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Recent studies of tau proteins point to specific sites or motifs along the protein related to its misfolding 
and aggregation propensity, which is associated with neurodegenerative diseases of structure-
dependent pathology. In this manuscript we employ topology and geometry to analyze the local 
structure of tau proteins obtained from the Protein Data Bank. Our results show that mathematical 
topology/geometry of cryo-EM structures alone identify the PGGG motifs, and the PHF6(*) motifs 
as sites of interest and reveal a geometrical hierarchy of the PGGG motifs that differs for 3R+4R and 
4R tauopathies. By employing the Local Topological Free Energy (LTE), we find that progressive 
supranuclear palsy (PSP) and globular glial tauopathy (GGT) have the highest LTE values around 
residues 302–305, which are inside the jR2R3 peptide and in the vicinity of the 301 site, experimentally 
associated with aggregation. By extending the LTE definition to estimate a global topological free 
energy, we find that the jR2R3 peptide of PSP and GGT, has in fact the lowest global topological free 
energy among other tauopathies. These results point to a possible correlation between the global 
topological free energy of parts of the protein and the LTE of specific sites.
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Neurodegenerative diseases affect millions of people worldwide1 and are often characterized by the presence 
of neurofibrillary lesions in the cerebral cortex. Neurodegenerative diseases that are characterized by the 
deposition of tau protein fibrillar aggregates are referred to as tauopathies. These include Alzheimer’s disease 
(AD), primary age-related tauopathy (PART), chronic traumatic encephalopathy (CTE), Pick’s disease (PiD), 
corticobasal degeneration (CBD), argyrophilic grain disease (AGD), progressive supranuclear palsy (PSP), 
and globular glial tauopathy (GGT). Cryo-electron microscopy (cryo-EM) has enabled the identification of 
different tau fibril shapes associated with each of those diseases2. The findings by cryo-EM are consistent with 
the hypothesis that fibril shapes are the determinant of the selectivity of conformation-dependent antibodies, 
such as GT-7, GT-38, and 18F12 that can distinguish AD-tau from pathological tau of other tauopathies3,4. 
Hence, verifying and understanding the mechanisms of tau fibril shape formation and propagation is crucial for 
therapeutic development5,6. In this manuscript we employ topology and geometry in order to identify features 
of tau proteins that may be key to tau fibril shape formation and aggregation.

Tau protein is a microtubule-associated protein that binds to microtubules (MTs) and regulates their 
dynamics by stabilizing and promoting their assembly7. Although it most notoriously binds to MTs, it has 
many binding partners8, such as filamentous-actin (F-actin)9,10. Tau protein can undergo various post-
translational modifications (PTMs), including phosphorylation, ubiquitination and truncation11–13. Abnormal 
hyperphosphorylation and other PTMs of tau protein result in decreased binding to MTs and subsequently self-
assemble into amyloid fibrils. Tau amino acid (residue) sequence can be divided into several regions14, see Figure 
1a. One region that has attracted attention for the discovery of antibodies15, is the microtubule-binding repeat 
region (MTBR) formed by repeats R1 to R4 (31 or 32 residues for each repeat and inter-repeat region) that have 
similar sequences16. Tau protein is present as six isoforms in human brain (ranging from 352 to 441 residues), 
and they differ by differential inclusion of N1, N2, and R2. Depending on the predominant tau isoforms present, 
tauopathies can be classified into 3R+4R (approximately having an equal ratio of 3R and 4R isoforms: AD, PART 
and CTE), 3R (mainly having 3R isoform: PiD) and 4R (mainly having 4R isoforms: CBD, AGD, PSP, GGT and 
GPT (PSP/GGT hybrid)) tauopathies14,17. All the different tau fibril shapes (tau folds) of tauopathies contain the 
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common ordered core which includes the R3 and R4 repeats in the MTBR plus an additional 10–13 residues in 
the C-terminal region. Cartoon representations of tau folds are shown in Figure 1b.

Studies have revealed the importance of specific regions/motifs of the protein for the formation of fibrils. For 
example, amyloid-forming motifs such as two hexapeptides, PHF6* (275VQIINK280) and PHF6 (306VQIVYK311

), control tau assembly into fibrils by interacting with other parts of the sequence18,19. These amyloid-forming 
motifs are preceded by PGGG sequence motifs shown to be the center of hairpin-like structures across each 
interface of the MTBR of tau protein20. Recently, a 19 amino acid segment (jR2R3 peptide) in the junction 
between the R2 and R3 repeats of the MTBR was shown to form fibrils and adopt a fold characteristic of 4R 
tauopathies21. Moreover, it has been shown that specific mutations can promote aggregation. The most common 
such mutation is the P301L mutation22–24.

Methods from mathematical topology and geometry can provide more detailed and quantitative 
characterization of protein structural complexity both globally and locally33–43 than descriptive methods. 
Recent work has shown a connection between novel topological measures and protein kinetics, namely, that 
experimental protein folding rates correlate with the topological structural complexity of the native state of 
simple, 2-state proteins without knots or slipknots39. Prior work on tau proteins has shown that, even though 
tau filaments of tauopathies are unknotted and pairwise unlinked when stacked in fibrils, they have non zero 
topological signatures for all these measures that enable the comparison and classification of tau filaments based 
on their subtle quantitative differences, which agree with tau pathology and clinical symptoms44. Moreover, it 

Fig. 1.  Tau protein regions, different folds and the locations of maximum normalized absolute Writhe in each 
fold. (a) Tau amino acid sequence and regions of the longest 4R tau isoform (2N4R) consisting of 441 amino 
acids. Six isoforms differ by differential inclusion of N1, N2, and R2. The microtubule-binding repeat region 
(MTBR) of 4R tau isoforms comprise all four repeats (R1–R4) while that of 3R tau isoforms are missing R2. 
(b) Cartoon representations of different tau folds seen in tauopathies2,14,25–29. Residues in R1–R4 repeats and 
the C-terminal region are colored purple, blue, green, yellow and red, respectively. Each tau fold consists of 
the following residues: 306–378 for AD (PDB: 5o3t), 305–379 for CTE (PDB: 6nwp), 254–274 and 306–378 for 
PiD (PDB: 6gx5), 274–380 for CBD (PDB: 6tjo), 273–387 for AGD (PDB: 7p6d), 272–381 for PSP (PDB: 7p65), 
272–379 for GGT (PDB: 7p66) and GPT (PDB: 7p6a). The cartoon representations are obtained by projecting 
the corresponding three-dimensional PDB coordinates to the xy-plane. (c) The maximum normalized absolute 
Writhe fragments in tauopathy filaments (black if positive, red if negative). The gray bars indicate the range of 
residues in filaments. The columns created by dotted lines from the left indicate the R1, R2, R3, R4 repeats and 
C-terminal region, respectively. The top rows indicate the locations of the jR2R3 motif (295–313)21 shown by a 
purple arrow, the PGGG motifs18 colored in green, the stabilizing fragments (295–300, 349–356)19 colored in 
light green, the PHF6* (275–280) and PHF6 (306–311) motifs30,31 colored in purple, the peptides (326–331)32 
and (337–342)19 colored in light blue, the PAM4 (350–362) motif32 colored in blue and the 301 mutation site22 
shown by a red dot. We see a distinction between 3R+4R and 4R tauopathies. Differences between 3R+4R, 3R 
and 4R tauopathies persist when examining maximum normalized absolute Writhe values restricted in the 3R, 
4R repeats and C-terminal region and restricted in the 4R repeat and C-terminal region (see Supplementary 
Fig. S2).
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was shown that these tau filaments each have a weak but observable knotoid structure, with PSP being the most 
prevalent.

In this manuscript, we employ the Writhe to quantify and compare the local structural complexity of tau 
filaments of tauopathies and identify specific sites of topological/geometrical interest that may be key to the 
formation of aggregates. The Writhe is a measure of interwinding of a filament around itself45. When applied 
locally, it captures geometrical characteristics of a part of a protein. We also employ data analysis methods to 
understand the structures of tau filaments in the context of the ensemble of folded proteins in the Protein Data 
Bank (PDB)46. Namely, the Local Topological Free Energy (LTE), introduced in47,48, is used to assign a measure 
of rarity of a local conformation of 4 residues of a protein with respect to the folded state ensemble. LTE has 
recently been connected to stability of proteins via studies of protein evolution and conformational dynamics49. 
We also extend this method to account for the global topological free energy of longer parts of the protein.

Our results demonstrate that the Writhe and the LTE can predict sites that have been experimentally shown 
to be important for protein structure and function. In fact, maximum normalized absolute Writhe fragments are 
identified near the PGGG motifs of tauopathies and reveal a hierarchy of those motifs, in terms of geometrical 
signal, that is different for 3R+4R and 4R tauopathies. Overall, 3R+4R tauopathies have lower LTE values 
compared to 4R tauopathies, indicating that local conformations of 3R+4R tauopathies are more stable. PSP 
is the only tauopathy with a high LTE conformation (indicative of a rare/unstable structure in the PDB) at 
residues 302–305, next to the critical 301 mutation site and the PHF6 motif in the jR2R3 peptide. The jR2R3 
peptide in 3R+4R tauopathies has, however, higher global topological energy than 4R tauopathies, suggesting 
it is more stable in 4R tauopathies. Finally, we find that the R2 repeat of tau proteins bound to MTs and to 
F-actin has higher LTE values than in tauopathies, but it has a lower global topological free energy as a repeat. 
The latter results suggest that binding sites might be detectable via high LTE geometries (something which 
we corroborate with data on known antibodies) and that high LTE conformations may result in lower global 
topological energies, possibly stabilizing larger parts of a protein.

The manuscript is organized as follows: The Results section presents the results of this study. The Methods 
section lists the PDB structures and datasets used, and gives the rigorous mathematical defitions of the structural 
parameters used in this study. The Discussion section summarizes our conclusions. Additional data can be found 
in the Supplementary information.

Sites and motifs of interest in tau protein
In this paragraph we present more background information about local sites and motifs of interest in tau 
filaments that are experimentally known to be relevant for protein aggregation and will be helpful as a context for 
our analysis. A PGGG motif creates a turn or a short loop between two strands, stabilizing this resulting hairpin 
structure20,50,51. These hairpin structures are important for the formation of oligomers which ultimately become 
neurofibrillary tangles (NFTs)52,53. The PGGG motifs are located at the end of each repeat: (1) residue 270–273 in 
the R1 repeat, (2) 301–304 in the R2 repeat, (3) 332–335 in the R3 repeat, (4) 364–367 in the R4 repeat18,20. In the 
vicinity of these PGGG motifs, amyloid-forming motifs are present. We consider amyloid-forming motifs that 
have been experimentally shown to form amyloid fibrils: (1) PHF6* (residues 275–280), (2) PHF6 (306–311), 
(3) jR2R3 (295–313), (4) 326GNIHHK331, (5) 337VEVKSE342 and (6) PAM4 (350–362). The PHF6* and PHF6 
motifs located at the beginning of R2 and R3 repeats, respectively, are essential for tau aggregation30,31. Although 
the PHF6(*) (PHF6* and PHF6) motifs spontaneously aggregate in solution in contrast to the full length tau 
protein, which is a highly soluble protein, the PHF6* is thought to be the stronger driver of aggregation16,54–56. 
It was shown that the PHF6 motif becomes less stable when a disease-associated mutation is present such as the 
P301L mutation22–24, increasing susceptibility to conformational changes that expose the motif and drive tau 
aggregation20. While standalone PHF6(*) motifs can assemble into fibrils, these fibrils are unable to propagate 
monomeric tau by templating57–59. To achieve propagation by templated seeding, these motifs need to be stably 
held in a specific orientation with a counterstrand when forming fibrils60. It was reported that the 19 residue 
peptide (residues 295–313), jR2R3, holds the PHF6 in place by a counterstrand, can readily form fibrils and 
template monomeric tau for fibril propagation21. In contrast to the PHF6(*) motifs which adapt very similar 
conformations across tau folds, PAM4 (polymorphic amyloid segment in repeat 4: 350VQSKIGSLDNITH362

) exhibits four unique conformations, influencing the organization of different tau folds32. In addition to PAM4 
which was initially predicted by amyloid prediction algorithms32, the two peptides, 326GNIHHK331 in the 
R3 repeat and 337VEVKSE342 in the R4 repeat, have also been predicted and experimentally shown to form 
fibrils19,32.

Results
In this work, we analyze local structures of tau filaments of tauopathies using the Writhe and the LTE. We also 
introduce and use the Repeat Topological Free Energy (RTE) and the Peptide Topological Free Energy (PTE). 
Based on the local structures of tau filaments, we identify regions of geometrical interest along the filaments 
in relation with experimentally studied motifs and the 301 mutation site associated with misfolding and 
aggregation. We point out that the results in this section are all obtained from PDB structures, some of which, 
come from different laboratories (see references and data in Supplementary Table S5).

Maximum normalized absolute writhe fragments in tauopathies
We first examine the local Writhe of each tauopathy filament. We scan along each filament at intervals of varying 
length and compute the normalized absolute Writhe of each resulting fragment (normalized by the fragment 
length) to determine where, along the filament, the maximum normalized absolute Writhe is stored; we denote 
W rmax (see Materials and Methods for the definition, and Supplementary Fig. S1 for examples of W rmax 
fragments).
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The results are shown in Fig. 1c. The columns in the figure show the R1, R2, R3, R4 repeats and the C-terminal 
region from the left. The locations of W rmax fragments of tauopathy filaments are highlighted in black, resp. 
red, if the sign of W rmax is positive, resp. negative, which is indicative of a right-handed, resp. left-handed, local 
conformation. W rmax fragments, which range from 4 to 11 residues long, are found at the following residues: 
363–367 for AD (SF), 331–335 for AD (PHF) and PART, 331–336 for CTE, 269–273 for PiD, 321–326 for CBD 
(type I), 289–296 for CBD (type II), 283–293 for AGD (type I), 300–305 for AGD (type II), 302–305 for PSP, 
302–306 for GGT, 301–307 for GPT (type Ia and Ib) and 362–366 for GPT (type II). Supplementary Table S1 
shows the corresponding maximum normalized Writhe values.

Interestingly, W rmax fragments are located in a few common regions among tauopathies. These locations 
reveal that W rmax fragments are highly likely to be part of any one of the PGGG motifs. This result is reasonably 
expected due to turns or short loops formed by the PGGG motifs which may cause increased Writhe51. 
Interestingly however, the PGGG motif that is part of the site identified by W rmax depends on the predominant 
isoform composition of tauopathy, namely 4R tauopathies have W rmax near the 2nd PGGG motif, while 3R+4R 
tauopathies have their W rmax near the 3rd PGGG motif. W rmax fragments of 4R tauopathies are also located 
inside the jR2R3 motif which is known to adopt a fold characteristic of 4R tauopathies21.It is noteworthy that 
these results persist for the energy minimized structures as well (results shown in Supplementary Table S6). 
When the search of W rmax fragment is restricted to the R3, R4 repeats and the C-terminal region or the R4 
repeat and the C-terminal region for each tauopathy filament, W rmax fragments continue being highly likely 
to be part of the PGGG motif(s) present (see Supplementary Table S2, S3 and Supplementary Fig. S2). As the 
search region of W rmax fragment changes, there seems to be a hierarchy of the PGGG motifs that are part of 
the W rmax fragment, which is different between 3R, 3R+4R and 4R tauopathies. Namely, when restricted to the 
R3, R4 repeats and the C-terminal region for 3R+4R tauopathies, majority of W rmax is identified overlapping 
with the 3rd PGGG motif, while for 4R tauopathies it is either overlapping the 4th PGGG motif or in the region 
between the 2nd and 3rd motif. When restricted to the R4 repeat and C-terminal region, almost all tauopathy 
filaments have W rmax in a region overlapping with the 4th PGGG motif.

There are notable exceptions in these trends. When the search region of each W rmax fragment is the entire 
filament, W rmax fragments of CBD (type I and II) and AGD (type I) are located outside of the PGGG motifs, 
but in the vicinity of (at most one residue away from) the minimal fragment 295KDNIKHV300 of the jR2R3 
peptide. This minimal fragment is reported to stabilize and hold in place the PHF6 motif60. Moreover, this 
minimal fragment is one of two fragments that interact with the PHF6 motif in CBD and AGD19. It is possible 
that the W rmax fragment of CBD (type I), which is not in the vicinity of any one of the stabilizing motifs, may 
also point to an important stabilizing region for this filament.

Finally, we notice that W rmax fragment of PiD, which is a 3R tauopathy, encompasses a region that includes 
the 1st PGGG motif whose conformation has been shown to be influenced by the E264G mutation, and the 
conformational change was shown to accelerate aggregation61. When the search region is restricted to the 4R 
repeat and the C-terminal region, PSP is the only filament among 3R+4R and 4R tauopathies that does not 
overlap with the 4th PGGG motif. Its W rmax fragment is part of a stabilizing fragment 349RVQSKIGS356 with 
which the PHF6 motif interacts in PSP19.

Local topological free energy of tauopathies
To further analyze the local conformations of tauopathy filaments, we employ the LTE in Writhe, which was 
introduced in47 (see Materials and Methods for the definition). The LTE distribution (see Supplementary Fig. 
S3) is defined based on the Writhe values of local conformations of 13,193 proteins in the PDB. According to this 
LTE distribution of the ensemble of folded proteins, the LTE of a local protein conformation indicates the degree 
of rarity of its conformation, consisting of 4 residues, relative to local conformations of proteins in the folded 
ensemble. A higher (lower) LTE of a protein fragment indicates a more rare (common) local conformation in 
the folded ensemble. LTE can be thought of as a free energy estimator and differences in LTE values as free 
energy differences47,62,63. An LTE value greater than 3.07 indicates values outside the 75th percentile of the LTE 
distribution, and it is called a high LTE. A local conformation of a protein attaining a high LTE is considered to 
be rare in the folded ensemble.

The LTEs of each tauopathy filament are shown in Fig. 2a (and Supplementary Fig. S4). Each data point 
denotes the LTE of a local conformation of 4 consecutive residues starting at that residue in the filament. PSP is 
the only filament that attains a high LTE at residues 302–305, which is indicative of a rare local conformation. 
This high LTE fragment, which is inside the jR2R3 motif, overlaps with the 301PGGG304 motif and is adjacent 
to the most common 301 mutation site and the PHF6 motif. In addition to PSP, the filaments of GGT attain their 
highest LTE values around these sites of interest. This cluster of highest LTEs of PSP and GGT are in the vicinity 
of residue 305 where they are observed to be oriented inwardly within the hairpin structure21. In contrast, GPT 
(type Ib and II) attains its minimum LTEs near residue 305, suggesting a more stable conformation there. This 
location of GPT is observed to be oriented outwardly from the hairpin structure. It is interesting to compare 
these results with DEER experiments showing that jR2R3 P301L fibrils most closely resemble GPT distances 
between a pair of residues selected for investigation of the adapted fold. Another cluster of relatively high LTEs 
for (PART, PiD, PSP, CBD (type II), GGT, GPT (type Ia)) is formed around the residue 345. These two clusters of 
high or relatively high LTE values along tauopathy filaments are found near the strong tau fold stabilizing motifs, 
PHF6 and PAM432.

We note that the PGGG motifs (which appeared in the previous section), with the exception of 301PGGG304 
motif in PSP, are not in high LTE. To further examine the local conformation of PGGG motifs we analyzed our 
culled protein sample for the Writhe values of PGGG motifs only, and computed the LTE of PGGG motifs in 
tauopathies based solely on those values. This led to a small sample of 58 values with respect to which the LTE 
was defined. Based on that sample, we find that approximately 40% of the PGGG motifs in tauopathies are in 
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high LTE relative to other PGGG motifs (outside the 75th percentile of the LTE distribution). This indicates that 
PGGG motifs in tauopathies adopt disproportionally uncommon conformations which may be related to the 
global structure of the protein.

We also compare tauopathies in terms of their (normalized) total LTEs, each of which is the average sum 
of all LTE values along filaments normalized by the length of the filament. Overall, we see that 3R+4R and 3R 
tauopathies have lower total LTE than 4R tauopathies, see Fig. 2c, suggesting that conformations of 3R+4R and 
3R tauopathies are locally more stable than 4R tauopathies. Additionally, within 4R tauopathies, four-layered 
tauopathies have lower total LTE than three-layered, thus a higher local stability of the four-layered tauopathies 
than the three-layered is likely. Pick’s disease, a 3R tauopathy, which has the lowest total LTE, is not a common 
tauopathy, but it is interesting to point out that AD, a 3R+4R tauopathy with low total LTE, is the most prevalent 
in the population (affects 10.9% of people age 65 and older64) than all 4R tauopathies65–72. Additionally, AGD, a 

Fig. 2.  The Local Topological Free Energy (LTE) of different tau protein folds. (a,b) Each data point is the LTE 
of a local conformation of 4 consecutive residues starting at that point. The horizontal line at Π(p) = 3.07 
corresponds to the 75th percentile of LTEs of the ensemble of folded proteins in the culled sample of the 
PDB. (a) The LTE along tauopathy filaments. The top rows are as in Fig. 1c. PSP has its high LTE inside the 
jR2R3 motif, being near the PHF6 motif and the 301 mutation site. Similarly, GGT has some of its highest 
LTE values in that region. (b) The LTE along the R2 repeat of tauopathies and tau filaments bound to MTs 
(PDB: 2mz7) and to F-actin (PDB: 5n5a and 5n5b). We see that bound tau proteins have higher LTEs. Some 
of the high or maximum LTE conformations are at or near binding sites. (c) The average normalized total LTE 
of 3R+4R (navy), 3R (green) and 4R (dark orange) tauopathies. Within 4R tauopathies, the orange light bars 
indicate the average normalized total LTE of the four-layered and the three-layered 4R tauopathies from the 
left, respectively. We see that 3R tauopathy is followed by 3R+4R and then by 4R tauopathies in terms of their 
normalized total LTE, which may imply the opposite order in terms of stability. Three-layered 4R tauopathies 
have higher normalized total LTE than four-layered. Each error bar indicates a standard error of different tau 
filaments.
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four-layered 4R tauopathy is more common than PSP, a three-layered 4R tauopathy73, in agreement with their 
total LTE ranking from lower to higher values.

Binding sites and high LTE
The R2 repeat is one of the four repeats in the MTBR, and it is present in 4R tauopathy filaments. Unlike the R3 
repeat, which is very rigid, the R2 repeat is more flexible and can produce different conformations, depending 
on environmental conditions such as temperature74. It is noteworthy that the total LTE of the R2 repeat is the 
highest among the R1, R3 and R4 repeats for taopathies (see Supplementary Fig. S5), in agreement with this 
being the more flexible/less stable repeat than the R3 repeat.

Figure 2b shows the LTEs of 4R tauopathy filaments along the R2 repeat, as well as the LTEs of tau filaments 
bound to MTs (PDB: 2mz7) and to F-actin (PDB: 5n5a and 5n5b). Each data point in the figure corresponds to 
the initial residue of 4 consecutive residues of a filament. Since each PDB file of tau filament bound to MTs and 
to F-actin contain 20 models, the average LTEs over the 20 model are used for analyses.

Overall, we see that the LTEs of bound tau filaments attain higher values than those of tauopathies. This 
suggests that the local conformations of misfolded tau R2 repeats are topologically preferred than those of tau 
filaments bound to MTs and to F-actin.

The high LTE fragments of tau filaments bound to F-actin are found at the following residues: 276–280 
(helix), 284–287 and 302–305. The helical high LTE fragment is part of the PHF6* motif and also part of one of 
the two binding sites (residues 277–283) through which F-actin interacts10. For tau protein bound to MTs, the 
R2 repeat is one of small groups of residues that that bind tightly to MTs8. Although there are no high LTEs of 
tau filament bound to MTs, its maximum LTE conformation is found at residues 296–299 which is immediately 
before one of two binding regions (residues 300–310) shown to fold into a hairpin conformation upon binding 
to MTs. These results point to binding sites possibly be reflected by higher LTEs.

To test the hypothesis that binding sites being at relatively high LTE conformations, we examine the LTEs of 
known tau antibodies relative to their binding sites. We use renumbered structure (Chothia) files in PDB format 
for antibodies, and the locations of CDRs for each antibody are obtained from the Structure Antibody Database 
(SAbDab)75.

The average probability of an antibody residue in high LTE fragments being a binding site is higher than that 
of any residue being a binding site (23% versus 16%), see Fig. 3 (and Supplementary Table S4 for the probability 
of each antibody and Supplementary Fig. S6 for examples of high LTE fragments of antibodies). This result 
suggests that the high LTE fragment of an antibody could be used to point to a location of its antigen binding site.

Among the antibodies we examined, VHH Z70 is the only antibody of single variable domain on a heavy 
chain antibody (nanobody). VHH Z70 antibody precisely binds to the PHF6 motif and inhibits tau aggregation 
in heparin-induced assays in vitro56. The interaction between the CDRH3 (residues 95–102) of the antibody 
and the PHF6 motif is stabilized by the 5 intermolecular hydrogen bonds56. The antibody has two high 
LTE conformations, and the maximum LTE of those is located inside the CDRH3 and captures one of the 5 
intermolecular hydrogen bonds.

Global topological free energy
In order to analyze the more global/topological information of a filament relative to conformations of proteins 
in the folded ensemble, we introduce the global topological free energy (see Materials and Methods for more 
information). In particular, we focus on the global topology of the repeats and of the jR2R3 peptide. Instead of 
protein fragments of 4 residues, we use fragments of 31 residues, which is the average length of repeats in the 
MTBR, to compute the Repeat Topological Free Energy (RTE) and 19 residues, which is the length of the jR2R3 
peptide (residues 264–313 for 3R tauopahty and 295–313 for 4R tauopathies), to compute the Peptide Topological 
Free Energy (PTE), respectively (see Materials and Methods for more information, and Supplementary Fig. S7 
and S8 for the RTE and PTE distributions, respectively). Since the Writhe accounts for cancellations due to sign, 
which may be influenced by the presence of secondary structure elements, we instead use the average Crossing 

Fig. 3.  Binding residues in known antibodies and their LTE. (Left) The average percentage distribution of 
residues of an antibody that are binding sites. (Right) The average percentage distribution of high LTE residues 
of an antibody that are binding sites. We hypothesize that relatively high LTE values can help predict binding 
sites. The standard error of binding residues and of binding high LTE residues in antibodies are 0.008 and 
0.029, respectively.
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Number (ACN) as a meaningful geometrical/topological parameter for the global topological energy, which will 
not be affected by the sign (see Materials and Methods for more information).

Topological free energy of repeats
Our results in Fig. 4a show similar average RTEs of the R3 and R4 repeats between 3R+4R, 3R and 4R 
tauopathies, suggesting similar stability for their repeat conformations. The lower RTE of the R2 repeat of tau 
filaments bound to MTs than that of 4R tauopathies implies that the R2 repeat conformation of bound tau 
filament is topologically more stable. Since our results earlier showed that local R2 repeat conformations of 4R 
tauopathies are more favorable, we hypothesize that the global R2 repeat conformation of tau filament bound to 
MTs compensates for its unfavorable local conformations.

Within 4R tauopathies, our result shows overall similar average RTEs between the three- and four-layered 
tauopathies, suggesting similar stability for their repeat conformations (see Supplementary Fig. S9).

Topological free energy of the jR2R3 peptide
Our results in Fig. 4b show that the 19 residue peptides of all tauopahy filaments are in high PTE conformation, 
attaining values greather than 75th percentile of the PTE distribution. In fact, the peptides of PiD, CBD (type I), 
AGD and GPT (type Ia) each have a PTE value greater than 90th percentile of the PTE distribution. This implies 
that the peptide of these tauopahies attain rare conformations than most of proteins in the folded ensemble. PSP 
and GGT have lower PTEs in ACN among 4R tauopathy filaments, suggesting a more stable conformation of 
the peptide than other tauopathies. Overall, PiD, a 3R tauopathy, has higher PTE than the average PTE of 4R 
tauopathies.

Discussion
Neurodegenerative diseases like Alzheimer’s, are associated with the misfolding and aggregation of tau proteins. 
As pathology appears to be structure-dependent, structure-based therapeutics have been proposed. Recent 
studies of misfolding and aggregation of tau proteins point to specific sites or fragments of interest along the 
protein that are important for misfolding and aggregation.

In this manuscript we employ topology and geometry in order to rigorously quantify and compare the local 
structural complexity of tau proteins obtained from the PDB. We demonstrate that mathematical topology 
and geometry alone and only by using structures from the PDB predicts sites at or near the most important 
motifs from experiments. More precisely, sites near the PGGG motifs are found to be part of or intersecting 
the fragments with maximum Writhe in tauopathies. Moreover, the local structures of tau filaments can be 
classified according to their Writhe, revealing a hierarchy of sites containing the PGGG motifs that differentiates 
3R and 4R from 3R+4R tauopathies. For PSP, AGD and CBD, our mathematical analysis predicts important sites 
outside the PGGG motifs, near known stabilizing fragments. It is interesting to point out that these diseases are 
associated to different pathologies; tufted astrocytes for example are unique to PSP and astrocytic plaques unique 
to CBD.

To further identify local conformations of interest, we employ the local and global topological free energy. 
More precisely, by analyzing a culled dataset of  13,193 proteins from the PDB (2,929,754 local writhe values), we 
define the Local Topological Free Energy (LTE)47. A local protein conformation of 4 residues is assigned an LTE 
value which can be interpreted as a measure of rarity of its geometry in the folded state ensemble. By employing 

Fig. 4.  The global topological energy of repeats and of the jR2R3 peptide in different tau protein folds. (a) 
The average Repeat Topological Free Energy (RTE) in ACN for 3R (green), 3R+4R (navy) and 4R (orange) 
tauopathies, and the RTE for a tau filament bound to MTs (yellow). Each error bar indicates a standard error 
of different tau filaments. We see that the global topological free energy of bound proteins is less than that of 
tauopathies. (b) The Peptide Topological Free Energy (PTE) in ACN for 3R and 4R tauopathies. The average 
PTEs of ACN for 4R tauopahties are approximately 2.13. In comparison, the PTEs of ACN for 3R tauopathy 
are approximately 2.50. We see that the jR2R3 repeat of 4R tauopathies has lower global topological free energy 
than the 3R tauopathy, with PSP and GGT having the lowest.
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the LTE we see that 3R+4R tauopathies have lower total LTE than 4R tauopathies, meaning that conformations 
of 3R+4R tauopathies are geometrically more stable. Among 4R tauopathies, four-layered tauopathies have 
lower total LTE than three-layered tauopathies. PSP is the only tauopathy with a high LTE conformation (a value 
of LTE that is outside the 75th percentile of the PDB) at 302–305, which is between the 301 site and the PHF6 
motif. The 301 site has been shown to be an important site for mutations that lead to aggregation23,24,76, while the 
PHF6 motif is also shown experimentally to be an important driver for aggregation30,31.

The R2 repeat of tau proteins is more flexible than the R3 repeat and known to bind to MTs and to F-actin7,10. 
By comparing the LTEs of the R2 repeat of bound tau proteins with those of tauopathies, we find that tauopathies 
have lower LTEs, implying that the conformations of misfolded R2 repeat are geometrically locally more stable. 
In fact, tau protein bound to F-actin has multiple high LTE conformations, including at the 302–305 fragment, 
suggesting that high LTE values in this case may reflect binding sites. To further explore this idea, we use the LTE 
to identify binding sites in known tau antibodies. Our results show that binding occurs with higher probability at 
high LTE sites of an antibody. These results point to a possibility of screening for binding sites by using the LTE.

To make a connection of local conformations to global conformations of the protein, we introduce a method 
to obtain a global topological free energy. By analyzing the same culled data set of the PDB with a scanning 
window size of 31 residues, which is the length of average repeats in tauopathies, we compute the Repeat 
Topological Free Energy (RTE). The RTE analysis shows that, even though bound tau proteins have higher LTEs, 
the R2 repeat of tau protein bound to MTs has lower RTE. These results may suggest that the global R2 repeat 
conformation compensates for its unfavorable local conformations.

By analyzing a culled data set with a scanning window of 19 residues, which is the length of the jR2R3 
peptide, we obtain the Peptide Topological Free Energy (PTE). We find that the jR2R3 peptide of PSP and GGT 
has lower PTE, implying that these 19 residue conformations of these tauopathies are more stable. Moreover, we 
find that the PTE of 4R tauopathies is on average smaller than that of the 3R tauopathy. This is in agreement with 
experimental results that show the jR2R3 peptide preferably forms 4R tauopathy fibrils, as their conformation 
seems to be more accessible in the folded state ensemble of proteins.

Overall, our results reveal that topological/geometrical characteristics of static structures of tau filaments 
alone can predict regions at or near sites that are experimentally shown to be important for the protein folding 
and aggregation. These mathematical methods not only identify these structures, but can also quantify their 
complexity in a way that could help understand protein misfolding and aggregation. The topological energy 
of local structures reveals a complex interplay of local conformations of 4 residues with global conformations 
of parts of the protein. For example, local conformations with relatively high topological energy are associated 
with binding which in turn reflects lower topological energy of repeats. In fact, local conformations with high 
topological energy could provide a mechanism to detect binding sites. Mutations that cause an increase of LTE 
but a decrease of global topological free energy of tauopathies may increase the propensity of aggregation, while 
increasing both the LTE and the global topological free energy may destabilize a protein. These results suggest 
that topological/geometrical methods could be used as a method for designing structure- and site-specific 
therapeutics.

Methods
Representations of tau filaments
Proteins are represented by their consecutive alpha carbon atoms (CA atoms) as linear open-ended polygonal 
curves in a three-dimensional space (3-space), which are used as approximations of the protein backbones.

Some tauopathies consist in different types of spatial organization of filaments present. Namely, two different 
types of AD and CTE are formed from two identical filaments that differ in their interaction, the straight filament 
(SF) and the paired helical filaments (PHF) for AD, and the type I and type II filaments for CTE. The type I and 
type II filaments in CBD and AGD consist of a single filament and a pair of identical filaments, respectively. For 
GGT and GPT, three types of filaments are observed with the type I being composed of a single filament and the 
type II and type III consisting of two identical filaments.

In this manuscript, the following three dimensional crystal structures from the PDB are used for tau filaments 
of tauopathies: 5o3t for AD (SF), 5o3l for AD (PHF), 7nrq for PART, 6nwp for CTE (type I), 6nwq for CTE (type 
II), 6gx5 for PiD, 6tjo for CBD (type I), 6tjx for CBD (type II), 7p6d for AGD (type I), 7p6e for AGD (type II), 
7p65 for PSP, 7p66 for GGT (type I), 7p67 for GGT (type II), 7p68 for GGT (type III), 7p6a for GPT (type Ia), 
7p6b for GPT (type Ib) and 7p6c for GPT (type II).

Measures of topological characterization of tau filaments
The Writhe of a curve in 3-space provides the degree to which a curve winds around itself. It is defined as the 
Gauss linking integral over one curve77:

Definition 1  (Writhe) For an oriented curve l with an arc-length parametrization γ, the Writhe, Wr, is the 
double integral over l:

	
W r(l) = 1

2π

∫

[0,1]∗

∫

[0,1]∗

(γ̇(t) × γ̇(s)) · (γ(t) − γ(s))
||γ(t) − γ(s)||3 dtds

where γ̇ denotes the derivative of γ, and the integral runs over [0, 1]∗ × [0, 1]∗ for all s, t ∈ [0, 1] such that 
s ̸= t.

Scientific Reports |        (2025) 15:10283 8| https://doi.org/10.1038/s41598-025-93304-x

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


The Writhe can have both positive and negative values depending on the orientation of a curve. It can also be 
expressed as the average algebraic sum of signs of all crossings in a projection of a curve with itself over all 
possible projection directions.

By taking the absolute value of the integrand of the Writhe, we obtain the Average Crossing Number:

Definition 2  (Average Crossing Number) For an oriented curve l with an arc-length parametrization γ, the 
Average Crossing Number, ACN, is the double integral over l:

	
ACN(l) = 1

2π

∫

[0,1]∗

∫

[0,1]∗

|(γ̇(t) × γ̇(s)) · (γ(t) − γ(s))|
||γ(t) − γ(s)||3 dtds

where γ̇ denotes the derivative of γ, and the integral runs over [0, 1]∗ × [0, 1]∗ for all s, t ∈ [0, 1] such that 
s ̸= t.
The ACN is a measure of the number of crossings (without signs) of a curve and can only be a positive real 
number. The ACN can be expressed as the average sum of crossings in a projection of a curve with itself over all 
possible projection directions.

The Writhe and ACN are continuous functions of the curve coordinates for both open and closed curves. 
They can be applied to a protein as a whole or to fragments of it (see Fig. S10 in SI for an example of the Writhe 
and ACN).

For polygonal curves, the Writhe and ACN each can be expressed as a finite sum of signed geometric 
probabilities that any two edges cross in any projection direction78.

Maximum normalized absolute Writhe
The maximum normalized absolute Writhe of a protein is computed by first scanning along the protein at 
intervals of varying length and computing the absolute Writhe of each resulting fragment (normalized by the 
fragment length).

Definition 3  (Maximum normalized absolute Writhe) Let pk,l denote the part of a protein from residue k to res-
idue l and let the first residue of the protein be K and the last be N. The maximum normalized absolute Writhe of 
a protein is defined by W rmax = max |W r(pi,j)|/(N − K), where K ≤ i ≤ (N − 1) and (i + 1) ≤ j ≤ N .

We call a fragment of a protein with the maximum normalized absolute Writhe, the maximum normalized 
absolute Writhe fragment of the protein (see Fig. S2 in SI for examples).

Topological free energy
The topological free energy of a protein was introduced in47, as a measure of rarity of a (local) protein 
conformation (characterized by a geometrical/topological parameter) relative to (local) conformations of 
proteins in the ensemble of folded proteins. As a representative of ensemble of folded proteins, we use a culled 
dataset of 13,193 proteins in the PDB with less than 60% of homology79. By using a sliding window approach of 
N residues, we scan along each protein and compute its Writhe of N consecutive residues. If there is a gap in these 
residue numbers, the Writhe is not be computed. Out of proteins in the dataset, proteins of length less than N are 
excluded. By doing this for the entire set of proteins, we obtain a distribution of Writhe values for fragments of N 
residues, from which the topological free energy of a protein in the folded ensemble is defined:

Definition 4  (N-topological free energy of a protein in the ensemble of folded proteins) Let dW r  denote the 
density (i.e. the number of occurrences) of a given Writhe value (window) of a segment of length N in the folded 
ensemble. Let m denote the (window) value of Writhe of maximum occurrence. To any value p of the Writhe, a 
normalized quantity is associated and called a Topological Free Energy in Writhe:

	 Π(p) = ln[dW r(m)/dW r(p)].

The topological free energies obtained from all Writhe values of proteins in the folded ensemble constitute the 
Topological Free Energy distribution of the folded ensemble. According to this distribution, a topological free 
energy of a protein, Π̃, is assigned based on its writhe value. We say that a conformation has a high topological 
free energy when it attains a higher topological free energy than the 75th percentile of the distribution (a value 
outside the 75th percentile). A conformation of a protein with a high topological free energy is called a high 
topological free energy conformation, and in this case, it is considered to be rare in the folded ensemble.

When N = 4 (which is the minimum length at which we can define the Writhe), we call the topological free 
energy of a conformation of 4 residues, the Local Topological Free Energy (LTE). The culled dataset of 13,193 
proteins in the PDB results in a sample of 2,929,754 local conformations of length 4, for which the Writhe values 
are computed. The LTE distribution of the folded ensemble as a function of Writhe is shown in Supplementary 
Fig. S3.

An analogue of LTE can be defined for other values of scanning window size. By increasing the window 
size, we capture more global/topological information of a protein conformation, obtaining a global topological 
free energy. In this manuscript, we use N = 31 and N = 19 for a scanning window, as these correspond to the 
average length of repeats in the MTBR and to the jR2R3 peptide, respectively. For the purpose of this study, we 
call these the Repeat Topological Free Energy (RTE) and the Peptide Topological Free Energy (PTE), respectively. 
For the ensemble of folded proteins, we use a culled dataset of 13,082 proteins in the PDB, which is a subset of the 
culled dataset used for the LTE and results in a sample of 82,309 local conformations of length 31 and in a sample 
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of 143,842 local conformations of length 19. In order to better capture the geometrical complexity without 
cancellations that occur in the Writhe calculation, we define the RTE and PTE in ACN. The same Definition 4 for 
N-topological free energy holds except that the Writhe is replaced by the ACN. The RTE and PTE distributions 
of the folded ensemble as a function of the ACN are shown in Supplementary Fig. S7 and S9, respectively.

Data availability
All data generated or analysed during this study are included in this published article and Supplementary infor-
mation.
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