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Abstract: In this paper, quantum correlation (QC) swapping for certain separable two-qubit mixed
states is treated. A QC quantifier, measurement-induced disturbance (MID) (Luo in Phys Rev A
77:022301, 2008), is employed to characterize and quantify QCs in the relevant states. Properties of all
QCs in the swapping process are revealed. Particularly, it is found that MID can be increased through
QC swapping for certain separable two-qubit mixed states.
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1. Introduction

In 2001, Ollivier and Zurek [1] exposed a surprising feature that there exist quantum
correlations (QCs) in some separable states, where it is obvious that quantum entangle-
ments do not occur. This distinct phenomenon started a new era. In this new era, people
no longer believed that quantum entanglement was the avatar of QC and they were equiva-
lent. Besides quantum entanglement, there is QC beyond entanglement (QCBE). Moreover,
from then on, people gradually began to pay close attention to the new kind of QC, i.e.,
QCBEs. Several years later, a number of works [2-15] about QCBEs emerged, including
its recognition and applications. Consequently, recently, QCBE study has formed a hot
field in quantum information and computation, and many methods have been proposed or
developed to investigate QCBEs in various quantum systems.

In some quantum tasks, long-distance QCs are indispensable. As for the case of long-
distance entanglement, quantum entanglement repeaters are usually employed. The core
technique in the repeaters is entanglement swapping [16-22]. Entanglement swapping can
entangle a bipartite system without any previous entanglement. In addition, entanglement
swapping was used as a technique to increase long-distance shared quantum entangle-
ment [23].

Recently, quantum entanglement swapping was generalized to QC swapping [24-26].
In QC swapping, the relevant QCs can be quantum entanglement, QCBEs, or both of them.
It is found that swapping of QCBEs can be realized in a way similar to that of entanglement
swapping. However, in the existing studies about the swapping of QCBEs, QCBE in the
final state cannot exceed that in the initial state. Hence, one tends to believe that although
QC swapping can realize long-distance shared QCBEs, it cannot increase long-distance
shared QCBE. Naturally, a problem is arising. Are there some special circumstances in
which QC swapping can increase long-distance shared QCBE? The answer is positive. In
this study, we will innovatively present a special case.
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To be concrete, in this paper, we will consider a comparatively complicated case,
where the two QCs to be swapped inhabit a pair of separable two-qubit mixed states
with four host qubits distributed among three remote nodes, the swapping is realized
via four Bell state measurements, and all QCs are quantified by measurement-induced
disturbance [2]. The motivations in our study are fourfold: (1) To find whether quantum
correlation swapping can be realized through separable two-qubit mixed states. (2) If yes,
to explore the characteristics of the quantum correlation in the final states after quantum
swapping. (3) To find the relationships between the quantum correlations in the final
state and the ones in the initial states. In particular, to explore whether the special case
can increase long-distance shared QCBE or not. (4) To study the physical origins of the
above characteristics. Through concrete investigations in the following study, we will
show the following essential results: (a) Quantum correlation swapping can be realized
through separable two-qubit mixed states; (b) some distinct characteristics of the quantum
correlation in the final states after quantum swapping can be obtained; (c) in the special
QC swapping case, the long-distance shared QCBE can be realized and increased.

The rest of this paper is outlined as follows. In Section 2, the QC swapping in our case
is described. In Section 3, measurement-induced disturbance is employed to characterize
and quantify all QCs which occur in the swapping process. In Section 4, some analyses,
discussions, and comparisons about the QCs are given. Finally, a concise summary is given
in Section 5.

2. Quantum Correlation Swapping between Two Separable Two-Qubit Mixed States

In this paper, we will consider the separable two-qubit mixed states as the initial
states for QC swapping. The separable two-qubit mixed states are taken as the following
forms [27]:

Pap(91) = 41]00) 5 (00] + (1 — g1)[1+) (1 + |, 1
Pcd(q2) = 42100) 400 + (1 — g2)[1+) (1 + |, )

where g1 and g; are real, q1,92 € (0,1) and |+) = (|0) + |1))/+/2. Incidentally, in this
paper, g1 = g2 = 0 and g1 = g2 = 1 are excluded because the corresponding states are
trivial product ones, which are unhelpful and meaningless for our present study of QC
swapping. It is worth mentioning that the two initial two-qubit mixed states are separable,
due to the states consisting of arbitrary mixtures of two bi-qubit product pure states. That
is to say, in these two initial states, there is no entanglement in them. One can also easily
prove the no-entanglement property by calculating the zero entanglements [28] in them.

To realize the QC swapping, the middle bipartite measurements are respectively
selected as the four Bell states, i.e.,

@)z = (]00) £ [11)) /2, (©)
and
['¥)a = (|01) +[10))/v2. 4)

Then, after the middle measurement, the initial states p,, ® p.4 collapse to the final
state pyy, i€,

Obd =ac (P10 @ D) ac/ tr[ac(Pl0™ @ pP)ac], @)

where the middle measurement |¢) s are selected as |®)% and |¥)Z, respectively.
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Substituting Equations (1)~(4) into Equation (5) and for the measurements | )=, after
some deductions, one can obtain

o P P P
Pha(01,02) = gi gi /ﬁﬂi [ﬁ&i , ©)
Bi B1 B1 P
where a; = 2nh+(1- g1 Bl = (1=q1)(1—q2)

49192+4(1=q1)( 1 qz)’ 4q1qz+4(1 71)(1=42)"
As for the measurement |¥), after some derivations, another final state can be

obtained, i.e.,

% [4%) ,32 0
2 Ny  NKp 0 0
, = , 7
pbd(ql ‘12) ,BZ 0 ,BZ 0 ( )
0O 0 0 0
where &, = 11(1—92) ,Bz q2(1-q1)

201(1-42)+242(1~q1) 2q1(1— qz)+2qz(1 n)°
Obviously, for the middle Bell state measurements |®P) . and |®) ., the two final states
obtained through QC swapping are equivalent, denoted as p; 2(71,92). As for |¥) . and
|¥) ., the two corresponding final states are also the same, represented by p?,(¢1, qz)
It should be noted that the two kinds of final states in Equations (6) and (7) remain
separable. One can easily prove the separability due to the entanglement calculations [28].
The separable final states tell us that in the process of QC swapping, the middle Bell state

measurements do not introduce any entanglement into the final state.

3. Measurement-Induced Disturbance in the Initial States and Final States

Recently, a QC measure named measurement-induced disturbance (MID) has been
attracting considerable attention for its easy computability. It was originally put forward
by Luo [2]. It is defined as the difference between the total correlation quantified by
quantum mutual information of the relevant state and its special classical correlation. The
special classical correlation in a state is determined by measuring both subsystems with
the eigenvectors of marginal states as the measuring bases.

In this section, we will use the QC quantifier, i.e., MID, to quantify the QCs in the
relevant states in the QC swapping, i.e., initial states and final states.

3.1. MIDs in the Initial States p,y,(q1) and peq(q2)
For the two initial states p,;(91) and p.4(g2), MIDs can be expressed as follows [27]:

Qlpa) = —Pii log, Pij — Pij log, Pii — Pi{/log, Pif — PiY log, PiY

8
+q1logy(q1) + (1 —g1)log, (1 —q1),

Q(oca) = *Pég log, ng - P(ﬁ‘li log, P(gii - Plcg log, Plcg - Plalj log, Plafl

9
+q210g,(92) + (1 — 92) log, (1 — q2), ©

where
ab _ q1%] ped — 023
00 = x24427 00 ™ x2+q2’
ab _ 1Y ped _ D293
01 = ¥24y37 01 ™ x2+q27
pab — 1-m (x1+y1) ped — 1202 (X2+jz)
10 2 xl+]/1 4 10 x2+y 4
P = 1%%(951 yl) ) ped — 172 (xz ]/2) ,
¥ty Gty
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withx; =1—g1,y1 = /(1 —q1)2+ @2 —qi, 0 =1—qo, 2 = /(1 — q2)2 + 45 — 2.

3.2. MIDs in the Final State pj ,(q1,92)
Within the framework MID, the total correlation in pj, is
L(ora) = S(py) + (i) = S(pha)- (10)

where S(-) denotes von Neumann entropy, p}, and p! are marginal states of p} ;. The explicit
forms of the marginal states are

pp = (14 B1)10)5(0] + 281 (|0)5 (1| + [1)5 (0] + [1)5 (1)), (11)
pa = (a1 + B1)10)a(0] + 21 (10)a (1] + [1)a (0] + [1)4(1])- (12)

It is easy to work out

S(pp) =1 —[(1+uy)log,(1+u1) + (1 —uy) log,(1 — u1)]/2, (13)
S(py) = 1= [(14u1)logy (1 +u1) + (1 —u1) logy (1 — u1)]/2, (14)
S(p;d) =1—[(1+t)logy,(1+t)+ (1 —t)log,(1—11)]/2, (15)

where 17 = /1 —8B1(a; — B1) and t; = /1 — 1281 (a1 — 7).

Now, let us turn to the classical correlation in ,0117 ;- In the framework of MID, the
measurements for obtaining classical correlation are selected as the product of eigenvectors
of two reduced states. In this method, the spectral resolutions of the two reduced states of
pz ; in Equations (11) and (12) can be written as follows:

P = A AINT ) (NP ol + AT IND 1) (NT4 , (16)
Py = A?,1|M¥,o> <M'11,0| + A¥,2|Mf1> <Mii,l r (17)

where

_ad 1+1/l1 b _ 1—uy
All_/\ll_ A12_/\12_ 4

2
b A
|N1,O> ‘M > \/fzﬁ| > mu%
by —pmd N — & fi
|Nl,1> - |M1,1> - \/JWK» + mu%

with f1 =481, ¢1 = a1 — 1 — 1.
Accordingly, the classical state of pzl) ;4 can be obtained as

Xpr, = L PLGINT ) MY ) (M [ (N (18)
L]

where

Prij = (M [{N} ]} INT ;)

M;{j>. (19)
Through some derivations, P; j; in Equation (19) can be obtained as

P10 = DélFf + B1 (6F12G% + G% - 4F1G1>,
Pio1 = Piyg = ;i FEG? + 1 (F} — 3F2GE + GY),
P11y = a1 G + By (Ff +4F, Gy + 6F2G?), (20)
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with , = L G $1

Vg VT g

Accordingly, the von Neumann entropy of x phd can be obtained as
S$(Xp1,) = —Pro0108; Proo — Pror10gy Prot — Priology Prio — P logy P (21)

With the classical state in Equation (18), one can obtain the classical correlation in p} ;,
i.e., the mutual information in the classical state x ol

Clopa) = Z(xp ) = S(xg1) +S0xg1) — SOyt ), (22)

where x P and x o are marginal states of x oL

As a result, the quantum correlation in pll] ; estimated via MID can be obtained as
Q1) = Z(Pba) = C(Pba) = S (K1) = S(Pha)- (23)
Finally, MID in the final state p}, can be written as

Q(p}1) = —Pr0010g, Proo — P1o1log, Pr o1 — Priglog, Prio — Priilog, Pran

144 14+t4, 1-t 1-4 (24)

3.3. MIDs in the Final State p3,(q1,92)

The total correlation in the final state p? is

Z(ppg) = S(pp) + S(p7) — S(pgs) (25)

where pﬁ and pfl are marginal states of pﬁ 4 with

5 = (a2 +3)]0)5(0] + B2(10)5 (1] + [1)5 (0] + [1)6(1]), (26)
7= (B2+ 3)100a(0] + a2(]0)a(1] + [1)4(0] + [1)4(1]). (27)

S(p?) =1—[(1+uz)log,(1+uz) + (1 — 1) log, (1 — u2)] /2, (28)
S(p3) =1 —[(1+uz)log,(1+ uz) + (1 — uz) log, (1 — u2)]/2, (29)
S(p2,) =1—[(1+t2)log,(1+t2) + (1 — t2) log, (1 — 2)]/2, (30)

where 1y = /1 —8apfy and tp = /1 — 12a 5.

In the framework of MID, to obtain the classical state, the marginal states p% and pi in
Equations (26) and (27) can be rewritten as

05 = )‘3,1|N2}?,0><N§,0| + /\3’2|N§’,1>(N§,1|, (31)
05 = Ag,1|M§,o> <M§/0| + /\g,2|Mg,1> <M§,1 |, (32)
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where

1+u2
/\21_)\21_ 2 7

_ _ 171{2
/\2,2 - AZ,Z - 2

INGo) = s 10) = 1),
NGy} = = 10) + 1),
M) = —2o(0) - —21),
M) = —l0) + —2o1),

with fo =y — 2 and g = o — 2.

With the spectrum representation of p?,, the classical state of p2; in the framework of
MID can be expressed as

X2, = Z.ij i NE MG ) (MY (NG|, (33)
where

Pyjij = <Mg]< g,i‘P§d|N§,i> M%,j)- (34)

After some tedious calculations, one can obtain

Popo = 5F21F35 + 02F21Go2(Gop — 2F22) 4 B2F32Go1(Gog — 2B 1),
Poo1 = 3F2,G3, + 02F3 1 F22(2Goo + Fo2) 4 P2G32G21(Gog — 2B 1),
Py1o = 3F3,G3 1 + 2G5 1Gop(Gop — 2Fap) + PoFo 1 F3o (Fo1 4 2Go1),
Py = %Gil G%,z + 062G§,1 Ep(Fop42Gyp) + BoFog G%,Z(Fz,l +2G21),

with FZ,l =

fa1 G 82,1 &2
——==—,Gy1 = ——==—and b, = Gop =
Vo1t Vo1t \/fzz 822 \/f22+822

Accordingly, the von Neumann entropy of x ol can be obtained as

S(ng d) = —Pygolog, P oo — P20110g, Poo1 — Po1010g, Po1o — Po1110g, Pa1, (35)

Further, the classical correlation in p?, can be obtained as

Clopa) = Z(xg2 ) = S(x2) +S(x2) — S(x2 ) (36)

where x o2 and x g2 are marginal states of x o2

Finally, the quantum correlation of p% ; is consequently obtained as

Q(pp1) = Z(p3y) — Clppy)
= S(xz2,) — S(Pha)

37
= —Pypolog, Pooo — Prp110g, P o1 — Pa19log, Poio — Poi1log, Poan 37

1+t 1+t 11—t 1—-#t

4. Analyses, Discussions, and Comparisons

In the last section, QCs in the initial states and final states which emerge during the

swapping process are quantified by MID. In this section, we will carry out some analyses,
discussions, and comparisons on them.
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As mentioned above, the initial states and final states are all separable states. That is
to say, there is no entanglement in any of the relevant states. Hence, in the present study,
the QC swapping case is not entanglement swapping. It is a quantum correlation beyond
entanglement (QCBE) swapping. The QCBE quantifier utilized in this paper is MID.

4.1. Features of MIDs in the Relevant States

Firstly, let us briefly see the monotony features of MID in the initial states for the kind
of separable state p(¢) in Equations (1) and (2). All the captured QCs increase with g in the
region (0,1/2] and decrease with g in the region [1/2,1). Moreover, there exists an obvious
symmetry. That is to say, QCs in both states with g = 1/2 64 (0 < 6q < 1/2) are the same.
See Figure 1 for an example. In Figure 1, MIDs in the initial state p,;, and final state p; 4 are
described for g, = 0.25,0.5,0.75.

Secondly, let us turn to the MIDs in the final states. In the QC swapping progress,
the final states are derived from the initial states due to the middle measurements. In
this paper, the middle measurement states are selected as the four Bell states, respectively.
Accordingly, two kinds of final states are obtained, i.e., p}, and p?,. Hence, two kinds of
MIDs are derived, Q(p,;) and Q(p2,). Obviously, Q(p ) (i = 1,2) is determined by two
parameters, q; and q,, which are from the initial states. In Figures 1 and 2, Q(p},) and
Q(p?,) are depicted with g; for g, = 0.25,0.5,0.75, respectively.

06+ =025 | 061 =05 |
05¢ b 051
04t lpy) i 04t Qlpas)
: :
503t 203}
Qlply)
02F Q‘.P]];a) d 02F
011 ] 011 \

Mo 2 o1 06 s w0 “bo 0z 04 06 s 10

06 ¢Q= 0.75]

05

04
Qfpan)

03

MID

v Qlpky)

01

0'%.0 02 04 0.6 0.8 10
Q

Figure 1. MIDs in p,;, and p; 4 for g2 = 0.25,0.5,0.75, respectively.
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06 q3=0.25_ 06 q1=0.5 ]
057 1 057
041 1 04r
Qlpat) Qlpas)
q 8
Z 03¢ > 03t
Qpd)
021 Qi) 1 021
01t 0.1t \
0. I 1 L | I I 1
) w06 08 10 B0 0z 0r s o8 10
Q Q
ol §=075]
05¢
04+
Qlpas)
8
203+
02¢ 0lp}y)
01t

0'%.0 02 04 0.6 0.8 1.0
Q

Figure 2. MIDs in p,, and p?, for g, = 0.25,0.5,0.75, respectively.

Inspecting the QCs in the final states, i.e., Q(pé d) (i =1,2) in Equations (24) and (37),
one can see the following four distinct features.

(i) In the region q; € (0,1), Q(pfJ d) (j = 1, 2) first increases, then decreases with the
value of 41, and the position of peak Q(pj ;) varies with the value of g».

(ii) The peak of Q(pz d) (i = 1,2) maintains a fixed value of 0.3903 for different gq;. For
example, in Figure 1, the peak values of Q(p},) in the three different cases (corresponding
to go = 0.25,0.5,0.75, respectively) are all equivalent to the same value, i.e., 0.3903 (see
Figure 3). In Figure 3, a three-dimensional image of Q(pllj ;) is plotted with g; and g».
Similarly, it is found that the peak of Q(p?,) is also maintained at a fixed value of 0.3903.

With further inspection of the final states pi 4 in Equations (6) and (7), one can find that
02Q(p};) /991092 = 0 when g1 + g, = 1 and 9°Q(p3,) /991992 = 0 when g1 = ¢p. That is
to say, Q(p},) reaches to its maximal value at g1 + g, = 1 and Q(p?,) reaches its maximal
value at q; = 2. Moreover, in the extreme point conditions, the two final states become
constant states and, correspondingly, Q(p;; ;) are 0.3903. Hence, one can conclude that
Q(p},) reaches the maximal value 0.3903 at 41 + g, = 1 and Q(p?,) reaches the maximal
value 0.3903 at g1 = q».

(iii) In the region q; € (0,1), Q(pl,) with q» and Q(pl,) with 1 — g, are symmetric
about g1 = 1/2 (see Figure 1 for an example). Comparing the first picture (g2 = 0.25) with
the third one (g2 = 0.75), one can find that they are symmetrical about g; = 1/2. This
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symmetrical feature originates from the internal symmetries in the initial states in the QC
swapping process.

(iv) Qo) (q1,92) = Q(p2;)(q1,1 — g2). For example, the first variation diagram
in Figure 1 is same with the third variation diagram in Figure 2. To be concrete,

Q(p}a) (91,92 = 0.25) = Q(p2,) (91,92 = 0.75).

0.2

0.4
0.6
] 0.8

1.0 0.0

Figure 3. Three-dimensional image of Q(p; ;) with g1 and g5.

4.2. QC Swapping Can Be Realized through Separable Two-Qubit Mixed States

From Figures 1 and 2, one can see that QCs always exist in the initial state p,;, and the
final state pi ; in the regions g; € (0,1) (i = 1,2). Obviously, another initial state p 4 has
the same property as p,;. Hence, QC does not vanish in any of the three states. This is a
distinct phenomenon. To be concrete, in the region q; € (0,1),(i = 1,2), QCs in the two
initial states are non-zero. Correspondingly, QC in the final state is non-zero too. That is to
say, QC swapping can be realized through separable two-qubit mixed states.

4.3. MID Can Be Increased through QC Swapping

Now, let us turn to the comparison between the MIDs before QC swapping with
those after QC swapping. From Figures 1 and 2, one can find a distinct feature, i.e., Q(p} ,)
(i = 1,2) can be bigger than Q(p,;) in some special regions. That is to say, in our case, MID
can be increased through QC swapping. Taking Q(pll7 ;) as an example, see Figure 1. For
the case of g, = 0.25, in the region g1 € (0.731,1), values of Q(p},) are greater than those of
Q(pap); for the case of g, = 0.75, in the region q; € (0.269, 1), values of Q(p},) are greater
than those of Q(pgp)-

The special region for Q(p},) that is bigger than Q(p,) varies with the value of g».
To be concrete, for different g5, the g1 region in which MID can be increased is different.
Obviously, the special region is determined by a crosspoint of curves Q(p,) and Q(p};)-

From the cases of g, = 0.25 and g, = 0.75 in Figure 1, one can find that the number of
crosspoints (except for zero and one) of Q(p,;) and Q(pi ;) is one. However, in the g, = 0.5
case, the number becomes two (see Table 1). In Table 1, the points of intersection between

Q(pap) and Q(p} ;) are listed.
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Table 1. Points of intersection between Q(p,5) and Q(pi ,).

[m:Q(P},d)] [‘th(Pgd)]
g2 = 0.250 [0.731,0.390] [0.269,0.390]
g2 = 0.500 [0.089,0.112] [0.089,0.112]

[0.911,0.110] [0.911,0.110]
g2 = 0.750 [0.269,0.390] [0.731,0.390]

From Table 1, one can see that when g, = 0.5, the number of intersections (except
for zero and one) between Q(p,;) and Q(p};) is two. However, when g # 0.5, taking
g2 = 0.25 as an example, the number of intersections is one. Upon further inspection
of the variation of the intersections with the value of g, one can find a phenomenon.
To be concrete, when g, decreases from 0.5 to zero, the graph of Q(p};) moves to the
right gradually. As a result, the left intersection disappears gradually. On the contrary,
when g, increases form 0.5 to one, the graph of Q(p},) moves to the left and the right
intersection disappears gradually (see Figure 1 for an example). As for the graph of Q(p?,),
the asymptotic behavior is adverse. That is to say, when g, decreases from 0.5 to zero, the
graph of Q(p?,) moves to the left gradually and the right intersection disappears gradually.
When g, increases from 0.5 to one, the graph of Q(p?;) moves to the right and the left
intersection disappears gradually.

In a word, in some special regions, QCs in the final state can be bigger than those in
the initial states. That is to say, in our considered QC swapping case, QC can be increased
through the QC swapping process.

Finally, let us make some simple remarks. In this study, we consider a special case
of quantum correlation swapping. The two initial states we considered are separable
two-qubit mixed states. In this case, a distinct phenomenon has been found, i.e., quantum
correlation can be increased through QC swapping. However, in this paper, we only
consider one kind of QC quantifier, i.e., MID. This is because of its comparatively easy
computability. Are the features and conclusions obtained in the study applicable for
swapping QCs in other initial states via other QC measures? This is still an open question.
We will pay attention to them in the near future.

5. Summary

To summarize, in this paper, we have considered QC swapping with separable two-
qubit mixed states as the initial states. With the assistance of numerical computations, some
distinct features have been exposed. In particular, it is found that MID in the final state
after QC swapping can be bigger than those in the initial states before QC swapping. That
is to say, MID can be increased through QC swapping.
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