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This paper considers a high-dimensional stochastic SEIQR (susceptible-exposed-infected-quarantined-recovered) epidemic model
with quarantine-adjusted incidence and the imperfect vaccination. The main aim of this study is to investigate stochastic effects on
the SEIQR epidemic model and obtain its thresholds. We first obtain the sufficient condition for extinction of the disease of the
stochastic system. Then, by using the theory of Hasminskii and the Lyapunov analysis methods, we show there is a unique stationary
distribution of the stochastic system and it has an ergodic property, which means the infectious disease is prevalent. This implies
that the stochastic disturbance is conducive to epidemic diseases control. At last, computer numerical simulations are carried out

to illustrate our theoretical results.

1. Introduction

Mathematical models for differential equations have been
widely applied in various fields [1-7]. Specifically, they have
had a realistic significance to analyze the dynamical behaviors
in the field of mathematical biology [8-17], which obtained
some novel results.

In fact, the main meaning of the research of infectious
disease dynamics is to make people more comprehensively
and deeply understand the epidemic regularity of infectious
disease; then more effective control strategies are adopted
to provide better theoretical support for the prevention
and control of epidemics. To this end, many mathematical
biology workers considered more realistic factors in the
course of the study, such as population size change, migration,
cross infection, and other practical factors. In the course of
epidemics and outbreaks of infectious diseases, people always
take various measures to control the epidemic in order to
minimize the harm of epidemic diseases. Quarantine is one
of the important means to prevent and control epidemic
diseases; it has been used to control contagious diseases

with some success. Specifically, during the severe acute
respiratory syndrome (SARS) outbreak in 2002, remarkable
results were also achieved. Among them, mathematical
models have been used to investigate their impact on the
dynamics of infectious diseases under quarantine [18-22],
which attracts deep research interest of many mathemati-
cians and biologists. Recently, Hethcote et al. [21] consid-
ered an SIQR (susceptible-infected-quarantined-recovered)
model with quarantine-adjusted incidence. The system can
be expressed as follows:

: BSI
S=A-—=——-uS,
N_ H
. BSI
I==——-(A+eg+y+u)l,
N-Q (A+e +y+u) )

Q=M-(p+e&+u)Q,
R:y1+(pQ—‘uR,

where the total population size is given by N(t) = S(t) +
I(t) + Q(t) + R(t), A is the inflow rate corresponding to birth
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and immigration, and y is the outflow rate corresponding to
natural death and emigration. Since the quarantine process,
using the standard incidence (SI/ N)S, the contact rate BQ/ N
with the quarantined fraction Q/ N does not occur. Hence the
standard incidence is replaced by BSI/(N — Q) (it is called
quarantine-adjusted incidence); here f3 is the transmission
coefficient between susceptible individuals and infected indi-
viduals. A is the quarantine rate of infected individuals, ¢
is the recovery rate of quarantined individuals, and &, and
&, stand for the rate of disease-related death of infected and
quarantined individuals, respectively. y is the recovery rate
of infected individuals. Furthermore, all the parameters are
positive and the region D= {SLQR | S >01 >
0,Q >0,R >0, S+I+Q+R < Aly}is a positively
invariant set of system (1). In the region D, they established
the basic reproduction number R;, which determines disease
extinction or permanence, where

B

Ry= ———.
0 Adte +y+p

2)

Meanwhile, they analyzed the global dynamics of system (1)
and derived the equilibria (including the disease-free equilib-
rium and the endemic equilibrium) and their global stability.
In addition, the parameter conditions for the existence of a
Hopf bifurcation are obtained.

In the real world, with the development of modern
medicine, vaccination has become an important strategy for
disease prevention and control in addition to quarantine,
and numerous scholars have investigated the effect of vac-
cination on disease [23-30]. For another, many infectious
diseases incubate inside the hosts for a period of time before
becoming infectious, so it is very meaningful to consider
the effect of the incubation period. Motivated by the afore-
mentioned work, this paper considers an SEIQR (susceptible-
exposed-infected-quarantined-recovered) epidemic model
with imperfect vaccination, which is described by the follow-
ing system:

~(1-8)psSI 8(1-p)psI

S=A N-0 N-0 —(6p+u)S,
E:(1—8”%I 8(1—p”%1_(“+M)E
N-Q N-Q

. €©)
I=aE-(A+e+y+u)l,

Q=AM-(p+&+u)Q,
R =6pS +yI +¢Q — uR,

where the total population size is given by N(¢) = S(¢t)+E(t) +
I(t) + Q(t) + R(t), 6 (0 < & < 1) is the vaccine coverage rate,
p (0 < p < 1) is the vaccine efficacy, and « is the rate at
which the exposed individuals become infected individuals.
Other parameters are the same as in system (1). Now we
assume that all the parameters are positive constants here
except that §, p are nonnegative constants. Clearly, the region
D={SELQR)|S=20,E>20,1>20,Q=>=0,R=>0,
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S+E+I+Q+R < A/u}isapositively invariant set of system
(3). For system (3), the basic reproduction number is

~ (1 -38p) o
) Qe rye Y

and it has the following properties:

(1) When R, < 1 holds, system (3) has a unique disease-
free equilibrium E; = (§,,0,0,0,R;) = (A/(Sp +
1),0,0,0,5pA/u(8p + ) which is globally asymptot-
ically stable in the region D. That means the epidemic
diseases will die out and the total individuals will
become the susceptible and recovered individuals.

(2) When R, > 1 holds, system (3) has a unique
globally asymptotically stable positive equilibrium
E* = (S, E",I",Q",R") in the region D, which
means the epidemic diseases will persist.

In the natural world, deterministic model is not enough to
describe the species activities. Sometimes, the species activ-
ities may be disturbed by uncertain environmental noises.
Consequently, some parameters should be stochastic [31-40].
There is no denying that this phenomenon is ubiquitous in the
ecosystem. Therefore numerous scholars have introduced the
effect of stochastic perturbation on diseases [41-50]. To the
best of our knowledge, the research on global dynamics of the
stochastic SEIQR epidemic model with imperfect vaccination
is not too much yet. In this paper, to make system (3) more
reasonable and realistic, we assume the environmental noise
is directly proportional to S(t), E(t), I(t), Q(t), and R(t).
Then corresponding to system (3), a stochastic version can
be reached by

ds

~ A_ﬂ—é”%I_6U—pH%I_
B N-Q N-Q

(6p + 1) S] dt
+0,8dB, (¢),
dE

=[(1—8)ﬁ$ +8(1—p)ﬁ$' (5)

N-Q N-Q
+0,EdB, (1),

—(oc+y)E]dt

dl = [aE-(A+¢ +y+u)I]dt +05IdB; (1),
dQ = [A - (¢ +& +u)Q] dt + 0,QdB, (1),
dR = (8pS + yI + 9Q — uR) dt + o5 RdB; (t),

where B;(t) (i = 1,2,3,4,5) is the mutually independent
standard Wiener process with B;(0) = 0 as. o;(t) (i =
1,2,3,4,5) is a continuous and bounded function for any
t > 0and O'iz(t) (i = 1,2,3,4,5) are the intensities of Wiener
processes.
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In this paper, we are mainly concerned with two interest-
ing problems as follows:

(P1) Under what parameter conditions, will the disease die
out?

(P2) Under what conditions, will system (5) have a unique
ergodic stationary distribution?

Throughout this paper, let (Q, F, {F},5(,P) be a com-
plete probability space with a filtration {#,},., satistying the
usual conditions (i.e., it is increasing and right continuous
while % contains all P-null sets). Further B;(t) (i =
1,2,3,4,5) is defined on the complete probability space.

For simplicity and convenience, we introduce the follow-
ing notations:

(1) R, = [0,+00), Ri = {x = (%1, %5, X3, X4, X5) € R’ :
x;>0(i=1,2,34,5).

(2) For an integrable function x(t) € [0, +00), (x(t)) =
(1/1) [ x(r)dr.
(3) a Ab = min{a, b}, a v b = max{a, b}.

2. Global Positive Solution

To investigate the dynamical behaviors of a population
system, we first concern the global existence and positivity
of the solutions of system (5).

Lemma 1. For any given initial value (S(0), E(0), I(0), Q(0),
R(0)) € Ri, system (5) has a unique positive local solution
(S(), E(t), I(t), Q(t), R(t)) for t € [-w,T,), where T, is the
explosion time [51].

Theorem 2. For any given initial value (S(0), E(0), I(0), Q(0),
R(0)) € IRi, system (5) has a unique positive solution (S(t),
E(t),1(t),Q(t),R(t)) € R ont > 0 a.s.

Proof. The following proof is divided into two parts.

Part 1. By Lemma 1, it is easy to see that system (5) has a
unique positive local solution (S(¢), E(t), I(t), Q(t), R(t)) for
any given initial value (S(0), E(0), I(0), Q(0), R(0)) € R>.

Part I1. Now we prove that the positive solution is global, that
is, 7, = co a.s. Let k, > 0 be sufficiently large such that S(0),
E(0), I(0), Q(0), and R(0) all lie in [1/k,, k,]. For each integer
k > k, let us define the stopping time as follows:

7, = inf {t €[-w1,):S() ¢ (%,k),E(t)

¢ (k) 10 ¢ (k). e (k) or RO (©)

1
L)
(&
where we define inf@ = oo (0 represents the empty set).

Evidently, 7, is strictly increasing when k — oo. Let 7, =
lim;_,,7;; thus 7., < 7, a.s. So we just need to show that

T, = 0o as. If 7., = oo is untrue, then there exist two

constants T > 0 and ¢ € (0, 1) such that P{r,, < T} > ¢.
Thus there exists k, > k, (k; € N,) such that

Pl <T}>¢ k>k,. (7)
Define a C*>-function V : R> — R, by
V(S,ELQR =S—1-InS+E-1-InE+1-1

-InI+Q-1-InQ+R-1 (8)
—InR.

Applying Ito’s formula and system (5), we have
dV = ZVdt +0,(S-1)dB, (t) + 0, (E - 1)dB, (t)

+ 05 (I-1)dB; () + 0, (Q— 1) dB, (1) )
+05(R—1)dBs (t),

where
$V=(1—é)
(1-8)BSI  &(1-p)pSI
'[A_ N-Q | N-Q _(6’””)3]
1
(1-3)
‘ [(11:](?)581 s 6(11\]—_1722/351 ~ (aw)E]

+<1—%)[aE—(A+el+y+y)I]+<1—é>

-[/\I—((p+£2+/4)Q]+<l—%>

- (8pS +yI + 9Q — uR) (10)

oo 2 2 2 2
+—(01+02+03+04+05):A+8p+(x+)\

2
(1-0p) Bl

+ty+tote +tetout ———7—
L I s

—y(S+E+I+Q+R)—sII—elQ—%

__(-0p)pST__aE AL _0pS I
E(S+E+I+R) 1 Q R R
—@+l(of+a§+o§+ai+o§)§A+6p+oc

R 2
+tA+y+o+e +e+5u+(1-06p)p

1 2 2 2 2 2
+5(01+02+03+04+05)=M0,



and here M, is a positive constant. Hence

dV < Mydt + o, (S—1)dB, (t) + 0, (E - 1)dB, (t)

+03(I-1)dB; (t) + 0, (Q - 1)dB, (t) (1)

+05(R—1)dBs (1),

Integrating both sides of (11) from 0 to 7, AT and then taking
the expectation, we have

EV(S(tx AT),E(tu AT), I (5, AT),Q (1 AT),

R(1, AT)) <V (S(0),E(0),1(0),Q(0),R(0))
TNT . (12)
+[EJ M,dt <V (S(0),E(0),1(0),Q(0),R(0))

0

+ M,T.

Set Q. = {1, < T}, k >k, and by (7) we can get that P(€);) >
¢. Notice that, for every w € (), there exists S(1;, ), E(1, w),
I(1y, w), Q(11, W), or R(7y, w) which equals either 1/k or k.
Thus

V(8 (10), E(10), 1 (70 ), Q (11 0) , R (11, @)

(13)
1 1
> (E-l-lnE)/\(k-l-lnk).
By virtue of (12) and (13), one has
V(S(0),E(0),1(0),Q(0),R(0)) +M,T
> E [IQk(w)V (S (Tk’ (U) 5 E (Tk’ (U) N I (Tk’ w) 5
(14)

Q(10), R (11, w))] ZC[<E -1-In —>/\(k—1

—lnk)],

and here 1, () is the indicator function of (0 (w). Letk — oo,
which implies

00 >V (S(0), E(0),1(0),Q(0),R(0)) + M,T =co (15)

is a contradiction. Obviously, we get that 7., = oo. This
completes the proof of Theorem 2. O

3. Extinction

In this section, we mainly explore the parameter conditions
for extinction of the disease in system (5). Before proving the
main results, we first give a useful lemma as follows.
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Lemma 3. For any given initial value (S(0),E(0),1(0),
Q(0), R(0)) € Ri, the solution (S(t), E(t), I(t), Q(t), R(t)) of
the system (5) has the following properties:

lim & =0,
t—oo f

lim E—(t) =0,
t—oo f

lim o =0,
t~oo t (16)
lim 240) =0,
t—oo f

lim R®) =0
t—oo
a.s.

Furthermore, when p > (1/2)(01 \Y; 02 Vv 03 \% 04 Vo 2) holds,
then

11m J S(r)dB, (r) =
11r£10 J E(r)dB, (r) =
1 t

hm% Jt Q(r)dB, (r) =

Lm% Jt R(r)dBs (r) =

a.s.

Proof. The proof of Lemma 3 is similar to [25, 41]; thus we
omit it here. O

Theorem 4. Let y > (1/2)(0} V 05 V 05 V 0, V 02). For any
given initial value (S(0), E(0), 1(0), Q(0), R(0)) € R?, if

2a(1-6p) B(a+p)
(A+e +y+p+03/2)(a+u) A(@?03/2)  (8)

R =

<1

holds, then
tlimE ) = tlimI t) = tlimQ =0 as. (19)

Moreover,
A
li =——=3S,,
i 9 = 55 =5
lim (R) = —2P2_ _ g, (20)
=00 u(dp+u)

a.s.
Proof. Define a differentiable function V; by
Vo =1In[aE (t) + (a+u) I (1)]. (21)
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From Itd’s formula and system (5), we have
dv - a(1-8p)BSI/ (S+E+T+R) = (a+p)(A+e, +y+u)I  o0E2 + (a+p) o2l d&
0 aE + (a+u)l 2[aE + (a+p) 1]
I
OCUZE de (t) n ((X + Au) 03 dB3 (t)
aE + (a+p) 1 aE+(a+p)l
< (x(l—8p)ﬁ_ (A+£1+y+y+a§/2)(a+y)212+(¢x20§/2)E2 q ao,E 4B, (&
- a+u [«E + (a+u) 1) aF + (a+u)I
(22)
I
(a+p)oy dB, (1)
aE + (a+p)l
2 2 2 2
3 (x(l_@p)ﬁ_()L+sl+y+pt+03/2)(oc+(4) /\(occrz/z) s wE "
- o+ p 2(a+p) aE+ (a+u)I °
I
de% (t).
aF + (a+p) 1
Integrating from 0 to ¢ and dividing by t on both sides of (22), ~ which shows that
we have tlimE (t) =0,
In [«E (t) + foc +u)I(1)] tlimI () =0 (25)
< a(l-0p)p as.
S oatu From the fourth equation of system (5), it is easy to get that

(A te YUt 0§/2) (a+p)’ A (oczag/Z)
2(¢x +/4)2
s In [«E (0) + (a + ) I (0)]
t

oc_azjt E(r)
0o aE(r) + (a+p)I(r)

(23)

; dB, (r)

+W+M%r 1(r)

t 0 06E(1’)+(06+/4)I(1’)dB3 ).

Making use of Lemma 3, we have

) In[aE (£) + (e + ) I (1)]
lim sup

t—00 t

 a(1-5p)p
a+u (24)
(/\+£1 +y+y+(732/2) ((x+y)2/\((x2cr§/2)

2(a+ y)z

<0 as.,

tlingoQ ) =0 as. (26)

Moreover, integrating from 0 to ¢ and dividing by ¢ on both
sides of the first equation of system (5) yield
S(t)-S(0) < SI >
——F=A-(1-¢ —_—
; (1-0p) B\ N g

G IOTE INGEENCE
0

(27)

and considering (25), (26), and Lemma 3, it then follows that

tlir(r)lo (S) = Sp+ 1 =S5, as. (28)
Similarly, we also get
OpA
lim (R) = ——— =R, aus. (29)
e 0w (Sprp) "
The proof of Theorem 4 is complete. O

4. Stationary Distribution and Ergodicity

Ergodicity is a significant property in a population system.
Recently, it attracts deep research interest of numerous



scholars [52, 53]. In this section, based on the theory of
Hasminskii et al. [54] and the Lyapunov analysis methods, we
study the conditions of the existence of an ergodic stationary
distribution.

Assume X(¢) as a time-homogeneous Markov process in
E, < R”, which is described by the stochastic differential
equation

dX (t) =b(X)dt + Y 0, (X)dB, (1), (30)
n=1

and here E,, stands for a n-dimensional Euclidean space. The
diffusion matrix takes the following form:

A(x) =(a;(x), a;(x) =)0, X)) x. @
n=1

Assumption 5. Assume that there is a bounded domain U ¢
E, with regular boundary I such thatU c E,, (U is the closure
of U), satisfying the following properties:

(i) In the domain U and some neighborhood thereof,
the smallest eigenvalue of the diffusion matrix A(x)
is bounded away from zero.

(ii) If x € E,, \ U, the mean time 7 at which a path issuing
from x reaches the set U is finite, and sup, .o E, 7 < 00
for every compact subset ® C E,,.

Lemma 6 (see [54]). When Assumption 5 holds, then the
Markov process X(t) has a stationary distribution 7(-). Fur-
thermore, when f(-) is a function integrable with respect to the
measure 71, then

unuﬁ%fﬂxmm=£fmmm4=lwm

forall x € E,.
Remark 7. To demonstrate Assumption 5(i) [55], it suffices

to demonstrate that F is uniformly elliptical in any bounded
domain H; here

Fu=b(x)u, + %trace (A(x)thyy)s (33)

namely, there exists a positive number Z such that
Ya;(0)EE > ZIE], xeH EeR.  (34)
ij=1

To verify Assumption 5(ii) [56], it suffices to demonstrate

that there exist some neighborhood U and a nonnegative C*-
function V such that Vx € E, \ U, LV (x) < 0.

Using Lemma 6, we can get the following main results.
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Theorem 8. For any given initial value (S(0), E(0),1(0),
Q(0),R(0)) € R3. If
R*
u(1-8p) pa

S Gprpran) @rpran) re ryiaran O

> 1

holds, then system (5) has a unique stationary distribution 7(-)
and it has ergodic property.

Proof. Define a C*-function V : R> — R by
V(S,E,I,QR)
=Y(S+E+I+Q+R-aInS-a,InE-aylnl)
+$(S+E+I+Q+R)g+l—lnS—InE (36)
-InQ-InR+(S+E+I+Q+R)
=YV +V,+ V3 +V + Vo + Ve +V,

and here pand g; (i = 1,2, 3) are positive constants satisfying
the following conditions:

0<p< 2
¢ 0*VoivalVveivo?
A
a=—-
L Sptutal)2
(37)
LA
2T atu+ a2
A
as = ,
P dte ty+u+olf2
and we take Y > 0 large enough such that
Y+ M < -2 (38)
here
%\ 1/4
¢=4n[(R)" -1],
or, %, %
M:=A+1"+<Sp+oc+cp+sz+4[4+7+7+7 (39)
2
o
+ =2,
2
Obviously,
liminf  V(S,E,I,QR) = oo, (40)

w—,(S,ELQR)ER;\U,,

and here U, = (1/w,w) x (1/w,w) x (1/w,w) x (1/w,w) x
(1/w,w). Since V (S, E, I, Q, R) is a continuous function, then
there exists a unique point ($*,E*,I*,Q",R") in R} which
is the minimum point of V(S,E,I,Q,R). Therefore let us
construct a positive-definite C>-function V: R> — R, by

V(S,E,I,QR) =V (S,E,I,QR)
_ (41)
_V(gaE_*:K:Q_*aR_*)-



Computational and Mathematical Methods in Medicine

From Itd’s formula, we have

a A

a (1-8)BSI a,6 (1 - p) BSI _ aak

@ (1-8)pl  ad(1-p)pl

CAYS :—y(S+E+I+Q+R)—T— EN-Q

2 2
% 9
+A+aq (8p+‘u+7)+a2(oc+y+?>+a3<

A a, (1 -8p) BSI

E(N-Q) i

N-Q N-Q

2

Adte+y+pu+ %)—EII—SZQ

_aaE ay (1-6p) I

<-u(S+E+1+Q+R) - A2

S _E(S+E+I+Q+R)

2
o
+ +A+a |dp+u+ L
I ' S+E+I+R al(p” 2)

(42)
2
o (o2 1/4 a(l—5p)ﬁ1
+a2<¢x+[4+72)+a3<l+sl+y+y+?3)S—4(a1a2a3Ay(l—5p)ﬁoc) +m+4A
1/4
N p(1-8p) Pa |, a(-8p)pI
Op+pu+0i/2)(a+pu+03/2)(A+e +y+u+03/2) S+E+I+R
:_4A[(R*)1/4_1]+a1(1_8p)ﬁ1:_¢+a1(1_6p)ﬁ1
S+E+I+R S+E+I+R’
Similarly, We also have
FV,=(S+E+I+Q+R)° oy, = A (1-8p)B Sp+p+ i
A (s 04 R al > S S+E+I+R ’
A - +E+I+Q+R)—gl-c¢
' 1 2 £V, < (1-3p) pSI +o+ +a§
L OSHE+I+Q+ R {STES+E+I+QeR) CYTHT S
’ o? (45)
202 | 272 | 2.2 . 2.2 252 FVi=-"+gp+e +/4+—4
x(als +0E" + 031" + 0,Q +05R) 5 2 5’
<AS+E+I+Q+R) 8pS +yI :
v, - BS99,
/2, 2., 2, 2 2]
—|lu-=(o;Vo,Vos;Vo,Vo
[!‘ 2(1 AL AEALS (43) PV, <A-u(S+E+I1+Q+R).
. o+l
S+E+I+Q+R) <T Therefore,
1 Qr2 ., 2, 2, 2 2
_E[V—E(GIVGZVQVQVUS)] 3V<—Y¢+Yal(l_5p)/31+ (1-6p)BI
. B S+E+I+R S+E+I+R
“(S+E+I+Q+R)®" <T ) .
1 Qr2, 2., 2,2, 2 —E[pt—z(afV(r;Vagvajvaé)]
—E[‘u—E<O'IVO‘2VO'3VO‘4VO'5)] .
o+1 o+1 o+1 o+1 o+l _ 2
.(SQ+1 +EQ+1+IQ+1+QQ+1+RQ+1)’ X(S +E +1 +Q +R ) S
(1-6p) BSI
and here _E(S+E+I+Q+R)_‘M(S+E+I+Q+R)
SpS +yI
F:(SEISIQJ%GRS{A(S+E+I+Q+R)Q —%—pJFVTJr(PQ+A+F+6p+cx+<p+SZ
1 2 2 2 2
—E[P‘—g(afV";VU;VUEVU;)] (44) +4y+%+%+%4+%§—](¢
. (Ya, +1)(1-6p) pI

><(S+E+I+Q+R)Q”} < 00.

S+E+I+R



1 0/ 2 2 2 2 2
-3 [[4—5(01 VO‘2V03VO‘4V05)]

. (SQ+1 + EQ+1 + Ig+1 + Qg+1 + Rg+1) _

wul>

_,(#(=0p)psI Y2OM 8pS+yT+9Q
E Q R

+ M,
(46)

where M = A+T+3p+a+q+e, +4u+0o: [2+05/2+0, [2+02 /2.
Next let us consider the following compact subset D:

—

1
4’

1

D={es8s—,e4sEs e€<I<—,e8<Q

€ € €

(47)

1, 1
S€—3,€ SRS€—4},

and here € is a sufficiently small constant satisfying the
following conditions:

A (e ) (1-8p) B M =1, )
€
1/2
u(1—5p)ﬁ)
(¥ PP +(Ya, +1)(1-0
+MS_1)
-Y¢+(Ya, +1)(1-8p) fe+M < -1, G0
A (e 1) (1-0p) e M1, G
€
19
_e_f_elz_§+(Ya1+1)(1—5P)ﬁ+M3_1’ 2
17 _§(02v02V02V02V02)< !
2 |HT g\ VR Va3 Vo, VOs)| (53)
+(Ya, +1)(1-6p) f+M < -1,
L, 2 2ya?velveyed)] 1o
-3 »M_E(al Vo, Vo, VU4V"5)_ e4lerD) (54)
+(Ya, +1)(1-6p) p+M < -1,
1— Q 2 2 2 2 2- 1
-3 ,M_E(Gl Vo, Vo; V‘74VG5)_ e2(etl) (55)
+(Ya, +1)(1-8p) p+M < -1,
1— Q 2 2 2 2 2- 1
-3 _#_5(01 Vo, Voy VU4V"5)_ &erD) (56)
+(Ya, +1)(1-8p) p+M < -1.
Then
RI\D =D, UD,UD;UD,UD;UDgUD,U Dy (57)

U Dy U Dy,
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with
D, ={(S,E,,QR) €R} [0<S<el,
D,={(SELQR) €R}|S>¢el2€,0<E<¢},

Dy ={(S,E.LQR) €R}[S260<I<e},

{

{

{

D, = {SELQR R} [I2e0<Q <€},

Dy = {(SELQR R} [S2el>eQ>¢,0<R
<),

5 1 (58)
- {(SELQR) €R3|S> g}’

{
{ I
{
{

SELQR e |1> 5},
€
1

-{sELQR R IQ> 5],
€

(S.E.,QR) R} | E >

O] —

Dy
D,
Dy
Dy
Dy = {(S,E,I,Q,R) eR’[R> 6%}

Now we analyze the negativity of ZV for any (S, E,I,Q,R) €
R>\ D.

Case L. If (S,I,Q,R) € Dy, (46) and (48) derive that

A, (e ) (1-0p)pI

ZV <
S S+E+I+R

M

(59)
< —% +(Ya, +1)(1-0p) f+ M < -1.

Case I If (S,I,Q, R) € D,, (46) and (49) imply that

u(1-6p) psT\"”
)

3V§—2<

Qa1 -ep)Bl
S+E+I+R (60)

o (M-8

€

1/2
) +(Ya, +1)(1-6p) B
+M < -1.
Case III. If (S, I, Q, R) € D5, it follows from (46) and (50) that

(Ya, +1)(1-6p) pI .

LV <Y+ M
S+E+I+R
< Yo+ (Ya1+1)§1—6p),3[ M (61)

<-Y¢+(Ya, +1)(1-68p)Pe+M < —1.
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Case IV.If (S,I,Q,R) € D,, (46) and (51) yield that

A (Ya+)(1-8p) T

ZV < +
Q S+E+I+R

(62)
S—%+Hm+nﬂeﬁmﬁ+Ms—L

Case V. If (S,1,Q, R) € Ds, it follows from (46) and (52) that

_OpS+yI+9Q s (Ya, +1)(1-6p) BI
R S+E+I+R

(63)

—————;+(Ya1+l)(1—6p)ﬁ+M

Case VL. If (S, I,Q, R) € Dy, (46) and (53) lead to

¢
2
. (Ya1+1)(1—8p)ﬁI+M

S+E+I+R (64)

1 0/ 2 2 2 2 2
<-3 [y—z(alv%v%v%v%)]

o+1

1
QVS—E [y— (afVcr;Va;VaZVag)]S

€g+1

+(Ya, +1)(1-6p) B+ M < —1.

Case VIL. 1f (S,1,Q, R) € D, (46) and (54) derive that

ov < [u-2(dvaivaivaived) B
Ya, +1)(1-6p) I
L+ )(-8p)pr
S+E+I+R (65)
4

1 2 2, 2., 2., 2
S—E[#—E(%V%V%V%V%)]

+(Ya, +1)(1-8p) B+ M < —1.

e4(g+1)

Case VIIIL. If (S,I,Q,R) € Dy, it follows from (46) and (55)
that

Q
2
. (Ya1+1)(1—8p)[51+M

S+E+I+R (66)

1
e2(e+1)

1
LV < [‘u— (afvaﬁvagvaivag)] I

1
2
+(Ya, +1)(1-6p) f+ M < -1.

0/ 2 2 2 2 2
[y—5(01ch2v(rSch4Vcrs)]

9
Case IX. If (S5, I,Q, R) € D,, (46) and (56) derive that
1
v |u-2(vavavava)|e”
Ya, +1)(1-6p) LI
Qe )(-op)p1
S+E+I+R (67)
1 Qr 2, 2,2, 2, 2
S—z[y—z(01V02V03V04V05)]63(Q—+1)

+(Ya, +1)(1-6p) B+ M < -1
Case X.1f (S, 1,Q, R) € Dy, it follows from (46) and (54) that
e
2
Y _
Qe e (-8p)p1
S+E+I+R (68)

1 Q/ 2 2 2 2 2
<-3 [y—z(olv%v%v%v%)]

o+l

1
ng—E [/,t— (afva%vagvaivag)]R

64(Q+1)
+(Ya, +1)(1-6p)f+M < -1.

Clearly, from the discussion of the above ten cases, one sees
that, for a sufficiently small ¢,

PV <-1 V(SEILQR)eR\D, (69)

which shows that Assumption 5(ii) is satisfied. In addition,
the diffusion matrix of system (5) takes the following form:

8 0 0 0 0

0 o> 0 0 0

A= 0 0 o 0 0 . (70)
0 0 0 oQ o
0 0 0 0 oXR

There exists a positive number

Z= min {0}, 0, 0i%0,Q R} (7))
(S,E,I,QR)eD
such that

5
Z@ﬁ§=ﬁ§ﬁ+gﬁg+@fg+ﬁdﬁ
i,j=1
(72)
+o2RE > Z &,

(S.E,,QR) €D, £ € R’

which shows that Assumption 5(i) is satisfied. Consequently,
system (5) has a unique stationary distribution 7(-) and it has
ergodic property. The proof of Theorem 8 is complete. O

Remark 9. From Theorem 8, we see that if R* > 1 holds,
then system (5) has a unique ergodic stationary distribution.
It is worthwhile noting that if o; = 0( = 1,2,3,4,5),
the expression of R* coincides with the basic reproduction
number R, of system (3). This shows that we generalize the
results of system (3). For another, this theorem also shows that
the disease can resist a small environmental noise to maintain
the original persistence.
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5. Conclusions and Simulations

This paper studies the stochastic SEIQR epidemic model with
quarantine-adjusted incidence and imperfect vaccination
and obtains two thresholds which govern the extinction and
the spread of the epidemic disease. Firstly, the existence of a
unique positive solution of system (5) with any positive initial
value is proved. Then, from Theorems 4 and 8, the sufficient
conditions for extinction of the disease and existence of
ergodic stationary distribution of the stochastic system are
derived by using the theory of Hasminskii and the Lyapunov
analysis methods, which means the infectious disease is
prevalent. This implies that the stochastic disturbance is
conducive to epidemic diseases control. Now we summarize
the main conclusions as follows:

(I) When u > (1/2)(0} V 03 V 02 V 0, V 02) and R* =
a(1-0p)Bla+ )/ (A +¢g +y+y+a§/2)(¢x +pl)2 A
(oczaf /2)) < 1 hold, then the infected individuals go
to extinction almost surely.

(I) When R* = (u(1 - 8p)Ba)/((Op + p + 07 /2) (e + p +
02/2)(/\ ety +u+t a§/2)) > 1 holds, then system
(5) has a unique stationary distribution 7(-) and it has
ergodic property.

To illustrate the results of the above theorems, we next
carry out some numerical simulations by the Matlab software.
Let us consider the following discretization equations of
system (5):

(-9 By
S+ E + I + Ry,

_ 8(1-p) BSiLi
S + Ei + I + Ry

Sk+1 :Sk+ [A

—(8p +u) Sy | At

2
o
+ Glskmfl)k + Tlsk (Cik - 1) At,

(1-90) BSI . 8 (1 - p) BSiIy
Sc +E g+ L+ R, S+ E + I+ Ry

Eey =Ec+ [

2
(02
—(a+p) Ek] At + 0, EL VAL, + 725,( ((j,k - 1)

AL (73)

Ly = Lo+ [aE, — (A + & +y+up) L] At
+ 03[ VAL + %51,( (Ge-1)At
Qi = Qi+ [ALk — (@ + &y + ) Q] At
2
+0,Q VAL, + %Qk (Ze-1)at
Riyy = Ry + (0pSi + VI + Qi — uRy) At
+ 05 R VAL + %‘ng ((;k - 1) At,
and here {;; (i = 1,2,3,4,5 k = 1,2,...,n) stands for

N(0, 1) distributed independent random variables and time
increment At > 0.
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S@), E(1), 1(£), Q(t), R(¢)

S(t) — Q)

— (R@®))
RO
(S(£))

— E®)
— I

FIGURE I: Time sequence diagram of system (5) for extinction of the
disease.

In Figure 1, take S(0) = E(0) = I1(0) = Q(0) = R(0) = 0.3,
A=2,pu=055p=025y=02a=2508=05p=05
g = 01,6 = 01,1 = 018,¢ = 0150, = 015,05, = 1,
03 = 1,04 = 0.5,05 = 0.25, and At = 0.01. Then

1
u=0.55> E(afVa§V0§VaiV0§)=O.S,

R = 20 (1-6p) B(a+ ) (74)
A+ +y+u+02/2) (a+u)’ A(a202/2)

=09150<1
satisfy the conditions in Theorem 4; we can obtain that

the exposed, infected, and quarantined individuals go to
extinction almost surely. Moreover,

. A
tll)n&)(S) - 8p+y S
lim (R) = — P2 1364 (75)
=00 u(0p +p)
a.s.

Obviously, Figure 1 supports our results of Theorem 4.

In Figure 2, take S(0) = E(0) = I(0) = Q(0) = R(0) = 0.5,
A=03,u=018=15y=02a=0308=01p=02
g =0.05¢& =0.051=0.18,¢9 =0.150, =0, =03 =0, =
o, = 0.03,and At = 0.01. Then

R*

_ p(1-3p) P
Gp+p+0?/2)(a+u+02/2)(A+e +y+u+03/2)

(76)

=1.7236 >1
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FIGURE 2: (a) represents the solutions of system (5); (b)-(f) stand for the density functions of S(t), E(¢), I(t), Q(¢), and R(t), respectively.

satisfies the condition in Theorem 8; we can obtain that
system (5) has a unique stationary distribution 77(-) and it has
ergodic property. Figure 2 shows that the solution of system
(5) swings up and down in a small neighborhood. According
to the density functions in Figures 2(b)-2(f), we can see that

there exists a stationary distribution. As expected, Figure 2
confirms our results of Theorem 8.

In Figure 3, take S(0) = E(0) = I(0) = Q(0) = R(0) = 0.1,
A=02,u=055p=265y=02a=250=01p=01,
g =01,e =0.1,1 =0.18, ¢ = 0.15, and At = 0.01.
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FIGURE 3: Time sequence diagram of system (5) for persistence and extinction of the disease.

In Figure 3(a), take 0; = 0 (i = 1,2, 3,4, 5); then

R - u(1-0p) pa
P(ptp) (k) (Mg +y )

which means the disease will persist. As expected, Figure 3(a)
shows the disease persists in real life.

Synchronously, in Figure 3(b), take 0, = 0.15, 0, = 1,
o; = 1,00 = 0.5, 05 = 0.25. Obviously, Figure 3(b)
shows the exposed, infected, and quarantined individuals go
to extinction and we can get that the permanent disease of
system (3) can die out under stochastic effects. This implies
that the stochastic disturbance is conducive to epidemic
diseases control.

=2.0505> 1, (77)
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