,(k)).

5. Tested moment sets

A sufficient and necessary condition is that there should exist at least one non-decreasing function d u(¢) = n(£)dé such that The
H-R method is tested for several kernels defined on: Gauss and Laplace kernels where Q, = (~co0, ), Gamma and Weibull kernels
where Q; = (0,+c0) and Beta kernel where Q, = (0, 1), using Python implementations. Also, to see gain in number of tested o values,

12
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the procedure [16] is performed for the same kernels, using Python 3.10. The gain indicates the percentage by which the number of
iterations decreases in the proposed Halley-Ridder’s method as compared to Ridder’s method used by Pigou et al. [16].

Since the moment-inversion procedure used in this study is obtained by improving the moment-inversion procedure of Pigou
et al. [16], it is necessary to know how these tested moment sets are obtained. Moments sets for Log-normal, Gauss, and Laplace
kernels defined on Q; = (o0, ) were both taken from [16] and were constructed by random vectors ap_; and bp using a reversed
Chebyshev algorithm. The elements of these vectors are calculated by the following distribution laws:

a, ~N(©0,25), ke€o,..,P—1
by ~1+Exp@), kel,..,P

Similarly, moments sets for Gamma and Weibull kernels defined on Q; = (0,+00) were both taken from [16] and constructed by
random vectors ¢,p using a reversed ¢-Chebyshev algorithm. The elements of these vectors are calculated using:

G~ 1+ Exp@), kel,..2P
Gop ~ Exp(0.5)

Also, moments sets for kernel defined on Q; = (0, 1) were constructed by random vectors 7, using a reversed 7-Chebyshev algorithm.
Elements of these vectors are calculated using:

7, ~U(0,1), kel,...,2P.

Using the proposed Halley-Ridder moment-inversion procedure, the number of iterations required for the convergence is calculated
for the tested moment sets.

6. Results and discussions

The H-R method proposed in this study and the method proposed by Pigou et al. [16] are applied to the moments sets obtained
from [16]. Table 1 shows the results of these two methods which indicates a reduction in the number of ¢ values. Since the H-R
method shows a decrease compared to the method used by Pigou et al. [16] in terms of tested ¢ values, it also means a decrease
compared to the method used by Nguyen et al. [15]. This reduction is mainly due to the H-R methodology which gives a better
choice for the tested shape parameter ¢ values and uses three values to update the interval while the method of Pigou et al. [16]
used two values. The coefficient of variation in the number of ¢ values for each tested Kernel Density Functions (KDFs) is shown by
the ratio of standard deviation to mean in Table 2. As seen in the table, there is no significant difference between the Halley-Ridder
method used in this study and Ridder’s method used in Pigou et al. [16]. In other words, there is no significant difference in the
extent of variability of the two procedures relative to the mean of the tested ¢ values. In the proposed H-R method, because of using
three values to update the range, an increase in the number of floating point operations (FLOPS) can be observed with a decrease in
the number of ¢ values. The increase in number of FLOPS using the H-R method compared to the method proposed by Pigou et al.
[16] is shown in Table 3 for all tested kernels and moment sets by considering linear system, Chebyshev algorithm and calculation
of the root 6. From Table 1 and Table 3, it can be seen that as the number of ¢ values decreases, the difference in number of FLOPS
between the two methods also decreases. Both conditions of moment sets being near the boundary and far from the boundary of the
realisable moment space are tested. However, it did not have an effect on increasing or decreasing the ¢ values and FLOPS numbers.
The most expensive operation in both the methods is the calculation of eigenvalues and eigenvectors of the tridiagonal symmetric
matrix where the Jacobi algorithm was used. As a suggestion, divide and conquer algorithm [35] can be used instead of Jacobi
algorithm because an advantage is that it can be used to calculate all or part of the eigenvalues of a symmetric matrix using parallel
computation.

Moreover, for Beta kernel defined in Q. = (0,1) in the case given in Fig. 3(c), the lowest root is calculated by the H-R method
even they are very close to each other. So a small change in the raw moments will only cause a small change in the resulting shape

0.40 N 0.40
A\ \
035 \ 035 A
1\ 1\
030 i\ 030 i
i [\
025 i 025 { \
P 1 ) P I i
R 020 i ] 020 -
:' 1 1 = ] \
S ] H 5 I 1
015 P 01s P
1 \ 1 i
010 { LR 010 i H
] NN ! \ -
; <~
0.05 ! \.\ 0.05 J N~ N
/, o . / = —
0.00 f=======- 000 fmmmmmmms’ S Emmee
00 25 50 75 100 125 150 175 200 00 25 50 75 100 125 150 175 200

Fig. 4. Evolution of number density function (NDF) at 7 =20 ((r,20)): exact (solid orange line) vs. numerical (dashed blue line) with LogN KDF (left) for P =3 and
Gamma KDF (right) for P =4, for diffusion-controlled growth.
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Table 1
Difference in gain for all the tested kernels and moment sets used in this study in comparison to Pigou et al. [16]. The numbers indicate a statistical average of 10,000
moment sets.

Tested kernels Realisability P=2 P=3 P=4 P=5
of moment set

Gauss Strict 303,94 29.8,5, 327,47 223,44
Weak 19.8,,, 17.8,,,5 16.8,, 17.0,55

Laplace Strict 214,539 24.0,65 21.0,,5 20.2,50
Weak 102,45 354,54 150,05 15.4,,,

Log-normal Strict 373,55 25.0,376 16.6,6,5 10.3,560
Weak 3434556 219,405 12.8,555 4.6,

Gamma Strict 331,350 33.6,53 322,975 28.04192
Weak 43.6,715 332,365 337,55 289,15

Weibull Strict 33.9.38,1 20.8,545 147,20 135,555
Weak 41.8,555 295,55 1467 10.5,46

Table 2

Coefficient of variation (standard deviation/mean) for the distribution of tested shape parameter o values for various kernels. Only moment sets generated far from
the realisable moment space are considered.

Tested kernels Realisability P=2 P=3 P=4 P=5
of moment set

Gauss this study 0.29 0.24 0.23 0.22
Pigou et al. [16] 0.18 0.18 0.16 0.16

Laplace this study 0.30 0.25 0.22 0.21
Pigou et al. [16] 0.19 0.18 0.16 0.16

Log-normal this study 0.25 0.19 0.17 0.16
Pigou et al. [16] 0.25 0.23 0.23 0.23

Gamma this study 0.38 0.27 0.20 0.21
Pigou et al. [16] 0.39 0.21 0.19 0.18

Weibull this study 0.26 0.21 0.19 0.18
Pigou et al. [16] 0.27 0.22 0.21 0.21

Table 3
Difference in the number of FLOPS for all the tested kernels and moment sets used in this study in comparison to Pigou et al. [16]. The numbers indicate a statistical
average of 10,000 moment sets.

Tested kernels Realisability P=2 P=3 P=4 P=5
of moment set

Gauss Strict 309,66 253,93 2114 23.0,7,
Weak 473,190 383,153 33.6,,3 28.1,90

Laplace Strict 447 4, 339,140 30.0405 273,56
Weak 63.0496 454,183 382,150 329,106

Log-normal Strict 34.8,132 351417, 322, 28.8.42
Weak 400,40 375,76 337,76 30.5,6

Gamma Strict 34.8,404 24.7 4105 211,55 19.9,54
Weak 222,35 237,57 19.0,5, 18.6,50

Weibull Strict 38.0,139 369,99 32.5,9, 214,45
Weak 453,40 39.9, 105 33.6,04 23.0,,5

parameter values. In the case given in Fig. 3(d), the root being out of [0, 1] is calculated by the H-R method. Such moment vectors
are rarely encountered in the generated tested moment set.

6.1. Test cases for validation of the proposed method

The system of moment equations (7) for growth by using quadrature approximation, for k € N, can be given as

P [9]
m - _
T = g OO +k Y w, Y Ve (0.8, (21)
=1 j=1

14



M. Turan and A. Dutta Heliyon 9 (2023) 18636

104 .
— G — Gl
(o) (o)
10 (3, 100 ({
N . === &)
) i - 3(0) ) - )
!
[ %) %)
107 i . 107! |
i - Gl --- (o)
P %) 4
'
[
107 . i e I
107 2x10  3x107 4x10  6x107 107 2x10  3x107 4x10  6x107
g o
(2) t =0 (b) ¢t =3
/ U L
zz=mmmmmm=mmmcll - 3 S e e e o S -
. — & " — &)
G@ Fozs=ss G
. 10° N
w . == &)
& - Gl 2 10 - Gl
) Z; (o) Z)
10 N ]
= Gl 1072 --- o)
%) G
10 Lo
107 2x107 3x107 4x10° 107 2x107 3%10°
g o
(c)t=10 (d) t =20

Fig. 5. Evolution of £ (o), where k =2,3,4,5,6,7,8 for Diffusion-controlled growth with LogN KDF at 7 =0, 3, 10, 20.

where &;; =¢; A;”) for Gauss-Wigert and &;; = aﬁﬁ.”) for Gauss-Laguerre quadrature approximations.
The system of moment equations for aggregation by using Gauss-Wigert quadrature approximation (13), for k € N can be given
as

p 9 P 9

m 1
d_l: T2 Z Z Z Z Wiy jy Wiy [y +§"zl'z)k _fikm _gilczjz]ﬂ(éfljl’gizjz)’ (22)

i1=1j1=1ip=1jp=1

- (o) — (o) — (o) — () i
where &; ; =¢; 4 g0 Gingy T Ay s Wiy = Wy @) and w;,;, = w;, @ " This quadrature rule needs to be calculated for each value of

o. For each Gamma KDF, this becomes
E-lexp(—£/0)

0,(8,6) = T()o!

(23)
with I = & and T(x) = [;7 " le~!dt.

o
Similarly, the system of moment equations can be obtained by substituting Gauss-Laguerre quadrature approximation (14) in (7).
This quadrature rule needs to be calculated for each value of ¢. For each LogN KDF, this becomes

1 (log (&) — log (£))*
p(— .

ex >
cé\2rx 20

Case 1: Diffusion-controlled growth
A pure diffusion-controlled growth case described by McGraw [21] is considered here. In this case, the chosen internal coordinate for

65(6,8) = (24)

the size variable is radius r (um)). The initial distribution is given by 5(0,r) = 0.108¢="". The growth rate is given by Rygyouw =2.34r.
Using the particle radius as the interval variable, the analytic solution is given by:
2 2
n(t,r)=0.108r4/r2 — 52.34texp(—b r2— 52.34t). (25)

The results for the test case are presented by using the LogN KDF for P =3 and Gamma KDF for P =4 with the moment-inversion
procedure based on Halley-Ridder (H-R) method in Fig. 4. It can be observed that the reconstructed NDFs are very similar for both
LogN and Gamma KDFs, and relatively match better with the exact solution than Nguyen et al.[15]. If considering surface growth, it
can be deduced from Fig. 4 that the results can be improved by using multiple moments. As seen in Fig. 4, there exists a discrepancy
with the analytical solution for LogN KDF similar to the results of Nguyen et al. [15]. To explain this discrepancy, the evolution
of g’;‘(a), C;(a), e Cg(a) (r=0,3,5,10,20) has been given in Fig. 5. It is observed that for t =0, {io) functions have a root in the
interval. But for t =20, k =2,4,6,8 have a root in the interval while k =3,5,7 do not have a root (zero at infinity). Therefore, it is
presumed that this negation might be the reason for the discrepancy in Fig. 4. A similar discrepancy with the analytical solution is
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Fig. 6. Evolution of ¢/ (c), where k =2,3,4,5,6,7,8 for diffusion-controlled growth with Gamma KDF at =3, 10, 20.
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Fig. 7. Brownian aggregation with self-similar NDF (solid orange line) at r = 10 (y(v, 10)): LogN KDF (left) for P =2 and Gamma KDF (right) for P =4.

found in Nguyen et al. [15]. The evolution of C;(U), Zj;(a),..., g“g(o) (r=0,3,10) is given in Fig. 6 for Gamma KDF where the same
situation is observed as well.

Case 2: Aggregation with Brownian kernel

A pure aggregation case using the Brownian kernel described by von Smoluchowski [36] f(v,v') = (v'/3 + (')!/3) x (=173 + (/)~'/3)
is considered here. In this case, the chosen internal coordinate for the size variable is volume v. The initial condition is given by
n(0,v) = exp(—v). The results for the test case are presented by using the LogN KDF for P =2 and Gamma KDF for P =4 with the
moment-inversion procedure based on Halley-Ridder (H-R) method in Fig. 7.

It can be observed that Gamma KDF results match better than LogN KDF results. The NDF calculated with Gamma KDF is
significantly accurate and slightly better in agreement with self-similar NDF as shown in Nguyen et al. [15]. There exists a discrepancy
with self-similar NDF solution for LogN KDF, similar to the results of Nguyen et al. [15]. To explain this discrepancy, the evolution
of Cz*(a), cj;(o), Cj(a) (r=10) has been given in Fig. 8.

It is observed in Fig. 8 that for ¢ = 10, there is CI(O) = (;‘(O) > C;(O) and the difference between C3*(0) and C;(O) values is relatively

large. However for o p, the difference between ] (cp) and ¢ (cp) is relatively small. This causes a change in the recurring coefficients
for a}, | (s) and b},_ (o) in the Jacobi matrix.

16



M. Turan and A. Dutta Heliyon 9 (2023) 18636

10° Sse

\ — o)
) o)
-== g;(0)

(
8

107! 10°

Fig. 8. Brownian aggregation with self-similar NDF (solid orange line) at 7 = 10 (5(v, 10)): LogN KDF for P =2.

7. Conclusion

A moment-inversion procedure based on the proposed Halley-Ridder (H-R) method has been implemented in this study. The
computation of convergence via the core-iterative procedure based on recurring coefficients namely, b;(0), ¢;(0) and 7;(c) are
mentioned for situations encountered in moment-inversion procedures. Three cases in which the procedures do not respond are
examined in detail. They can be given by (i) calculation of the ¢ root being out of the initial interval, (ii) calculation of the smallest
o root in the case there is more than one op, or there is multiple op roots and (iii) for the Hausdorff problem, calculation the op
root when there is a gap where convergence criteria is undefined. For (iii), because the 7, (o) must be smaller than 1, it is hard
to exceed the gap where the convergence criteria is undefined and reach the . Due to the additional condition, the H-R method
responds positively to (iii). Although there is no significant improvement in the extent of variability relative to the mean of the tested
shape parameter values, an increase in the number of FLOPS has been observed which the proposed procedure responds to with
limitations. The total number of FLOPS for all the KDFs (Gauss, Laplace, Log-normal Gamma and Weibull) used for the EQMOM

approximation in this study increased by around 30%. This indicates a more reliable and robust moment-inversion procedure for use
with the quadrature-based method of moments.
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Appendix A. Root-finding algorithms

A.1. Ridder’s method

Ridder’s method is an iterative root-finding algorithm [14,37] based on the false position method which is used for the calculation
of the root of a real continuous function. When a root is in the range (9,,9,), firstly the midpoint 9; = (9, +9,)/2 is evaluated. It then

approximates the root by using an unique exponential function eX which turns the residual function into a straight line such that it
gives

w(®)) = 2w (93)e* +w(9,)e** =0.

(A1)
This is a quadratic equation in eX, whose solution is calculated from

X = WO3) + signly(9)] w(9;)? - v@ )W) (A.2)
v (9,)

Then, a new guess for the root, 9, can be computed by applying the false position method, not to the values w(9,), w(93), w(9,) but
to the values w(9,), w(93)eX, w(8,)e*X. The overall formula is given by:
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(83 = 9)signlw(9)) — w91y (I3)
W(’93)2 —y()Dy(9,)

and it guarantees that 9, lies in the interval (9,,9,), so 9, never moves out of the interval. Further, the convergence order of the
method is \/5 [37].

9, =95+ (A.3)

A.2. Halley’s method

Halley’s method is an iterative root-finding algorithm that is used for functions of one real variable with a continuous second
derivative [20,38]. Considering the second-order Taylor series

1
v(@®) =w@,)+v' 9,8 -9,)+ 5"’”(‘9")(‘9 -9+ ... (A4
A root of y(9) satisfies y(9) =0, so
1
0~ w(9,)+ v (9,)O, —9,)+ 51,/’(19,,)(19,,+1 -9+ ... (A.5)
Now, reorganizing the terms yield

0=y, + O — 9DV I,) + %w”(&,)(ﬂnﬂ - 9,07 (A.6)

Putting second term to left side and dividing by v'(9,) + %y/’ "9, py1 —9,) gives

y(3,)
9,01=9,— 7 . (A7)
v’ (9, + EWH(S")(S"“ -9,
Using the result from Newton’s method,
v,
9 =9, =——, (A.8)
+ v'(9,)
Gives
2w (9,)w' (9
- v ®,) *9)

TP —w @ (9,)

In Equation (A.9), 9,,, is free and is not confined so the method never comes out of the interval (9,,9,). Moreover, the convergence
order of the method is 3 i.e. it converges cubically [20].
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