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Msc: A new distribution, the type II exponentiated half logistic-odd Burr X-G power series (TII-EHL-
62E99 OBX-GPS), is introduced in this study. This distribution combines the type II exponentiated
60E05

half logistic-odd Burr X-G family of distributions with power series distributions. We discuss
its mathematical characteristics, maximum likelihood estimates and simulation experiments,
along with practical applications in the type II exponentiated half logistic-odd Burr X-log-logistic
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1. Introduction

In the field of statistics, researchers continually seek distributions that can effectively capture the complexities of real-world data.
The limitations of classical distributions have prompted the development of new, generalized classes of probability distributions.

In recent years, several generalizations have emerged, including the type II- exponentiated half logistic (EHL)-G family of dis-
tributions (FoD) [4], type II-EHL-Gompertz-G FoD [23], type II -EHL-Gompertz-Topp-Leone-G FoD [30], type II-EHL-Topp-Leone
Marshall-Olkin-G FoD [25], type II half logistic distribution [37], type II half logistic exponentiated-G FoD [7], new type II half
logistic-G FoD [5], type II general inverse exponential distribution [16], Burr X-exponentiated Weibull distribution [18], Marshall-
Olkin Burr-X-G FoD [17], beta-Burr-X FoD [22], type I Burr-X-G FoD [3], Weibull-Burr-X-G FoD [15] and beta Kumaraswamy-Burr-
X-G FoD [19]. These distributions have expanded the toolbox of statistical modeling, allowing researchers to address a wider range
of data characteristics.

Simultaneously, researchers have explored power series (PS) distributions as alternative for data fitting. They include the type
II-EHL-Topp-Leone-G PS class of distributions (CoD) [24], EHL- Topp-Leone-G PS CoD introduced [10], exponentiated-G PS CoD
introduced by [29], odd power generalised Weibull-Weibull Poisson CoD [31], odd Lindely-G PS CoD [8], exponentiated half-logistic
power generalized Weibull-G FoD [27], exponentiated power Lindely Poisson distribution [33], Ristic Balakrishnan Lindely Poisson
distribution [14], odd Weibull-Topp-Leone-G PS CoD [26], Topp-Leone-G PS CoD [21], Burr XII Weibull Logarithmic distribution
[28], generalized Burr XII PS CoD [13], Lindely Burr XII PS CoD [20], T-R Y PS CoD [32], inverse Lindley PS CoD [35] and
exponentiated extended Weibull PS CoD [38], to mention just a few.

To enhance the flexibility of the type II-exponentiated half logistic-odd Burr X-G power series (TII-EHL-OBX-GPS) CoD, we intro-
duce an additional parameter. This added parameter significantly impacts both scale and shape parameters. We illustrate these effects
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by examining probability density function (pdf) and hazard rate function (hrf) plots, as well as skewness (SK) and kurtosis (KS) plots,
and by applying it to real-world data examples. The TII-EHL-OBX-GPS CoD, can capture a diverse range of density functions shapes
such as negative skewness, positive skewness, symmetric, J-shaped, and reverse J-shaped distributions. Incorporating monotonic and
non-monotonic patterns into the hrf of the TII-EHL-OBX-GPS CoD offers several advantages, including increased flexibility, improved
data fitting, the capability to handle complex data characteristics, improved reliability analysis, and wider applicability.

The arrangement of the study proceeds as follows: Section 2 presents the development and mathematical properties of the TII-
EHL-OBX-GPS CoD. In Section 3, we provide visual representations of the pdf and hrf, as well as 3D plots displaying skewness (SK)
and kurtosis (KS) for the special classes of the TII-EHL-OBX-GPS CoD. Sections 4 and 5 discuss the maximum likelihood estimation
(MLE) method and simulation experiments, respectively. Section 6 contains some applications from different fields. Section 7 gives
the conclusion and summary.

2. The model

Here, we develop the TII-EHL-OBX-GPS CoD by first considering a series of N random variables that are both independent and
identically distributed, say Z i =1.,N, from the TII-EHL-OBX-G FoD. The cumulative density function (cdf) of Z is

1-H(z8.x)]?
FTH—EHL—OBX—G(Z’ﬂ’ eR)=1- m ’

and the pdf is

Loiromnonc(@ 0.5 =4q (1= H(z: .0)"" (1+H(z: f.x)) """

1 Gzo \*\\
X —exp _<—1—G(z;£)>

G(Z;E) ? 1 G(z: _3G . .
X exp _<T(Z£)> (1-G(z:x) " G(z:x)g(z: k),

ENAN
respectively, in which H(z; f,x) = <1 — exp <— ( ]_Géz(fl) ) >> for z,q, p > 0, and parent parameter vector k. The survival function
(sf) is
S'I'II—EHL—OBX—G (z:4, ﬁ’E) =1- EI'II—EHL—OBX—G (z:5, q’E)
1 -H(z; 4,611
|1 +HEAK]

We combine the TII-EHL-OBX-G FoD with the PS CoD. Assume N is a zero truncated discrete random variable having a PS distribution
defined as

u
a,v

C(v)

P(N =n)= n=1,2,3,...,

C() =Y a,0" is finite, v > 0 and {a,},>; a sequence of non-negative integers. If we consider Z;, = min(Z,, Z,,..., Zy), we
obtain the cdf of Z},|N =n as

l—H(z;ﬁ,g)][’>"

Fzin=n(z:0.p.6) =1 <[m

for g, f > 0 and parameter vector k.
The TII-EHL-OBX-GPS CoD is the marginal distribution of Z;, with the cdf and pdf defined by

C(USTII—EH L-OBX—-G (25,4, E))

Fz (=1 o )
and
. ! .
()= 08z K)C OS,, it onx_c (%P4, K)
) C(v) ’
where ST”_EHL_OBX_G (z; B, q,x) is the sf of the TII-EHL-OBX-G FoD and k is a parameter vector of the parent cdf G(z;x), with pdf
g(z;x).

Using equation (1), the TII-EHL-OBX-GPS CoD has the cdf and pdf defined by

1-HGz:pm |
¢ (” [I+H<z;ﬂ,m] )
=1- -

TII—EHL—()BX—GPS( ) T’ )
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Table 1
Some Cases - TII-EHL-OBX-GPS Class of Distributions.

Some Cases cdf

ool e )

TII-EHL-OBX-G Poisson

TII-EHL-OBX-G Geometric

TII-EHL-OBX-G Logarithmic

Ll )

(14+vy"—1

TII-EHL-OBX-G Binomial

and

fTII—EHL—OBX—GPS(Z) =4qpv (1 - H(Z;ﬂ’f))qq (1 + H(Z;ﬂ’f))i((ﬁl)

| Gz \2\Y
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G(z; 2 _
Xexp(—(&> >(1 - G(z:0) Gz 08z K)

1-G@zx)
’ 1-H(z;p.x) 19
¢ (l) [1+H(z;ﬁ,£) )
ol ) 3)
C(v)

respectively, for z,q, v f > 0, and parent parameter vector k.
We illustrate particular cases for the TII-EHL-OBX-GPS CoD in which the definition of C(v) aligns with equation (2) in Table 1.

2.1. Some sub-classes

Some sub-classes of TII-EHL-OBX-GPS CoD are obtained by setting f=1,q=1,q=p=1,g=p=1andv— 0", g=1and v - 07,
to get the following sub-classes and sub-families of distributions with their cdf given as

w((2)) |
1+(17€XP(*(%>2>>

C(v)

Clo

F(z;0,9,0)=1-
for v,q > 0 and parameter vector k,
1-H(z:$.x)
¢ (” [1+H<z;ﬂ,s)] )
C(v)

for v, f > 0 and baseline parameter vector k,

oo-(2)’)
1+<1—exp<—< %)2))
C(v) ’

for v > 0 and baseline parameter vector k,
G(z;x) 2
A ( 1-G(z:x) )
G(z;x) 2 ’
1+ <1 —exp <—<1_G(Z—;K)> >>

for baseline parameter vector k, and

5

F(z;f,0,x)=1—

Clo

F(z;u,0)=1-

F(z;k)=1-

1 -H(z;4.x)

F(z:f.0)=1- [m ’

for f > 0 and «k being the baseline parameter vector, respectively.
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2.2. Some statistical properties
Here we examine different mathematical characteristics of the TII-EHL-OBX-GPS CoD.

2.2.1. The Hazard rate function
Analyzing survival data relies significantly on the hrf, which provides essential information about the rate of failure over time.
The hrf of TII-EHL-OBX-GPS CoD can be expressed as

-1 —(g+1
hrii-gnr-osx-c(z B,0,q,K) = 4fvq (1 - H(Zé,&ﬁ))q (1 +H(Z;ﬂs£)) @b

1 Gz \2\\
s 1-exp _<—1_G(Z;5)>

G(zik) \* -
Xexp(—(ﬁ) )(I—G(z;g)) Gz 08z K)

, 1-H(z;p,x) |9
¢ (l) [ 1+H(z;p.x) )
I-HEA0 |9
¢ (” [1+H(z;ﬂ,£)] )
for g, p,v> 0, z> 0, and k being the baseline parameter vector.

2.2.2. The quantile function (qf)
The qf for TII-EHL-OBX-GPS CoD can be derived by reversing the cdf of TII-EHL-OBX-GPS CoD, as indicated in the cdf referenced
(2). Consequently, the gf for TII-EHL-OBX-GPS CoD is defined by

1 -1

1Nz
. 15
1_[6 <C<u><1—u)>]a
Qg(u:q.p.0.6) =G ||| ~log|1 - ————— +1] | @
1+ [c-1<C<u><1—u)>]5
v

for 0 <u < 1. As result, equation (4) can be used for simulations and to generate random numbers for the TII-EHL-OBX-GPS CoD, for
any defined parent cdf G(z; k) and function C(v).

2.2.3. Series representation of density function
In Sub-subsection 2.2.3, we introduce a series expansion for pdf of the TII-EHL-OBX-GPS CoD. Equation (3) can be expressed as
an infinite linear combination of exponentiated-G (Exp-G) distributions, that is,

oo

Srir-enr-osx-gps(2) = Z C,. &n1(z:K),
=0

where 8 (z;x)=(h+ 1[G(z; 5)]"g(z; k) is an Exp-G distribution with parameter (h + 1) and parent parameter vector k, and

NN ks 190" (qn=1Y (qni (Ble+i+1)—1
=2 3 e ()
2A+1\ (3420 —u\, 1 ( 4qpo
><< : >< ; >( (w+1))<h+1>. ®)

Hence, the statistical and mathematical characteristics of the new distribution can be derived from those of the Exp-G distribution.
Note that appendix section gives information on how the series representation of the pdf is derived.

2.2.4. The raw moments and Moment Generating Function (MGF)
The raw moments and MGF of TII-EHL-OBX-GPS CoD are presented in Sub-subsection 2.2.4, which characterize a probability
distribution. Let fr;;_gn1-oBx—Gps(Z) be denoted by f(z) and if X, ~ Exp— G(h + 1,x), the b'" raw moment is defined by

E(Z% = / Pf(adz=Y C, EX}, ).
Ea h=0

where E(X z+ ,) represent the b'" moment of X, and Cy,, is defined in equation (5) When || < 1, then the MGF, is given by:

4
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My(0)=) C, My,
u=0

where M, (1) is the MGF of X, and equation (5) define C, |

2.2.5. The s** order statistics

Order statistics are particularly valuable in estimating parameters and determining key measures like the median. For any given
random sample Z;,Z,,...,Z, from TII-EHL-OBX-GPS CoD and associated order statistics is Z., < Z,.,... < Z, the s order
statistic have pdf given as

n:n’

n—s oo

fo= o 2 2 () i

¢=0 h=0
where g . (z;x)=(h+ 1[G(z; E)]hg(z; k) is the Exp-G distribution with the parameter (A + 1), and parameter vector k, where

o (o)

. = 2 dp,r””nvnﬂ <s +c— 1> <q(n +1)— 1)
M kim0 CO)PTI NN k

% gn+)+i\[(pk+i)—1\[(2]+1
i w u

3420 —u\, \prhtitwiu ! @
(13 (1)

2.2.6. Rényi entropy
Entropy quantifies degree of variability associated with a random variable. Rényi entropy [34], broadens the scope of Shannon
entropy and it can be defined as

1
Ir(p)= = log /[f(Z)]”dz p#1,p>0.
0
The Rényi entropy for the TII-EHL-OBX-GPS CoD is

In(p)= 1 log [Zr,,exp (1- p)IREG)],ﬂsé 1,p>0,

h P
where I, = 11: log [/000 < [1 + %] (G(z;x))» (g(z;g))) dy] is the Rényi entropy of an Exp-G distribution with parameter (1 + %)

and

i i ((n+p—1)— )((q(p+n—1)+p)+i—l>
s P Y (C(v»ﬂl' k i
y <ﬂ(p +k+i) - ,,) <2z +p> <3p+ 20~ u>(_1)k+,-+w+u (—(p+ w)) (4qﬂ)"p.
w u h [1+£]
p

Hence, Rényi entropy of the TII-EHL-OBX-GPS CoD is derived based on the Rényi entropy of the Exp-G distribution. Details on the
derivations is given in the Appendix.

3. Some cases

The special classes of the TII-EHL-OBX-GPS CoD are presented in Section 3. We take into account two PS distributions, the
Poisson distribution and logarithmic distribution, and take Weibull and log logistic distributions as parent distributions. The log-
logistic distribution have cdf and pdf defined by G(z;¢c) =1 — (1 + 297! and g(z;¢) = ez 1(1 4+ 2672, for ¢ >0 and z > 0. The
Weibull distribution have cdf and pdf defined by G(z;4) =1 — e and g(z; 4) = Az4"! e ,for A>0 and z>0.

3.1. Type II exponentiated half logistic-odd Burr X-Weibull Logarithmic (TII-EHL-OBX-WL) distribution

In subsection 3.1, we introduce the TII-EHL-OBX-WL distribution and present the pdf and hrf plots. Additionally, we include the
3D plots of SK and KS. The cdf of TII-EHL-OBX-WL distribution can be written as

1-H:ph |
_ —log (1 v [ 1+H(z:8,4) )
ri1-enz-osx-wir D =1- —log(1 —v)
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Fig. 1. Illustrations of the (a) Pdf and (b) Hrf Plots for TII-EHL-OBX-WL Distribution.
The pdf and hrf are
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22\ )
respectively, where H(z; §, A) = (1 —exp (—( Gzh) ) , for 0<v<1and z,q,4, 8 > 0. In reference to the TII-EHL-OBX-WL

X (1= G(z; 1) (G(z: 1) g(z3 4)

1-G(z;4)
distribution, Fig. 1 provides visual representations of both the pdf and hrf. This density function can accommodate uni-modal,
negative-skewed or positive-skewed, and reverse-J shapes, whereas hrf plots can accommodate different shapes including monotonic
and non-monotonic. Figs. 2 and 3 depicts the SK and KS plots for the TII-EHL-OBX-WL distribution.

« If we hold A and v constant while increasing f and ¢, we get a highly skewed and platykurtic KS.
« If v and f are fixed, increasing q and A results in an increase in SK and KS.

3.2. Type II exponentiated half logistic-odd Burr X-Weibull Poisson (TII-EHL-OBX-WP) distribution

In subsection 3.2, we present the pdf and hrf plots, as well as three dimensional plots of SK and KS. The cdf is

1-H@pn |1\ _
_1 exp (D [1+H(z;ﬁ,/1) ) !
TII-EHL-OBX-W P (&)=1- exp(v) — 1

The pdf is

(2)=4qpo(1 = H(z: f. )7 (1 +H(z: p, 1)~

fTII—EHL—OBX—WP
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Tl —EHL - OBX - WL(q. B. 0.5, 1.5) Tl —EHL - OBX - WL(q. B. 0.5, 1.5)

Fig. 2. SK and KS Plots of TII-EHL-OBX-WL Distribution.

TI-EHL - OBX - WL(q, 1.5, 0.5, %) TI-EHL - OBX - WL(q, 1.5, 0.5, %)

Fig. 3. SK and KS Plots of TII-EHL-OBX-WL Distribution.

o \2\\ Gz ) \*
x| 1—exp| - _6&H exp| — _6&H
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1-H(z:8,0) |7
xp (” [ T+H(z:6.) )

X (1= G(z: 1) (G(z: 1) g(z: ) exp(v) — 1

s

Gz \? /
where H(z; 8, 1) = <1 — exp (— ( l_éz(’z;)/l)> )) for z,q, B, A, v> 0. The hrf is

(2) =4qpo(1 —H(z: f. A)*~" (1 +H(z: p, )~

o \2\\ G(z;) \*
x(l—exp(— (—(z, ) ) >> exp(—(—(z’ ) ) >
1-G(z;4) 1-G(z;4)
1-H@Epn |4
exp (D [1+H(z;ﬂ,ﬂ)] )

1-Hezpn |1 _
eXp(”[HH(z;ﬂ,A) ) !

h
TII-EHL-OBX-W P

X (1= G(z; 1) (G(z; 1) g(z; )

for z,q,8, A, 0> 0.

Fig. 4 provides graphical representations of both the density function and hrf for the TII-EHL-OBX-WP distribution. The density
function can accommodate different shapes such as symmetric, reverse-J, positive-skewed or negative-skewed. Moreover, the hrf can
accommodate different form including monotonic and non monotonic. The SK and KS plots for the TII-EHL-OBX-WP distribution are
depicted in Figs. 5 and 6.
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Fig. 4. Illustrations of the (a) Pdf and (b) Hrf Plots of TII-EHL-OBX-WP Distribution.

Tl -EHL -OBX-WP(2, B, v, 1) Ti-EHL -0BX-WP(2,, v, 1)

Fig. 5. SK and KS Plots of TII-EHL-OBX-WP Distribution.

TI—EHL - OBX-WP(1, B, 1.5, 2) Tl —EHL - OBX-WP(1, B, 1.5, 2)

Fig. 6. SK and KS Plots of TII-EHL-OBX-WP Distribution.
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Fig. 7. Illustrations of the (a) Pdf and (b) Hrf Plots of TII-EHL-OBX-LLoGL Distribution.

+ When the model parameters A and g are held fixed, the decrease of SK and KS coincides with increase in # and o.
* When the model parameters ¢ and v are fixed, the SK and KS increase then decrease while f and A increase.

3.3. Type II exponentiated half logistic-odd Burr X-Log-Logistic Logarithmic (TII-EHL-OBX-LLoGL) distribution

Subsection 3.3, presents the cdf, pdf, hrf of TII-EHL-OBX-LLoGL distribution. The pdf and hrf plots, as well as the 3D plots of SK
and KS, are presented. The cdf of the TII-EHL-OBX-LLoGL distribution is given by
1-H(z80) |*
~log (1 Y [1+H<z;ﬁ.c)] )

ri1-ent-osx-rrot D =17 —log(1 — ) ’

the pdf is
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(1 Y [Mr)_l
« (Z ) 1+H(z;p.,¢)
5C B
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fTII—EHL—OBX—LLoGL

and the hrf is
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respectively, where H(z; f,¢c) = <1 —exp <— ( 1?&;;) >) ,forO<wv<1and z,q,p,¢>0.
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TIl —EHL - OBX - LLoGL(q, B, 0.5, 1.5) TIl-EHL - OBX~LLoGL(q, p. 0.5, 1.5)

Fig. 8. SK and KS Plots of TII-EHL-OBX-LLoGL Distribution.

TI-EHL -OBX - LLoGL(1.2, B, 0.9, c) Tl - EHL - OBX - LLoGL(1.2, B, 0.9, c)

Fig. 9. SK and KS Plots of TII-EHL-OBX-LLoGL Distribution.

The graphical representation illustrating the pdf and hrf of TII-EHL-OBX-LLoGL distribution are showcased in Fig. 7. The density
function accommodate different forms such as uni-modal, negatively or positively skewed, and reverse-J. The hrf can be monotonic
or non-monotonic in shape. The SK and KS plots for TII-EHL-OBX-LLoGL distribution are shown in Figs. 8 and 9, respectively.

» When the parameters v and c are fixed, the SK and KS decrease and then increase, while ¢ and f increase,
» When ¢ and v are fixed, the SK and KS increase as f and c increase.

3.4. Type II exponentiated half logistic-odd Burr X-Log-Logistic Poisson (TII-EHL-OBX-LLoGP) distribution

In subsection 3.4, we present the pdf and hrf plots, as well as 3D plots of SK and KS. The cdf and pdf are

1-H(z:f.0) q) _
(Z) -1 exp (U [ 1+H(z;p.¢) 1

TII-EHL-OBX~-LLoGP exp(v—1)

and

Frirrmnonxotioop (@) =440 (1 =H(z; )" (1 +H(z; B, )~ *Y

Gzo \2\\
X<l—exp<—<—(1_G(z;C)) >>
Gz |\ -
Xexp<—<m> >(1—G(Z,C))
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Fig. 10. Illustrations of the (a) Pdf and (b) Hrf Plots of TII-EHL-OBX-LLoGP Distribution.
1-H(z:p0) |
exp (U [ 1+H(z;p,¢) )
X (G(z;0) g(z;0) —————,
exp(v) — 1
and the hrf is

hrrienL-0Bx-LLocP(2) =4qfv(1 —H(z: B,0))"™" (1 + H(z: B, c))~*D
Gzo 2\
;C
X <1 —exp(— (71 —G(z;c)) >)
G(z;e) \*
. — _ . -3
xexp< (1—G(z;c)> >(1 G(z;¢))
1-H(z;8,¢) |4
exp (D [1+H(z;ﬂ,c)] )
1-H(z:p,0) |1 ’
€Xp (v [ T+H(z:4.0) ) -1

VAN
where H(z;f,c) = <1 —exp <— <M> )) for z,q,v,,c¢ > 0. The plots of the pdf in Fig. 10 show positively or negatively

X (G(z;¢)) g(z;5¢)

1-G(z;c)
skewed, reverse-J and uni-modal shapes. Moreover, the hrf shown in Fig. 10 accommodate different shapes, including monotonic
and non-monotonic. The SK and KS plots for the TII-EHL-OBX-LLoGP distribution are shown in Figs. 11 and 12.

« If we fix # and v, parameter g and ¢ increase as SK decrease and KS increase, and
« If we fix g and ¢, parameter § and v increase as SK and KS increase.

4. Maximum likelihood estimation

Let Z ~ TII-EHL-OBX-GPS (g,v, §, k) and the vector of parameters represented by Q = (q,0, §, E)T. For any given random sample
of size n from the TII-EHL-OBX-GPS CoD, the log-likelihood function is given by

£,(Q) =nIn(gpv) + (g—1) Y. In (1 =H(z: f,5)) = (g + 1) Y In (1 + H(z: f. x))

i=1 i=1

< Gzr) \’
+(ﬁ—1)Zln<l—exp<—<%(§K)> )>
i=1 =

! Gzx) \’ <
B (Fazg) )2 gro-ene

i=1
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Tl —EHL- OBX - LLoGP(1.2, B, v, 1) Tl —EHL- OBX-LLoGP(1.2, B, v, 1)

Fig. 11. SK and KS Plots of TII-EHL-OBX-LLoGP Distribution.

TIl-EHL -OBX - LLoGP(q, 0.5, 1.5, ¢) TIl-EHL - OBX - LLoGP(q, 0.5, 1.5, ¢)

Fig. 12. SK and KS Plots of TII-EHL-OBX-LLoGP Distribution.

n n C, (l) [71_}1(1;!339 q) n
+ ZIn (g(z,-;g)) + ;ln % + Z{ln (G(z,-;E)),

i=1

o 22\ 7
when H(z; ,x) = <1 —exp <— ( 1G(Gz(fl) ) )) The elements of the score vector U = (%, %, ‘;—i, %) are given in the Appendix.
- K —k

5. Monte Carlo simulation study

The consistency of the TII-EHL-OBX-LLoGP distribution is investigated in this section by running several simulations for various
sample sizes (n) including 25, 50, 100, 200, 400, 800 and 1600. We performed simulations for a total of 1000 samples. Tables 2 and
3 presents the simulation results for selected sets of parameter values. Evaluating the precision of MLEs involves using metrics like
mean of MLEs, average bias (ABias), and root mean square error (RMSE).

According to the results obtained from the simulation experiments, as the n increases, the mean parameter estimates converge
towards the actual parameter values. In addition, as the n increases, the ABias and RMSE decrease. Therefore, the estimates of the
TII-EHL-OBX-LLoGP distribution are consistent.

6. Data analysis

The applicability and suitability of the TII-EHL-OBX-LLoGP distribution are demonstrated by fitting the model to agriculture data,
survival years data and carbon fibres data.

12
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Table 2

MCS Results for TII-EHL-OBX-LLoGP Distribution.

(0.5,2.8,0.5,1.0)

(0.5,0.9,0.5,1.0)

parameter n Mean RMSE ABias Mean RMSE ABias

q 25 1.3605 5.0589 0.8605 2.0199 8.5869 1.5199
50 1.2565 3.2502 0.7565 1.4087  4.0829 0.9087
100 1.1125 2.5127 0.6125 1.1045 2.1146 0.6045
200 0.8615 1.3155 0.3615 0.8660 1.2878 0.3660
400 0.7363 1.0408 0.2363 0.7621 1.0430 0.2621
800 0.6895 0.7804 0.1895 0.6489 0.7208 0.1489
1600 0.5691 0.4983 0.0691 0.5831 0.5454 0.0831

p 25 2.7703 0.5943 -0.0296 0.8904 0.2074 -0.0095
50 2.7903 0.4841 -0.0096 0.8842 0.1577 -0.0157
100 2.8009 0.3866 0.0009 0.8764 0.1213 -0.0235
200 2.8100 0.3046 0.0100 0.8791 0.0884 -0.0208
400 2.8267 0.2438 0.0267 0.8919 0.0729 -0.0080
800 2.8237 0.1943 0.0237 0.8948 0.0599 -0.0051
1600 2.8055 0.1601 0.0055 0.8986 0.0463 -0.0013

) 25 1.2611 1.3803 0.7611 1.2405 1.3557 0.7405
50 0.9634 1.0678 0.4634 1.0281 1.1216 0.5281
100 0.8848 0.9724 0.3849 0.8877 0.9992 0.3877
200 0.8369 0.8309 0.3369 0.8639 0.8744 0.3639
400 0.7992 0.7305 0.2992 0.8098 0.7751 0.3098
800 0.7056 0.6192 0.2056 0.6829 0.5629 0.1829
1600 0.5735 0.5316 0.0735 0.5333 0.4224 0.0333

c 25 2.2890 2.6525 1.2890 0.9472 1.5640 -0.0527
50 1.8637 2.0721 0.8637 1.2196 1.6489 0.2196
100 1.5366 1.5752 0.5366 1.3502 1.6212 0.3502
200 1.4080 1.2624 0.4080 1.4031 1.6911 0.4031
400 1.3146 0.9489 0.3146 1.3116 1.3843 0.3116
800 1.3014  0.7900 0.3014  1.1574  0.9204 0.1574
1600 1.2761 0.6236 0.2761 1.0270 0.7478 0.0270

Table 3
MCS Results for TII-EHL-OBX-LLoGP Distribution.

(2.0, 0.2,0.2,1.5) (1.5, 2.0, 0.5, 0.2)
parameter n Mean RMSE ABias Mean RMSE ABias
q 25 2.3242 1.5995 0.3242 1.7769 2.0527 0.2769

50 2.2891 0.7258 0.2891 1.6470 0.7493 0.1470
100 2.1802 0.5130 0.1802 1.6279 0.5448 0.1279
200 2.1297 0.3761 0.1297 1.5950 0.3804 0.0950
400 2.0810 0.2470 0.0810 1.5760 0.2833 0.0760
800 2.0302 0.1698 0.0302 1.5407 0.1867 0.0407
1600 2.0203 0.1185 0.0203 1.5255 0.1297 0.0255
p 25 0.2946 0.2456 0.0946 2.9536 9.0485 0.9536
50 0.2344 0.1002 0.0344 2.0187 1.1005 0.0187
100 0.2152 0.0612 0.0152 2.0173 0.4307 0.0173
200 0.2106 0.0485 0.0106 2.0011 0.5098 0.0011
400 0.2106 0.0485 0.0106 1.9759 0.2755 -0.0240
800 0.2025 0.0246 0.0025 1.9728 0.7297 -0.0271
1600 0.1998 0.0177 -0.0001 1.9966 0.1978 -0.0033
v 25 1.3933 4.5958 1.1933 1.0524 1.3065 0.5524
50 0.5417 3.8791 0.3417 1.0538 1.1937 0.5538
100 0.2104 0.1985 0.0104 1.0086 1.2306 0.5086
200 0.2032 0.0578 0.0030 0.8188 0.9553 0.3188
400 0.2002 0.0384 0.0002 0.7280 0.8316 0.2280
800 0.1998 0.1423 -0.0001 0.6212 0.5987 0.1212
1600 0.1989 0.0282 -0.0010 0.5588 0.3911 0.0588
c 25 2.4801 1.9519 0.9801 0.3593 0.3993 0.1593
50 2.4262 1.9441 0.9262 0.2700 0.2034 0.0700
100 1.9922 1.2245 0.4922 0.2516 0.1366 0.0516
200 1.8972 0.9860 0.3972 0.2408 0.1334 0.0408
400 1.7305 0.6389 0.2305 0.2194 0.0681 0.0194
800 1.5996 0.4048 0.0996 0.2047 0.0276 0.0047
1600 1.5500 0.2771 0.0500 0.2011 0.0170 0.0011
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Fig. 13. Fitted (a) Pdf and (b) PP Plots for Agriculture Data.

To determine the suitability of the model, we employed the AdequacyModel package. The function for goodness.fit() includes
important statistics for assessing the suitability of lifetime probability models, including the -2loglikelihood (—2¢,,), Anderson-Darling
(AD), Cramér-von Mises (CVM), bayesian information criterion (BIC), consistent akaike information criterion (CAIC) and akaike
information criterion (AIC) statistics. The sum of squares (SS) from probability plots (PP) and the Kolmogorov-Smirnov (K-S) statistic,
as well as its associated p-value have been employed to evaluate goodness-of-fit (GoF) statistics. The most suitable distribution is
determined by the least values of GoF statistics and K-S statistic with the largest p-value.

The Total Time on Test (TTT) graph proposed by [1] represent the behavior of hrf over time. The hrf is constant when it is straight
diagonal, decreasing when it is convex, and increasing when it is concave. If the hrf has a bathtub shape, then it is initially convex
followed concave. If the hrf is an upside-down bathtub, it starts with a concave and transitions to a convex shape.

The TII-EHL-OBX-LLoGP distribution was set in contrast to both nested and several non-nested equi-parameter distributions. The
non-nested equi-parameter distributions considered are the generalized Gompertz-Poisson (GGP) distribution [39], odd exponen-
tiated half logistic Burr XII (OEHLBXII) distribution [2], Topp-Leone generated Weibull (TLWP) distribution [21], exponentiated
Burr-XII Poisson (EBXIIP) distribution [12], exponentiated half logistic odd Weibull-Topp-Leone-log-logistic (EHLOW-TL-LLoG) dis-
tribution [9] and odd power generalised Weibull-Weibull Poisson (OPGW-WP) distribution Oluyede et al. [31].

6.1. Agriculture data

The first data set depicts total factor productivity growth in agricultural production from 2001 to 2010 for thirty-seven African
countries. This data was obtained from https://dataverse.harvard.edu/dataset.xhtml?Persistentld = doi:10.7910/DVN/9I0AKR, ac-
cessed 30 June 2022 and data points are given in appendix.

The estimated variance-covariance (Var-Cov) is

6.8114x 10797 3.2909 x 1079 —4.3638x 1078 1.2861 x 10~

3.2909 x 10~% 0.2241 2.8547 x 10795 —0.0672
—43638%x 1079 2.8547x107%  3.6670x 107%°  9.1064 x 109
1.2861 x 10704 —0.0672 9.1064 x 1079 0.0295

and the estimated 95% confidence interval (CI) for g, v, f and ¢ are respectively, given as 0.0019+0.0061, 0.9883 +0.9279, 147.9200 +
0.0001 and 0.8186+0.3366. In contrast to the competing distributions presented in Table 4, the agriculture data fit very well with TII-
EHL-OBX-LLoGP distribution as it has least GoF statistics values, and the highest p-value for the K-S statistic. Fig. 13 showcase that the
fitted graphical representations clearly indicate that the TII-EHL-OBX-LLoGP distribution outperforms several equi-parameter models
used for comparison in fitting the agriculture data. Fig. 14 depicts the TTT plot for agriculture data, indicating a decreasing hrf. The
Kaplan-Meier (K-M) along with the empirical cumulative distribution function (ECDF) curves for agriculture data are depicted in
Fig. 15. Based on the closeness of the observed and fitted lines in Fig. 15, we observe that TII-EHL-OBX-LLoGP fit the agriculture data
well. We exhibit the log-likelihood profile plot of the MLEs of the TII-EHL-OBX-LLoGP parameters for agriculture data in Fig. 16. The
MLEs for TIIEHL-OBX-LLoGP distribution from agriculture data exist and can be achieved uniquely as shown in Fig. 16.
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Table 4
Parameter Estimates and GoF Statistics for Agriculture Data.

Estimates Statistics

Model q B v c —2log” AIC AlCC BIC CVM AD K-S P-VALUE ss

TII-EHL-OBX — LLoGP(q,,v,¢) 0.0019 0.9883 147.9200 0.8186 107.3051 115.3051 116.3324 121.5261 0.0340 0.2067 0.0829 0.9611 0.0299
(0.0008) (0.4734) (6.0556 x 1070 (0.1717)

TII - EHL-OBX — LLoGP(1,,0v,¢) - 3.1295 5.6664 x 10~08 0.3847 116.2720 122.2720 122.9993 127.1047 0.0711 0.4437 0.1321 0.5387 0.0646
- (0.4515) (0.0323) (0.0471)

TII-EHL-OBX — LLoGP(1,1,0,¢) - - 3.1280x 10~08 0.4579 158.1039 162.1038 162.4596 165.3258 0.0405 0.2493 0.4996 1.9000 x 10~08 3.8789
- - (0.0222) (0.0504)

EBXIIP c s a i
2.2169 1.4832 0.8275 7.7387x 10~09 110.6733 118.6733 119.9233 125.1169 0.0675 0.4191 0.1281 0.5783 0.0593
(1.1973) (1.0731) (0.8693) (0.0153)

GGP ] a p v
0.5761 3.9170 1.2041 8.6309 x 10709 122.0838 130.0831 131.3331 136.5268 0.0379 0.2362 0.1959 0.1166 0.3159
(0.9416) (2.5161) (0.3968) (0.1199)

TLWP a p p) [
0.5392 0.7452 1.3930 1.0019x 10708 120.1369 128.1372 129.3872 134.5808 0.0421 0.2605 0.2732 0.0079 2.6874
(0.1271) (0.1231) (0.3237) (0.0233)

OEHLBXII a p) a b
0.1563 0.0148 8.2485 0.4037 112.5454 120.5454 121.7954 126.9891 0.0533 0.2972 0.1257 0.6023 0.0635
(0.0654) (0.0372) (3.6295) (0.1418)

EHLOW-TL-LLoG b B 5 c
56.7327 0.2231 0.2097 0.9255 126.9844 132.9844 133.6145 138.8082 0.1770 1.1119 0.1949 0.1200 5.2608
(23.6297) (0.0750) (0.0697) (0.1433)

OPGW-WP a B A 0
0.9526 0.3286 1.0884 1.3592x 10708 108.8290 116.8290 118.0787 123.2724 0.0642 0.3950 0.1149 0.7130 0.0718
(0.3733) (0.0853) (0.2268) (0.0144)

pdadyD *f pup apaknjQ g ‘op3ud ‘N

z0vzzo (£202) 6 uofoH



N. Dingalo, B. Oluyede and F. Chipepa Heliyon 9 (2023) e22402

Fitted TTT Plot Fitted Hrf
o w
< By ~o— TI-EHL-OBX-LLoGP
© |
s o
(o
£ o |
S o -
2 o7
g —
= =
": <
<
= S
ki &
[
O
Che.
o
o o
(= o 7
T T T T T T T T T T T T
0.0 02 04 06 08 10 0 1 2 3 4 5
X X
(a) (b)
Fig. 14. Fitted (a) TTT and (b) Hrf Plots for Agriculture Data.
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Fig. 15. Fitted (a) K-M and (b) EDCF Plots for Agriculture Data.

6.2. Survival years data

This data set represent survival years of patients who only received chemotherapy treatment and was applied by [6] and [36].
The data observation are given in appendix.
The estimated Var-Cov is

0.0049  —0.0252 0.0001 —0.0001
—0.0252  0.1293 —0.0005 0.0006
0.0001  —0.0005 2.0901x 1079  —2.5035 x 10~9¢
—0.0001 0.0006 —2.5035%107% 22658 x 10793

and the estimated 95% CI for ¢,f,v and ¢ are respectively, given by 11.1940 + 0.1369, 21.1730 + 0.7049, 544.5300 + 0.0028 and
0.0428 +0.0093, respectively.

16



LT

Table 5
Estimates of Parameters and GoF Statistics for Survival Years Data.

Estimates Statistics

Model q p v ¢ —2log” AIC AlCC BIC cVM AD K-8 P-VALUE sS

TII-EHL-OBX — LLoGP(q,f,v,c) 11.1940 21.1730 544.5300 0.0428 116.0108 124.0108 125.0108 131.2703 0.0746 0.5031 0.1062 0.6511 0.0759
(0.0702) (0.3593) (0.0014) (0.0047)

TII-EHL-OBX — LLoGP(1,p,v,c) - 0.9989 9.7509 x 10~09 0.5000 136.3235 142.3235 142.9088 147.7434 0.0650 0.4459 0.2712 0.0020 1.5798
- (0.1383) (0.0198) (0.0499)

TII-EHL-OBX — LLoGP(1,1,0,¢) . - 2.8503 x 10~09 0.4893 136.2201 140.2201 140.5058 143.8334 0.0643 0.4417 0.2759 0.0016 14.9568
. (0.0065) (0.0474)

EBXIIP c s a A
0.9805 0.0053 1.0717 0.0059 116.2498 124.2498 125.2498 131.4764 0.0811 0.5427 0.1082 0.6278 0.0799
(1.0374) (13547 x 10705) (1.1332) (1.3223% 10705)

GGP 0 a p v
4.1348x 10708 1.1611 0.8064 32741 x 1006 116.2660 124.2660 125.2660 131.4926 0.0781 0.5246 0.1236 0.4602 0.1066
(0.0390) (0.3498) (0.3526) (0.2094)

TLWP « p 2 0
0.4128 0.9559 1.1789 1.9758 x 10708 116.2064 124.2064 125.2064 131.4330 0.0759 0.5113 0.1149 0.5532 14.9568
(0.4388) (0.5907) (1.2740) (0.0194)

OEHLBXII a 2 a b
0.1287 0.0201 6.2177 0.5314 118.1072 126.1072 127.1072 133.3338 0.0896 0.6010 0.1109 0.5973 0.0819
(0.2843) (0.2929) (12.1039) (0.5831)

EHLOW-TL-LLoG b s 5 ¢
71.4475 0.1926 0.1474 0.8709 129.4317 137.4317 138.4317 144.6588 0.0960 0.6739 0.1923 0.0622 7.2651
(35.2931) (0.0790) (0.1026) (0.1190)

OPGW-WP « s 2 0
0.9363 0.7269 0.3793 3.9246 x 10~09 145.6448 153.6447 154.6447 160.8714 0.0730 0.4933 0.3013 0.0004 1.1348
(0.1444) (0.0856) (0.0561) (0.0079)
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Fig. 16. Graphs of Profile Log-Likelihood Function of the Parameters of the TII-EHL-OBX-LLoGP Distribution on Agriculture Data.
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Fig. 17. Fitted (a) Pdf and (b) PP Plots for Survival Years Data.

As shown in Table 5, the TII-EHL-OBX-LLoGP distribution has lowest GoF statistics values and a highest p-value for the K-
S statistic. The fitted pdf and PP plots for survival years data is shown in Fig. 17. These fitted plots supports the GoF statistics
presented in Table 5 and further confirms that the TII-EHL-OBX-LLoGP distribution fits the survival years data in comparison to the
models utilized for comparison in this study. Fig. 18 illustrates a TTT plot for survival years data, revealing an upside-down bathtub
hrf. The K-M and ECDF curves for the survival years data are shown in Fig. 19. From the closeness of the empirical and fitted lines
in Fig. 19, it can be inferred that TII-EHL-OBX-LLoGP model is a strong fit for the survival years data. Figs. 20 and 21 shows the
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profile log-likelihood functions of TII-EHL-OBX-LLoGP distribution for survival years data. The MLEs for the TII-EHL-OBX-LLoGP
distribution for the survival years exist and can be obtained uniquely, as illustrated in Figs. 20 and 21.

6.3. Carbon threads data

This data focuses on the fracture strength of carbon threads that measure a length of 50 mm. In the study [11], the data was put
to use and is given in appendix.
The estimated Var-Cov matrix is

6.6482x 1079  —0.0084 1.0224x107% —6.0914 x 100
—0.0084 1.0638 —-0.0129 0.0077

1.0224x107%  —0.0129 1.5724x107% —-9.3680x 109

—6.0914%x 1079 0.0077 -9.3681x107% 6.4380x 1079
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Fig. 21. Graphs of the Profile Log-Likelihood Functions of Parameters (v and ¢) of the TII-EHL-OBX-LLoGP Distribution on Survival Years.

and the estimated 95% CI for g, f,v and ¢ can be respectively, expressed as follows: 270.7400 + 0.0159, 33.8860 + 2.0216, 174.2600 +
0.0245 and 0.1000 + 0.0157. The TII-EHL-OBX-LLoGP distribution has lowest GoF statistics and lowest K-S statistic with the largest
p-value for the K-S statistics, as shown in Table 6. Fig. 22 confirms the GoF statistics in Table 6 with fitted pdf and PP for the carbon
threads data set. The TII-EHL-OBX-LLoGP distribution exhibits a superior fit when contrasted with various other models. Fig. 23
represents the TTT plot for carbon threads data, illustrating an increasing hrf. The K-M survival and ECDF curves for carbon threads
data set are shown in Fig. 24. Based on the closeness of the observed and fitted lines in Fig. 24, we conclude that TII-EHL-OBX-LLoGP
fit the carbon threads data well. Figs. 25 and 26 presents the profile log-likelihood plots for the parameters of the TII-EHL-OBX-LLoGP
distribution in the context of the carbon threads data. The MLEs for the TIIEHL-OBX-LLoGP distribution from carbon threads data
are readily available and can be achieved uniquely, as shown in Figs. 25 and 26.

6.4. The Likelihood Ratio Test (LRT)

This section contains the LRT results for comparing the main model and nested distributions.

The performance of the nested models and the TII-EHL-OBX-LLoGP distribution differ significantly as shown by the results
in Table 7. This demonstrates the importance of the additional parameters added to the parent distribution in improving model
flexibility.

7. Conclusions

In this study, we presented the TII-EHL-OBX-GPS CoD, a versatile distribution developed to enhance the flexibility and adaptability
of modeling real-world data. Our analysis encompassed a comprehensive examination of its mathematical characteristics, including
qf, linear representation, raw moments, MGF, order statistics, and Rényi entropy. We demonstrated its ability to accommodate
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Table 6
Estimates of Parameter and GoF Statistics for Carbon Threads Data.

Estimates Statistics

Model q s ) ¢ —2log” AIC AlCcC BIC cVM AD K-S P-VALUE sS

TII-EHL-OBX — LLoGP(q,f,v,¢) 270.7400 33.8860 174.2600 0.1000 173.4101 181.4101 182.0658 190.1687 0.1124 0.6152 0.0883 0.6812 0.0947
(0.0081) (1.0314) (0.0125) (0.0080)

TII - EHL-OBX — LLoGP(1,,v,¢) - 11.5770 1.3597 x 10705 0.4638 196.3670 202.3670 202.7541 208.9359 0.4399 2.4185 0.1645 0.0561 19.0606
- (1.4213) (0.1146) (0.0268)

TII-EHL-OBX — LLoGP(1,1,0,¢) - - 19739 10708 0.3547 420.2332 424.2332 424.4237 428.6125 0.2831 1.5464 0.7842 22000 1016 10.4748
- - (0.1146) (0.0268)

EBXIIP c s a A
6.1732 3.0602 0.5338 2.1955x 10708 175.8609 183.8609 184.5171 192.6200 0.1407 0.7515 0.1366 0.1698 0.2959
(1.1258) (0.2167) (0.1449) (0.0195)

TLWP a p p) [
0.0559 2.3502 1.8256 14764 x 10708 175.1200 183.1200 183.7756 191.8785 0.1448 0.7731 0.1052 0.4573 0.1404
(0.0470) (0.5353) 0.7757) (0.0129)

GGP 0 « p 14
47202 5.2044 1.3099 1.6685 x 10707 178.8249 186.8249 187.4806 195.5835 0.2125 1.1199 0.1068 0.4386 0.1709
(1.6502 (3.0043) (0.4256) (0.1306)

OEHLBXII « A a b
0.2969 0.0002 7.7367 0.8336 194.4906 200.4906 203.1464 211.2493 0.1852 1.1959 0.1564 0.0791 0.2997
(0.0786) (0.0004) (0.0148) (0.1724)

EHLOW-TL-LLoG b p 5 c
7.8607 1.3858 1.05245 0.9470 174.7322 182.7322 183.3880 191.4909 0.1208 0.6758 0.1063 0.4441 0.1342
(3.2976) (0.4371) (0.4985) (0.2157)

OPGW-WP a p ! [
0.9213 0.0480 2.3921 3.1060 x 10=07 174.7643 182.7643 183.4200 191.5229 0.1193 0.7213 0.1137 0.3604 0.1374
(0.4312) (0.0237) (0.2418) (0.0505)
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Table 7
LRT Results.
Agriculture Data Data from Patients Undergoing Chemotherapy =~ Carbon Threads Data
Nested Models degreesof freedom 12 (p — value) 12(p — value) 12(p — value)
TII-EHL-OBX-LLoGP(y, 1, v, ¢) 1 8.9669(0.002749) 20.3127(0.000039) 22.9569(<0.00001)
TI-EHL-OBX-LLoGP(¢, 1,1,¢) 2 50.7988(<0.00001)  20.2093(0.000041) 246.8231(<0.00001)

diverse data patterns, showcased the effectiveness of maximum likelihood estimation, and confirmed its consistent performance
across various sample sizes through simulation studies. Practical applications highlighted the superiority of the TII-EHL-OBX-GPS
CoD over nested and non-nested equi-parameter models. While this study has made significant contributions to the development of
the TII-EHL-OBX-GPS CoD, there are several avenues for future research. Firstly, further investigations can explore the application
of the TII-EHL-OBX-GPS CoD in dealing with diverse data types, such as censored datasets. Additionally, efforts can be made to
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Fig. 25. Profile Log-Likelihood Functions Plots of the Parameters (¢ and ) of the TII-EHL-OBX-LLoGP Distribution on Carbon Threads Data.

use alternative parameter estimation methods. Also, bivariate extensions of TII-EHL-OBX-GPS CoD can be considered. These future
research can improve the flexibility and applicability of the TII-EHL-OBX-GPS CoD, opening up new opportunities for advancements
in data modeling and analysis.
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