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Dataset link: https:// In this study, we address three key challenges in photonic crystals: modeling of isolated flat
data.mendeley.com/drafts/7g5ybdxb4k bands, electric field prediction, and band separation in dispersion relations. Using twisted
Keywords: square Bravais lattices at specific angles, we create Bravais-Moiré photonic crystals exhibiting
Bravais-Moiré unique characteristics. These include band pairing and parallelism in certain Brillouin zones,
Flat bands enabling predictable electric field behavior and identification of isolated, flat band pairs within
Electric field extensive band gaps. We apply advanced Shape theory-based classification methods for precise
Riemannian distance band separation, offering significant contributions to photonics research and light manipulation
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1. Introduction

Photonic crystals (PCs) are complex composite structures composed of two or more isotropic media with differing refractive
indices and negligible energy losses [1], [2]. These nanostructured materials are engineered to manipulate photon movement, specif-
ically to inhibit and direct the spontaneous emission of light. Independently and simultaneously proposed by [3] and [4], PCs have
garnered significant attention for their ability to control light. The design of these materials is such that their dielectric function
varies periodically in space, allowing for classification into one-, two-, or three-dimensional structures. The mathematical and physi-
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cal principles underlying photonic crystals are predominantly analyzed through the Brillouin zone concept. Defined by the primitive
cell, the Brillouin zone provides a framework for describing waves propagating in periodic media, using Bloch waves as the basis for
this description [5], [6].

Photonic crystals exhibit remarkable properties when subjected to electromagnetic radiation, as evidenced by dispersion relation
graphs. These graphs reveal bands that denote allowed modes of propagation within the crystal, which can be flat, semi-flat, or
intersecting. Between these bands lie forbidden bands, or band gaps, that prevent the transmission of specific frequencies. The study
and classification of these band gaps are of keen interest to researchers due to their potential for diverse applications.

Tunneling through these band gaps is influenced by various factors, including the scatterers’ diameter, the materials’ refractive
index, and the lattice’s complexity. A key advancement in the field is the ability to customize these band gaps by altering the crystal’s
symmetry through defect introduction. This alteration facilitates the occurrence of allowed bands within the gaps, a phenomenon
that, coupled with the presence of multiple band gaps and their size variations, represents a significant area for innovative research
[71, (8]

In categorizing photonic crystals, factors such as the internal structure’s configuration, the geometry, the size of the elements,
and the number of components are considered. Central to understanding their properties and aiding in their design is the concept of
the unit or primitive cell. This simplest building block allows for the construction of any type of photonic crystal. Through Bravais’
classification, specific types of cells, such as square or hexagonal, are identified. Further complexity is achieved by superimposing
two rotated Bravais cells, a strategy that leads to intricate lattice structures and is a key focus in the study of twistronics [9].

A subject of particular interest in the study of photonic crystals is the phenomenon of parallel bands. It is crucial to differentiate
these from repeated bands, which typically arise when a non-unitary cell is utilized in the analysis. An illustrative example of this
issue can be found in the work of [10]. In their study, they attempted to compute the properties of triangular lattices using a standard
parallelogram cell but opted instead for a simpler rectangular cell. However, this chosen cell was not the minimal unit, resulting in
the duplication of dispersion relations and the overlapping of bands. This highlights the importance of selecting the appropriate unit
cell for accurate band representation in photonic crystal analysis

Planar PC has been extensively studied under different geometries, most of them by using the atomic net of the well known five
Bravais. Moreover, the twisted graphene studies have emerged into a very popular discipline given the superconductivity properties
at magic angles, see for example, [11] and the references therein.

But the paralell study of twistronics in the PC appeared very late. In fact, the mathematical problem in the twistronics has been
developed separately according to the required systems (centered and non-centered square, hexagonal, rectangular and oblique).
Compare for example the formulae of the hexagonal case in [12], [13], [14]. These discrepancies also need to be solved when an
hexagonal Bravais-Moiré PC will be studied.

In recent research, there has been a significant interest in the modeling of minimal commensurabilities and the identification of
zones that approximate these models with a high degree of accuracy [15]. This approach is well-documented in the literature by
Caro-Lopera (2013) [16], whose notation and methodology we have adopted and elucidated within our methods and results sections.
Specifically, the investigation of photonic crystals, particularly the analysis of two twisted square lattices in terms of commensura-
bility, has been thoroughly explored in studies by Gomez-Urrea et al. [17], [18]. In the realm of electronics, the overarching theory
has been applied to twisted graphene, as detailed by Tiutiunnyk et al. (2019) [19].

More recently, applications in the study of electronic and magnetic properties of multiple twisted layers have emerged. Leon et al.
(2022) presented groundbreaking work in this area. Conceptual framework has led to new insights into the modification of magnetic
properties in CrI3CrI3 under commensuration condition [20].

In the photonic crystal (PC) setting, only a few studies have identified unusual behaviors in dispersion relations. To our knowledge,
Gomez-Urrea et al. (2020) [18] were the first to document the emergence of band pairs, or permitted modes, both outside and inside
the band gaps. These so-called parallel bands, characterized by their flat features, lie very close to each other across one of the three
Brillouin zone regions. This behavior, overlooked at the time, now sparks new expectations. In this paper, we aim to elucidate the
nature of these parallel bands and their significance in localizing and predicting the field.

The discovery of wide band gaps and parallel bands in one of the three Brillouin zone regions introduces a novel challenge in
photonic crystals research. To date, the groundbreaking studies [17] and [18] appear to stand alone in documenting such a distinctive
dispersion relation shape. Remarkably, these can be adjusted to produce isolated band pairs that can move within the band gap by
manipulating specific parameters, such as the scatterers’ radius. This ability enables the creation of wider band gaps with floating
flat bands that localize the field within the precisely controlled scatters of the photonic crystal.

The concept of perfect flat bands gives way to the notion of relative flat bands for evaluating band frequency fluctuations as a
percentage of the photonic band gap (PBG) that encompasses the band. When this percentage is minimal, approximately 0.5%, the
band qualifies as a relative flat band. For instance, the study refered in [21] identified a relative flat band constituting 21% of its
corresponding PBG.

With the availability of group theory characterizations for Bravais lattices, as detailed in [22], the understanding of all bands
becomes comprehensive, leading to robust applications.

While the complex group theory characterizing Bravais-Moiré patterns remains unsolved, Shape Theory offers a viable alternative
for analysis. This emerging field enables the comparison and estimation of average form and variability among objects represented
by a set number of landmarks. This rich area of mathematical and statistical study has already shown success across various domains.
Traditionally, Shape Theory has been dominated by Gaussian models, as highlighted in works such as those by Goodall and Mardia
(1993) [23] and Dryden and Mardia (1998) [24], among others. Subsequently, a more robust framework embracing general models
has facilitated stronger applications in scenarios where normal distributions are inadequate. Shape Theory now supports a range of
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transformations (including affine, polar, singular value decomposition (SVD), and QR decomposition (QR)) and is applicable to real
normed division algebras (such as real, complex, quaternion, and octonion), as demonstrated in studies by [16], [25], [26], [27],
[28], [29], [301, [31], [35], [36], [371, [39], [41], [42] and related publications.

This work is distributed as follows: in Section 2.3, we model the dispersion relations in terms of the radius of the cylinders. In
particular, we focus on the flattest parallel bands that are characterized from a Riemannian geometry theory useful to quantify the
value of the slopes of the bands. Once the flattest pair of bands has been found, it is modeled within the widest gap. In Section 2.4.
The electric field prediction is considered for parallel bands in one of the three Brillouin zones. This remarkable aspect is reached by
using the invariant Riemannian distance (RD) of shape theory. As an introductory issue, special attention is paid to the calculation of
constants corresponding to the location of similar fields in the flat bands. An attempt is made to introduce a new map that relates the
field with the frequency with the wave vector, some considerations related to this new map are proposed for future study. Finally,
in Section 2.5 we extend the field prediction technique to the remaining two Brillouin zones. The method learns from the RDs in the
floating pair in a wide band gap and then it provides a local smooth via for separating the bands.

2. Methods and results

In this section, we present the paper’s main findings, which focus on three key areas:

1. Modeling the dispersion relation in parallel bands and floating pair bands of square Bravais-Moiré photonic crystals.
2. Modeling and prediction for the electric field in parallel bands of square Bravais-Moiré photonic crystals.
3. Separation of bands in square Bravais-Moiré photonic crystals.

We base all results on computational analysis using COMSOL software to examine numerous dispersion relations in square Bravais-
Moiré photonic crystals. We then analyze, model, and predict the data using Riemannian geometry. The paper details these methods
throughout.

Before delving into the three principal contributions of this paper, we outline the test methods and provide an overview of the
Bravais-Moiré theory for twisted square layers

2.1. Test methods

We use the Finite Element Method (FEM) to solve Maxwell’s equations for photonic crystals with complex geometries. Our
strategy involves multi-scale meshing, using finer elements in areas with high field gradients or complex shapes and coarser elements
in uniform areas.

Besides calculating field distributions at certain frequencies, we often perform an eigenfrequency analysis. This process solves
a generalized eigenvalue problem based on Maxwell’s equations, focusing on Transverse Magnetic (TM) mode. In this mode, the
electric components lie out of the plane, which is essential for understanding photonic band gaps and slow-light effects.

We employ COMSOL Multiphysics version 5.6 [32], which offers modules tailored for wave optics, using “ewfd” as our solver
choice. For post-processing, we develop in-house software [33] use the R programming language [34].

The behavior of electromagnetic waves in photonic crystals is fundamental governed by Maxwell’s equations:

oH
VXE=—u— 1
o m
VXH:ea—E
ot

The constitutive relations are D = ¢E and B = yH.
For eigenfrequency analysis, the governing equation is:

vXﬂ;l(vXE)—kf)(e,—ﬁ) ®)
e
The wave equation in terms of the electric field E is expressed as
1 »?
Vx| —-VXE ——2€E=0 3
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where kj, is the free-space wavenumber, A = —wj +6, and the electric field E (x, y, z) can be represented as E (x, y, z) = E (x,y,2) e k27,
For periodic boundary conditions, the equations are:

E,, =E, ¢k (ras=rsc) 4)

H,, =H —ikp(rasi—rsre)
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The refractive index n is given by n = 4/e,.
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Fig. 1. The scheme outlines the process for creating a two-dimensional photonic crystal. Initially, it involves generating new, commensurate layers using the smallest
vector, based on the Caro-Lopera [16] approximation model and concepts from electronic Hamiltonians [15]. This model introduces minor adjustments to the
formula for scaling center vectors. The next step illustrates how superimposing the two layers forms a single layer that defines the positions of the dispersers in the
two-dimensional photonic crystal.

2.2. Bravais-Moiré square photonic crystals

Two twisted square Bravais under a commensurable angle can be seen as a Bravais-Moire square lattice, where the Moiré patterns
appear in a periodic way. The usual unit square cell of one scatter can be used for replicating the complete twisted lattice under the
concept of atomic net.

Our implementation in twisted Bravais emerges in the context of commensurable multilayer rotated affine latices studied by [16].
This approach for n layers and multiple Bravais, has been published in certain two dimensional and bilayers Bravais, see [38], [19],
[17], [18], [40]. This has been applied by first time in twisted magnetic systems, transcending the usual twistronic studies, see [20].
Emerging other works with similar approach and simplifications like Kariyado & Vishwanath, (2019) [15] that presented a minimum
commensurable angles in the Density Functional Theory (DFT) electronic uses. We show in Fig. 1 a general scheme for the generation
of two-dimensional PCs from these approaches and the reader can see in detail from this section.

The square Bravais-Moiré theory is presented next for twisted bilayer of cylinders projected into a two dimensional plane forming
a two dimensional photonic crystal.

Consider the k% Z X k%z lattice, where k is a constant usually imposed when the discrete set of points is seen as a crystallo-

graphic atomic structure; for example, k = 1.44A is taken for hexagonal Bravais lattice of graphene.
There a number of possible primitive vectors that span the lattice, in particular, we propose the following:

u1=k\/5((1)>
u2=k\/§<?> ®)

As usual, Moiré patterns appear when a second Bravais lattice, B,,,, initially coincident with B,,,,, is rotated, around the same
reference center, by certain angle 6. The rotation 0 is defined as a commensurable angle if the vector position ¢, (, for a pair of
integers r and s of B,,,,, coincides with the vector position ¢,/ ;, for a pair of integers ' and s’ of B,,.

Under a commensurable rotation 6, the symmetry of the resulting Moire patterns divides the plane in eight equal parts:
0<b<n/4,n/4<0<2r/4,.., Tr/4 <0 <8x/4, numbered counterclockwise. So, in terms of the non rotated reference system, the
primitive vertices are located at:

pi=(V2r.v2s)

pr=(-V2s.V2r)

py=(-V2r.-v2s)

pa=(V2s,-V2r), ©)

where the associated commensurable angle 0 < 6 < % is given by:

r,s?
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Fig. 2. Super square Bravais-Moiré unit cell associated with (» =2, s = 1) and superimposition of first lattice (circles) and second lattice (triangles) with a commensu-
rable rotation 36.9°.

2D Geometry
3D Geometry w

‘b: :ca
0 « °° o
g0/ T

Fig. 3. Commensurable square Bravais—Moiré unit cell (a) associated with (r =2, s = 1). The Brillouin zone defines a piecewise function for £, and k, based on &,
which changes along the path from I" to X to M and back to I'. In the segment from I" to X, for 0 <k <1, k, increases linearly from 0 to z/a with k, and k, stays at
zero, showing movement along the x-axis in reciprocal space. From X to M, as k moves from 1 to 2, k, remains constant at x /a, and k, increases linearly from 0 to
7 /a, indicating diagonal path towards the M point. Lastly, on the way back from M to I, both k, and k, linearly decrease from x/a to 0 as k changes from 2 to 3,
finishing the way at starting point. This piecewise formulation effectively maps the path taken through symmetry points in the Brillouin zone.

0 =cos™! <ﬂ>,r,s coprimes, r> 1, s> 0, r > s. 7)
r2 +s2

The primitive vertices form a super square cell which is useful for studying some additional geometrical properties of commensuration

and non-commensuration.

In DFT, the Bravais-Moiré commensurable cell is three-dimensional and two layers B, and B, are separated according to
the electronic interaction laws. We can form a similar three dimensional photonic crystal with both layers, but in this paper we
superimposed B, and B, in order to construct a two dimensional crystal.

Each pair of parameters r and s defines rich super commensurable unit cell for research, however, we will focus in the simplest
square Bravais-Moiré indexed by r =2, s = 1. in this Bravais-Moiré the number of points for the commensurable square cell is given
by

m+n n—m

N =4 +s)+4, r= > ,szT,m,n=1,3,5,7,...;m<n. 8)

Here m, n are selected in such a way that the resulting r, s are coprimes and r > 1,5 > 0,r > s.

We consider the simplest square Bravais-Moiré indexed by r = 2,s = 1; the complete super square commensurable cell after
imposition of two rotated Bravais by 36.9° is depicted in Fig. 2. The corresponding unit cell under commensurability is shown in
Fig. 3.

2.3. Modeling the dispersion relation in parallel bands and floating pair bands of square Bravais-Moiré photonic crystals

Now we are in position to study the first problem of the paper.
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Fig. 4. Template of a difference for a perfect parallel pair.

For practical purposes for the models, We will be focus on the X — M : 1 < k <2 where the parallel pair of bands occur.

In the corresponding dispersion relations an interesting and very rare feature is noticed: one of the three Brillouin zones joins the
bands by pairs. The bands are extremely near and parallel. Modeling and predicting that unusual behavior will be the goal of this
section.

As can see in Fig. 3 materials based on Gallium Arsenide (GaAs) with real dielectric constant €, = 12.9 are used as material for
the scatters (blue), and air as background. We start with the dispersion relation of 37 radios R = p.a for the scatters, ranged from
p=0.026 to p=0.0688 with step 0.00119. Here, a = 13.01451442um is the lattice constant of the square commensurable cell indexed
by r=2 and s =1 of the Bravais-Moiré. The evolution of 30 bands associated with each radius is shown in the animated Figure S3 of
the Supplementary material. Note the 15 joined and parallel pairs in the zone defined by k = 1.0 to k = 2.0. This property is constant
for all the 37 radios under consideration and every Bravais-Moiré indexed by every suitable parameter r and s (r > s coprimes,
r>=2,s>=1).

Throughout the paper we will number the bands according to the classification given by COMSOL. The data provided by the
software orders the bands according to non expert classification of the light path, it just defines the most horizontal possible path
for a neighborhood of the frequency. Then it colors the bands and gives 30 matrices with the corresponding k and frequency. It is
easy to see that the COMSOL classification do not reach a plausible band, because it breaks the required differentiability when the
paths are crossed each other, however, we will use that classification for developing our method. Thus, until a realistic classification
is given at the end of the paper, we will understand the bands as those colored by COMSOL.

We now restrict the analysis to the extreme near pairs of bands in the zone defined by k = 1.0 to k = 2.0, in the scale of the
complete zone for k the seems one, in fact if we zoom it the difference is so small. First we note the parallelism of each band by
drawing the difference of the upper and the lower band of each pair. The animated Figure S4 of the Supplementary Material shows
the difference of the frequencies for all the 15 pairs in the zone k = 1.0 to k =2.0.

Now, we search for the best parallel pair, which is given for horizontal lines for all the radios. A way for selection can be drawn
from a recent method of classification called shape theory. A perfect template in this case is given for two parallel bands, the lower
one at frequency 0 and the upper line at frequency 1, see Fig. 4. If this template is compared with a perfect parallel pair of bands, the
RD between both pairs are just 0. Once the discrepancy is increased, the Riemannian distance also aparts from 0 until the maximal
distance is reached at z/2. The RD will describe deeply in the following section. At this time we just want to provide a simple
punctuation of the similarity or dissimilarity of a given pair of colored bands by COMSOL.

Once we found all the RDs between the template and each pair for all the radios, we compute the mean of the corresponding 37
measures. The results are shown in Fig. 4 of the Supplementary Material.

Then automatic detection provides the pair 9 of bands 17 and 18 as the best parallel bands in the zone k = 1.0 to k = 2.0. This
pair is also the floating band that we referred before, which is moving throughout a wide band gap.

We now focus our attention in such interesting pair. The RD of a template and each difference of the pair 9 in terms of the 37
radios is given in the Fig. 5.

In this case the best parallel pair is obtained for the greater radius associated with p = 0.0688.

Fig. 6 shows the total field accumulation in the cylinders respect to the bands.

Note that the highlighted pair 9 (black spots) shows the maximum field accumulation in all the cylinders. In this case the unit
corresponds to the pixels under a heat camera color of the field, given by COMSOL. Under this parameterization, the total content of
the field is just the total number of pixels.

We can try a so-called photonic constant map in order to find a possible relation between the accumulated field in the cylinders
and a corresponding frequency, see Fig. 7.

Observe that the best constant is reached in the pair 9 (red spots). For getting this end, we compute theRDs for all curves in
contrast with the perfect template. In this case is given for two parallel lines, the lower one at constant 0 and the upper line at
constant 1, see Fig. 4.

Finally, we can check the evolution of the constant in terms of the bands, see Fig. 8.

Note that the constant is stabilized by high frequencies. The clarification of this new topic of research for a constant in photonic
crystals is studied by the authors.

However, a most significant and notorious aspect can be research in the square Bravais-Moiré. We will detail it in the next section.
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Fig. 6. Total accumulation of the electric field (TM mode) in the cylinders with respect to the bands.

2.4. Modeling and prediction for the electric field in parallel bands of square Bravais-Moiré photonic crystals

In this section we provide a way of predicting the field in parallel bands of square Bravais-Moiré photonic crystals. Then it
promotes a general method for separating pairs of bands in the corresponding dispersion relation.

Start with the floating pair of bands 17 and 18. Fig. 9b shows the electric field for k = 1.5 of band 17. The superior band 18 of
the pair in the same k = 1.5 is given in Fig. 9a.

The strong symmetry of both fields, concentrated in the cylinders, seem to be related each other. However, consider the pair of
bands 5 and 6, with non-symmetric field of Figs. 10b and 10a, then we ask for a possible relation too.

Similar pictures can be shown in the Brillouin zone defined by 1.0 < k < 2.0, where the parallelism is evident between ordered
pair bands, 1-2,3-4,...,17-18,...,29-30. Now, we ask for a relationship between the field of the inferior and superior band of each pair
of bands in the referred 1.0 < k <2.0.

For the bands 17 and 18 of Fig. 9 we have the following simple composition of Fig. 11, which can be seen as a prediction of the
field for superior band, by using the field in the inferior parallel band.

In a similar way, we can predict the Electric field of band 6 by using the field of band 5, at k = 1.5. See Fig. 12.

We have obtained the same interesting predictions of the superior band with the inferior band for every pair (1 to 15) of parallel
bands and for each k =1.0,1.1,...,2.0. The animated Figure S3 of the Supplementary Material shows the prediction for all the 15
pairs under consideration.
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Moreover, this field behavior is repeated in all the square Bravais-Moiré that we have studied. For example, for the photonic
crystal indexed by r =3, s =1 the band 13 predicts the field of band 14 at k = 1.5, according to the Fig. 13.

Until now, the group characterization theory of the Bravais-Moiré photonic crystal is far to be discovered; then we need to provide
a mathematical way of proving the addressed prediction in the parallel bands.

For getting this end, instead of the composition given in Figs. 9, 10, 13 we just consider a change of the periodic conditions in
the unitary cell, which perform the same prediction.

The procedure is depicted in Fig. 14

We divide in four equal quadrants the unitary field cell of the inferior band. Then the periodic propagation or prediction for the
field of the superior band switch the quadrant 2 (ABCD) with quadrant 4 (A’B’C’D’); in the same way that quadrant 1 (EFGH) changes
the position with quadrant 3 (E’F’G’H’). For a proof that both fields are near for the parallel band in the Brillouin zone 1.0 < k < 2.0,
we apply the addressed recent mathematical theory of classification based on Riemannian geometry. Among other functionalities,
Shape theory considers the equality or dissimilarity of objects summarized by matrices in certain quotient spaces fibered by a number
of transformations. In particular, let Q;,i =1,2,3,4 be an n X 3 matrix collecting the field and coordinates of the i-th quadrant. The
first and second columns provide the x, y coordinates of the » pixels and the corresponding field are given in the third column.

The shape of the three dimensional field of the i-th quadrant attains all geometrical information that remains after filtering out
the location, scale and rotation from Q;.
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(a) Field of band 18 at k = 1.5

(b) Field of band 17 at k = 1.5

Fig. 9. Electric field for the parallel bands 17 and 18.

In that sense, the invariant location and scaling, so-called pre-shape matrix Py, can be seen as a point in a unitary hypersphere
in 3(NV — 1) real dimensions, then the shape of a given quadrant Q; is the set of all coincident pre-shapes quotiented by rotation on a
great circle with Py . With this principle, we can define a distance between two quadrants Q;, Q; by using the RD. This can be seen
as an angle ranged from 0 (perfect similarity) to z/2 (maximal dissimilarity), which is the closest distance in the great circle of two
preshapes in the hypersphere. The expression for RD is given as follows:

3

RD(Q;,Q;) = arccos Z b, 9)

t=1

where b, are the square roots of the eigenvalues of B’fBgB;Bf. B, = ULPCNP, r=rf.gU,= \/trace{[ENp]’[ENp]}, p=1r.8

E= <In -1 W1 ), 1, is the identity matrix, 1 is a vector of ones, / is the matrix transpose. C = (c;) is a (n — 1) X n matrix such that
n n

S S L_.0,...,0

First, we focusl on the parallel zone defined by k = 1.0, ...,k = 2.0. The bands are not classified in the sense that they are just
colored by a horizontal neighborhood given in COMSOL, thus the current definition for bands 1 to 30 does not correspond to the
real bands tracing the light path in the photonic crystal. The bands colored by COMSOL are not differentiable paths, as we expect
from the solution of Maxwell’s equations. Separating the bands with smooth criteria is the biggest challenge of the paper. We start
by explaining the parallelism of the band pairs in the middle Brillouin zone, in terms of the field.

9
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(b) Field of band 5 at k= 1.5

Fig. 10. Electric field for the parallel bands 5 and 6.

For a robust method, we need to learn from the data by computing all the possible RDs among the four quadrants of every
combination of bands in the Brillouin zone parameterized by k = 1.0,...,2.0. The exhaustive computation can be seen in Tables S7 to
S50 of the Supplementary Material.

In all the tables, the RD is extremely sensitive for dissimilar fields in non-paired and consecutive bands. The numerical proof that
we are searching for appears in the diagonal of each Table S7 to S50. They explain the similarity of the given quadrant of the inferior
band with the expected prediction on the corresponding quadrant in the superior band.

For example, if we extract the required information for k = 1.5 we find the following uniform distribution of RD, very near to
zero, for the expected 15 pairs. See Table 1 and Table S136 in SI.

Similar behavior can be seen in the remaining k = 1.0, ...,2.0. We have separated the diagonal values in Tables S131 to S141 of
the Supplementary Material.

Note the remarkable low RD in all the quadrants and pairs, a fact that shows the parallelism between the bands in such Brillouin
zone. Observe also the verification of the periodic switchable condition via the strong symmetry in the RD of Q;0Q; and 0;0Q;, and
Q2Q4 and Q4Q2.

This interesting behavior applies now for a field prediction in the middle Brillouin zone of other parameterized Bravais-Moiré
with the integers r and s, see again Fig. 13 and [18], [17].

Meanwhile the claimed and difficult open problem for a group theory characterization of Bravais-Moiré photonic crystals is
solved, we consider the proposed method based on RD as a sufficient proof for such splendid behavior of the pairs in the Brillouin
zone defined by 1.0 < k <2.0.

2.5. Separation of bands in square Bravais-Moiré photonic crystals

Start with the dispersion relation of the first 30 normalized bands given by COMSOL, see Fig. 15. The scale in the frequency has
units %, with ¢ the speed of light in the vacuum.

10
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Band 18, real field

Band 17, field prediction of Band 18

Fig. 11. Prediction of the Electric field of band 18 by using the field of band 17, at k = 1.5.

Band 5, field prediction of Band 6

Fig. 12. Prediction of the Electric field of band 6 by using the field of band 5, at k = 1.5.

It should be noted that the colored separation is not realistic because the expected differentiability of any path is broken, then a
method for suitable isolation of the bands is claimed.

The separation of bands in any dispersion relation of light (or electrons) in photonic crystals (or materials) is one of the major
challenges in physics. Excepting, trivial systems of one scatter in square or hexagonal photonic crystals, the intricate path of light is
so difficult to elucidate. In systems of several scatters, the dispersion relations just show all the band in only one color, without any
separation of the specific path followed by each band.

However, in the previous Section, we noted that the bands in certain Brillouin zone are strictly parallel with a remarkable order,
allowing an accurate prediction of the field. Then the preceding apart can promote a general method for separating pairs of bands in
the dispersion relations of Bravais-Moiré photonic crystals. If the bands are tied by pairs in the Brillouin zone defined by 1.0 <k <2.0,
then according to the continuously differentiable solutions of Maxwell’s equations they must be tied too in the remaining Brillouin
zone defined by 0.0 < k < 1.0 and 2.0 < k < 3.0. The dispersion relations do not exhibit parallelism in those zones, then the field is
not closely predicted. But the continuous differentiability guarantees a smoothness change of the field. And it should be related to
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Fig. 13. Prediction of the Electric field of band 14 by using the field of band 13 (k = 1.5) for a Bravais-Moiré photonic crystal parametrized by r=3,s=1.

Fig. 14. Change of the periodic conditions for the field of the inferior band in order to predict the field of the superior band for a given pair of parallel bands at
1.0<k<2.0.

small Riemannian distances of quadrants; according to the change of the proposed periodic conditions for the superior band in terms
of the inferior band of the pair. See again Fig. 14.

Again the method just learns from all possible combinations of quadrants and pairs. For the Brillouin zone parameterized by
0.0 <k < 1.0, see Tables S51 to S90 in the Supplementary Material. When 2.0 < k < 3.0, the corresponding combinations are given
in Tables S91 to S130 of the Supplementary Material. The RDs are again computed under the original and nonexpert classification
provided by COMSOL in a horizontal neighborhood of the band propagation. In this case, the diagonal of the Tables does not provide
a realistic and expected behavior because the colored bands cross each other in non-differentiable paths. This fact is noted by the RD.
When we separate the diagonals we note a drastic change in the Rd, see Tables S152 to S161 and S142 to S151 in the Supplementary
Material. Then we cannot infer the path of each pair by using the addressed diagonals, but we can extract the right propagation
by following the smooth changes in the RD in other regions of the complete Tables S51 to S90 and S91 to S130 of Supplementary
Material.

For this colossal task we learn from an isolated and exceptional pair of bands which we have modeled in the firts part of this
work. The isolated and floating bands 17 and 18 immersed in a wide band gap are the key for this learning machine via RD. Bands

12
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Table 1
RD of the 15 band pairs at k = 1.5.

Bin/ Bsup Ql Q3 Q3Q| Q2Q4 Q4Q2

1 2 0.02 0.02 0.02 0.02
3 4 0.01 0.01 0.01 0.01
5 6 0.02 0.02 0.02 0.01
7 8 0.01 0.01 0.01 0.01
9 10 0.01 0.01 0.01 0.01

11 12 0.01 0.01 0.02 0.02
13 14 0.01 0.01 0.01 0.01
15 16 0.01 0.01 0.01 0.01
17 18 0.01 0.01 0.01 0.01
19 20 0.01 0.01 0.01 0.01
21 22 0.02 0.02 0.02 0.02
23 24 0.02 0.02 0.02 0.02
25 26 0.02 0.02 0.02 0.02
27 28 0.02 0.02 0.02 0.02
29 30 0.02 0.02 0.02 0.02

T T T T T T T
1.4_2hf %d

1.3
] —— — ]
1.1} §
1+ ]
0.9+ §
)
S os
N
N
0.7F §

0.6—\/ X~

0.5} .
0.4} .
0.3} ]
0.2} ]
0.1} .
ok 4

1 1 1 1 1 1 1

0 0.5 1 1.5 2 2.5 3

Fig. 15. Dispersion relation of the first 30 normalized bands colored by COMSOL using a horizontal neighborhood.

17 and 18 are exceptional because they are also relatively flat in the Brillouin zone defined by 1.0 < k <2.0; thus it concentrates the
field inside the scatters. This remarkable property is useful for posterior transmission applications and fabrication of the photonic
crystal. As far we have experimented, all the studied square Bravais-Moiré had an isolated, floating, and relatively flat pair, then the
proposed method for band differentiation can be explored.

In this isolated pair 17-18, the corresponding 9-th row of Tables 152 to 161 and 142 to 151 of Supplementary Material do show
the real deviation of the RD due to the non parallelism and non-crossing with other bands. We have collected the results in the
following Table 2.

Note that the RD is consistently held low in at least two pairs of quadrants in the complex zones 0.0 < k < 1.0 and 2.0 < k <3.0.

For the correctness of classification method inherited from the isolated and floating bands, we collect the RD for the 6th pair of
bands 11 and 12. The results are given in Table 3.

Again the pattern in first (0.0 < k < 1.0) and third (2.0 < k < 3.0) parameterized Brillouin zone is held, with at least two quadrants
of low RD. This pair of bands 11 and 12 shows a non-well localized field in the cylinders, thus it is not suitable for posterior
transmission and fabrication of photonic crystal. However, it is crucial for training the method of classification for crossing bands,
because it lies in a wide band gap.
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Table 2

RD of the isolated and floating 9th pair of bands

17 and 18 for all k.

Heliyon 10 (2024) e28275

k 0,0; 050 0,0, 040,
0.0 0.08 0.08 0.10 0.09
0.1 0.09 0.09 0.09 0.08
0.2 0.09 0.09 0.09 0.08
0.3 0.09 0.09 0.09 0.09
0.4 0.09 0.09 0.09 0.09
0.5 0.09 0.09 0.09 0.09
0.6 0.09 0.09 0.09 0.09
0.7 0.03 0.03 0.03 0.03
0.8 0.03 0.03 0.03 0.03
0.9 0.02 0.02 0.02 0.02
1.0 0.01 0.01 0.01 0.01
1.1 0.01 0.01 0.01 0.01
1.2 0.01 0.01 0.01 0.01
1.3 0.01 0.01 0.01 0.01
1.4 0.01 0.01 0.01 0.01
1.5 0.01 0.01 0.01 0.01
1.6 0.01 0.01 0.01 0.01
1.7  0.01 0.01 0.01 0.01
1.8 0.01 0.01 0.01 0.01
1.9 0.01 0.01 0.01 0.01
2.0 0.02 0.02 0.04 0.04
2.1 0.67 0.68 0.07 0.07
2.2 0.64 0.65 0.06 0.06
2.3 0.62 0.62 0.05 0.05
2.4 0.60 0.60 0.05 0.04
2.5 0.58 0.59 0.04 0.04
2.6 0.71 0.71 0.15 0.16
2.7 073 0.73 0.11 0.11
2.8 0.75 0.75 0.09 0.09
2.9 0.77 0.77 0.08 0.08
3.0 0.08 0.08 0.10 0.09
Band separation
: i ) =————
o
-
Qe |
-l
]
5 S L
5]
E o
o —

0.2

0.0

)

0.0 0.5 1.0

2.0

25 3.0

Fig. 16. Realistic dispersion relation of the first 30 normalized bands separated by the Riemannian geometry method.

Once we have trained the expected differences in RDs we search for local smoothness of variation of RD in the other bands, which
are not inside a band gap. After a careful analysis of consecutive bands in Tables S51 to S90 and S91 to S130 of the Supplementary
Material, we finally provide the correct separation of the pairs. Each pair is depicted in the following Tables 4, 5 and 6.

The real bands 28 and 30 are incomplete because COMSOL does not separate the bands, and just brings 30 colored bands in a
neighborhood of the frequencies. The remaining paths of the isolated bands must be found in upper frequencies.

Finally, we obtain the dispersion relation with the separated real bands, see Fig. 16.
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Table 3
RD of the isolated and floating 6-th pair of
bands 11 and 12 for all k.

k Q1Q3 Q3Q1 Q2Q4 Q4Q2

0.0 0.14 0.14 0.14 0.14
0.1 0.14 0.14 0.14 0.14
0.2 0.14 0.14 0.14 0.14
0.3 0.15 0.15 0.15 0.15
0.4 0.15 0.15 0.15 0.15
0.5 0.14 0.14 0.14 0.14
0.6 0.12 0.12 0.12 0.12
0.7 0.09 0.09 0.09 0.09
0.8 0.06 0.06 0.06 0.06
0.9 0.03 0.04 0.04 0.03
1.0 0.01 0.01 0.01 0.01
1.1 0.01 0.01 0.01 0.01
1.2 0.01 0.01 0.01 0.01
1.3 0.01 0.01 0.02 0.02
1.4 0.02 0.01 0.02 0.02
1.5 0.01 0.01 0.02 0.02
1.6 0.02 0.02 0.02 0.02
1.7 0.02 0.02 0.02 0.02
1.8 0.02 0.02 0.02 0.02
1.9 0.02 0.02 0.02 0.02
2.0 0.02 0.02 0.02 0.02
2.1 0.24 0.24 0.12 0.12
2.2 0.31 0.31 0.17 0.18
2.3 0.36 0.36 0.16 0.17
2.4 0.34 0.34 0.15 0.15
2.5 0.30 0.31 0.13 0.13
2.6 0.26 0.26 0.10 0.10
2.7 0.22 0.22 0.08 0.08
2.8 0.18 0.18 0.08 0.08
2.9 0.15 0.16 0.12 0.11
3.0 0.14 0.14 0.14 0.14

M / 5
2 T 8 8
9 e Yo w®
Sy . Sg 8
f 5
o a g
) 05 10 15 20 25 3.0 o0 05 10 15 20 25 3.0 0.0 05 10 15 20 25 30
K K K
(a) Isolated pair 1 of degree 1 with (b) Isolated pair 2 of degree 1 with (c) Isolated pair 3 of degree 1 with
separated bands 1 and 2 separated bands 3 and 4 separated bands 5 and 6

Fig. 17. Separated bands of pairs 1, 2, 3.

g S 5 \ s
H 1 i8
0.0 05 10 15 20 25 3.0 oo 05 10 15 20 25 3.0 e 05 10 15 . 25 3.0
K 3 K
(a) Isolated pair 4 of degree 2 with (b) Isolated pair 5 of degree 2 with (c) Isolated pair 6 of degree 1 with
separated bands 7 and 8 separated bands 9 and 10 separated bands 11 and 12

Fig. 18. Separated bands of pairs 4, 5, 6.

In Figs. 17a to 21c we illustrate the separated pairs.

We will call pairs of order 1 to those simple duets of bands coincident in k = 0,0 and k = 3.0. They can be seen as two closed
independent paths which do not cross each other and form a perfect loop. The order counts the number of joining bands required for
completing a perfect loop in k =0,0 and k = 3.0 The pairs 1, 2, 3, 6, 7, 8, 9, 10 are of order 1, see Figs. 17a, 17b, 17c, 18c, 19a, 19b,
19c¢, 20a.
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Table 4

Separation of bands in terms of the original colored bands of COMSOL. Bands

1 to 10.
k Bl BZ B’i B4 BS Bﬁ B7 BS B‘) Bll)
0.0 1 2 3 6 4 7 5 9 8 10
0.1 1 2 3 6 4 7 5 9 8 10
02 1 2 3 6 4 7 5 9 8 10
03 1 2 3 6 4 7 5 9 8 10
04 1 2 3 5 4 7 6 9 8 10
05 1 2 3 5 4 6 7 9 8 10
06 1 2 3 5 4 6 7 9 8 10
0.7 1 2 3 5 4 6 7 9 8 10
08 1 2 3 5 4 6 7 8 9 10
09 1 2 3 4 5 6 7 8 9 10
1.0 1 2 3 4 5 6 7 8 9 10
1.1 1 2 3 4 5 6 7 8 9 10
1.2 1 2 3 4 5 6 7 8 9 10
1.3 1 2 3 4 5 6 7 8 9 10
14 1 2 3 4 5 6 7 8 9 10
15 1 2 3 4 5 6 7 8 9 10
1.6 1 2 3 4 5 6 7 8 9 10
1.7 1 2 3 4 5 6 7 8 9 10
1.8 1 2 3 4 5 6 7 8 9 10
19 1 2 3 4 5 6 7 8 9 10
2.0 1 2 3 4 5 6 7 8 9 10
2.1 1 2 3 4 5 6 7 8 9 10
22 1 2 3 4 5 6 7 8 9 10
23 1 2 3 4 5 6 7 8 9 10
24 1 2 3 4 5 6 7 8 9 10
25 1 2 3 4 5 6 7 8 9 10
26 1 2 3 4 5 7 6 8 9 10
2.7 1 2 3 5 4 7 6 8 9 10
28 1 2 3 6 4 7 5 8 9 10
29 1 2 3 6 4 7 5 8 9 10
3.0 1 2 3 6 4 7 5 8 9 10
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k k k
(a) Isolated pair 7 of degree 1 with (b) Isolated pair 8 of degree 1 with (c) Isolated pair 9 of degree 1 with
separated bands 13 and 14 separated bands 15 and 16 separated bands 17 and 18
Fig. 19. Separated bands of pairs 7, 8, 9.
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(a) Isolated pair 10 of degree 1 with (b) Isolated pair 11 of degree 4 with (c) Isolated pair 12 of degree 4 with
separated bands 19 and 20 separated bands 21 and 22 separated bands 23 and 24

Fig. 20. Separated bands of pairs 10, 11, 12.

When two consecutive pairs are not independent and need to join to obtain a closed loop, we will say that the pair is of superior
order 2,3,..., according to the number of bands involved. See for example Fig. 22. Pairs 7 and 8 are of order 2; they require joining
two bands in the path CB’' BC' to complete a closed loop.

Pair 11 and 12 is an example of a duet of order 4, a closed loop is obtained by joining the points AC'CD' DB’ BA’ (see Fig. 23).
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Table 5
Separation of bands in terms of the original colored bands of COMSOL. Bands 11 to
20.

k By By

BIB Bl4 BIS B]6 Bl7 BIX BI’J BZ()

0.0 11 12 13 15 14 16 17 18 19 20
0.1 11 12 13 15 14 16 17 18 19 20
0.2 11 12 13 15 14 16 17 18 19 20
0.3 11 12 13 15 14 16 17 18 19 20
0.4 11 12 13 15 14 16 17 18 19 20
0.5 11 12 13 15 14 16 17 18 19 20
0.6 11 12 13 15 14 16 17 18 19 20
0.7 11 12 13 15 14 16 17 18 19 20
0.8 11 12 13 14 15 16 17 18 19 20
0.9 11 12 13 14 15 16 17 18 19 20
1.0 11 12 13 14 15 16 17 18 19 20
1.1 11 12 13 14 15 16 17 18 19 20
1.2 11 12 13 14 15 16 17 18 19 20
1.3 11 12 13 14 15 16 17 18 19 20
1.4 11 12 13 14 15 16 17 18 19 20
1.5 11 12 13 14 15 16 17 18 19 20
1.6 11 12 13 14 15 16 17 18 19 20
1.7 11 12 13 14 15 16 17 18 19 20
1.8 11 12 13 14 15 16 17 18 19 20
1.9 11 12 13 14 15 16 17 18 19 20
2.0 11 12 13 14 15 16 17 18 19 20
21 11 12 13 14 15 16 17 18 19 20
2.2 11 12 13 14 15 16 17 18 19 20
2.3 11 12 13 14 15 16 17 18 19 20
2.4 11 12 13 14 15 16 17 18 19 20
2.5 11 12 13 14 15 16 17 18 19 20
2.6 11 12 13 15 14 16 17 18 19 20
2.7 11 12 13 15 14 16 17 18 19 20
2.8 11 12 13 15 14 16 17 18 19 20
2.9 11 12 13 15 14 16 17 18 19 20
3.0 11 12 13 15 14 16 17 18 19 20
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k K k
(a) Isolated pair 13 of degree 1 with (b) Isolated pair 14 with separated (c) Isolated pair 15 with separated
separated bands 25 and 26 bands 27 and 28 bands 29 and 30

Fig. 21. Separated bands of pairs 13, 14, 15.

3. Conclusions and future work

In this paper we have studied the bands of a square Bravais-Moiré in terms of a remarkable behavior in the second Brilloiun zone,
parameterized by 1.0 < k <2.0. All the bands are parallel and very near in the addressed zone. It allows an accurate prediction of the
field of the upper band from the electric field of the corresponding lower band. In order to explore the remaining two Brillouin zones
(0.0<k<1.0,2.0<k<3.0), we localize and research an interesting floating pair of bands immersed into a wide band gap modeled
by the radio of the scatters. By using an invariant scoring function in certain quotient space, the modeling can be set in terms of the
RD. Thus, after learning the behavior of the floating bands, then the remaining crossing pairs can be studied in the elusive Brillouin
zones. And with a smooth criterion based on such distance, all the bands of the dispersion can be separated. The order of each pair
is also defined in terms of the required bands for obtaining a close loop. The method of this paper has been focus on the square
Bravais-Moiré of parameters r =2, s = 1, but it has been verified in a number of systems given in [17] and [18]. The mathematical
proof via group theory is far to be proposed, but the numerical invariant procedure based on the RD is sufficient for applications.
In fact, the provided separated bands are now used in the design of a PC suitable for sensor biochemical substances. The extension
of the method for three or more rotated layers of [16] and other related Bravais-Moiré is also studied by the authors. Moreover the
search for an atomic crystal material with such remarkable property opens an interesting perspective for applications in electronics
and magnetism. Until now, it seems that there is not a natural or artificial material with a similar dispersion relation with parallel
bands, however, the task for the corresponding DFT methods just starts, and it is an important open problem to be researched.
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Table 6
Separation of bands in terms of the original colored bands of COMSOL. Bands 21 to
30.
k BZ] 322 BZB BZ4 BZS 326 BZ7 BZX BZ’J BB()
0.0 21 25 23 22 24 26 28 27 29 30
01 21 25 23 22 24 26 28 27 29 30
0.2 21 25 23 22 24 26 27 29 28 30
0.3 21 24 22 23 25 26 27 29 28 30
04 21 24 22 23 25 27 26 29 28 30
05 21 24 22 23 25 27 26 29 28 30
0.6 21 24 22 23 25 27 26 29 28 30
0.7 21 23 22 24 25 27 26 29 28 30
08 21 22 23 24 25 27 26 28 29 30
09 21 22 23 24 25 27 26 28 29 30
1.0 21 22 23 24 25 26 27 28 29 30
1.1 21 22 23 24 25 26 27 28 29 30
1.2 21 22 23 24 25 26 27 28 29 30
1.3 21 22 23 24 25 26 27 28 29 30
14 21 22 23 24 25 26 27 28 29 30
1.5 21 22 23 24 25 26 27 28 29 30
1.6 21 22 23 24 25 26 27 28 29 30
1.7 21 22 23 24 25 26 27 28 29 30
1.8 21 22 23 24 25 26 27 28 29 30
1.9 21 22 23 24 25 26 27 28 29 30
2.0 21 22 23 24 25 26 27 28 29 30
21 21 22 23 24 25 26 27 28 29 30
2.2 22 21 23 24 25 26 27 29 28 30
2.3 22 21 23 24 25 28 26 27 30
24 22 21 23 24 25 28 27 26 30
25 22 21 23 24 26 28 27 25 30
2.6 22 21 23 24 26 29 27 25 30
2.7 22 21 23 24 27 29 26 25
28 22 21 23 25 27 29 26 24
2.9 23 21 22 25 27 28 26 24
3.0 23 21 22 25 28 27 26 24
&
Q
g

Fig. 22. The double pair 7 and 8 of order 1. The path CB’ BC’ completes a closed loop.
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Unlike their three-dimensional equivalents, planar structure growth enables us to clarify, using models similar to ours, the dynam-
ics of electronic interactions and photonic characteristics. This approach facilitates understanding the selective formation of chiral
superlattices, as demonstrated in the patent [43]. Additionally, an intriguing application like Thouless light pumping is advanced
through two-dimensional photonic moiré lattices. These are crafted from the Pythagorean moiré design, which combines two square

sublattices in a manner akin to our method [44].

Works like ours offer a two-dimensional perspective of the TM-polarized field, characterized and predicted by absorption as
an alternative study approach. We introduce a quantification of the electric field modeled from obtaining “constants” related to
frequency increase through the tuning of scatterers by varying a scaling factor for the radius. This constant factor could open an
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Fig. 23. The double pair 11 and 12 of order 4. The intricate path AC’CD’' DB’ BA’ is required for completing a closed loop.
exciting window for developing Photonic Quantum Computers (PQC) infrastructure. Namely, band separation can be seen as a noise
control technique in photon entanglement.
Thus, the commensurability of multiple layers can serve as a mechanism to create photonic crystals with compressible cascad-

ing structures featuring unidirectional absorption and promising properties from this enhancement. This approach could offer an
alternative for creating Janus Multi-structures used in logic gates and sensing functionalities [45], [46], [47].
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