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Abstract

The most important decision faced by large-scale studies, such as those presently encoun-
tered in human genetics, is to distinguish between those tests that are true positives from
those that are not. In the context of genetics, this entails the determination of genetic mark-
ers that actually underlie medically-relevant phenotypes from a vast number of makers typi-
cally interrogated in genome-wide studies. A critical part of these decisions relies on the
appropriate statistical assessment of data obtained from tests across numerous markers.
Several methods have been developed to aid with such analyses, with family-wise
approaches, such as the Bonferroni and Dunn-Sidak corrections, being popular. Conditions
that motivate the use of family-wise corrections are explored. Although simple to implement,
one major limitation of these approaches is that they assume that p-values are i.i.d. uni-
formly distributed under the null hypothesis. However, several factors may violate this
assumption in genome-wide studies including effects from confounding by population strati-
fication, the presence of related individuals, the correlational structure among genetic mark-
ers, and the use of limiting distributions for test statistics. Even after adjustment for such
effects, the distribution of p-values can substantially depart from a uniform distribution
under the null hypothesis. In this work, | present a decision theory for the use of family-wise
corrections for multiplicity and a generalization of the Dunn-Sidak correction that relaxes the
assumption of uniformly-distributed null p-values. The independence assumption is also
relaxed and handled through calculating the effective number of independent tests. | also
explicitly show the relationship between order statistics and family-wise correction proce-
dures. This generalization may be applicable to multiplicity problems outside of genomics.
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Introduction

A recurring question in large-scale studies concerns the proper statistical treatment of findings
when numerous tests are performed. Using nominal significance levels as a threshold for
reporting findings is prone to false positives. Historically, this is particularly problematic in
genetic epidemiology studies focused on disease association within sets of candidate genes. It is
well-known that the rate of replicating results from such studies was exceedingly low, suggest-
ing ubiquitous type I errors [1,2]. Several shortcomings likely conspired to produce high type I
error rates for these studies including publication bias, population stratification, reporting of
the most significant result following the use of a number of analysis methods and tests, and the
previous frequent use of a nominal o = 0.05. The era of genome-wide association studies has
greatly benefited from the widespread adoption of experiment-wise significance levels which
has dramatically improved the replication of positive findings [3,4].

In some instances—but not all—it is useful to think of interpretation of reported results as
being dependent on the total number of tests performed as part of a study. Numerous methods
have been devised to address this multiplicity problem and most provide a fairly reasonable
tradeoff between false positive and false negative error rates across many applications. These
methods include family-wise corrections (e.g., [5-9]), false discovery rates (e.g., [10-12]), and
Bayesian approaches (e.g., [13-17]). Family-wise correction procedures are designed to test
results from an entire study such that the probability of results from one or more test exceeding
an experiment-wise significance threshold under the null hypothesis is not greater than a pre-
specified level, o’. The use of false discovery rates restricts the expected proportion of false posi-
tive results across a study. Multiplicity problems in a Bayesian framework are usually handled
by the use of an appropriately small prior probability density of alternative hypotheses. Storey
showed that the posterior error probability resulting from Bayesian analyses is closely con-
nected with the positive false discovery rate [17]. Other approaches have also been proposed
including explicitly evaluating the tradeoff between type I and II error rates [18].

In this work, I present a decision theory based on an exchangeability principle to determine
if adjusting for multiple tests is a necessary component of the statistical analysis or not. If the
exchangeability principle is satisfied and an experiment-wise correction is employed, then,
through relating properties of order statistics that reveal the null density of the top-ranked test,
I develop a generalization of the Dunn-Sidak correction which relaxes the assumption of uni-
formly-distributed nominal p-values under the null. Integration of this null generates the gen-
eralized Dunn-Sidak experiment-wise p-value. As technological artifacts, cryptic relatedness,
and population stratification produce departures from the uniform distribution of p-values
under the null, this simple method may be particularly useful for genomic studies. Lastly, one
can incorporate an effective number of tests procedure, such as the Cheverud-Nyholt method,
into the generalized experiment-wise p-value calculation to treat the correlation between tests.
Hence, the full approach enables the relaxation of both the uniform-distribution and indepen-
dence assumptions in an experiment-wise correction.

Methods
Units of Analysis and Marker-Specific Hypotheses

Suppose that a case/control genetic association study is conducted to examine the correlation
between genotypes and the presence of a disease. In such a study, genotypes are typically mea-
sured in cases and controls for a large number of single nucleotide polymorphisms (SNPs).
Given data at a particular SNP, say ‘rs1’, there are many methods to quantify the evidence that
rs1 is indeed associated with the disease studied, including the calculation of a p-value from the
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Armitage trend test or a Bayes factor. Now suppose that another SNP, rs2, is subsequently
interrogated to again test for disease association with the same samples. Assume that the two
SNPs are independent and independent conditioned on disease status. Should the evidence
that rsl is truly associated with the disease change after we have evaluated rs2? Stated this way,
the common sense answer is no. By extension, the same reasoning applies to an arbitrary num-
ber of markers—the weight of evidence for rs1 being involved in the disease remains unaf-
fected. Hence, if the hypothesis evaluated is specific to rs1, the probability of a significant
disease association result for rs1 is independent of genetic information at other markers:

P(Prsl < O(|r52) = P(prsl < a|r527 crt T’S(f’l)) = P(prsl < O() (1)

where p, is the p-value testing the null hypothesis of independence between genotypes at rs1
and disease status, o is a pre-specified significance level, and # indicates an arbitrary number of
genetic markers. Therefore, when the hypothesis tested is framed with regard to rs1, the deter-
mination of disease association should be independent of the total number of markers evalu-
ated—free from a standard family-wise type I adjustment procedure. Similarly, the statistical
evaluation of rs1 should also not depend on the unit of how the result is reported: study-by-
study. As biology cares not about how results are reported, much of human genetics work
might fall under this statistical umbrella. Rather, for the unit of analysis when the hypotheses
tested are specific to a marker, should be on a marker-by-marker basis. That said, on both theo-
retical (e.g., [19]) and empirical grounds (e.g., [20]), & = 0.05 appears to be wholly inadequate
for striking a reasonable balance between type I and II error rates. Indeed, replication of find-
ings with p>107° is quite infrequent [21]. This is particularly true if the proportion of markers
across the genome having favorable disease mapping characteristics (i.e., genotype frequencies
and disease effect sizes in which an average-sized study has at least moderate power to detect a
significant result) is small. Under such a scenario—which is the prevailing view—an account-
ing for a very low prior probability that the individual marker evaluated is indeed disease-
associated is necessary for proper statistical evaluation. It follows that tests of marker-specific
hypotheses utilizing such a low prior probability regardless of the number of markers evaluated
should be employed. The significance level for marker-specific hypotheses therefore becomes
an objective metric that is not dependent on the parameters of a specific study and reporting of
all markers evaluated is consistent with this framework. In a Fisherian/frequentist analysis, an
appropriately reduced o could be employed based on the small prior, or in a Bayesian analysis
a small prior could be explicitly used [22].

A natural extension of the marker-specific analysis paradigm would be the creation of infor-
matics repositories of data at every marker evaluated in each study. Then (noting all of the
caveats regarding meta-analyses across studies) evidence for or against each marker being
involved in a particular phenotype can be amassed and compared against a stationary, objective
significance level.

An Exchangeability Principle for Multiplicity Testing

Now consider the situation where a large-scale genetic study, testing hypotheses that are not
specific to particular markers—that is, a priori, the result from any marker may be reported as
being significant. Under this scenario, the hypotheses tested need to be a priori exchangeable.
Adjustment for multiplicity is therefore appropriate to account for the selection of top results
from a larger set of tests. Under this framework, the top ranked test result is often of consider-
able interest. And since (i) the top-ranking could, a priori, be occupied by any marker and,
(ii) if thought of successive tests within a study, there is clearly a non-zero probability that
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successive test results could occupy the top-ranked position, adjusting for the number of tests
performed is appropriate.

Use of Order Statistics in Experiment-wise Statistics

Assuming the exchangeability principle between markers as described above holds, warranting
an accounting for multiplicity, the following uses order statistics to develop an experiment-
wise statistical procedure which generalizes the Dunn-Sidak method. This generalized method
enables treatment of a broader set of empirically-defined null models using the distribution of
p-values across a large-scale genetic study.

Suppose one has collected data from a large disease genetics study of #n markers. For the
development of the methods here, I will assume that all markers are in linkage equilibrium and
independent conditioned on disease status. Let the null model (H,) consist of independence
between disease status and genetics. Further assume that the proportion of tests that truly depart
from the null is small relative to the proportion consistent with the null. For each marker, a
nominal p-value is calculated testing the null hypothesis of independence with disease status,
denoted by p. Provided large sample sizes, the absence of confounding, unrelated individuals,
the condition that the number of null markers dramatically exceeds the number of true disease
markers, and the appropriate nominal statistical methods, the density of the p-values is uniform
on the unit interval. That is, P(p < a|H,) = a. Let U = —log.(p). Under the null model described
above, the density of U is simply the exponential: f{u) = exp(—u). Applying subscripts to indicate
ranking with regard to calculated p-values yielding the ordering set:{u;, u,_ u,}, such that u,, is
the largest value in the set of transformed p-values in the study, corresponding to the most sig-
nificant marker. Hence, u; indicates the i _ranked result from the set of # results. The general
form for the density of the ranked u; is

P(u;) = l<n> [FG))™ " [1 = F(u)]"f (w); (2)

1

where F(u) is the distribution function of U. This is a well-studied result from order statistics
[23]. Hence, for the exponential density expected under the null,

ence, P(u,) = i(!)[1 — exp(_u)](ifl)[exp(_u>](n—i+l) 3)

Under these assumptions, the probability density function (pdf) of the least significant test
is the exponential

fluy) = nlexp(—u)]" (4)
And the pdf of the most significant test is
flu,) = nlexp(=w)][1 — exp(~u)]"" (5)

Taking the result from Eq 5 as the null density, one can calculate an experiment-wise p-
value, pg ., for the nominal result for the most-significant —log,p. Let x denote this most signifi-
cant result, negative log-transformed p-value.

Pea =n [ lexp(~u)][1 — exp(—u)]" 'du

=1—[1—exp(—u,)]",
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which is simply the Dunn-Sidak corrected p-value:
=1-(1-p), (6)

This makes sense as we have derived the density of the top-ranked result under the null and
calculated the rank-adjusted p-value in a standard manner assuming a uniform density for the
p-values. For an arbitrary ranked result, the p-value accounting for rank is

mii(?)ffu»mp<tmfwmp<un"“uu 7)

Generalization

The above derivation provides a useful framework for relaxing the original assumption of a
uniform density for the nominal p-values. This carries broad utility as many studies have sys-
tematic biases or employ overly conservative or anti-conservative statistical techniques. For
example, genome-wide association studies in human genetics can suffer from both problems:
population stratification can generate systematic shifts in the p-value distribution through con-
founding, uncorrected effects from the inclusion of related individuals also generates depar-
tures from uniformly-distributed p-values under the null, and relying on limiting distributions
for the calculation of p-values often changes the p-value distribution under the null. These sys-
tematic departures in the null p-value distribution from a uniform are problematic in the
appropriate application of experiment-wise corrections. As shown above, the Dunn-Sidak cor-
rection relies on strictly uniformly-distributed p-values under the null for an appropriate calcu-
lation of the top-ranked p-value accounting for multiplicity. By using an empirical approach
assuming that the vast majority of markers are indeed consistent with the null model of no dis-
ease association, we can model these types of systematic departures in the null p-value distribu-
tion and incorporate these effects into a more general and realistic null model that focuses on
the disease association. A similar approach was used for the calculation of Bayes factors in
genome-wide association studies [24]. A natural generalization for the exponential distribution
of Uis a gamma density, of which exponentials are a special case:

u u

= (3) e(~3)bre) ®)

The parameters b and c are the scale and shape parameters, respectively. Setting ¢ = 1
restores the exponential distribution and setting both b = 1 and ¢ = 1 yields the unit exponential
variate analyzed above (for uniformly-distributed p-values). Applying the gamma distribution
to Eq 2, one can calculate a rank-adjusted p-value under a more general null model. Focusing
on the top-ranked result, the general ordered statistics result (setting i = n in Eq 2) is

P(u,) = n[F(u)]" 'f(u) ©)

Substituting the gamma distribution,

P(u,) = n(%)c [u exp(%)l‘(c)} - [1 _ rlg?j)

—1

T; (10)

Where I'(y,2) is the incomplete gamma function equal to [~ #~'exp(—t)dt. Integrating results
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in a generalized experiment-wise p-value for the top-ranked test,

n

b= [ O o] |1 -2 )

The parameters b and ¢ can be estimated using the entire set of individual test —log.p values
from the experiment or the subset of those values that is estimated to be consistent with the
null hypothesis. Concurrent estimation of the gamma parameters is the subject of much work
and both frequentist (e.g., [25]) and Bayesian approaches (e.g., [26]) have been studied. The
matching moments estimators are easily derived using the arithmetic mean (y) and sample var-
iance (6°) of {uy, tg,. . U}

2

B:a—andéz

o

[

Q|":

And maximum likelihood estimators are available [27]. Further, a goodness-of-fit test could
also be employed to verify the utility of the gamma model (e.g., [28,29]. As the gamma parame-
ters will be used to populate the density of negative log-transformed p-values, modeling a more
general null, excluding the most significant test results from a large-scale study is a reasonable
idea. More sophisticated approaches may be to concurrently model null and alternative densi-
ties as is often done with FDR procedures (e.g., [30]).

The general procedure outlined of using order statistics results to derive a null density for a
top-ranked finding as a method for calculating experiment-wise p-values can be used in a num-
ber of scenarios. For example, one may want to model the p-value distribution as a Beta variate
in which case the most significant finding, g, from n independent tests would have the null
density of

q "1 (1—x w—1 n—1 qv—l(l _ q)w—l
(ol e e | 2

where the parameters of the Beta variate are estimated from the observed set of p-values from
the experiment. Another example would be to use the commonly-generated Chi-Squared test
statistics from a large-scale experiment, modeled as either a Chi-Squared distribution or a Ray-
leigh-Rice distribution, and calculate the top-ranked density (Eq 13 below gives the Chi-

Squared example),
rG)-rG 3] (1)

. [27v/26(v72)/2exp(_ E)} [1 _ F(é ) %)
| T
Importantly, depending on the specifics of the application, the distribution selected to
model the statistical measure (p-value, test statistic, or other metric) may have error that stems
from the level of fit to observed data. That error would then propagate to the calculation of the
experiment-wise p-values. Intuitively, the fit of the model to the tail of the distribution is highly
critical to obtain accurate experiment-wise p-values through the methods promoted here.

Treatment of Correlation among Tests

Thus far, the procedures outlined have developed a generalization of the Dunn-Sidak correc-
tion, relaxing the assumption that p-values are uniformly-distributed under the null hypothe-
sis. Still, the method assumes that the set of p-values are i.i.d., while the large majority of
applications likely violate the independence assumption. Again, using the example from
human genetics: with high-density genome-wide SNP/SNV panels and available sequencing
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technologies, sets of markers assessed for large-scale genetic studies exhibit widespread linkage
disequilibrium. A simple way of incorporating the correlational structure of tests into the mul-
tiple testing calculation is through determining the effective number of independent tests [31-
39]. Such approaches use the pairwise matrix of r* values across all SNP/SNV’s to perform the
calculation and have been extended to include imputed data [35].

Results
Effect of Non-Uniform p-value Distributions

To explore the effect of a variety of different p-value distributions on the generalized multiplic-
ity approach as compared to the Dunn-Sidak correction, null-model p-values were generated
as a beta variate in a Monte Carlo simulation. Given both shape parameters equal to unity, we
recapitulate the uniform distribution for the null hypothesis, which is implicitly assumed in the
Dunn-Sidak procedure. As the shape parameters depart from unity, we can assess how this
impacts both the Dunn-Sidak and generalized method (making the Gamma model assump-
tion) procedure. The proportion of top-ranked (most significant) tests that exceed a predefined
significance level () are reported using both procedures. The Dunn-Sidak corrected o is calcu-
lated according to Eq 6, whereas the generalized method corrected o is calculated by numeri-
cally solving Eq 11 for the upper limit of the integration such that the integral is equal to o. For
example, if we model the p-value distribution in the Monte Carlo with a Beta variate having
shape parameters v = 0.9 and w = 1.1, and simulate an experiment with 10,000 independent
tests, we would calculate a generalized, Gamma-model significance level of 1.36E-06, corre-
sponding to an experiment-wise o, = 0.05. Whereas, one would calculate a Dunn-Sidak level
to be at a less conservative value of oips = 5.13E-06. The result of this difference in multiple
test-adjusted significance levels is that, over 5,000 replications of this experiment, 17% of the
top-ranked tests under the null exceed the apg, but the Gamma model retains an appropriate
significance level to control false positives with 5.2% of the top-ranked tests exceeding oig.
Table 1 displays the results across 13 null models.

Example

To illustrate the use of this generalized family-wise approach to multiplicity, data from a
genome-wide association study of extreme BMI was analyzed [40]. In this substantial study,
7962 cases were compared to 8106 controls and 1,984,813 SNPs were interrogated, generating
nominal p-values from a model that was adjusted for principal components to correct for pop-
ulation stratification effects. The top-ranked SNP exhibited a p = 9.30E-33 (x = 73.7553) testing
the association with extreme BMI. Not surprisingly, this SNP, rs11075990, is located within the
well-established fat mass and obesity-associated gene, FTO on chr 16q12.2. To refine the list of
p-values for the purpose of modeling a generalized null hypothesis, I removed 228 SNPs that
exceeded the standard threshold for genome-wide significance (5.0E-08) and proceeded to esti-
mate the parameters for the gamma distribution for the negative log-transformed p-values

with the remaining 1,984,585 SNPs. Using matching moment estimators, b =1.1144and

¢ = 0.9334. Recall, that under the uniform distribution for null p-values, both parameters
should be unity. Fig 1 shows the histogram of p-values from this study following the removal of
the 228 SNPs. Fig 2 shows the null density for the top-ranked marker in the extreme BMI

study assuming independence between markers and utilizing the estimated, more general,
gamma model. Integrating this null density of the top-ranked marker using Eq 11 to calculate
an experiment-wise p-value, yields pg,, = 2.601x107>* for rs11075990 -highly significant by
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Table 1. Proportion of Top-Ranked Tests Exceeding Dunn-Sidak and Gamma Model Significance Thresholds. The Dunn-Sidak significance level

(D-S alpha) is calculated in the traditional manner attempting to provide an experiment-wise significance level of 0.05. In an analogous fashion, the Gamma
Model significance level (G alpha) is calculated using the simulated data, also attempting to generate an experiment-wise significance level of 0.05. Table 1
shows the results of a Monte Carlo simulation evaluating 13 models. Using the respective significance levels, the proportions of top-ranked tests exceeding
the respective significance levels are presented.

Num Tests v w D-S alpha G alpha Prop top ranked exceeding D-S Prop top ranked exceeding G
10,000 1 1 5.13E-06 5.13E-06 0.048 0.048
10,000 1.1 11 5.13E-06 1.57E-05 0.018 0.057
10,000 0.9 0.9 5.13E-06 1.30E-06 0.139 0.043
10,000 0.8 0.8 5.13E-06 2.06E-07 0.378 0.035
10,000 0.7 0.7 5.13E-06 2.01E-08 0.772 0.030
10,000 1.2 1.2 5.13E-06 3.79E-05 0.0074 0.065
10,000 0.9 1.1 5.13E-06 1.36E-06 0.170 0.052
10,000 0.8 1.2 5.13E-06 2.72E-07 0.506 0.057
10,000 0.7 13 5.13E-06 3.36E-08 0.910 0.073
10,000 1.1 0.9 5.13E-06 1.57E-05 0.012 0.047
10,000 1.2 0.8 5.13E-06 4.08E-05 0.0024 0.043
10,000 0.95 1.05 5.13E-06 2.68E-06 0.0924 0.048
10,000 1.05 0.95 5.13E-06 9.46E-06 0.0252 0.045

doi:10.1371/journal.pone.0154472.t1001

p-value Histogram
for p>5E-08

Frequency

Fig 1. Histogram of Extreme BMI GWAS Association p-values. Fig 1 shows the histogram of the

0.2

0.4 0.6

p-values

0.8

association p-values, adjusted for principal components, from the extreme BMI GWAS study.

doi:10.1371/journal.pone.0154472.g001
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Probability Density

12 14 16 18 20 22 24
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Fig 2. Probability Density for the Top-Ranked Marker under the Null Hypothesis. Fig 2 shows the null
probability density function for the top-ranked marker from the extreme BMI GWAS using the gamma
parameters.

doi:10.1371/journal.pone.0154472.9002

virtually any measure following adjustment for multiplicity. However, this is over a 1000-fold
larger (less significant) than the Dunn-Sidak corrected p-value of 1.85x107%.

Comparing the fold increase in the rate of positive findings between the Gamma(1,1) model
(Modell) and the Gamma(0.9334, 1.1144) model (Model2) as a function of o, we observe a
substantial departure between the two models (Fig 3). For example, if we used a significance
level of alpha = 1.0E-05 as determined from the null implicitly used in the Dunn-Sidak correc-
tion (i.e., a uniform distribution of p-values), and we have measured 1,000,000 SNPs in a
GWAS, then we would expect 10 positive findings under the null hypothesis. However, if the
true null was defined by the Gamma model estimated above (Model2), then we would expect
to see 26.6 false positive findings if we ignore this revised null in the determination of the sig-
nificance level. Stated another way, if the real null distribution of p-values took on a Gamma
model that was observed in the extreme BMI GWAS, then not adjusting for the effects of such
a model (and implicitly using a uniform density for the Dunn-Sidak correction) would produce
an elevated number of false positives because the tail of the null distribution was inflated over
that expected under a uniform distirbution. Such an increase in the number of false positive
findings can greatly impact subsequent studies designed to replicate initial findings through
genetic association or functional studies to investigate biological effects of variants in an associ-
ated region. Interestingly, analyzing a second GWAS, extreme height, from the same study
[40], larger departures from a uniform distribution were found after filtering out all genome-

wide significant tests (Z) = 1.493 and ¢ = 0.742).

Treating the correlation among the tests will also change these experiment-wise p-values.
Individual genotype data is not readily available from the Berndt et al study, so I will approxi-
mate the total number of independent tests using work from Gao X, et al. 2008 and Gao X,
2011 [34,35]. Gao [35], using the simpleM method, finds that using both measured and
imputed SNPs (totaling 2.5M SNPs) from a set of Illumina beadchips applied to samples from
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Fold Increase in Expected False Positives
Model 2 vs. Model 1

25 I I T \ {

Fold Increase in Expected False Positives

0 | |

| | |
0.01 10 10 10® 101° 1012 10

Significance Level

Fig 3. Fold Increase in Number of False Positive Tests for Model2 vs. Model1. Fig 3 displays the impact
of mild departures in the null distribution of nominal p-values on the false positive rate. If one assumes the null
p-value density is uniform (Model1; Gamma(1,1)) when in fact the null density is the given in Model2, Gamma
(0.9334, 1.1144), using the significance levels as determined from Model1 will generate higher than expected
false positive rates. The fold increase in this false positive inflation is plotted as a function of the significance
level.

doi:10.1371/journal.pone.0154472.9003

the NHLBI Family Heart Study yields an effective number of independent tests of 540,818
markers (22.1% of the total number of tests evaluated). Similarly, Gao [34] shows that the esti-
mated number of independent SNPs from the Illumina 1M Beadchip data was fairly similar:
413,360 markers. As a first-order approximation, we can take fit a line to these data and arrive
at an estimated number of independent markers of 505,309 for the Berndt et al. dataset. Using
this value, the Dunn-Sidak corrected p-value is revised to 4.70x10>’. Similarly, revising the
experiment-wise p-value gives p,, = 6.61x107>*, still with the same fold-increase (>1000-fold)
in the p-value as with the previous calculation.

Discussion

Several multiplicity ideas are presented here including (i) the importance of marker-specific
hypotheses in large-scale genetic studies with the level of statistical significance sufficient for a
positive result being free from the number of tests performed, (ii) the notion of exchangeability
between tests as a criterion for use of multiple testing procedures, (iii) the connection between
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order statistics and the Dunn-Sidak experiment-wise corrected p-value, and (iv) a more general
framework for calculating an experiment-wise p-value when the assumptions of a strict null
model may be mildly violated. The generalized experiment-wise multiplicity correction pro-
posed uses the empirical data from large-scale experiments to account for departures from the
uniform distribution of null p-values which are often generated through imperfect experimen-
tal designs, technological issues, sampling biases, and inaccurate statistical procedures.
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