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A B S T R A C T

SARS COV-2 (Covid-19) has imposed a monumental socio-economic burden worldwide, and its impact still
lingers. We propose a deterministic model to describe the transmission dynamics of Covid-19, emphasizing
the effects of vaccination on the prevailing epidemic. The proposed model incorporates current information
on Covid-19, such as reinfection, waning of immunity derived from the vaccine, and infectiousness of the pre-
symptomatic individuals into the disease dynamics. Moreover, the model analysis reveals that it exhibits the
phenomenon of backward bifurcation, thus suggesting that driving the model reproduction number below unity
may not suffice to drive the epidemic toward extinction. The model is fitted to real-life data to estimate values
for some of the unknown parameters. In addition, the model epidemic threshold and equilibria are determined
while the criteria for the stability of each equilibrium solution are established using the Metzler approach.
A sensitivity analysis of the model is performed based on the Latin Hypercube Sampling (LHS) and Partial
Rank Correlation Coefficients (PRCCs) approaches to illustrate the impact of the various model parameters
and explore the dependency of control reproduction number on its constituents parameters, which invariably
gives insight on what needs to be done to contain the pandemic effectively. The foregoing notwithstanding,
the contour plots of the control reproduction number concerning some of the salient parameters indicate that
increasing vaccination coverage and decreasing vaccine waning rate would remarkably reduce the value of the
reproduction number below unity, thus facilitating the possible elimination of the disease from the population.
Finally, the model is solved numerically and simulated for different scenarios of disease outbreaks with the
findings discussed.
. Introduction

Infectious diseases modeling is a common tool used in studying
he spread of communicable diseases, forecasting the future course
f a disease outbreak, and evaluating strategies for controlling an
pidemic [1]. Over the years, infectious disease agents like viruses,
acteria, fungi, protozoa, and helminthes have caused several diseases
hich have invaded the world resulting into a number of disease
utbreaks [2]. Some of the recent ones are Ebola, Swine flu, Zika
irus, Dengue fever, Yellow fever, MERS CoV, Monkey Pox, and more
ecently, Coronavirus (COVID-19) which wreaked havoc on the entire
orld.

Towards the end of year 2019, the emergence of Coronavirus sprung
sudden and disastrous outbreak across countries of the world causing

everal deaths and economy lock-down in many countries across the
lobe. The outbreak of Coronavirus was first recorded in China, pre-
isely in Wuhan, Hubei province, on December 31 2019 [3,4]. Few days
fter, on 30th January, 2020 about 307,736 persons were confirmed
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infected with the virus and 12,167 suspected cases were reported
in China while 82 persons were confirmed in 18 other countries. In
the same day, World Health Organization declared the SARS-CoV-2
(COVID-19) outbreak as a Public Health Emergency of International
Concern (PHEIC) [5–8]. As at 10th of November 2022, the pandemic
has resulted into 639,023,177 confirmed cases and 6,610,754 deaths
globally [9,10], while in Nigeria a total of 266,138 confirmed cases
with 3155 deaths has been reported [11]. Due to the outbreak of Coro-
navirus, several policies and Non-Pharmaceutical Intervention (NPI)
measures have been proposed and implemented globally ranging from
contact tracing, washing of hands, social distancing, lock down, iso-
lation, wearing of face mask, and recently, administration of vaccines
to curtail the disease incidence and its spread [8,12]. Coronavirus is
an enveloped and positive-sense single-stranded RNA (+ssRNA) virus
which can be transmitted to an individual via direct contact with con-
taminated surface or droplets produced from the respiratory system of
infected persons [8]. The transmission of the disease occur often during
coughing or sneezing, and through inhalation of respiratory droplets
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from asymptomatic and symptomatic infected humans. The incubation
period of Coronavirus is estimated to range between 0 and 14 days,
which is regarded as the minimum period for an exposed individuals
to be quarantined [13,14]. Moreover, most of the infected individuals
exhibit no clinical symptoms or show mild symptoms like dry cough,
high fever, body ache, and breathing difficulties. In more severe cases,
infection can cause pneumonia, kidney failure, and complication in the
respiratory system [6,7,15,16].

Currently, there are no certified anti-retrovirus drugs for the treat-
ment of the disease. However, infected individuals are medically
treated in the hospitals based on the symptoms they exhibit and they
eventually recover from the disease. Moreover, a number of effective
vaccines have been developed to protect people from been infected.
Some of the effective popular Covid-19 vaccine are Oxford Astra-
Zeneca, Moderna, and Pfizer- BioNTech. As at 17th November 2021,
about 7.45 billion COVID-19 vaccine doses had been administered
worldwide, with 51.5% of the global population having received at
least one dose of COVID-19 vaccine While 28.85 million vaccines were
then being administered daily, though only 4.5% of people in low-
income countries had received at least a first dose of the COVID-19
vaccine [17,18].

Prior to the development of COVID-19 vaccines, several mathe-
matical models were developed and used to study the transmission
dynamics of COVID-19 while equally assessing the impact of the dif-
ferent proposed control strategies on the spread of the disease [4,
6,7,14,19–33]. For instance, some authors examined the impact of
using the NPI measures on containing the disease. The findings from
these works show that these NPI measures will only be effective if the
compliance, particularly in public’s spaces, is significantly high [25,34].
Based on slightly different perspectives, Tang et al. Giordano et al. and
Ngonghala et al. demonstrate from their studies that timely detection
of the infected individuals cum immediate hospitalization/quarantining
coupled with intensive medical treatment for the identified infected
patients would remarkably help in reducing the spread of the dis-
ease [7,14,21]. Nevertheless, findings from the works of Ivora et al.
[30] and Idisi et al. [35] reveals that the undetected cases of Covid-
19 individuals are the possible super-spreaders of the disease. The
foregoing suggests that measures which will help timely detect infected
Covid-19 individuals would be very useful in fight against the epidemic.
On the otherhand, with the advent of Covid-19 vaccine, majority of the
studies on Covid-19 dynamics which incorporate impact of the vaccine
opined that the availability of vaccine against Covid-19 infection is a
laudable one but the desired result will only be accomplished if the vac-
cine efficacy is remarkably high and the coverage for the administration
of the vaccine is well above average (See [16,36,37]).

In recent times, several researchers have developed and suggested
efficient techniques to figure out real and approximate solutions of
the differential equation involving fractional operators and some of
the commonly used operators are Riemann–Liouville, Caputo, Caputo–
Fabrizio, Katugampola, Atangana–Baleanu to gain insight into the dy-
namic of corona virus disease [38–40,40–50]. For instant Alam Khan
et al. [40]. develop a fractional order epidemic model for COVID-19
in the sense of Caputo operator, focusing on the effective contacts
among the population and environmental impact to analyze the disease
dynamics. To achieve it, they initially consider the classical integer
model studied and thereafter generalize by introducing the Caputo frac-
tional derivative. In same approach Sadia et al. [44] model the impact
of the vaccine on the COVID-19 epidemic transmission via fractional
derivative and adopt Adams–Bashforth–Moulton method, to obtain the
approximate solution of the fractional-order COVID-19 model. The
model numerical simulation was conducted with real data from Tunisia
and they concluded from the study that, advancing the campaign
of vaccination would be very beneficial in controlling the spread of
the disease. Okundalaye et al. [46] proposed a time-fractional model
for the SEIR COVID-19 mathematical model to predict the trend of
COVID-19 epidemic in China. They adopt Multistage Optimal Ho-

motopy Asymptotic Method (MOHAM) to solve their model for a f

2

closed-form series solution and compared with other analytical approx-
imation method (OHAM, LHAM and HAM). From their findings, they
concluded that (MOHAM) procedure is effective and has a distinct
advantage over (OHAM, LHAM and HAM) approximation methods.
Weiyuan et al. [43] proposed a two-side fractional generalized SEIR
model to investigate spread and dynamics of COVID-19 in US. numer-
ical tests reveal that when compared with integer-order and left-hand
side fractional models, the model with both left-hand side fractional
derivative and right-hand side fractional integral terms has a better
forecast ability for the epidemic trend of COVID-19.

With reference to current information on COVID-19 [9,51], there
has been a gap in understanding of the spread and dynamics of Coron-
avirus disease due to its novelty. Contrary to the initial public opinions,
it has been reported that individuals who recovered from Coronavirus
diseases can be reinfected unless they take adequate precautionary
measures; individuals who have tested positive to the disease but
are yet to display any of its symptoms (Pre-symptomatic) can infect
others while individuals vaccinated against COVID-19 but discontinue
adherence to Covid-19 preventive protocols or their vaccine-conferred
immunity wanes can be infected with the disease. However, these
gaps are not completely captured in majority of the earlier studies on
Covid-19 [16,36,37]. Nevertheless, it is our aim in this paper to fill
these research gaps as much as possible by developing a deterministic
model which incorporates susceptibility of recovered and vaccinated
individuals to reinfection as well as infectiousness of individuals in
the pre-symptomatic phase in the spread of the disease. In order to
show the reliability of our model, we fit the epidemic curve using
Nigeria COVID-19 cases report, [11], estimate some model parameters
for COVID-19 epidemic in Nigeria, and simulate the model to capture
the Nigeria Covid-19 scenario. This paper is organized as follows: The
epidemic deterministic model is developed and analyzed in Sections 2
and 3, respectively. In Section 5, parameter estimation cum model fit-
ting are conducted and the analysis is presented. The model simulation
and detailed discussion of our findings is presented in Section 6 while
the concluding remarks is given in last section.

2. Methodology

2.1. Model formulation

The proposed model is based on the transmission dynamics of
COVID-19 disease with emphasis on the dominant alpha strain of the
disease. The total population at time t is denoted by 𝑁(𝑡); which is
ubdivided into Susceptible S(t), Vaccinated 𝑉 (𝑡), Exposed 𝐸(𝑡), Asymp-
omatic 𝐼𝑎(𝑡), Symptomatic 𝐼𝑠(𝑡), Hospitalized 𝐻(𝑡), and Recovered 𝑅(𝑡)
ompartments. Thus,

(𝑡) = 𝑆(𝑡) + 𝑉 (𝑡) + 𝐸(𝑡) + 𝐼𝑎(𝑡) + 𝐼𝑠(𝑡) +𝐻(𝑡) + 𝑅(𝑡).

ere, we considered COVID-19 transmission dynamics model described
n [10,11] which is based on the facts that infection occurs only when
ndividuals violate COVID-19 preventive protocols (wearing of face
ask or keeping distance of at-least 2 m) and keep close contact with

nfected individuals either in the asymptomatic, symptomatic or hospi-
alized individuals class. Also, it is assumed that vaccinated individuals
ho engage in unprotected contacts with infectious Covid-19 individ-
als can be infected with the disease. The foregoing notwithstanding,
ased on recent reality, the proposed model assumes that individuals in
he susceptible compartment (𝑆) are exposed to the Covid-19 infection
t effective infection rate 𝛽1 while parameters 𝑤, 𝑠 (0 < (𝑤, 𝑠) < 1)
onfer some level of protection on individuals who adhere to wearing
f face mask and maintaining social distance in the public, while 𝜂, 𝜀
re the modification parameters (0 < 𝜂, 𝜀 < 1) that account for a
eduction in the infectiousness of individuals in the infectious classes.
he vaccinated class (𝑉 ) population is increased at the rate 𝜌 per unit
ime and these vaccinated individuals can be infected at an effective in-

ection rate 𝜎 by individuals in the infectious classes while the infected
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Fig. 1. Schematic Diagram for the proposed Model.
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individuals with COVID-19 disease then proceed to the exposed class
(𝐸). From the exposed compartment, a proportion (𝜃𝛾) of individuals
in the class progress into the asymptomatic infectious compartment (𝐼𝑎)

hile a proportion (1 − 𝜃)𝛾𝐼𝑆 enter into the symptomatic compartment
𝐼𝑠). However, there is a further increase in this class population as a
roportion (𝜙) of individuals in the class later exhibit clinical symptoms
fter incubation period, thus progress to the symptomatically infected
lass (𝐼𝑠). In addition, a proportion (𝜏) of individuals in the class (who
ere identify via contact tracing, or voluntarily medical test) proceed

o the Hospitalized/Self Isolation compartment (𝐻). Individuals who
recovered from COVID-19 disease at rate of 𝜓1, 𝜓2, 𝜓3 respectively
then became members of the recovered compartment (𝑅). Furthermore,
individuals who lost their temporary immunity equally returns to sus-
ceptible class at a rate 𝑚. Besides, disease-induced death rates for 𝐼𝑠
and 𝐻 classes are taken as 𝛿1, 𝛿2 respectively. Nevertheless, there is

further decrease in population across all the compartments due to
atural death rate 𝜇. The proposed model dynamics is depicted by
he flow diagram in Fig. 1 while the state variables and the model
arameters are described in Table 1. The model equations is given by
he following system of non-linear ordinary differential equations:

𝑑𝑆
𝑑𝑡

= 𝛬 + 𝑚𝑅 + 𝛼𝑉 − 𝛽1(1 −𝑤 − 𝑠)
(𝐼𝑎 + 𝜂𝐼𝑠 + 𝜀𝐻)𝑆

𝑁
− (𝜇 + 𝜌)𝑆,

𝑑𝑉
𝑑𝑡

= 𝜌𝑆 − 𝜎(1 −𝑤 − 𝑠)
(𝐼𝑎 + 𝜂𝐼𝑠 + 𝜀𝐻)𝑉

𝑁
− (𝜇 + 𝛼)𝑉 ,

𝑑𝐸
𝑑𝑡

= 𝛽1(1 −𝑤 − 𝑠)
(𝐼𝑎 + 𝜂𝐼𝑠 + 𝜀𝐻)𝑆

𝑁
+ 𝜎(1 −𝑤 − 𝑠)

(𝐼𝑎 + 𝜂𝐼𝑠 + 𝜀𝐻)𝑉
𝑁

− (𝛾 + 𝜇)𝐸,
𝑑𝐼𝑎
𝑑𝑡

= (1 − 𝜃)𝛾𝐸 − (𝜓1 + 𝜙 + 𝜇)𝐼𝑎,
𝑑𝐼𝑠
𝑑𝑡

= 𝜃𝛾𝐸 + 𝜙𝐼𝑎 − (𝜓2 + 𝜏 + 𝛿1 + 𝜇)𝐼𝑠,
𝑑𝐻
𝑑𝑡

= 𝜏𝐼𝑠 − (𝜓3 + 𝛿2 + 𝜇)𝐻,
𝑑𝑅
𝑑𝑡

= 𝜓1𝐼𝑎 + 𝜓2𝐼𝑠 + 𝜓3𝐼𝐻 − (𝜇 + 𝑚)𝑅.

(1)

It is pertinent to mention that the model (1) is written in compact
orm in order to facilitate the qualitative analysis of the model. Thus,
he compact model equations on which the analysis will be premised
s presented below:
𝑑𝑆
𝑑𝑡

= 𝛬 + 𝑚𝑅 + 𝛼𝑉 − 𝛽𝑋𝑆 − (𝜇 + 𝜌)𝑆,
𝑑𝑉
𝑑𝑡

= 𝜌𝑆 − 𝜎𝑋𝑉 − (𝜇 + 𝛼)𝑉 ,
𝑑𝐸
𝑑𝑡

= 𝛽𝑋𝑆 + 𝜎̄𝑋𝑉 − 𝑘1𝐸,
𝑑𝐼𝑎
𝑑𝑡

= (1 − 𝜃)𝛾𝐸 − (𝑘2 + 𝜙)𝐼𝑎, (2)
𝑑𝐼𝑠 = 𝜃𝛾𝐸 + 𝜙𝐼 − 𝑘 𝐼 ,

𝑑𝑡 𝑎 3 𝑠

3

𝑑𝐻
𝑑𝑡

= 𝜏𝐼𝑠 − 𝑘4𝐻,
𝑑𝑅
𝑑𝑡

= 𝜓1𝐼𝑎 + 𝜓2𝐼𝑠 + 𝜓3𝐼𝐻 − (𝜇 + 𝑚)𝑅,

where 𝛽 = 𝛽1(1 − 𝑤 − 𝑠), 𝜎 = 𝜎1(1 − 𝑤 − 𝑠), 𝑋 = (𝐼𝑎+𝜂𝐼𝑠+𝜀𝐻)
𝑁 , 𝑘1 =

(𝛾 + 𝜇), 𝑘2 = (𝜓1 + 𝜇), 𝑘3 = (𝜓2 + 𝛿1 + 𝜏 + 𝜇), 𝑘4 = (𝜓3 + 𝛿2 + 𝜇).

. Model analysis

In this section, a detailed and rigorous analysis of the model is
resented to gain insight into the dynamical features of the model.

.1. Basic properties of the model

It is paramount to show that the proposed model has a solution
nd communicate practical sense. Thus, we show that the formulated
odel has well define solutions with unique solution confined within
positive invariant region, which makes the formulated model (2) to

e well posed and epidemiological meaningful.

heorem 3.1. Let 𝛤 denote a rectangular region, model (2) with initial
alues 𝑆(0) > 0, 𝑉 (0) > 0, 𝐸(0) > 0, 𝐼𝑎(0) > 0, 𝐼𝑠(0) > 0, 𝐻(0) >
, 𝑅(0) > 0 exist,bounded, positively invariant and attracting for all 𝑡 > 0

.2. Existence and uniqueness

roof. We show that 𝜕𝐹𝑖
𝜕𝑥𝑖
, 𝑖, 𝑗 = 1…6 are continuous and bounded in

.
Let 𝐹1 = 𝛬 + 𝑚𝑅 + 𝛼𝑉 − 𝛽 𝑋𝑆 − (𝜇 + 𝜌)𝑆 from the first system

f Eq. (1), differentiating with respect to the state variable, we have:

𝜕𝐹1
𝜕𝑆

= −
𝛽𝑋
𝑁

+
𝛽𝑋𝑆
𝑁2

− 𝜇 − 𝜌,
|

|

|

|

𝜕𝐹1
𝜕𝑆

|

|

|

|

=
|

|

|

|

|

−
𝛽𝑋
𝑁

|

|

|

|

|

+
|

|

|

|

|

𝛽𝑋𝑆
𝑁2

− 𝜇 − 𝜌
|

|

|

|

|

<∞

𝜕𝐹1
𝜕𝑉

=𝛼 +
𝛽𝑋𝑆
𝑁2

,
|

|

|

|

𝜕𝐹1
𝜕𝑉

|

|

|

|

=
|

|

|

|

|

𝛼 +
𝛽𝑋𝑆
𝑁2

|

|

|

|

|

<∞

𝜕𝐹1
𝜕𝐸

=
𝛽𝑋𝑆
𝑁2

,
|

|

|

|

𝜕𝐹1
𝜕𝐸

|

|

|

|

=
|

|

|

|

|

𝛽𝑋𝑆
𝑁2

|

|

|

|

|

<∞

𝜕𝐹1
𝜕𝐼𝑠

= −
𝛽𝜂𝑆
𝑁

+
𝛽𝑋𝑆
𝑁2

,
|

|

|

|

𝜕𝐹1
𝜕𝐼𝑠

|

|

|

|

=
|

|

|

|

|

−
𝛽𝜂𝑆
𝑁

|

|

|

|

|

+
|

|

|

|

|

𝛽𝑋𝑆
𝑁2

|

|

|

|

|

< ∞

𝜕𝐹1
𝜕𝐼𝑎

= −
𝛽𝑆
𝑁

+
𝛽𝑋𝑆
𝑁2

,
|

|

|

|

𝜕𝐹1
𝜕𝐼𝑎

|

|

|

|

=
|

|

|

|

|

−
𝛽𝑆
𝑁

|

|

|

|

|

+
|

|

|

|

|

𝛽𝑋𝑆
𝑁2

|

|

|

|

|

< ∞

𝜕𝐹1
𝜕𝐻

= −
𝛽𝜀𝑆
𝑁

+
𝛽𝑋𝑆
𝑁2

,
|

|

|

|

𝜕𝐹1
𝜕𝐻

|

|

|

|

=
|

|

|

|

|

−
𝛽𝜀𝑆
𝑁

|

|

|

|

|

+
|

|

|

|

|

𝛽𝑋𝑆
𝑁2

|

|

|

|

|

< ∞

𝜕𝐹1
𝜕𝑅

=𝑚 +
𝛽𝑋𝑆
𝑁2

,
|

|

|

|

𝜕𝐹1
𝜕𝑅

|

|

|

|

=
|

|

|

|

|

𝑚 +
𝛽𝑋𝑆
𝑁2

|

|

|

|

|

<∞ (3)

its obvious that the partial derivatives of the whole system of equations
exists, finite and bounded.
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Table 1
Description of Variables and Parameters used in the Model (2).
Variable Interpretation

𝑆 Population of susceptible individuals
𝑉 Population of vaccinated individuals
𝐸 Population of Exposed individuals
𝐼𝑎 Population of asymptotically infectious individuals
𝐼𝑠 Population of symptomatically infectious individuals
𝐻 Population of hospitalized individuals
𝑅 Population of recovered individuals

Parameter Interpretation

𝛬 Recruitment rates into the population
𝑚, 𝛼 Immunity waning rate for individuals in 𝑉 (𝑡) or 𝑅(𝑡) class respectively
𝛾 Transmission rate of individuals from exposed compartment to

symptomatic and asymptomatic compartment
𝜌 Vaccination rate of individuals
𝜃 Fraction of exposed that show clinical symptoms
𝛿1 , (𝛿2) Disease mortality rate in symptomatic and Hospitalized population (𝐼𝑎 &𝐻) class
𝜓1 , (𝜓2 , 𝜓3) Rate of recovery from (𝐼𝑎 , 𝐼𝑠 &𝐻) class
𝜙 Population of pre-symptomatic infectious individuals (i.e., infected without

symptoms but develop symptoms at the end of incubation period)
𝜏 Rate of transmission from 𝐼𝑠 to Hospitalized class
𝜎 Effective infection rate for vaccinated individuals
𝛽1 Effective infection rate for susceptible individuals
𝑤 Proportion of individual that uses face mask
𝑠 Proportion of individual that adhere to social distancing
𝜂, (𝜀) Modification parameter for decrease on infectiousness in 𝐼𝑠,(𝐻)
1∕𝜇 Human average life span
U

𝑁

a

3.3. Positivity and boundedness

For the model (2) to be epidemiologically meaningful, it is pertinent
to show that all its state variables are non-negative for all time (𝑡).

heorem 3.2. Given 𝑆(0) ≥ 0, 𝑉 (0) ≥ 0, 𝐸(0) ≥ 0, 𝐼𝑎(0) ≥ 0, 𝐼𝑠(0) ≥
0, 𝐻(0) ≥ 0, 𝑅(0) ≥ 0. Then the solution (𝑆(𝑡), 𝑉 (𝑡), 𝐸(𝑡), 𝐼𝑎(𝑡), 𝐼𝑠(𝑡),𝐻(𝑡),
𝑅(𝑡)) of model (2) are positive at all 𝑡 > 0.

Proof. Let 𝑡1 = sup(𝑡 > 0|𝑆 > 0, 𝑉 > 0, 𝐸 > 0, 𝐼𝑎 > 0, 𝐼𝑠 > 0, 𝐻 >
0, 𝑅 > 0). From the first equation of (1) we have

𝑑𝑆
𝑑𝑡

=𝛬 + 𝑚𝑅(𝑡) + 𝛼𝑉 (𝑡) − 𝛽𝑋(𝑡)𝑆(𝑡) − (𝜇 + 𝜌)𝑆(𝑡)
𝑑𝑆
𝑑𝑡

≥𝛬 − (𝛽𝑋(𝑡) + 𝜇 + 𝜌)𝑆(𝑡)
(4)

The integrating factor is given as: exp
(

∫ 𝑡0 𝛽𝑋(𝑠)𝑑𝑠 + (𝜇 + 𝜌)𝑡
)

Multiplying the inequality (4) by the integrating factor, we obtain

𝑑
[

𝑆(𝑡) exp
{

∫ 𝑡
0 𝛽𝑋(𝑠)𝑑𝑠 + (𝜇 + 𝜌)𝑡

}]

𝑑𝑡
≥𝛬 exp

(

∫

𝑡

0
(𝛽𝑋(𝑠)𝑑𝑠 + 𝜇 + 𝜌)𝑡

)

(5)

Solving inequality (5) we obtain

𝑆(𝑡) exp
{

∫

𝑡

0
𝛽𝑋(𝑠)𝑑𝑠 + (𝜇 + 𝜌)𝑡

}

− 𝑆(0)

≥ ∫

𝑡

0
𝛬 exp

{

∫

𝑣

0
(𝛽𝑋(𝑞)𝑑𝑞) + (𝜇 + 𝜌)𝑣

}

𝑑𝑣
(6)

𝑆(𝑡) ≥𝑆(0) exp
{

−∫

𝑡

0
𝛽𝑋(𝑞)𝑑𝑞 + (𝜇 + 𝜌)𝑡

}

+ exp
{

−∫

𝑡

0
𝛽𝑋(𝑞)𝑑𝑞 + (𝜇 + 𝜌)𝑡

}

× ∫

𝑡

0
𝛬 exp

{

∫

𝑣

0
(𝛽)𝑋(𝑞)𝑑𝑞 + (𝜇 + 𝜌)𝑣

}

𝑑𝑣 > 0

(7)

In a similarly pattern, it can be shown that:
𝑉 > 0, 𝐸 > 0, 𝐼𝑎 > 0, 𝐼𝑠 > 0, 𝐻 > 0, 𝑅 > 0 in model (2); which

implies that 𝑆(𝑡), 𝑉 (𝑡), 𝐸(𝑡) 𝐼𝑠(𝑡), 𝐼𝑎(𝑡), 𝐻(𝑡) and𝑅(𝑡) are all non-negative
for non-negative initial conditions.
4

3.4. Boundedness of the solution

Theorem 3.3. All solutions 𝑆(𝑡), 𝑉 (𝑡), 𝐸(𝑡) 𝐼𝑠(𝑡), 𝐼𝑎(𝑡), 𝐻(𝑡) and𝑅(𝑡) of
model (2) are bounded.

Proof. Adding all the equations of model system (2) gives:
𝑑𝑁
𝑑𝑡

= 𝛬 − 𝜇𝑁 − 𝛿1𝐼𝑠 + 𝛿2𝐻
𝑑𝑁
𝑑𝑡

≤ 𝛬 − 𝜇𝑁
(8)

Solving Eq. (8) using standard comparison theorem; we illustrate the
following steps:

𝑑𝑁(𝑡)
𝑑𝑡

≤ 𝛬 − 𝜇𝑁
𝑑𝑁
𝑑𝑡

+ 𝜇𝑁 ≤ 𝛬
(9)

The integrating factor is given as: exp∫ 𝜇𝑡; thus multiplying the in-
equality (9) by the integrating factor, we obtain

∫ 𝑑 𝑒𝜇𝑡𝑁(𝑡) ≤ ∫ 𝛬𝑒𝜇𝑡.𝑑𝑡

𝑒𝜇𝑡𝑁(𝑡) ≤ 𝛬
𝜇
𝑒𝜇𝑡 + 𝐶

𝑁(𝑡) ≤ 𝑒−𝜇𝑡
(

𝛬
𝜇
𝑒𝜇𝑡 + 𝐶

)

(10)

sing initial condition (𝑖.𝑒. 𝑁(𝑡) = 𝑁(0) 𝑎𝑡 𝑡 = 0), it implies that

(𝑡) ≤ 𝑒−𝜇𝑡
[

𝛬
𝜇
𝑒𝜇𝑡 +

(

𝑁(0) − 𝛬
𝜇

)]

𝑁(𝑡) ≤ 𝑁(0)𝑒−𝜇𝑡 + 𝛬
𝜇
(

1 − 𝑒−𝜇𝑡
)

⇒ lim
𝑡→∞

𝑁(𝑡) ≤ 𝛬
𝜇

(11)

Hence, 𝛬
𝜇 is the upper bound of 𝑁(𝑡), applying the comparison theorem

s in [52], we have that 𝑁(𝑡) ≤ 𝛬
𝜇 , if 𝑁(0) ≤ 𝛬

𝜇 . Thus, 𝛬
𝜇 is the

upper bound for the region 𝛤 and is positively invariant [53]. Further,
if 𝑁(𝑡) > 𝛬

𝜇 then either the solution enters 𝛤 in finite time, or
𝑁(𝑡) approaches 𝛬

𝜇 and the infected variables 𝐸, 𝐼𝑎, 𝐼𝑠, 𝐻, 𝑅 approach
zero. Hence, it is sufficient to conclude that the set 𝛤 is positively
invariant and all solutions of the model Eqs. (2) are non-negative and
epidemiological well posed [54].
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3.5. Disease free equilibrium (DFE)

At the equilibrium, we set LHS of the model equations to ze-
ros and solve for the resulting system simultaneously to obtain the
model Disease-free equilibrium (DFE) and the Endemic equilibrium.
The model Disease-free equilibrium is given below:

0 = {𝑆∗, 𝑉 ∗, 𝐸∗, 𝐼∗𝑎 , 𝐼
∗
𝑠 ,𝐻

∗, 𝑅∗}

=
(

(𝜇 + 𝛼)𝛬
𝜇(𝜌 + 𝛼 + 𝜇)

,
𝜌𝛬

𝜇(𝜌 + 𝛼 + 𝜇)
, 0, 0, 0, 0, 0

)

(12)

3.6. Reproduction number

The control reproduction number (𝑅0𝑉 ) of the model (2), mea-
sures the average number of new COVID-19 cases generated by a
typical Covid-19 infectious individual introduced into a population
where a certain fraction is protected (in presence of control measures
i.e vaccination, and Non Pharmaceutical Interventions). However, the
basic reproduction number 0 is derived by considering the worse
case scenario where no preventive measures is implemented in the
population and 0 is derived using the next generation matrix method
as described in [55] based on model (2) evaluated at the model DFE
given in Eq. (12). Consequently, the control reproduction number was
computed with notation 𝐹 (for the new infection terms) and 𝑉 (for
transfer terms) respectively given by

𝐹𝑉 −1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 (𝜇+𝛼)𝛽+𝜌𝜎
𝜇+𝛼+𝜌

[(𝜇+𝛼)𝛽+𝜌𝜎]𝜂
𝜇+𝛼+𝜌

[(𝜇+𝛼)𝛽+𝜌𝜎]𝜖
𝜇+𝛼+𝜌

0 0 0 0

0 0 0 0

0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
𝑘1

0 0 0

(1 − 𝜃)𝛾
𝑘1(𝑘2) + 𝜙

1
𝑘2 + 𝜙

0 0

𝛾(𝑘2 + 𝜙)
𝑘1(𝑘2 + 𝜙)𝑘3

𝜙
(𝑘2 + 𝜙)𝑘3

1
𝑘3

0

𝜏𝛾(𝑘2 + 𝜙)
𝑘1(𝑘2 + 𝜙)𝑘3𝑘4

𝜏𝜙
(𝑘2 + 𝜙)𝑘3𝑘4

𝜏
𝑘3𝑘4

1
𝑘4

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(13)

Now, we define the quantity 0𝑉 as the spectral radius of the next
generation matrix (𝐹𝑉 −1) which is obtained as stated below:

0𝑉 = 𝜌(𝐹𝑉 −1) =
𝛾 [𝛽(𝜇 + 𝛼) + 𝜌𝜎]

[

𝑘3𝑘4(1 − 𝜃) + 𝑘4𝜂(𝑘2𝜃 + 𝜙) + 𝜏𝜖(𝑘2𝜃 + 𝜙)
]

𝑘1𝑘3𝑘4(𝜇 + 𝛼 + 𝜌)(𝑘2 + 𝜙)
(14)

where

𝑎 =
𝛾(1 − 𝜃)𝐴1

(𝜇 + 𝛼 + 𝜌)𝑘1(𝑘2 + 𝜙)
, 𝑠 =

𝛾𝜂(𝑘2𝜃 + 𝜙)𝐴1
(𝜇 + 𝛼 + 𝜌)(𝑘2 + 𝜙)𝑘1𝑘3

,

ℎ =
𝜖𝜏𝛾(𝑘2𝜃 + 𝜙)𝐴1

(𝜇 + 𝛼 + 𝜌)𝑘1(𝑘2 + 𝜙)𝑘3𝑘4

(15)

with 𝐴1 = (𝜇 + 𝛼)𝛽 + 𝜎𝜌
The quantity 0𝑉 is the control reproduction number for model (2)

which measures the average number of new COVID-19 cases generated
by introducing a typical infectious individual into a susceptible popula-
tion where a certain fraction of the populace adhere to NPI measures in
public and/or are vaccinated against COVID-19. Moreover, 0𝑉 is the
sum of the constituent reproduction numbers associated with the num-
ber of new cases generated by asymptomatically-infectious individuals
(𝑎), symptomatically infectious individuals (𝑠), and Hospitalized
infectious individuals (ℎ).

3.7. Threshold analysis and vaccine impact

In this subsection, the potential impact of a single dose and a
fractional dosing of the vaccine is analyzed. Based on the facts that it is
5

often impracticable to vaccinate all susceptible individuals due to many
reasons (e.g financial constraints, age of the recipient, belief, etc.).

It is therefore instructive to first of all assess the impact of vaccine
on the spread of the disease. Let us recall that the control reproduction
number in term of S and V is

0𝑉 =
(𝑆∗𝛽 + 𝑉 ∗𝜎)𝛾

[

𝑘3𝑘4(1 − 𝜃) + 𝑘4𝜂(𝑘2𝜃 + 𝜙) + 𝜏𝜖(𝑘2𝜃 + 𝜙)
]

(𝑆∗ + 𝑉 ∗)(𝑘2 + 𝜙)𝑘1𝑘3𝑘4
. (16)

Considering the worse case scenario, where there is no public health
control or mitigation measures implemented and the disease spreads
in the population, then 𝑉 ∗ = 0 and 𝑆∗ = 𝑁∗. Therefore, the control
reproduction number reduces to

0 = 0𝑉 |𝑉 ∗=0 =
𝛾𝛽

[

𝑘3𝑘4(1 − 𝜃) + 𝑘4𝜂(𝑘2𝜃 + 𝜙) + 𝜏𝜖(𝑘2𝜃 + 𝜙)
]

𝑘1(𝑘2 + 𝜙)𝑘3𝑘4
. (17)

o, 0𝑉 ≤ 0, since 𝛽(𝛼+𝜇)+𝜌𝜎
𝜇+𝛼+𝜌 > 0. Thus, vaccination of individuals

will have positive impact in the community by reducing the value of
the associated reproduction number 0. Furthermore, using a similar
approach as employed in [56], the impact of vaccination can be ana-
lyzed qualitatively by differentiating 0𝑉 . with respect to the fraction
of vaccinated individuals (𝑉 ). It can be shown that

𝜕0𝑉
𝜕𝑉

=
−𝑆∗𝛾(𝛽 − 𝜎)

[

𝑘3𝑘4(1 − 𝜃) + 𝑘4𝜂(𝑘2𝜃 + 𝜙) + 𝜏𝜖(𝑘2𝜃 + 𝜙)
]

(𝑆∗ + 𝑉 ∗)2(𝑘2 + 𝜙)𝑘1𝑘3𝑘4
< 0,

𝑠𝑖𝑛𝑐𝑒 𝛽 > 𝜎. (18)

herefore, 0𝑉 is a decreasing function of 𝑉 . The implication of
he foregoing result is that vaccination will have a positive impact
n COVID-19 disease control, since 0 is a measure of the marginal
ncidence of the disease which cumulatively constitutes the disease
urden in the society.

. Steady state analysis of (0)

In order to eliminate COVID-19 disease independent of sub-
opulation of the model, it is necessary to show that the disease-free
quilibrium (DFE) is locally and globally asymptotically stable. We
dopt negativity of the real parts of the associated Jacobian Matrix ap-
roach to obtain the local stability and the Metzler approach described
n [56], to establish the conditions for the globally asymptotically
tability of DFE.

.1. Local stability

heorem 4.1. The disease free equilibrium point is locally asymptomat-
cally stable if the constituent

{

𝑅𝑎, 𝑅𝑠
}

< 1 and unstable for
{

𝑅𝑎, 𝑅𝑠
}

>
1.

Proof. The Jacobian of the system (2) at the DFE point in (12) is given
as (19) in Box I. Obviously it is clear, that the first two eigenvalues
of Eq. (19) are negative (−𝜅4 𝑎𝑛𝑑 − (𝜇 + 𝑚)) However we solve for the
characteristic Polynomial as

𝑃 (𝜉) = (𝜉 + 𝜇)(𝜉 + 𝜇 + 𝛼 + 𝜌)
[

𝜉3 + 𝑎𝑥𝜉2 + 𝑎𝑦𝜉 + 𝑎𝑧
]

,

where
𝑎𝑥 = 𝜅1 + 𝜅2 + 𝜅3 + 𝜙
𝑎𝑦 = (𝜇 + 𝛼 + 𝜌)(1 − 𝑅𝑎) + 𝜅3(𝜅1 + 𝜅2 + 𝜙) − 𝛾𝜂𝜃𝐴
𝑎𝑧 = (𝜅2 + 𝜙)(1 − 𝑅𝑠) + 𝜅3(𝜅2 + 𝜙)(1 − 𝑅𝑎)

(20)

The third-order polynomial 𝑃 (𝜉) = 𝜉3+𝑎𝑥𝜉2+𝑎𝑦𝜉+𝑎𝑧 has all roots in the
open left half-plane if and only if 𝑎𝑥, 𝑎𝑦, 𝑎𝑛𝑑 𝑎𝑧 are positive. Moreover,
in order to ensure that the quantity 𝑎𝑥𝑎𝑦 − 𝑎𝑧 is positive; it suffices
that

{

𝑅𝑎, 𝑅𝑠
}

< 1, which fulfills the condition of Routh–Hurwitz
criteria. Thus, the Disease-free equilibrium is locally asymptotically
stable (LAS).
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𝐴

𝐽 (𝐸0) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−(𝜇 + 𝜌) 𝛼 0 −
𝛽(𝜇 + 𝛼)
𝜇 + 𝛼 + 𝜌

−
𝜂𝛽(𝜇 + 𝛼)
𝜇 + 𝛼 + 𝜌

−
𝜖𝛽(𝜇 + 𝛼)
𝜇 + 𝛼 + 𝜌

𝑚

𝜌 −(𝛼 + 𝜇) 0 −
𝜎𝜌

𝜇 + 𝛼 + 𝜌
−𝜂𝜎𝜌

𝜇 + 𝛼 + 𝜌
−

𝜖𝜎𝜌
𝜇 + 𝛼 + 𝜌

0

0 0 𝜅1
𝛽(𝜇 + 𝛼) + 𝜎1𝜌
𝜇 + 𝛼 + 𝜌

𝜂
[

𝛽(𝜇 + 𝛼) + 𝜎1𝜌
]

𝜇 + 𝛼 + 𝜌
𝜖
[

𝛽(𝜇 + 𝛼) + 𝜎1𝜌
]

𝜇 + 𝛼 + 𝜌
0

0 0 (1 − 𝜃)𝛾 −𝜅2 0 0 0
0 0 𝜃𝛾 𝜙 −𝜅3 0 0
0 0 0 0 𝜏 −𝜅4 0
0 0 0 𝜓1 𝜓2 𝜓3 −(𝜇 + 𝑚)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(19)

Box I.
m

𝐴

𝑀

w

.2. Global stability

To show the global asymptotical stability, of the disease free equi-
ibria of the system represent by (2) we adopt the Metzler technique.
he subsequent theorem yield to the desired result.

heorem 4.2. Considering the model system (2), let 𝛤 ⊂ R𝑛1+𝑛2+ be a
positively invariant set. If

1. The system (2) is defined on the positively invariant set 𝛤 ⊂ R𝑛1+𝑛2+ ;
2. The sub-system 𝑥̇1 = 𝐴1(𝑥1, 0).(𝑥1 − 𝑥∗1) is globally asymptotically
stable at the equilibrium 𝑥∗;

3. For any 𝑥 ∈ 𝛤 , the matrix 𝐴22(𝑥) is Metzler irreducible;
4. There exist an upper bound matrix 𝐴̄22 for the set  =

{

𝐴22(𝑥)|𝑥 ∈ 𝛤
}

with the property that either 𝐴22(𝑥) ∉  or if
𝐴22(𝑥) ∈ (i.e., 𝐴̄22 = max𝛤 ), then for 𝑥∗ ∈ 𝛤 such that,
𝐴̄22 = 𝐴22(𝑥∗), then 𝑥∗ ∈ 7 × {0}(the DFE sub-manifold contains
the points where the maximum is attained);

5. The stability modulus of 𝐴̄22 satisfies 𝛼(𝐴̄22) ≤ 0;

Then, the associated disease free equilibrium is globally asymptotically stable
in 𝛤 .

Proof. Given model (2) rewritten in pseudo-triangular form with the
use of property of DFE, we have
{

𝑥̇1 = 𝐴11(𝑥).(𝑥1 − 𝑥∗1) + 𝐴12(𝑥)𝑥2
𝑥̇2 = 𝐴22(𝑥)𝑥2

(21)

where 𝑥1 = (𝑆, 𝑉 ,𝑅)𝑇 represents the non transmitting compartment of
model (2), 𝑥2 = (𝐸, 𝐼𝑎, 𝐼𝑠,𝐻)𝑇 represents the infectious compartment
of the model, 𝑥∗1 = (𝑆∗, 𝑉 ∗, 𝑅∗)𝑇 is the DFE while

𝐴11(𝑥) =
⎛

⎜

⎜

⎝

−(𝜇 + 𝜌) 𝛼 𝑚
𝜌 −(𝜇 + 𝛼) 0
0 0 −(𝜇 + 𝑚),

⎞

⎟

⎟

⎠

𝐴12(𝑥) =

⎛

⎜

⎜

⎜

⎜

⎝

−
𝛽1𝑆
𝑆 + 𝑉

−
𝛽1𝜂𝑆
𝑆 + 𝑉

−
𝛽1𝜖𝑆
𝑆 + 𝑉

−
𝜎1𝑉
𝑆 + 𝑉

−
𝜎1𝜂𝑉
𝑆 + 𝑉

−
𝜎1𝜖𝑉
𝑆 + 𝑉

,

𝜓1 𝜓2 𝜓3,

⎞

⎟

⎟

⎟

⎟

⎠

22(𝑥) =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−𝜅1
𝛽1𝑆 + 𝜎1𝑉
𝑆 + 𝑉

𝜂
[

(𝑆𝛽1) + 𝜎1𝑉
]

𝑆 + 𝑉
𝜖
[

𝑆𝛽1 + 𝜎1𝑉
]

𝑆 + 𝑉
(1 − 𝜃)𝛾 −(𝜅2 + 𝜙) 0 0
𝜃𝛾 𝜙 −𝜅3 0
0 0 𝜏 −𝜅4.

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(22)

Recall that the model (2) is defined on a positive invariant domain
given by 𝛤 . Also, by direct computation, the eigenvalues of 𝐴11(𝑥) are
{−(𝜇 + 𝜌),−(𝜇 + 𝛼),−(𝜇 + 𝑚)} which are real and negative. Therefore,
conditions 1 and 2 of 4.2 are satisfied. For condition 3 of 4.2, we show
that a square matrix 𝐴22(𝑥2) is irreducible if and only if its diagraph
is strongly connected. Fig. 2 is obtained by substituting the parameter
 i

6

Fig. 2. Connected di-graph associated with the matrix 𝐴22(𝑥).

baseline values as presented in Table 2 into Eq. (22) to obtain its
adjacency matrix and using online platform https://graphonline.ru/en/
create_graph_by_matrix to plot the associated digraph of the matrix
𝐴22(𝑥) which is further verified at https://www.geeksforgeeks.org/
check-if-a-directed-graph-is-connected-or-not/ using online version of
C++ programme whose output indicate that the digraph is strongly
connected. Thus condition (3) is satisfied.

Furthermore, since 𝑆 =
𝛬(𝜇 + 𝛼)

𝜇(𝜇 + 𝛼 + 𝜌)
and 𝑉 =

𝛬𝜌
𝜇(𝜇 + 𝛼 + 𝜌)

, then the
atrix

̄
22(𝑥) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝜅1
𝛽1(𝜇 + 𝛼) + 𝜎1𝜌
𝜇 + 𝛼 + 𝜌

𝜂
[

𝛽1(𝜇 + 𝛼) + 𝜎1𝜌
]

𝜇 + 𝛼 + 𝜌
𝜖
[

𝛽1(𝜇 + 𝛼) + 𝜎1𝜌
]

𝜇 + 𝛼 + 𝜌

(1 − 𝜃)𝛾 −𝜅2 0 0

𝜃𝛾 𝜙 −𝜅3 0

0 0 𝜏 −𝜅4

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(23)

is an upper bound of 𝐴22(𝑥). For condition 5 of Theorem 4.2, we present
the condition for a Metzler matrix 𝑀 to satisfy 𝛼(𝑀) < 0 using Lemma
4.3

Lemma 4.3. Let𝑀(𝑥)be a Metzler matrix which is block decomposed as:

=
(

A B
C D

)

, (24)

here A and D are square matrices. Then, M is Metzler stable if and only
−1
f A 𝑎𝑛𝑑 D − C B are Metzler stable.

https://graphonline.ru/en/create_graph_by_matrix
https://graphonline.ru/en/create_graph_by_matrix
https://graphonline.ru/en/create_graph_by_matrix
https://www.geeksforgeeks.org/check-if-a-directed-graph-is-connected-or-not/
https://www.geeksforgeeks.org/check-if-a-directed-graph-is-connected-or-not/
https://www.geeksforgeeks.org/check-if-a-directed-graph-is-connected-or-not/
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D − C−1B =

⎡

⎢

⎢

⎢

⎣

−𝑘1𝑘3(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌) + 𝐴1𝛾
[

𝑘3(1 − 𝜃) + 𝜂(𝑘2𝜃 + 𝜙)
]

𝑘1𝑘2(𝜇 + 𝛼 + 𝜌) − 𝐴1𝛾(1 − 𝜃)
𝐴1𝛾𝜖

[(

𝜙(1 − 𝜃) + 𝑘2𝜃
)]

− 𝑘1(𝑘2 + 𝜙)𝑘3(𝜇 + 𝛼 + 𝜌)
𝑘1(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌) − 𝐴1𝛾(1 − 𝜃)

𝜏 −𝜅4

⎤

⎥

⎥

⎥

⎦

Box II.
𝑇

𝑋

M

𝜎

T

𝑎

w

𝑎
𝑎

T
f
o

4

In this case, 𝐴̄22(𝑥) is decomposed as:

𝐴 =
⎛

⎜

⎜

⎝

−𝜅1
𝐴1

𝜇 + 𝛼 + 𝜌
(1 − 𝜃)𝛾 −𝜅2 − 𝜙

⎞

⎟

⎟

⎠

, 𝐶 =

(

𝜃𝛾 𝜙

0 0

)

𝐵 =
⎛

⎜

⎜

⎝

𝐴1𝜂
𝜇 + 𝛼 + 𝜌

𝐴1𝜖
𝜇 + 𝛼 + 𝜌

0 0

⎞

⎟

⎟

⎠

, 𝐷 =

(

−𝜅3 0

𝜏 −𝜅4

)

(25)

and equation given in Box II. Therefore D−C−1B is a Metzler matrix if
(𝑎,𝑠) < 1 in (26)

−𝑘1𝑘3(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌) + 𝐴1𝛾
[

𝑘3(1 − 𝜃) + 𝜂(𝑘2𝜃 + 𝜙)
]

𝑘1𝑘2(𝜇 + 𝛼 + 𝜌) − 𝐴1𝛾(1 − 𝜃)

=
−𝑘1𝑘3(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)

[

1 − (𝑎) + (1 −𝑠)
]

𝑘1(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)(1 −𝑎)
< 1,

(26)

and it is stable if
𝑘1𝑘3𝑘4(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌) − 𝐴1𝛾

[

𝑘3𝑘4(1 − 𝜃) + 𝑘4𝜂(𝑘2𝜃 + 𝜙) + 𝜏𝜖(𝑘2𝜃 + 𝜙)
]

𝜅1𝜅2(𝜇 + 𝛼 + 𝜌) − 𝐴1𝛾(1 − 𝜃)

=
𝑘1𝑘3𝑘4(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)(1 −0𝑉 )
𝑘𝑖(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)(1 −𝑎)

=
𝑘3𝜅4(1 −0𝑉 )

(1 −𝑎)
> 0

(27)

t should be noted that, condition (27) is a generalization of condi-
ion (26).

ence, 0𝑉 <
𝛾𝛽

[

𝑘3𝑘4(1 − 𝜃) + 𝑘4𝜂(𝑘2𝜃 + 𝜙) + 𝜏𝜖(𝑘2𝜃 + 𝜙)
]

𝑘1𝑘3𝑘4(𝑘2 + 𝜙)
< 1

(28)

Thus, satisfying condition (27) is sufficient for the GAS of the DFE. □

4.3. Endemic equilibrium (1)

In order to establish the existence of endemic equilibria of model
(2) (i.e, a scenario where at least one of the infected state variable of
the model is non-zero), the model system (2) is solved in term of force
of infection expressed as:

𝑋∗∗ =
(𝐼∗∗𝑎 + 𝜂𝐼∗∗𝑠 + 𝜖𝐻∗∗)

𝑁∗∗ (29)

We solve the equations of the model (2) at state variable in term of
𝑋∗∗ and we obtain:

𝑆∗∗ =
𝑘1(𝑘2 + 𝜙)(𝑋∗∗𝜎 + 𝛼 + 𝜇)𝐼𝑎∗∗

(1 − 𝜃)𝛾𝑋∗∗ [(𝑋∗∗𝜎 + 𝛼 + 𝜇)𝛽 + (𝜌𝜎)]
, 𝐻∗∗ =

𝜏(𝑘2𝜃 + 𝜙)𝐼∗∗𝑎
𝑘3(1 − 𝜃)𝐾4

,

𝑉 ∗∗ =
𝑘1𝜌(𝑘2 + 𝜙)𝐼∗∗𝑎

(1 − 𝜃)𝛾𝑋∗∗ [(𝑋∗∗𝜎 + 𝛼 + 𝜇)𝛽 + (𝜌𝜎)]
, 𝐼∗∗𝑠 =

(𝑘2𝜃 + 𝜙)𝐼∗∗𝑎
𝑘3(1 − 𝜃)

, 𝐸∗∗ =
𝐼∗∗𝑎 (𝑘2 + 𝜙)
(1 − 𝜃)𝛾

,
{

𝛽𝜎
[

(𝑘2 + 𝜙)𝑘1𝐼∗∗𝑎 − 𝛾𝛬(1 − 𝜃)
]

𝑋∗∗2 + (𝑘2 + 𝜙) [𝛽(𝜇 + 𝛼) + 𝜎(𝜇 + 𝜌)] 𝑘1𝐼∗∗𝑎 𝑋
∗∗

𝑅∗∗ =
+𝛬𝛾(1 − 𝜃) [𝛽(𝜇 + 𝛼) + 𝜌𝜎]𝑋∗∗ + 𝑘1(𝑘2 + 𝜙)(𝛼 + 𝜇 + 𝜌)𝜇𝐼∗∗𝑎

}

𝛾𝑚(1 − 𝜃) [𝑋∗∗𝛽𝜎 + (𝜇 + 𝛼)𝛽 + 𝜌𝜎]𝑋∗∗

𝐼∗∗𝑠 =
𝛾(𝜇 + 𝑚)𝑘3(1 − 𝜃)𝛬𝑘4 [(𝑋∗∗𝜎 + 𝛼 + 𝜇)𝛽 + 𝜌𝜎]𝑋∗∗

[

𝑘1𝑘3𝑘4𝛽𝜎
[

(𝑘2 + 𝜙)(𝑚 + 𝜇) − 𝛾(1 − 𝜃)𝑚
]

− 𝛾𝑚𝛽𝜎
[

𝑘3𝜏 + 𝑘2𝑘4
]

(𝑘2𝜃 + 𝜙)
]

𝑋∗∗2
,

+
{([

(𝑘2 + 𝜙)(𝛽 + 𝜎) − 𝛾𝛽(1 − 𝜃)
]

𝜇 +
[

𝑘2 + 𝜙 − 𝛾(1 − 𝜃)
]

(𝛼𝛽 + 𝜌𝜎)
)

𝑚𝑘1𝑘3𝑘4+

𝜇(𝑘2 + 𝜙) [𝜇(𝜎 + 𝛽) + 𝛼𝛽 + 𝜎𝜌] − 𝛾𝑚(𝑘2𝜃 + 𝜙) [𝛼𝛽 + 𝛽𝜇 + 𝜌𝜎] (𝑘3𝜏 + 𝑘2𝑘4)
}

𝑋∗∗

+ 𝜇𝑘1𝑘3𝑘4(𝜇 + 𝑚) [𝛼 + 𝜇 + 𝜌] (𝑘2 + 𝜙).

Substituting
(

𝑆∗∗, 𝑉 ∗∗, 𝐸∗∗, 𝐼∗∗𝑎 , 𝐼
∗∗
𝑠 ,𝐻

∗∗, 𝑅∗∗) into (29) which gives

𝑋∗∗ =
(𝜇 + 𝑚) 𝛾𝛽𝜎𝑇1𝑋∗∗2 + (𝜇 + 𝑚) 𝛾𝐴1𝑇1𝑋∗∗

𝜎𝛽𝑋∗∗2
[

𝑇2𝑘3𝛾 + 𝑇3𝛾 + 𝑇4𝑘3 + 𝛾𝜏𝑇5
]

+ 𝑘3𝑇4𝑘1 (𝜇 + 𝛼 + 𝜌)
(30)

+
[

𝑇 𝑘 + 𝑇 𝛾𝐴 + 𝑇 𝑘 𝐴 + 𝜎𝑇 𝑘 𝑘 + 𝜏𝛾𝑇 𝐴
]

𝑋∗∗,
2 3 3 1 4 3 1 4 1 3 5 1 

7

where

𝑇1 =
[

𝑘3𝑘4(1 − 𝜃) + 𝜂𝑘4(𝑘2𝜃 + 𝜙) + 𝜏𝜖(𝑘2𝜃 + 𝜙)
]

,
𝑇2 = (𝑘1 + 𝑚 + 𝜇)(1 − 𝜃)𝑘4,
𝑇3 = (𝑘2 + 𝑚 + 𝜇)(𝑘2𝜃 + 𝜙)𝑘4, 𝑇4 = (𝑚 + 𝜇)(𝑘2𝜃 + 𝜙)𝑘4,

5 = (𝑘3 + 𝑚 + 𝜇)(𝑘2𝜃 + 𝜙).

Eq. (30) can be express as
∗∗
{

𝜎𝛽𝑋∗∗2 [

𝑇2𝑘3𝛾 + 𝑇3𝛾 + 𝑇4𝑘3 + 𝛾𝜏𝑇5
]

+
[

𝑇2𝑘3 + 𝑇3𝛾𝐴1 + 𝑇4𝑘3𝐴1 + 𝜎𝑇4𝑘1𝑘3+

𝜏𝛾𝑇5𝐴1 − (𝜇 + 𝑚)𝛽𝛾𝜎𝑇1
]

𝑋∗∗ + 𝑘3𝑘1𝑇4(𝜇 + 𝛼 + 𝜌) − (𝜇 + 𝑚)𝛾𝐴1𝑇1

}

= 0. (31)

oreover, equation from (31) 𝑋∗∗ = 0 or

𝛽
[

𝑇2𝑘3𝛾 + 𝑇3𝛾 + 𝑇4𝑘3 + 𝛾𝜏𝑇5
]

𝑋∗∗2 +
[

𝑇2𝑘3 + 𝑇3𝛾𝐴1 + 𝑇4𝑘3𝐴1 + 𝜎𝑇4𝑘1𝑘3+

(32)
𝜏𝛾𝑇5𝐴1 − (𝜇 + 𝑚)𝛽𝛾𝜎𝑇1

]

𝑋∗∗ + 𝑘3𝑘1𝑇4(𝜇 + 𝛼 + 𝜌) − (𝜇 + 𝑚)𝛾𝐴1𝑇1 = 0.

hus, from Eq. (32), we obtain the quadratic equation below:

2𝑋
∗∗2 + 𝑎1𝑋∗∗ + 𝑎0 = 0, (33)

ith the coefficient of 𝑋∗∗ given as:

2 =𝜎𝛽
[

𝑇2𝑘3𝛾 + 𝑇3𝛾 + 𝑇4𝑘3 + 𝛾𝜏𝑇5
]

,

1 =𝑇2𝑘3 + 𝑇3𝛾𝐴1 + 𝑇4𝑘3𝐴1 + 𝜎𝑇4𝑘1𝑘3 + 𝜏𝛾𝑇5𝐴1 − (𝜇 + 𝑚)𝛽𝛾𝜎𝑇1,
𝑎0 =𝑘3𝑘4𝑘1(𝜇 + 𝑚)(𝑘2𝜃 + 𝜙)(𝜇 + 𝛼 + 𝜌)

[

1 −0𝑉 .
]

(34)

However, it is clear from Eq. (34) that 𝑎2 is always positive and 𝑎0
is negative whenever 0𝑉 > 1. Hence, Theorem 4.4 summarizes the
condition for existence of endemic equilibrium for the COVID-19 model
(2).

Theorem 4.4. The COVID-19 model (2) has:

1. no endemic equilibrium otherwise, if all the coefficient {𝑎2, 𝑎1, 𝑎0}
of Eq. (33) are all positive

2. a unique endemic equilibrium exists if 𝑎1 < 0, and 𝑎0 = 0 or
𝑎12 − 4𝑎0𝑎2 = 0

3. two endemic equilibria if 𝑎0 > 0, 𝑎1 < 0 and 𝑎12 − 4𝑎0𝑎2 > 0
4. a unique endemic equilibrium if 𝑎0 < 0 ⇔ 0𝑉 > 1

Thus, it is clear from Theorem 4.4 case (2) that the model system
(2) has a unique endemic equilibrium whenever 0𝑉 > 1. Furthermore,
case (3) of Theorem 4.4 establishes the existence of multiple equilib-
rium points which indicates the possibility of backward bifurcation
(where the locally-asymptotically stable DFE co-exists with a locally-
asymptotically stable endemic equilibrium in the model(2) whenever
0𝑉 < 1 (see, for instance, [6]). Hence, to compute the bifurcation, the
discriminant of (33) is equated to zero. Thus,

▵=𝑎12 − 4𝑎2𝑘3𝑘4𝑘1(𝜇 + 𝑚)(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)
[

1 −0𝑉
]

= 0

∗
0𝑉 = 1 −

𝑎12

4𝑎2𝑘3𝑘4𝑘1(𝜇 + 𝑚)(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)
(35)

herefore, Eq. (35) gives the analytical expression of a threshold value
or the control reproduction number, and backward bifurcation would
ccur for values of ∗

0𝑉 < 0𝑣 < 1.

.4. Backward bifurcation analysis

Over the years, it has been widely accepted that the condition
< 1 is sufficient for the elimination of a disease. However, this
0
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standpoint has been challenged with a number of theoretical stud-
ies demonstrating that the criterion may not always be sufficient.
Instead, the phenomenon of backward bifurcation offers a different
interpretation since it shows that sometimes whenever 0 < 1 and
he Disease Free Equilibrium is stable, there might still be another
table endemic equilibrium coexisting simultaneously. Thus, even if
0 < 1, a population may still tend toward an endemic equilibrium in
hich the disease persists indefinitely. This is the case when there are
ultiple stable equilibria coexisting simultaneously. In such scenarios,

he eventual equilibrium a population will converge towards depends
n the initial conditions (in terms of numbers of individuals) of its
arious sub-populations. Therefore, it is of great importance to indicate
he type of bifurcation the model would exhibits under the influence of
mplemented control measures. Hence, we claim the following result.

heorem 4.5.

et 𝜌∗ =
(𝛽∗ − 𝜎)𝑤2 + 𝛽∗(𝛼 + 𝜇)(𝑤1 +𝑤4 +𝑤5 +𝑤6 +𝑤7)

(𝛽∗ − 𝜎)𝑤1 − 𝜎(𝑤1 +𝑤4 +𝑤5 +𝑤6 +𝑤7)
(36)

hen, at 0𝑉 = 1, model system (2) exhibits transcritical bifurcation and
ts direction is backward (or forward) iff 𝜌∗ < 𝜌 (or > 𝜌).

Proof. Suppose

1 =
(

𝑆∗∗, 𝑉 ∗∗, 𝐸∗∗, 𝐼∗∗𝑎 , 𝐼
∗∗
𝑠 ,𝐻

∗∗, 𝑅∗∗) (37)

represents any arbitrary endemic equilibrium of the model (2) (that is,
an equilibrium in which at least one of the infected components is non-
zero). Applying the Center Manifold theory [57], the existence of back-
ward bifurcation will be studied. By simplification and change of vari-
ables of model (2). 𝐿𝑒𝑡 𝑆 = 𝑥1, 𝑉 = 𝑥2, 𝐸 = 𝑥3, 𝐼𝑎 = 𝑥4, 𝐼𝑠 = 𝑥5, 𝐻 =
𝑥6, and 𝑅 = 𝑥7, 𝑠𝑜 𝑡ℎ𝑎𝑡𝑁 = 𝑥1+𝑥2+𝑥3+𝑥4+𝑥5+𝑥6+𝑥7. Further, by using
the vector notation 𝑋 = (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6, 𝑥7)𝑇 , the model (2) can
be written in the form 𝑑𝑋

𝑑𝑡 = 𝐹 (𝑋), with (𝑓1, 𝑓2, 𝑓3, 𝑓4, 𝑓5, 𝑓6, 𝑓7, )𝑇 , as
follows:
𝑑𝑥1
𝑑𝑡

≡ 𝑓1 = 𝛬 + 𝑚𝑥7 + 𝛼𝑥3 − 𝛽𝜅𝑥1 − (𝜇 + 𝜌)𝑥1
𝑑𝑥2
𝑑𝑡

≡ 𝑓2 = 𝜌𝑥1 − 𝜎𝜅𝑥2 − (𝜇 + 𝛼)𝑥2
𝑑𝑥3
𝑑𝑡

≡ 𝑓3 = 𝛽𝜅𝑥1 + 𝜎𝜅𝑥2 − (𝛾 + 𝜇)𝑥3
𝑑𝑥4
𝑑𝑡

≡ 𝑓4 = (1 − 𝜃)𝛾𝑥3 − (𝜓1 + 𝜙 + 𝜇)𝑥4
𝑑𝑥5
𝑑𝑡

≡ 𝑓5 = 𝜃𝛾𝑥3 + 𝜙𝑥4 − (𝜓2 + 𝜏 + 𝛿1 + 𝜇)𝑥5
𝑑𝑥6
𝑑𝑡

≡ 𝑓6 = 𝜏𝑥5 − (𝜓3 + 𝛿2 + 𝜇)𝑥6
𝑑𝑥7
𝑑𝑡

≡ 𝑓7 = 𝜓1𝑥4 + 𝜓2𝑥5 + 𝜓3𝑥6 − (𝜇 + 𝑚)𝑥7

(38)

The force of infection is given as

𝜅 =
(𝑥4 + 𝜂𝑥5 + 𝜀𝑥6)

𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 + 𝑥6 + 𝑥7
,

𝛽 = 𝛽1(1 −𝑤 − 𝑠) and 𝜎 = 𝜎1(1 −𝑤 − 𝑠)

Considering the case when 0𝑉 = 1 and that 𝛽 = 𝛽∗ is chosen as a
bifurcation parameter. Solving for 𝛽 = 𝛽∗ in (14) gives

1 =
𝛾 [𝛽(𝜇 + 𝛼) + 𝜌𝜎]

[

𝑘3𝑘4(1 − 𝜃) + 𝑘4𝜂(𝑘2𝜃 + 𝜙) + 𝜏𝜖(𝑘2𝜃 + 𝜙)
]

𝑘1𝑘3𝑘4(𝜇 + 𝛼 + 𝜌)(𝑘2𝜃 + 𝜙)
(39)

𝛽∗ =
(𝜇 + 𝛼 + 𝜌)(𝑘2 + 𝜙)𝑘1𝑘3𝑘4 − 𝜌𝜎𝛾𝑇1

𝛾(𝜇 + 𝛼)𝑇1
(40)

The Jacobian for the transformed model (2) at the DFE (0) with 𝛽 = 𝛽∗

is given as (41) in Box III.
The Jacobian 𝐽 ∗(𝐸0) of the linearized model (38) has a simple

zero eigenvalue (with all other eigenvalues having negative real part).
Hence, the Center Manifold Theory [57] is used to analyze the dy-
namics of model (38). However, the right eigenvector (𝑤) and left
8

eigenvector (𝑣) are computed from 𝐽 ∗(𝐸0)|𝛽=𝛽∗ given as:

𝑤1 =
𝛾
{[

(𝜇 + 𝛼)(𝜇 + 𝛼)[(𝜇 + 𝑚)𝛽∗𝑇1 −𝑄𝑚] + (𝛼𝜇 + 𝑚)𝜎𝜌𝑇1 −𝑄𝑚𝜌(1 + 𝜇)
]}

𝜇(𝜇 + 𝛼 + 𝜌)2(𝑘2 + 𝜙)𝑘3𝑘4

𝑤2 =
𝛾𝜌

{

𝜇(𝜇 + 𝑚)(𝛽∗ + 𝜎)𝑇1 − 𝑚(𝜇 + 𝛼 + 𝜌)𝑄
}

𝜇(𝜇 + 𝛼 + 𝜌)2(𝑘2 + 𝜙)𝑘3𝑘4
, 𝑤3 = 1, 𝑤4 =

𝛾(1 − 𝜃)
𝑘2 + 𝜙

,

𝑤5 =
𝛾(𝑘2𝜃 + 𝜙)
𝑘3(𝑘2 + 𝜙)

, 𝑤6 =
𝛾𝜏(𝑘2𝜃 + 𝜙)
𝑘3𝑘4(𝑘2 + 𝜙)

, 𝑤7 =
𝛾𝑄

𝑘3𝑘4(𝑘2 + 𝜙)(𝜇 + 𝑚)
ith 𝑄 define as (𝑘2𝜃 + 𝜙)[𝑘4𝜓2 + 𝜏𝜓3] + 𝑘3𝜓1(1 − 𝜃) and we compute a

left eigenvector satisfying v.w = 1 given by

1 = 0, 𝑣2 = 0, 𝑣3 = 1, 𝑣4 =
𝑘1𝑘2𝑘3(𝜇 + 𝛼 + 𝜌) − 𝐴1𝛾𝜃(𝜂𝑘4 − 𝜖𝜏)

𝑘3𝑘4(𝜇 + 𝛼 + 𝜌)(1 − 𝜃)𝛾
,

𝑣5 =
𝐴1(𝜖𝜏 + 𝜂𝑘4)
𝑘3𝑘4(𝜇 + 𝛼 + 𝜌)

, 𝑣6 =
𝐴1𝜖

𝑘4(𝜇 + 𝛼 + 𝜌)
, 𝑣7 = 0

(42)

Furthermore, the associated non zero second partial derivatives of
model (38) evaluated at (𝐸0, 𝛽∗) is obtained as:
𝜕𝑓3

𝜕𝑥1𝜕𝑥4
=

𝜕𝑓3
𝜕𝑥4𝜕𝑥1

=
𝜇𝜌(𝛽 − 𝜎)
𝛬(𝜇 + 𝛼 + 𝜌)

,

𝜕𝑓3
𝜕𝑥1𝜕𝑥5

=
𝜕𝑓3

𝜕𝑥5𝜕𝑥1
=

𝜇𝜌(𝛽 − 𝜎)𝜂
𝛬(𝜇 + 𝛼 + 𝜌)

,

𝜕𝑓3
𝜕𝑥1𝜕𝑥6

=
𝜕𝑓3

𝜕𝑥6𝜕𝑥1
=

𝜇𝜌(𝛽 − 𝜎)𝜖
𝛬(𝜇 + 𝛼 + 𝜌)

,

𝜕𝑓3
𝜕𝑥2𝜕𝑥4

=
𝜕𝑓3

𝜕𝑥4𝜕𝑥2
=

−𝜇𝜌(𝛽 − 𝜎)(𝜇 + 𝛼)
𝛬(𝜇 + 𝛼 + 𝜌)

𝜕𝑓3
𝜕𝑥2𝜕𝑥5

=
𝜕𝑓3

𝜕𝑥5𝜕𝑥2
=

−𝜇𝜌(𝛽 − 𝜎)(𝜇 + 𝛼)𝜂
𝛬(𝜇 + 𝛼 + 𝜌)

,

𝜕𝑓3
𝜕𝑥2𝜕𝑥6

=
𝜕𝑓3

𝜕𝑥6𝜕𝑥2
=

−𝜇𝜌(𝛽 − 𝜎)(𝜇 + 𝛼)𝜖
𝛬(𝜇 + 𝛼 + 𝜌)

𝜕𝑓3
𝜕𝑥3𝜕𝑥4

=
𝜕𝑓3

𝜕𝑥4𝜕𝑥3
=

−𝜇 [𝛽(𝜇 + 𝛼) + 𝜎𝜌]
𝛬(𝜇 + 𝛼 + 𝜌)

,

𝜕𝑓3
𝜕𝑥3𝜕𝑥5

=
𝜕𝑓3

𝜕𝑥5𝜕𝑥3
=

−𝜇 [𝛽(𝜇 + 𝛼) + 𝜎𝜌] 𝜂
𝛬(𝜇 + 𝛼 + 𝜌)

𝜕𝑓3
𝜕𝑥3𝜕𝑥6

=
𝜕𝑓3

𝜕𝑥6𝜕𝑥3
=

−𝜇 [𝛽(𝜇 + 𝛼) + 𝜎𝜌] 𝜖
𝛬(𝜇 + 𝛼 + 𝜌)

,

𝜕𝑓3
𝜕𝑥4𝜕𝑥4

= −2
𝜇 [𝛽(𝜇 + 𝛼) + 𝜎𝜌]
𝛬(𝜇 + 𝛼 + 𝜌)

𝜕𝑓3
𝜕𝑥4𝜕𝑥5

=
𝜕𝑓3

𝜕𝑥5𝜕𝑥4
=

−𝜇(𝜂 + 1) [𝛽(𝜇 + 𝛼) + 𝜎𝜌]
𝛬(𝜇 + 𝛼 + 𝜌)

,

𝜕𝑓3
𝜕𝑥4𝜕𝑥6

=
𝜕𝑓3

𝜕𝑥6𝜕𝑥4
=

−𝜇(𝜖 + 1) [𝛽(𝜇 + 𝛼) + 𝜎𝜌]
𝛬(𝜇 + 𝛼 + 𝜌)

𝜕𝑓3
𝜕𝑥4𝜕𝑥7

=
𝜕𝑓3

𝜕𝑥7𝜕𝑥4
=

−𝜇 [𝛽(𝜇 + 𝛼) + 𝜎𝜌] 𝜖
𝛬(𝜇 + 𝛼 + 𝜌)

,

𝜕𝑓3
𝜕𝑥5𝜕𝑥5

= −2
𝜇 [𝛽(𝜇 + 𝛼) + 𝜎𝜌] 𝜂
𝛬(𝜇 + 𝛼 + 𝜌)

𝜕𝑓3
𝜕𝑥5𝜕𝑥6

=
𝜕𝑓3

𝜕𝑥6𝜕𝑥5
=

−𝜇(𝜂 + 𝜖) [𝛽(𝜇 + 𝛼) + 𝜎𝜌]
𝛬(𝜇 + 𝛼 + 𝜌)

𝜕𝑓3
𝜕𝑥5𝜕𝑥7

=
𝜕𝑓3

𝜕𝑥7𝜕𝑥5
=

−𝜇 [𝛽(𝜇 + 𝛼) + 𝜎𝜌] 𝜂
𝛬(𝜇 + 𝛼 + 𝜌)

𝜕𝑓3
𝜕𝑥6𝜕𝑥6

=
𝜕𝑓3

𝜕𝑥6𝜕𝑥6
= −2

𝜇 [𝛽(𝜇 + 𝛼) + 𝜎𝜌] 𝜂
𝛬(𝜇 + 𝛼 + 𝜌)

Now, the coefficient of 𝑎̄ and 𝑏̄ defined by Theorem 4.5 in [57] is
alculated as follows:

̄ =
7
∑

𝑘,𝑖,=1
𝑣𝑘𝑤𝑖

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝛽

(𝐸0, 0)

=𝑣1𝑤4
𝜕2𝑓1
𝜕𝑥1𝜕𝛽

+ 𝑣1𝑤5
𝜕2𝑓1
𝜕𝑥5𝜕𝛽

+ 𝑣1𝑤6
𝜕2𝑓1
𝜕𝑥6𝜕𝛽

+ 𝑣3𝑤4
𝜕2𝑓3
𝜕𝑥4𝜕𝛽

+ 𝑣3𝑤5
𝜕2𝑓3
𝜕𝑥5𝜕𝛽

+ 𝑣3𝑤6
𝜕2𝑓3
𝜕𝑥6𝜕𝛽

=0 + 0 + 0 +
𝛾(1 − 𝜃)(𝜇 + 𝛼)

(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)
+

𝛾𝜂(𝑘2𝜃 + 𝜙)(𝜇 + 𝛼)
𝑘3(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)

+
𝛾𝜖𝜏(𝑘2𝜃 + 𝜙)(𝜇 + 𝛼)

𝑘3𝑘4(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)

=
𝛾(𝜇 + 𝛼)[𝑘3𝑘4(1 − 𝜃) + (𝑘4𝜂 + 𝜖𝜏)(𝑘2𝜃 + 𝜙)]

(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)𝑘3𝑘4
=

𝛾(𝜇 + 𝛼)𝑇1 > 0

(43)
(𝑘2 + 𝜙)(𝜇 + 𝛼 + 𝜌)𝑘3𝑘4
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𝑎

𝐽 ∗(𝐸0) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−(𝜇 + 𝜌) 𝛼 0 −
𝛽∗(𝜇 + 𝛼)
𝜇 + 𝛼 + 𝜌

−
𝜂𝛽∗(𝜇 + 𝛼)
𝜇 + 𝛼 + 𝜌

−
𝜖𝛽∗(𝜇 + 𝛼)
𝜇 + 𝛼 + 𝜌

𝑚

𝜌 −(𝛼 + 𝜇) 0 −
𝜎𝜌

𝜇 + 𝛼 + 𝜌
−𝜂𝜎𝜌

𝜇 + 𝛼 + 𝜌
−

𝜖𝜎𝜌
𝜇 + 𝛼 + 𝜌

0

0 0 𝜅1
𝛽∗(𝜇 + 𝛼) + 𝜎1𝜌

𝜇 + 𝛼 + 𝜌
𝜂
[

𝛽∗(𝜇 + 𝛼) + 𝜎1𝜌
]

𝜇 + 𝛼 + 𝜌
𝜖
[

𝛽∗(𝜇 + 𝛼) + 𝜎1𝜌
]

𝜇 + 𝛼 + 𝜌
0

0 0 (1 − 𝜃)𝛾 −𝜅2 0 0 0
0 0 𝜃𝛾 𝜙 −𝜅3 0 0
0 0 0 0 𝜏 −𝜅4 0
0 0 0 𝜓1 𝜓2 𝜓3 −(𝜇 + 𝑚)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(41)

Box III.
𝑎̄ =
7
∑

𝑘,𝑖,𝑗,=1
𝑣𝑘𝑤𝑖𝑤𝑗

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝛽

(𝐸0, 𝛽
∗)

=𝑣3𝑤1

[

𝑤4
𝜕𝑓3

𝜕𝑥1𝜕𝑥4
+𝑤5

𝜕𝑓3
𝜕𝑥1𝜕𝑥5

+𝑤6
𝜕𝑓3

𝜕𝑥1𝜕𝑥6

]

+ 𝑣3𝑤2

[

𝑤4
𝜕𝑓3

𝜕𝑥2𝜕𝑥4
+𝑤5

𝜕𝑓3
𝜕𝑥2𝜕𝑥5

+𝑤6
𝜕𝑓3

𝜕𝑥2𝜕𝑥6

]

+ 𝑣3𝑤4

[

𝑤1
𝜕𝑓3

𝜕𝑥4𝜕𝑥1
+𝑤2

𝜕𝑓3
𝜕𝑥4𝜕𝑥2

+𝑤3
𝜕𝑓3

𝜕𝑥4𝜕𝑥3
+𝑤4

𝜕𝑓3
𝜕𝑥4𝜕𝑥4

+𝑤5
𝜕𝑓3

𝜕𝑥4𝜕𝑥5
+𝑤6

𝜕𝑓3
𝜕𝑥4𝜕𝑥6

+𝑤7
𝜕𝑓3

𝜕𝑥4𝜕𝑥7

]

+ 𝑣3𝑤5

[

𝑤1
𝜕𝑓3

𝜕𝑥5𝜕𝑥1
+𝑤2

𝜕𝑓3
𝜕𝑥5𝜕𝑥2

+𝑤3
𝜕𝑓3

𝜕𝑥5𝜕𝑥3
+𝑤4

𝜕𝑓3
𝜕𝑥5𝜕𝑥4

+𝑤5
𝜕𝑓3

𝜕𝑥5𝜕𝑥5
+𝑤6

𝜕𝑓3
𝜕𝑥5𝜕𝑥6

+𝑤7
𝜕𝑓3

𝜕𝑥5𝜕𝑥7

]

+ 𝑣3𝑤6

[

𝑤1
𝜕𝑓3

𝜕𝑥6𝜕𝑥1
+𝑤2

𝜕𝑓3
𝜕𝑥6𝜕𝑥2

+𝑤3
𝜕𝑓3

𝜕𝑥6𝜕𝑥3
+𝑤4

𝜕𝑓3
𝜕𝑥6𝜕𝑥4

+𝑤5
𝜕𝑓3

𝜕𝑥6𝜕𝑥5
+𝑤6

𝜕𝑓3
𝜕𝑥6𝜕𝑥6

+𝑤7
𝜕𝑓3

𝜕𝑥6𝜕𝑥7

]

+ 𝑣3𝑤3

[

𝑤4
𝜕𝑓3

𝜕𝑥3𝜕𝑥4
+𝑤5

𝜕𝑓3
𝜕𝑥3𝜕𝑥5

+𝑤6
𝜕𝑓3

𝜕𝑥3𝜕𝑥6

]

+ 𝑣3𝑤7

[

𝑤4
𝜕𝑓3

𝜕𝑥7𝜕𝑥4
+𝑤5

𝜕𝑓3
𝜕𝑥7𝜕𝑥5

+𝑤6
𝜕𝑓3

𝜕𝑥7𝜕𝑥6

]

̄ =
2𝜇(𝛽∗ − 𝜎)𝛾𝑇1

[

𝑤1𝜌 −𝑤2
]

− 2𝜇 [𝛽∗(𝜇 + 𝛼) + 𝜎𝜌] 𝛾𝑇1
[

𝑤1 +𝑤4 +𝑤5 +𝑤6 +𝑤7
]

𝛬(𝜇 + 𝛼 + 𝜌)𝑘3𝑘4(𝑘2 + 𝜙)

(44)

Based on the computed coefficient of 𝑎̄ and 𝑏̄, it is clear that
coefficient 𝑏̄ defined in Eq. (43) is always positive. Therefore, model
system (38) will undergoes backward bifurcation at 0𝑉 = 1, if 𝑎̄ > 0,
that is if (𝜌∗ < 𝜌) as define on Eq. (36) and will undergo a forward
bifurcation at 0𝑉 = 1, if 𝑎̄ < 0, that is if (𝜌∗ > 𝜌), conclusively,
this established Theorem 4.5. In other words, this study shows that the
backward bifurcation property of model (38) arises when the rate of
vaccination (𝜌) is not large enough (Such that the fraction of vaccinated
individual at the disease free equilibrium does not exceed the calculated
value 𝜌∗) (see Fig. 3).

The condition of backward bifurcation clearly shows the importance
of vaccination. For higher value of 𝜌(> 𝜌∗), the condition 0𝑉 < 1 is
insufficient for eliminating coronavirus epidemic and a slight change
in vaccination rate on population can alter the success of intervention.
However, the presence of backward bifurcation in the transmission
dynamics of COVID-19 disease make effective control or elimination
difficult, since 0𝑉 has to be significantly less than unity.

5. Parameter estimation and sensitivity analysis

In order to use the newly proposed epidemiological model to simu-
late COVID-19 disease scenario in Nigeria, and to access the impact of
vaccination and other control strategies. It is crucial to validate and
provide some measure of reliability of our proposed model. This is
9

achieved by extracting available COVID-19 real data from NCDC and
Our World in Data [11,18], which helps in fitting the model outputs
to observed data and using the process to get best values for some
unknown parameters which we do not have realistic estimate for.
Thus, we adopts this approach via nonlinear least-squares curve fitting
method by minimizing the sum of squares. In all, there are 20 biological
parameters associated with the proposed model, some of the param-
eters (𝜓1, 𝜓2, 𝜓3, 𝛬, 𝛾) have been obtained from available literature,
while the remaining parameters (𝛼, 𝑚, 𝛿1, 𝛿2, 𝜌, 𝜙, 𝜖, 𝜂, 𝛼, 𝛽1, 𝜎1, 𝑠, 𝑤, 𝜏, 𝜇)
are estimated using available information and referenced in Table 2

5.1. Baseline values of parameters for the model

The proposed Model (2) study the transmission dynamics of the
dominant strain of Corona virus with impact of vaccination in Nigeria.
To carry out the simulation, we used current outbreak data released
and published daily by the Nigeria Center for Disease Control (NCDC)
and Our World in Data [11,58] to extract data for define state variables
and known parameters for our model fitting to obtain a good fit for
the unknown parameters estimation. We carry out the model numerical
simulations for an epidemic period starting from March 9, 2020 six days
after the index case was detected in Nigeria to August 9 2020. Within
these period partial lock-down with strict measures, social distancing
and face mask usage were enforce in public). Based on information
in [24] the incubation period for COVID-19 is estimated to average 5.1
days, with a range of 3 to 14 days. Thus, we set baseline value for 𝛾 =
1∕5.1. However, several studies [24,25] have assumed that transmission
rate of asymptomatic infection was 0.5 times that of symptomatic
infections, hence we set baseline value of 𝜃 = 1∕2. Nevertheless, the
fraction of infectious cases that are asymptomatic is uncertain. More-
over, the average recovery period for asymptomatic and symptomatic
is about 7–15 days, so we set baseline value of 𝜓1, 𝜓2 = 1∕7 and
the hospitalized/self isolated recovery rate to 𝜓3 = 1∕15, while the
recruitment into the susceptible population was estimated from [59] to
a baseline value of 𝛬 = 13942 per day as at when the total population
was 211,400,703. Furthermore, we adopt the initial number of infected
individuals as at when the index case was reported from NCDC site
and estimated the numbers of exposed individuals, since it is expected
that some individuals might have been exposed within the population
(since wide spread population screening and testing for COVID-19 had
not begun at the time). Therefore, the initial conditions for the state
variables of the model are chosen at 𝑆(0) = 211400691, 𝑉 (0) =
0, 𝐸(0) = 11, 𝐼𝐴(0) = 0, 𝐼𝑆 (0) = 2, 𝐻(0) = 0, 𝑅(0) = 0 and the fitted
parameters are presented in Table 2, while fitted curve is depicted in
Fig. 4.

As displayed above, the real COVID-19 Nigerian cases and the fitted
curve have been shown in Fig. 4(a) wherein it is observed that the
model fits NCDC data well enough. Furthermore, Fig. 4(b) show a
justified trend of the obtained residuals as they are scattered evenly
below and above the horizontal line. By implication, residuals are
useful for detecting outlying y-values and checking the linear regression
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Fig. 3. (a) Bifurcation diagram for backward bifurcation in the plane (𝑅0 , 𝐼∗), Parameter value use are 𝛾 = 10, 𝛿1 = 2.99𝑒−1, 𝜌 = 4 and (b) Forward bifurcation in the plane (𝑅0 , 𝐼∗),
Parameter value use are 𝛾 = 7.15𝑒 − 02, 𝛿1 = 1.50𝑒 − 2, 𝜌 = 1.0795 other parameters are presented in Table 2.
Fig. 4. (a) The daily COVID-19 cumulative cases time series in Nigeria from March 09 to August 09, 2020 with the best fitted curve from simulations of the proposed model and
(b) the residuals for the best fitted curve.
assumptions with respect to the error term in the regression model.
High-leverage observations have smaller residuals because they often
shift the regression line or surface closer to them (i.e The numbers for
residues show the vertical distance between reported data and fitted
curve). Thus, when such residues are observed to be scattered randomly
above and below the horizontal line, then the fitting is justified as
represented in Fig. 4.

5.2. Sensitivity analysis

This section investigates how a percentage change in the key pa-
rameters in the model affects the control reproduction number and
reveals the significance of each parameters on the spread of coronavirus
disease. Moreover, the sensitivity analysis equally exposes the relation
between variability in the model predictions and uncertainty in the
model parameter values. Here, the sensitivity analysis is carried out
using Latin Hypercube Sampling/Partial Rank Correlation Coefficient
(LHS/PRCC) which is a more robust form of sensitivity analysis for
a multidimensional parameter space. We explore the dependence of
the entire parameter space of the model using the control reproduc-
tion number (0V) as the output function with a minimum number
of computer simulation [56,60]. As an application of the LHS/PRCC
sensitivity analysis theory, we explore the relationship between the
control reproduction number (0V) and the parameters constituting
it by ranking the significance of each parameter. The LHS matrices
was generated by assuming all the model parameters are uniformly
distributed, the PRCC of the control reproduction number are computed
with parameter ranges as presented in Table 2. and PRCC plot is
depicted in Fig. 5.
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Table 2
Baseline values of the parameters used in Model (2).

Parameters from Literature Values (Range) unit Reference (Source)

𝛬 13942 day−1 [5]
𝛾 7.15e−02 day−1 [36]
𝜓1 1.429e−01 day−1 [36]
𝜓2 1.429e−01 day−1 [36]
𝜓3 7.14e−02 day−1 [24]
𝜃 5.000e−01 day−1 [24]

Fitted Parameter

𝑚 1.002𝑒 − 01 (2.000 − 0.100) day−1 Fitted
𝛼 2.1868 (3.000 − 0.0043) day−1 Fitted
𝜌 1.0795 (2.000 − 0.600) day−1 Fitted
𝛿1 1.50𝑒 − 02 (5 − 0.0009) day−1 Fitted
𝛿2 2.50𝑒 − 02 (5 − 0.0001) day−1 Fitted
𝜙 1.0000 (1 − 0.0345) day−1 Fitted
𝜏 3.43𝑒 − 02 (3 − 0.0343) day−1 Fitted
𝜎1 2.5625 (5 − 0.0529) day−1 Fitted
𝛽1 2.5265 (5 − 0.00529) day−1 Fitted
𝑤 1.60𝑒 − 03 (0.9 − 0.0013) day−1 Fitted
𝑠 5.200𝑒 − 01 (1 − 0.0040) day−1 Fitted
𝜂 5.377𝑒 − 01 (1 − 0.0034) day−1 Fitted
𝜖 1.13𝑒 − 01 (0.9 − 0.0056) day−1 Fitted
𝜇 6.99𝑒 − 01 (0.7 − 0.0014) day−1 Fitted

Fig. 5 shows how the threshold quantity 0V varies with respect
to changes in each of the model parameters. It reveals that the pa-
rameters that have the most positive influence on the values of 0V
are the effective infection rate of susceptible individuals (𝛽) which by
definition drives the infection in the entire population, the progression
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Fig. 5. Sensitivity plot of the reproduction number.
rate from exposed compartment (𝛾), the rate at which vaccinated
individual losses their immunity (𝛼), and rate at which vaccinated
individuals becomes infected (𝜎) while the parameter (𝜇) has the
most negative correlation to 0V since natural death limit COVID-19
transmission. Moreover, 𝜓, 𝜃 and 𝜌 also have a negative correlation to
0V. Nevertheless, the implications of some of these sensitivity indices
cannot be under-estimated. For example, the strong positive correlation
of 𝛽 (infection rate) to 0V implies that all measures that can limit
individuals’ contact with the virus would be effective in curtailing the
spread of the disease. This indirectly implies that all the NPI measures
should be sustained in order to continuously contain the pandemic.
Also, the significant positive correlation of 𝛾 (disease progression rate)
to 0V indicates that if individuals s can imbibe immune boosting
nutrition which will attenuate the progression of Covid-19 exposed
individuals into the infectious stages of the disease, then the spread
of the disease would be indirectly reduced. In addition, the positive
correlation of 𝛼 (waning rate) to 0V shows that improving the potency
of the vaccine to ensure the vaccine-imposed immunity lasts relatively
longer will help reduce the spread of the disease.

On the contrary, 𝜙 and 𝜃 negative correlation to 0V shows that
immune levels of the infected individuals will also determine how
quickly infected individuals move into the symptomatically infectious
compartment. Thus, corroborating the fact that immune boosting nu-
trition and impact of previous vaccination before or during infection
could slow down the progression of the disease towards severity while
equally facilitating quick recovery. In general, the results from the
sensitivity analysis with respect to each of the other remaining model
parameters can be similarly discussed.

6. Simulation results and discussions

In this section, we investigate the dynamics of the proposed model
Eqs. (2) numerically for different sets of parameter values, by consid-
ering two different scenarios: first prior to introduction of vaccines and
secondly during the vaccination administration era in order to elucidate
the impact of vaccination on the spread of Covid-19 dominant strain.
The motive is to examine the impact of varying different sensitive
parameters values and also to support obtained theoretical results.
Nevertheless, the hypothetical values of parameters given in Table 2
11
are found to be biologically feasible. Thus, we performed the numerical
simulation using Runge–Kutta fourth order scheme for solving non-stiff
system of ordinary differential equations with chosen initial conditions
and estimated parameters as presented in Table 2.

Scenario 1: Evolution of each sub-population prior to introduction of
vaccine; this was successfully carried out by setting the vaccinated pop-
ulation compartment of the model to zero (𝑉 = 0) and vaccination rate
(𝜌 = 0) which ensures conformity to NCDC data. The observe behavior
for each sub population (1.e Infected, Hospitalized and Recovery indi-
viduals), keeping in mind that precautionary measures such as wearing
of face mask, regular personal hygiene and observing social distancing
in public places were the mitigating measures to fight against Covid-19
from the onset of the outbreak until November 2020.

As represented in Fig. 6, we examine the evolution of the sub
population without vaccination while considering the case when the
basic reproduction is less than unity or greater than unity to understand
the dynamics of Covid-19 disease. In Fig. 6(a), there is a steady declined
in the population of exposed, asymptomatic and symptomatic infected
individuals when the force of infection (𝛽) was reduced to 0.2124
yielding a basic reproduction of number 0 = 0.8403 which resulted
from increasing precautionary measures of keeping social distancing
(𝑠) and wearing of face-mask (𝑤) in public places. Furthermore, the
number of recovered and hospitalized individuals increased gradually,
reaching a peak until it steadily decline all through a period of three
months. By implication, our simulation result would have predicted the
Nigeria Covid-19 situation if Nigerian Government had enforced the
use of precautionary measures such as social distancing and wearing
of face mask to curb transmission of the disease at the start of the
Covid-19 outbreak, but that was not the case until two month later
when the Lagos state government declared the use of NPI mandatory
in public places from 25th April 2020. Conversely, Fig. 6(b) reveals
the ideal situation when the basic reproduction is greater than unity
(0 = 2.47) in absence of vaccination. The expose sub-population
have a rapid increase with the effective contact rate (𝛽 = 1.2087)
which within the first two months exposes about 4.5 million persons
resulting in a steady growth of both symptomatic and asymptomatic
infected individuals within three months until the population begins
to attain stability thereafter which may be due to strengthening of
non-pharmaceutical measures that was later imposed.
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Fig. 6. (a) The Evolution of sub-population with time before introduction of vaccine when the basic reproduction number is less or greater than unity.
Fig. 7. Assessment of the impact of different values of 𝛽 on new cases of Covid 19 in Nigeria The Evolution of sub-population with time prior to introduction of vaccine when
he basic reproduction number is less or greater than unity.
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Fig. 7 depicts the numerical simulation for new cases of Covid 19
isease in a time span of 120 days. while varying the force of infection
𝛽 = 1.2087, 1.3087, 1.4087) with and without vaccination when the
asic reproduction is greater than unity. Fig. 7(a) reveals the impact
f vaccination in curbing the spread of corona virus when compared
ith the dynamic behavior of new cases in 7(b) without vaccination. It

an easily be observed from Fig. 7(a) when 𝛽 = 1.2018 the population
of new cases with vaccination sharply decrease within the first few
days to 2.7 million, thereafter increase gradually due to indifference
in perception about the vaccine within the first few month of vaccine
introduction. However, after few days, as all government parastatal and
private sectors begin to enforce vaccination, create public awareness
and enlightenment on impact of vaccination to her citizens, the level
of new cases begins to attain a downward trend until stationarity
is achieved. Thus, similar trend was observed from the graph as we
further increase the force of infection from 𝛽 = 1.2018 𝑡𝑜 𝛽 = 1.4018.

Conversely, in Fig. 7(b) using the same set of parameters in Table 2,
without considering sub-vaccination population, a drastic decrease in
the number of new cases was established from 1.9 million to 1.7 million
individuals which could be attributed to the use of non-pharmaceutical
measures in mitigating the spread over time, but the impact was not
as obvious to when vaccination was introduced to the sub population
(comparing Figs. 7(a) and 7(b)). By implication, it reveals that in
absence of vaccination about 70% of the population have to adheres
strictly to the non-pharmaceutical intervention in order to achieve
substantial reduction in numbers of new cases of Covid 19 (which
is in conformity with Okuonghae assertion in [[25], section 4.3]) as
compared to about 46% of the population which needs to be vaccinated
12
in order to have substantial decrease of new cases of Corona virus in
Nigeria.

Fig. 8 depicts the prevalence of Covid 19 in our model with and
without vaccination. In Fig. 8(a), the solution profiles obtained show
the worse peak rate of 2.4 million infected individuals nationwide if
no vaccination was implemented along with adherence to preventive
measures. However, the simulations were further carried out to assess
the population-level impact of vaccination, by running the model (2)
with various values of effective contact rate as represented in Fig. 8(b)
and this reveal a significant decrease of 10% disease prevalence within
the same time span. This implies that vaccination will play a signif-
icant role in combating Covid-19 nationwide. From the simulation,
a peak prevalence of 1.8 million infected individuals was observed
as compared with upward growth of 2.1 million infected individuals
without vaccine administration and this possibly justify the reason for
the relaxation of enforcement on the use of NPI’s in public places after
the introduction of vaccination.

In addition, the dynamics of infected individuals (asymptomatic and
symptomatic) were simulated to investigate the impact of vaccination
rate (𝜌) and vaccine potency as a result of immunity loss (𝛼) on the
isease dynamics. The results obtained with various vaccine efficacy
𝛼 = 0.2, 0.5, 1), depicted in 9(a), show a marked decrease in
he number of asymptomatic population (represented by solid lines)
hich continue to maintain its steady state, but a gradual increase
f symptomatic individual (represented by dash line) was accounted
or over time in the population as people migrate from being pre-
ymptomatic to symptomatic until it reaches a peak and gradually
ecline thereafter. This account for the impact of vaccination in slowing
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Fig. 8. Covid-19 Disease Prevalence.
Fig. 9. The Evolutionary Impact of varying 𝜌 and 𝛼 on the sub-population.
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own the progression of pre-symptomatic infected individuals from
ecoming symptomatic. Similarly, the impact of vaccination was cap-
ured in Fig. 9(b) revealing the dynamic behavior of symptomatic and
symptomatic infectious population having varied vaccination rate 𝜌
rom 0.25 to 1 which indicates that achieving a vaccination rate of 25%
ould scale down the growth of both infectious population but have a
reater declination with time as the values of 𝜌 increases to 100%.

Aside, other simulations were carried to show the contour plots
f the control reproduction number 𝑐 in terms of some sensitive
ontrollable parameters. So, in Fig. 10 the control 0 is plotted against
ome specified model parameters. Hence, Fig. 10(a) reveals the im-
act of vaccination rate amist immunity loss in the population. Thus,
ncreasing vaccination rate (i.e. Have more people vaccinated) while
ecreasing the rate at which vaccinated individuals lose their vaccine-
erived immunity will result in a decrease in the value of the control
eproduction number. This implies that wider vaccination coverage
nd high vaccine potency are critical factors in eliminating Covid-19
isease in Nigeria. In order to further proffer insight on the impact of
accination amidst evolution of exposed (Infected) individuals in the
opulation, Fig. 10(b) reveals that nationwide Covid-19 elimination can
e achieved (i.e The control reproduction number can be brought below
nity) by scaling-up vaccination coverage and enhancing the potency of
he vaccines. Also, contact-tracing, regular Covid-19 testing, and early
etection of Covid-19 Exposed individuals could help reduce number
f individuals in the infectious stage of disease, thus facilitation timely
reatment of the patients while equally curtailing the indiscriminate
pread of the disease. Similarly, Fig. 10(c) shows a decrease in the
alue of the reproduction number with increasing vaccination rate and
ecreasing effective contact rate with infected Covid-19 individuals (𝜎),
13
hich implies the scaling up vaccination coverage with enforcement
f Covid-19 protocols will both work together to drive the epidemic
owards extinction. In the same vein, Fig. 10(d) shows that decreasing
he effective infection rate with a steady decrease in the vaccine-
erived immunity waning rate would result in a remarkable reduction
n the control reproduction number below unity and this could eventu-
lly lead to the eventual elimination of the disease in the population,
articularly in places where adherence to the Covid-19 social protocols
s strictly enforced.

. Concluding remarks

An improved deterministic model for the transmission dynamics
f novel Coronavirus disease (COVID 19) is developed and rigorously
nalyzed to proffer insight into the impact of vaccination cum other
PI measures on the spread of dominant alpha strain of the disease

n Nigeria. The formulated model incorporates current information on
ovid-19 disease such as reinfection after recovery and loss of immu-
ity due to waning. Using the available data from NCDC [11,56,61],
he formulated model was fitted to the observed data to estimate best
alues for some of the unknown parameters. Some of the key results
btained from the model qualitative and quantitative analysis are as
ollows:

i The proposed model has two equilibria: the Covid-19 disease-
extinction equilibrium (0)) which is globally-asymptotically sta-
ble (GAS) when the basic reproduction number (o) is less
than unity and the non-extinction equilibrium, (1) which is
locally asymptotically stable when 0V < 1, which indicates
that the proposed model exhibits backward bifurcation due to
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Fig. 10. Contour plot of the control reproduction number 𝑐 , as a function of vaccination rate (𝜌) against fraction of exposed individual (𝜃), loss of immunity (𝛼) and effective
ontact rate of vaccinated individuals (𝜎). The parameter values used to generate the plots are as given in the parameter estimation Table 2.
reinfection of vaccinated individuals who lost their immunity
and low vaccination rate.

ii The sensitivity analysis reveals that the effective infection rate
of susceptible individuals and progression rate of exposed indi-
viduals are most sensitive and positively correlated to the rate of
disease transmission, thus making these parameters the targets
while adopting measures for the effective control of the spread
of the disease.

iii The model simulations show that if the force of infection is re-
duced significantly amidst vaccination, the reproduction number
will be significantly less than unity and this is achievable by
adhering strictly to COVID-19 safety measures.

iv The model simulations also reveal that if the effective infection
rate can be reduced to at least 40% in the population with
about 50% of the populace been vaccinated, then the target of
eliminating Corona virus disease is feasible.
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