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ARTICLE INFO ABSTRACT

Keywords: The study focuses on the instability of local linear convective flow in an incompressible boundary
Rough rotating disk layer caused by a rough rotating disk in a steady MHD flow of viscous nanofluid. Miklav¢ié¢ and
MHD

Wang’s (Miklav¢ic and Wang, 2004) [9] MW roughness model are utilized in the presence of
MHD of Cu-water nanofluid with enforcement of axial flows. This study will investigate the
Linear stability analysis instability characteristics with the MHD boundary layer flow of nanofluid over a rotating disk and
Energy production incorporate the effects of axial flow with anisotropic and isotropic surface roughness. The
Energy analysis resulting ordinary differential equations (ODEs) are obtained by using von Karman (Karman,
1921) [3] similarity transformation on partial differential equations (PDEs). Subsequently, nu-
merical solutions are obtained using the shooting method, specifically the Runge-Kutta technique.
Steady-flow profiles for MHD and volume fractions of nanoparticles are analyzed by the partial-
slip conditions with surface roughness. Convective instability for stationary modes and neutral
stability curves are also obtained and investigated by the formulation of linear stability equations
with the MHD of nanofluid. Linear convective growth rates are utilized to analyze the stability of
magnetic fields and nanoparticles and to confirm the outcomes of this analysis. Stationary dis-
turbances are also considered in the energy analysis. The investigation indicates the correlation
between instability modes Type I and Type II, in the presence of MHD, nanoparticles, and the
growth rates of the critical Reynolds number. An integral energy equation enhances compre-
hension of the fundamental physical mechanisms. The factors contributing to convective insta-
bility in the system are clarified using this approach.

Nanofluid
Boundary layer flow

1. Introduction

Recent studies have focused on reducing viscous shear force-induced skin friction drag in fluid flow problems under various cir-
cumstances. Rough surfaces increase skin friction drag in fluids. Choi [1] contradicted this by conducting experiments on how surface
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roughness influences fluid flow and other factors. The study investigated rough surface phenomena and complicated dynamics and
how they affect fluid behavior. Sirovich and Karlsson [2] examined passive drag reduction in a turbulent flow. They tested numerous
passive drag-reduction methods. Von Karman [3] investigated incompressible steady flow in a smooth, infinite plane rotating at a
certain rotational velocity. The boundary layer’s three-dimensional velocity distribution is radially inflectional. Cross-flow velocity,
the third velocity component with swept wings for aircraft in boundary-layer flow is perpendicular to the other two components layer.
Cross-flow boundary layers are frequent across rotating disks. The cross-flow component includes the centrifugally produced radial
flow velocity, as well as azimuthal and perpendicular components. Gregory et al. [4] examined von Karman flow stability at high
Reynolds numbers. This showed boundary layer spiral vortex disturbances. A disk made of china clay was imprinted by co-rotating
vortices caused by a cross-flow. Unlike swept wings, rotating disc boundary layers experience Coriolis forces (see Table 5).

Malik [5] generated the neutral curves in the boundary layer of a revolving disk with stationary instability modes. He distinguished
between instabilities caused by inviscid cross-flow and those caused by viscous streamline-curvature interactions, establishing both.
Boundary layer flow stability on rotating disks has been clarified by these investigations. Hall’s [6] research on the two stability
branches for the high limit of Reynolds number yielded strong concordance with Malik’s neutral curve. The first branch (type I)
represents the cross-flow instability upper branch. The lower branch which is the second branch (type II) balances Coriolis and viscous
forces and streamlines curvature. Since type I is theoretically dominant, this type is hard to verify experimentally.

Watanabe et al. [7] described von Karman’s laminar-turbulent transition. The literature provides two von Karman flow surface
roughness models. Yoon et al. [8] the first model simulates concentric grooved radially anisotropic roughness. For Miklav¢i¢ and
Wang’s [9] MW model no-slip boundary condition is replaced by the partial-slip boundary condition for empirical prediction of surface
roughness. Adjusting radial and azimuthal boundary conditions models roughness separately. MW models roughness. Isotropic
roughness, concentric, and radial grooves. Cooper et al. [10] investigated whether distributed surface roughness might affect insta-
bility in the MW formulation rotating disk system. Convective stability analysis stabilizes Type I mode. If the concentric grooves are
anisotropically rough, the Type Il mode can become unstable. Two roughness models predicted stability for Garrett et al. [11]. MW and
YHP affected Type I and I modes differently. Roughness reduces YHP Reynolds-stress energy.

Rotating disc magnetohydrodynamic fluid flow is used in turbomachinery, computer disc drives, geophysical fluid dynamics,
nuclear reactors and gaseous, MHD power producers, flow meters, pumps, and other things. Chemical vapor deposition reactors with a
rotating disc flow put electrical and optical materials on surfaces used in electrochemistry. For additional deposition, these reactors
need laminar gas flow near the top. In this study, the breakdown of the laminar boundary layer, direct temporal resonance, direct
spatial resonance, and absolute instability are all investigated. On a rotating disk immersed in a circular magnetic field, Pao [12]
investigated the flow of an incompressible viscous conducting fluid. Magnetic fields thicken flow boundary layers and reduce axial
flowfields. Furthermore, High magnetic fields separate the boundary layer from the disk surface.

Jasmine et al. [13] discussed rotating disk boundary layer stability under a uniform axial magnetic field. The magnetic field
considerably stabilizes flow, and linear stability theory predicts absolute instability. In Turkyilmazoglu’s [14] later study, the vertical
magnetic field considerably decreases absolute instability and all resonance mechanisms in linear stability theory. Direct spatial
resonance was the most dangerous one. The stability and roughness of a rotating disk are both affected by nanoparticles. Fluid
properties, disk stability, and surface roughness are all affected by nanoparticles. The fluid flow around the rotating disk is influenced
by the size, shape, and concentration of the nanoparticles. Nanoparticles increase the viscosity of the fluid, which stabilizes the discs.
Turbulence is caused by larger nanoparticle clusters. The roughness of a rotating disk can be modified using nanoparticles. Choi’s
“nanofluids” enhanced the fluid dynamics of nanoparticles. The advantages of nanofluids are questioned in practical applications.
Nanofluids are discussed by Wang and Mujumdar [15] and Wong and Leon [16]. Restricted nanofluids. Researchers like Bachok et al.
[17,18], Grosan and Pop [19], Yacob et al. [20], and others looked at nanofluids in Newtonian and porous media with both stationary
and dynamic boundaries. Boundary layer transport is observed in nanofluids. Wang et al. [23] investigated how a melting heat
transmission mechanism affects the 3D flow of non-Newtonian nanofluid along the stretched sheet. Wang et al. [24,25] studied the
activation energy on non-Newtonian liquid and which involve chemical reactions. He also worked on non-Newtonian liquid based on
Prabhakar’s fractional derivative with generalized Fourier’s law. The results were statistically analyzed using the shooting method and
Laplace transformation technique, respectively. Research on nanofluids using MHD slip flow. The MHD slip flow and magnetic
field-nanoparticle interactions are modified by the presence of nanofluids. Nanofluid boundary layer behavior, MHD slip flow, and
applications are all discussed in these works.

The linear convective instability for an enforced axial flow with MHD of nanofluid in isotropic and anisotropic surface roughness
resulting over a rough rotating disk in boundary layer flow will be examined in this work. The steady mean flow involving the magnetic
field of nanofluid is governed. The equations for the rotating disk are presented in Section 2, utilizing the MW model for the magnetic
field of nanofluid with enforced axial flow. The resulting stable flows’ of two sets of linear stability characteristics are examined in
Section 3. In Section 4, linear amplification rates are investigated for the strength of magnetic fields and volume fraction of nano-
particles functioning in the unstable field using numerical analysis. In Section 5, we expand the base flow’s slip-velocity roughness
model to include perturbations. In Section 6, We use the perturbed system to extract the relevant equations and energy analyses
conduction of the magnetic field and nanoparticles with the axial flows in anisotropic roughness and isotropic roughness for specific
disturbance eigenmodes. In Section 7, we examine and summarize our results.

2. Mathematical formulation

This section investigates the behavior of a rotating disk submerged in an electrically conducting incompressible fluid containing
nanoparticles over an infinite disk rotating at a cons angular velocity Q" about its axis of rotation z* and the effect of surface roughness
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(See Fig. 1). A uniform magnetic field B = By is assumed to be applied perpendicular to the surface of the rough disk. In this section, we
will discuss how the magnetic field affects the hydrodynamic properties for fluid motion, specifically in relation to the momentum
equation. This effect can be observed in the form of J x B in the momentum equation. The Lorentz force refers to the combination of
electric and magnetic forces acting on a charged particle. The force has components that can be evaluated as (—u, —v, 0) for a normal
electric field. The fluid is entrained towards the disk’s surface and flows with velocity U = (u*,v*,w*), where r*, 6, and z* stand for
radial, azimuthal, and axial velocities, respectively. An * denotes a dimensional quantity. The cylindrical polar coordinates form of the
Navier-Stokes equations for flow exterior to the boundary layer in the rotating frame of reference are

VU =0 2.1)
0 i\ . . I T |
— 4+ U NV U +20x U +Qx (Qxr)= ——V p'+—V 7 +—I xB (2.2)
ot Py Pos Pus
(,,*c*) e VA Y RO v o (2.3)
P nf or* f

Here, t* stands for time, r* for radial position vector in space, p for fluid pressure, C; stands for specific heat capacity and constant
angular velocity is Q@ = (0,0,Q). For generalized Newtonian models 7* = p*y* represents the stress tensor, where p* stands for constant
viscosity and the strain tensor’s rate is y* = V' U* + V' (U*)".

Now to derive disk surface boundary condition for surface roughness we apply the MW model [9]. According to this method,
partial-slip conditions rather than no-slip conditions can be used to simulate roughness at the disk surface. The Navier-Stokes equation
includes a generalisation of partial-slip conditions in its radial and azimuthal direction respectivily

. .o’
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Where pj is the nanofluid density and 4 is the nanofluid dynamics viscosity, which are then provided by

. Fr . P
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where the solid and liquid fractions’ densities are shown by p; and /J}*, and the nanoparticle’s viscosity of the fluid fraction is shown by
Hy-
Letd = Mip;, /u; Q" andn =Mzp;,/ /4;9*, where M; and M, refer to the corresponding slip coefficients that are determined through

experimentation.

Now u*(0) = ABA%L (0), and v*(0) = ABn2%(0), where A = %{ =(1-9)+ <p<ﬁ7) and B = % =T

The scaling variables non-dimensionalize the governing equations Al-Malki [21] and express them in cylindrical polar coordinates.

Fig. 1. Rotating disk with MHD and nanoparticles in anisotropic and isotropic roughness.
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Here, the free stream velocity is defined by U}, =L*Q", the boundary layer scaling constant is defined by 8, and the general length scale
is defined by L*. Since the laminar flow is axisymmetric and steady, all derivatives concerning t are neglected. Re = % is used to
Yfoo

define Reynolds number.
These lead to the governing non-dimensional equations as follows:
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where M = pr% is the magnetic field parameter. Prandtl number is defined as P, = "Tf where C = k—ff = m, The symbol y¢

represents constant viscosity of fluid. The boundary-layer thickness is defined as = S{“’; = §'L. A Parameter for H is the ratio between
i
the local slip velocity and the disk surface rotating speed at a given radial position.
The self-similar solutions introduction for the derivation of the mean flow equations.

u=rU(Z),v=rvV(Z),w =rW(Z),p = P(Z),T = 0(Z) (2.12)

The steady flow formulation is in accordance with Al-Malki [21] paper and that all the necessary information regarding the data as
well as the derivation for the governing equations can be noticed in that paper. It can be stated that the cylindrical polar coordinate
system was utilized to work with the rotating disk in presence of MHD of nanofluid and axial flow is enforced. An ODE system can be
used to express the steady mean-flow profiles

20+W =0 (2.13)
B, MU MH
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U - (VHI) =+ 1 (2.14)
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The boundary conditions for the ODE system (2.11)-(2.14) are defined by modifying the wall conditions using equations (2.3) and
(2.4), and can be written as:

U(0) =ABAU (0), U(0) = AByU (0), W(0) = 0, P(0) = 0, 6(0) = 1 (2.18)

U(z— ) —H=0=V(z> )+ 1=0(z > ) (2.19)

To illustrate the magnetic field of nanofluid in the radial and azimuthal directions, we will discuss the M and ¢ for 4 and #. In the
case where 4 = 0 and = 0, the boundary conditions simplify the concept of no-slip boundary conditions for disk with a smooth
surface. We will discuss the concept of magnetic field and volume fractions of nanoparticles with anisotropic and isotropic roughness.
An example of anisotropic roughness is concentric grooves with # = 0.25 and 4 = 0 while radial grooves haven =0 and 4 = 0.25. On
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the other hand, isotropic roughness occurs when 1 =7 = 0.25.

2.1. Mean-flow results

2.1.1. Effects of M and volume fraction of nanoparticles ¢ with azimuthally-anisotropic roughness A = 0.25, n =0

In Fig. 2, we have obtained the mean-flow solutions by increasing the range of volume fraction of nanoparticles ¢ and magnetic
field M with different ranges of enforced axial flow H over the azimuthally-anisotropic roughness A = 0.25 and n = 0 and observed their
influence w.r.t enforced axial flow. In Fig. 2(a), we observed that the change in the boundary layer thickness is very slight, as we
increase the strength of magnetic field M for the different axial flow strength H, which is also increasing, the Lorentz force creates the
resistance for flow in U-profiles for M and the radial jets decrease. In Fig. 2(al) we see the as we increase the value of ¢ in the ranges of
H the maximum of the U profile of ¢ increases. When both ¢ and axial flow strengths are increased, higher radial jets are produced, but
the characteristic inflection is repressed. Furthermore, it can be noted that increasing the value of H results in the axial direction by
showing increased behavior of component U. The highest value of U is observed close to the wall. The boundary condition refers to the
point at which the profiles cover a shorter distance, indicating a gradual reduction in the boundary layer due to the impacts of presence
of solid nanoparticles. In Fig. 2(b) where V is the azimuthal velocity for the effect of magnetic field M variations in radial grooves. The
V-profiles in presence of the magnetic field are close to the disk of the surface and Lorentz force resistance is involved in it. Fig. 2(b1)
shows that an increase in range of H and the volume fraction of nanoparticles and make the boundary layer flow thinner. In Fig. 2(c)
the movement of the axial profile is away from the disk surface. It shows the unbounded behavior of the axial profile when we increase
the magnetic field M and the distance from the disk increases. Fig. 2(c1) shows similar behavior to that of Fig. 2(c) for increasing the
value of ¢.

A=0.25, $=0.01, M=0,0.1,0.2, 0.3 A=0.25, M=0.1, $=0, 0.03, 0.07, 0.1

VA VA
(a) Mean flow U-profile for M (al) Mean flow U-profile for ¢
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Fig. 2. Azimuthally-anisotropic roughness, Mean flow U, V, W-profiles for M and ¢ with range of H, red solid lines (—) for H = 0, green dashed-
dotted lines (—.) for H = 0.2, pink dashed lines (— — ) for H = 0.3.
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2.1.2. Effects of M and volume fraction of nanoparticles ¢ with the radially-anisotropic roughness A = 0, n = 0.25

In Fig. 3, we have obtained the mean-flow solutions of different values of the magnetic field M and ¢ for ranges of H over the
radially-anisotropic roughness for 4 = 0 and taking n = 0.25. Fig. 3(a) and (al) show the similar behavior as 2(a) for both the magnetic
field and ¢. Fig. 3(b) shows the behavior as 2(b) for the magnetic field. Fig. 3(b1) shows that as increased the values of ¢, this drop in
the V-profile for volume fraction of nanoparticles wall value. Fig. 3(c) and (c1) shows the same behavior as Fig. 2(c) by increasing the
strength of magnetic field and the volume fraction of nanoparticles.

2.1.3. Effects of M and volume fraction of nanoparticles ¢ with isotropic roughness A = 0.25, n = 0.25

In Fig. 4, we have obtained the mean-flow solutions of different values of the magnetic field M and ¢ for ranges of H over the
isotropic roughness 4 = 0.25 and = 0.25. Fig. 4(a) show the behavior as Fig. 2(a) for the magnetic field. As shown in Fig. 3(al), for
the isotropically rough disk U(z) profiles are slightly different. Here, the results definitely indicate that a mild increase in the radial
wall jet by increasing the range of ¢ and an overall thinning effect will occur. Fig. 4(b and c) shows the same behavior as 2 (b, ¢) and 3
(b, c) for the magnetic field and for the values of ¢. Fig. 4(c1) is the combination for Fig. 3(c) and also it acts as moving towards the disk
surface.

Fig. 4(d) shows that for the concentric grooves of the temperature profile for the range of volume fraction of nanoparticles with
axial flow fixed at H = 0.1 are very closed to the disk surface and increasing the value of ¢ enhanced the thermal conductivity, so the
temperature increased. In the isotropic grooves, the boundary layers became thinner. The slightly drop in the wall value for the radiall
roughness.

Table 1 gives the values of the mean flow solution for the range of magnetic field and volume fractions of nanoparticles with

7=0.25, $=0.01, M=0, 0.1, 0.2, 0.3 7=0.25, M=0.1, ¢=0, 0.03, 0.07, 0.1
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Fig. 3. Radially-anisotropic roughness, Mean flow U, V, W-profiles for M and ¢ with range of H, red solid lines (—) for H = 0, green dashed-dotted
lines (—.) for H = 0.1, blue dotted lines (...) for H = 0.1, blue dotted lines (...) for H = 0.2, pink dashed lines (— — ) for H = 0.3.
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Fig. 4. Isotropic roughness, Mean flow U, V, W-profiles for M and ¢ with range of H, red solid lines (—) for H = 0, green dashed-dotted lines (—.) for
H = 0.1, blue dotted lines (...) for H = 0.2, pink dashed lines (— — ) for H = 0.3.

antisotropic and isotropic roughness. The results also contains the effect of H for its different values. When fixing the value of H = 0,
0.1,0.2,0.3 the results shows the means flow behavior and values of M and ¢. Table 2 shows the temperature profile data for range of
nanoparticles with the presence of magnetic field when the axial flow is H = 0.1.

3. Convective instability

On the steady mean-flow system, there will be an analysis of the local linear instability carried out. Here, we examine how a
magnetic field affects the convective instability of hydromagnetic rotating disk flows. According to Refs. [7,10], the perturbation
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Table 1
Mean Flow Data of M and ¢ for variable axial Flow H with Anisotropic and Isotropic Roughness.
i n H ® M U(0) V(0) M ® U(0) V(0)
0.25 0 0 0.01 0 0.4002 —0.7551 0.1 0 0.3776 —0.7630
0.1 0.3778 —0.7904 0.03 0.3735 —0.8422
0.2 0.3570 —0.8263 0.07 0.3511 —0.9330
0.3 0.3379 -0.8235 0.1 0.3269 —0.9895
0.1 0 0.4132 —0.7892 0 0.3977 —0.8008
0.1 0.3976 —0.8295 0.03 0.3926 —0.8837
0.2 0.3834 —0.8698 0.07 0.3687 0.9789
0.3 0.3705 —0.9100 0.1 0.3433 —1.0382
0.2 0 0.4467 —0.8418 0 0.4377 0.8537
0.1 0.4372 —0.8844 0.03 0.4312 —0.9427
0.2 0.4288 —0.9265 0.07 0.4044 —1.0448
0.3 0.4213 —0.9680 0.1 0.3763 —1.1081
0.3 0 0.4994 —0.9056 0 0.4959 —0.9154
0.1 0.4950 —0.9488 - 0.03 0.4876 —1.0121
0.2 0.4913 —0.9912 - 0.07 0.4565 -1.1226
0.3 0.4883 —1.0326 0.1 0.4242 —1.1909
0.25 0 0.01 0 0.4177 —0.5043 0 0.3831 -0.5388
0.1 0.3851 —0.5369 0.03 0.3849 —0.5291
0.2 0.3553 —0.5696 0.07 0.3709 —0.5005
0.3 0.3281 —0.6020 0.1 0.3528 —0.4717
0.1 0 0.4271 —0.5260 0 0.4026 —0.5639
0.1 0.4042 —0.5618 0.03 0.4030 —0.5534
0.2 0.3840 —0.5967 0.07 0.3874 —0.5233
0.3 0.3664 —0.6306 0.1 0.3682 —0.4931
0.2 0 0.4621 —0.5602 0 0.4471 —0.5987
0.1 0.4489 —0.5966 0.03 0.4482 —0.5877
0.2 0.4381 —0.6314 0.07 0.4333 —0.5558
0.3 0.4293 —0.6648 0.1 0.4146 —0.5238
0.3 0 0.5234 —0.6355 0 0.5160 —0.6376
0.1 0.5190 —0.6355 0.03 0.5204 —0.6261
0.2 0.5164 —0.6690 0.07 0.5091 —0.5918
0.3 0.5152 —0.7010 0.1 0.4927 —0.5573
0.25 0.25 0 0.01 0 0.4002 —0.7551 0 0.2979 —0.5989
0.1 0.3778 —~0.7904 0.03 0.2721 —0.6001
0.2 0.2680 —0.6272 0.07 0.2288 —0.2694
0.3 0.2475 —0.6535 0.1 0.1959 —0.5474
0.1 0 0.3250 ~0.6012 0 0.3159 —0.6278
0.1 0.3079 —0.6302 0.03 0.2885 —0.6287
0.2 0.2925 —0.6590 0.07 0.2436 —0.6045
0.3 0.2789 —0.6873 0.1 0.2094 —0.5733
0.2 0 0.3562 —0.6404 0 0.3544 —0.6680
0.1 0.3459 —0.6707 0.03 0.3256 —0.6692
0.2 0.3370 —0.7001 0.07 0.2784 —0.6435
0.3 0.3294 —0.7285 0.1 0.2425 ~0.6102
0.3 0 0.4078 —0.6869 0 0.4121 —0.1736
0.1 0.4033 —0.7166 0.03 0.3821 —0.7150
0.2 0.3998 —0.7452 0.07 0.3321 —0.6871
0.3 0.3971 —0.7726 0.1 0.2935 —0.6509
Table 2
Temperature profile Data for M = 0.1 with Anisotropic and Isotropic Roughness at fixed axial Flow H = 0.1.
* i ¢ -4 * i 4(0) * i -0
00.25 0 0 1.1048 0 0.25 1.2121 0.25 0.25 0.9037
0.03 1.0909 1.2390 0.8660
0.07 1.0517 1.2536 0.8106
0.1 1.0127 1.2520 0.7681

equations are not effective by the partial-slip boundary conditions. This means that the surface roughness have no affected on the
governing stability equations in the MW model. The MHD nanofluid perturbation equations are used and we offer the entire derivation
of those equations. In order to get the perturbation equations for the magnetic field M and ¢, we make use of the system presented in
Equation (2.2). When compact disturbances are applied to the steady-mean flow, they are introduced at a particular radius, an,d the

e

local Reynolds number is defined as R = ; I These equtions are non-dimenstionalsed, Al-Malki [21], by using the following scales

for new velocity, length, pressue and time
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(r,2) = (r,2)8", U = (u,v,ow)r' @, p" =p(r;Q") ",

z*:t(%)ﬁ - T, =T(T,-TL) (3.1)
u(r.8,z,1) :% Uz) +ii(r0,z,1) (3.2)
v(r0,2,1) :Ef V() +9(r0,2,1) (3.3)
W(r0,2,1) :% W) + (r6,2,1) 3.4)
T(r-0,2,1)=0(z) + 0(r-0,2,1) (3.5)
p(r.0,2,1) :%P(z) +p(r0,2,1) (3.6)

This leads to the following equation of the instantaneous non-dimensional pressure and velocities components
on u 1ov ow

PR TR S G2

di rUdi Ui Vai Wai rUw2(V+1)¥ adp 1/ 1ai 10 dFu2avia)l, .

=+ttt =+ + ———— =ttt st o g Mu (3.8)
ot Ror R R0 Roz R R 00 R\or2 ror r2og0* 0z22r20d0r2) R

ﬁ Eﬁ U_\v, Xﬁ_ﬁryﬁ_;’__r\yw 42(V+1)ﬁ— l@ l 62_\“/+£§+lﬁ+62_\“/+262_ﬁz lM\“/ (39)
ot Ro R RO Roz R R Tro0 R\o2 "ror r2g0* 022 12 00 r2) R ’
o4 R or RO R oz R~ 0z R\o 'ror r2og* 02 )
o6 R or R0O ROz T RP.\0r* ' ror ' o0 0z ’

To show the stability equations in separable form as r, § and t use the perturbation quantites in normal mode, which gives the
following:

(it,,¥, ) = (8,9, W, p, 0) 0" (3.12)

where hat-marked variables are z-dependent perturbation eigenfunctions. Complex radial wavenumber @ = a, + 1@,. Where n = R
denotes the azimuthal wavenumber that is the disk’s vortices in integer form. Frequency is w.

taﬁ+%+tﬁ$+ 7 =0 (3.13)
. _Un o WE . 2V
Ui+ — +1fVii+— + U — " =
wwu +1aUu + R +1pVu + R +Uw R
1 ~ PO A
—1ap +E(—a2u7ﬁ2u+u —Mu) (3.14)

_ S WY 2V D
twv+zaUv+E+lﬁVv+T+Vw+T:

7l/3ﬁ+%(7 @0~ 747 — 1Y) (3.15)
- W O WW 1 o
lww+zan+Tw+z/)’Vw+TW: —lp+1—e(—a2w7[)’2w+w) (3.16)
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/

= = W? = =
lw9+zaU9+T+lﬂV6’+W9 =

75, (™ @0 -0+0) (3.17)

The quadratic eigenvalue problem (Asa? +A;a +A0)a = 0 can solve system (3.13)—(3.17). T he matrices A; contain the coefficients
of the O(</) terms, and H is the vector of eigenfunctions. We set @ = 0 to concentrate on stationary vortices that rotate, within the
rotating reference frame, with the rough disk.

According to Equation (3.10), it can be assumed that the first derivative of @ with respect to the disk surface must be equal to zero.
To contain disturbances within the boundary layer, all perturbation values are set to zero at the physical domain’s far end. These are
facts correspond to Cooper et al. [10]. By enforcing restrictions on small perturbations within the boundary layer, the eigenfunctions
were approximated with precision while following to the boundary conditions.

w@(0)=7(0)=w(0)=w(0)=0(0)=0,z=0 (3.18)
ii(00) =7 (c0) =W(00) =p(c0) = (c0),z—00 (3.19)
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Fig. 5. Neutral stability curves of (a) vortex-number, (b) angle and (c) wavenumber for a range of M and ¢ at H = 0.1 with anisotropic A = 0.25,5 =
0 (concentric grooves).
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4. Neutral stability curves results

Chebyshev polynomial discretization yields spatial stability and neutral temporal solutions. An exponential map is used to convert
Gauss-Lobatto collocation points are into physical domains. The method used to solve the stability equations involves using primitive
variables and collocation points that are set between the lower and upper bounds, except for the boundary conditions in Egs. (3.18)—
(3.19), which are enforced at z = 0 and 2 = 2Zyqc. Alverog lu [22]. describes the numerical method used here.

The magnetic field of nanofluid with the rough surfaces have been used to generate neutral curves, which are characterized by o =
0 neutral spatial growth. These curves have been used to describe several distinct types of solutions from equations (3.13)-(3.16) with
magnetic fields nanofluid. The Type I mode in neutral curves can be seen as the top lobe and it is because of the mean-flow components
of the MHD and ¢ and their inviscid behavior. The Type Il mode, which emerges as a smaller lower lobe, results from the Coriolis and
streamline curvature influences. This mode is eliminated for these mean-flow components. Fig. 5 shows neutral curves from our
analyses, and Table 3 shows essential Reynolds numbers for instability (see Table 4).

Fig. 5 demonstrates that the Type I mode exhibits predominant influence on the MHD boundary layers of nanofluid stability over
azimuthally-anisotropic and isotropic rough surfaces, this is seen from the single-lobed shape of the boundary layers. According to the
results in Table 3, more increment in M and ¢ and raising the critical Reynolds number can makes the boundary layer more stable.

In Fig. 5(a) When magnetic field M and ¢ acquires higher values the critical Reynolds number is shown to slightly increase and the
inviscid type I modes are stabilized in the azimuthally-anisotropic roughness. In this instance, it can be observed that a rather little
increase in the range of magnetic field M and ¢ totally eliminates the viscous type II mode lobe. Additionally, the value of n is greatly
raised, For a variety of magnetic field and volume fraction of nanoparticles and Tables (3)—(5), wavenumber critical values is predicted
in the direction of r are depicted in Fig. 5 (a). The results show that all range of M and ¢ gradually reduce the value of a. Type II mode
lobe is also eliminated in this case.

In Fig. 5(b and c), when increasing magnetic field the type I mode become more stabilize along the upper branch of neutral curves
which is associated with decrease the angle ¢, and wave number . The radially grooved disks for the magnetic field nanofluid have a
steadily destabilizing impact on the type Il mode. As a result, the instability region widens, when H rises it effect the type Il mode start
to vanish and the type I mode takes over as the typical type of instability as seen in Fig. 6(a,b,c).

Fig. 7(a,b,c) show that isotropic rougness has same effect as concentric curves on volume fraction of nanoparticles but for the
magnetic field, it gives slightly more stability for type I mode for the values of n wavelength and a.

In the axial flow strength H = 0.1 of the concentrically grooved and isotropic surfaces increasing the range of magnetic field and
volume fraction of nanoparticles increases stabilizes type I mode the most. Flows with radial grooves are the most unstable over a disk.

5. Linear amplification rate

According to Al-Malki et al. [21] investigation, as the axial flow strength is increased, the type Il mode reduces in comparison to the
type I mode. The type II mode is also effected by increasing range of magnetic field and volume fraction of nanoparticles, it can be
decrease or vanish on a revolving disk. In other words, increasing the magnetic field in various disk roughness can fully suppress the
presence or development of the type II mode.

Fig. 8 shows the linear growth rates of type I mode for magnetic field M = 0.1 and ¢ = 0.001 in concentric, radial, and isotropic
grooves, the amplification rates of stationary modes can be demonstrated by observing the surface roughness with effects of magnetic
field M and ¢ the rotating frame when H = 0.1. The Lorentz force and the viscous force effect on the amlification rate. In concentric
grooves, as shown in Fig. 8(a), the amplification rates for M and ¢ are slightly reduced. Under our model, even moderate levels of M
and ¢ for all surface roughness cause the Type Il mode to vanish, hence it is not taken into consideration here. These results confirm the
stabilizing role of MHD in concentric roughness discussed in Section II, while Fig. 8(b) shows higher stability for radial grooves. In
accordance with Fig. 8(c), for the isotropic grooves with M and ¢ there is significant reduction in amplification rates. These results
support the effective stabilizing effect of MHD and volume fraction of nanoparticles in isotropic roughness.

Table 3
Critical Data for M and ¢ at H = 0.1 for instability type I with A = .
H =01,
A=
0.25,
n= 025
M ¢ R. ?c re ne
0.1 0.008 199.92 9.510 0.559 18.7
0.024 213.90 9.435 0.543 19.3
0.040 227.67 9.370 0.530 19.9
0.2 0.001 228.71 9.054 0.556 20.3
0.3 271.37 8.629 0.544 22.4
0.4 323.39 8.265 0.531 25.0

11



T. Igra et al. Heliyon 10 (2024) 26779

Table 4
Critical Data for M and ¢ at H = 0.1 for instability type I with A = 0.25,57 = 0.
H=01,
1=0257 =10
M 4 R. @ [ ne
0.1 0.008 176.04 10.800 0.514 17.3
0.024 191.73 10.710 0.494 17.9
0.040 207.89 10.624 0.479 18.7
0.2 0.001 194.99 10.339 0.510 18.2
0.3 225.51 9.889 0.498 19.6
0.4 261.88 9.490 0.485 21.2
Table 5
Critical Data for M and ¢ at H = 0.1 for instability type I with A = 0,5 = 0.25.
H=01,1=0
7 =025
M @ R, P Arc ne
0.1 0.008 240.39 8.854 0.435 16.3
0.024 262.77 8.804 0.419 17.1
0.040 285.5 8.773 0.401 17.7
0.2 0.001 288.04 8.377 0.427 18.1
0.3 363.50 7.946 0.426 21.1
0.4 463.10 7.595 0.398 24.6

6. Energy analysis

The formulation of disturbance in an integral energy equation is investiaged in the literature [7,8,21,22] which allow researchers to
get more knowledge of its physical mechanisms. The physical mechanism with the MHD nanofluid with surface roughness is inves-
tigated in this section. The energy equations derivation began with the multiplication of the linearized momentum Equation
(3.13-(3.16) is by the disturbance values u, v, and w, respectively. The kinetic-energy equation for the disturbances is obtained by
adding the resulting formulas.

a a Vo ] 00U oV 20W 20U UV Mi> M¥*  [d(ip) 1 0(¥p)  a(iip) a(doy)  o(i)
{aﬁ“aﬁ o Va }K B T e { a W*T] + {a—"a—} 6.1)
where K = 1 (i +¥* +W?) and oy is the viscous stress terms, o; = i (éﬂxj - g%)

equation (6.1) indicates summing from 1 to 3 by the repeated suffices. The governing stability equations can remove any O(2)
viscous terms to maintain consistency the O( ) terms is neglected. The boundary layer is integrated over the entire time period and

azimuthal mode if the perturbations are averaged over these parameters, and derivative of t and theta are then removed to leave

o a(up) d(Uo11+D01,+Wa13) © —~—=0U —ZodV 50w
U— —_ ———=— 2 dz = —Uuw — —‘UW——WZ dz
fO Br ar ar fO 0z 0z 0z
a b c 1

a(u) o 3(up) = — T, =
_f gij axj -1, ——dz + (Up)y, — [lio3, + Vo3, + Wozslw
_ L — %
z 3
oo oo 52 o) 2 0 2
- a—KWdz—f uza—u—f <id dz—f M dz—f M—Udz

5

Here a period-averaged quantity is denoted by an overbar denotes, such that iiv = it¥"* + i*¥ (complex conjugate is indicated by =), the
quantities assessed at the wall are denoted by w subscript. The left-hand side terms of equation (6.2) can be identified as:

e (a) the average kinetic energy convected by the mean radial flow,

e (b) the work done by the perturbation pressure, and

e (c) the work done by viscous stresses across some internal boundary in the fluid. On the right-hand side, there is
e (1) the Reynolds stress energy production term,

e (2) the viscous dissipation energy removal term,

12



T. Igra et al. Heliyon 10 (2024) e26779
100
A=0, 7=0.25
80| — #=0.008 Ni—0.1
co| #0024 M=0.1
- —= $=0.040 M=0.1
40| —M=02 ¢=0.001
= M=0.3  $=0.001
20| —-M=04 ¢=0.001
0 L
0 160
A=0, 7=0.25
— $=0.008 M=0.1
e p=0.024 M=0.1
952 == ¢=0.040 M=0.1
— M=0.2 ¢=0.001
eeee MI=0.3 $=0.001
—=-M=0.4 $=0.001
0 160
A=0, 7=0.25
0.8 — ¢=0.008 M=0.1
- M=0.1
ol o e=0.024
a == $=0.040M=0.1
0.4] —M=0.2 #=0.001
s M=0.3 ¢=0.001
02 M=0.3
== M=0.4 $=0.001
0 : ' . I
0 160 320 480 640 800
R
(©

Fig. 6. Neutral stability curves of (a) vortex-number, (b) angle and (c) wavenumber for a range of M and ¢ at H = 0.1 with anisotropic A = 0,7 =
0.25 (radiall grooves).

e (3) pressure work terms,
e (4) contributions from work done on the wall by viscous stresses, and
e (5) terms arising from streamline curvature effects and the three-dimensionality of the mean flow and magnetic field

The integrated mechanical energy flux is then used to normalise the energy equation, resulting in
—20= (P1 +P, +P3) + EDV + (PW] +PW2) -+ (Gl + G, +G;+ Gy +G5) (63)

Any eigenmode may be used to calculate the energy balance. The energy is added to system by the positive terrm while it is
subtracted by the negative terms. The system spatially amplified a mode with an amplitude of (a; < 0) when the energy dissipation is
outweighs by the energy production. Calculating each term in the energy equation will reveal which effects of roughness are most
prominent (6.3). In the energy equation, the quantities "PW, G, G, , G5 and "G, all negligible. The primary sources of energy
generation can be identified using Reynolds stress "P,” and conventional viscous dissipation (EDV). "P;’,Ps/PW;’, and "G,  are
negligible, while "G, and "G, are energy-draining geometric factors but for type I case they are that are significantly larger. The linear
stability analysis is confirmed by the examination of energy balance.

Each component’s contribution to the overall energy balance for the magnetic field M and ¢ is determined. To derive eigen-
functions for use in an energy balance analysis, we consider a variety of magnetic field strengths and nanoparticle sizes across
azimuthal, axial, and isotropic roughness, all while maintaining the same axial flow rate of R = Rc + 25 in the type I mode. The region
includes the radial position of R = Rc + 25 which is unstable, where the eigenfunctions are assessed at a specific Reynolds number. At
this specific Reynolds number, the value of a that has been chosen represents the disturbance that goes through highest amplification.
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Fig. 7. Neutral stability curves of (a) vortex-number, (b) angle and (c) wavenumber for a range of M and ¢ at H = 0.1 with isotropic A = 0.25,57 =
0.25.

The streamwise perturbation eigenfunction magnitudes where, we replace the notations of i, ¥, w notations by u,v,w, (|ul, |v|, |w|) for a
variety of magnetic fields are plotted in Fig. 9, with axial flow values at H = 0.1 and R = Rc + 25 for the type I modes. Fig. 9 (a) shows
that each eigenfunction of the |u| profiles narrows as the magnetic field’s range expands. Increasing the magnetic field’s range in radial
grooves results in a modest decrease in streamwise jets. The magnetic field’s range exhibits a similar concentric grooves effect in
isotropic roughness. All of these modifications must result from modifications to the corresponding mean flow profiles for MHD.

The azimuthal eigenfunction profiles are seen to move closer to the disk surface for fixed axial H with increase in the MHD and a
greater movement near the disk surface as shown in Fig. 9 (b). This is due to a slight decrease in the maximum of the azimuthal
eigenfunction profile |v| caused by an increase in the range of magnetic field and the Lorentz creates the resistance in concentric
grooves. As opposed to the effect of the increased magnetic field in concentric grooves, we find that the effect of the increased magnetic
field in radial groove slightly grows the distance between the |v| profiles and the disk surface. This effect is brought about by the type I
modes slightly dominating the type II modes and we can eliminate the type II mode, as shown in fig.

Fig. 9 (c)Then, with a given axial flow H = 0.1, the axial |w| profiles of the type I mode are shown for a different values of magnetic
fields. Increased magnetic field in concentric grooves 4 = 0.25 initially causes a decrease in the maximum of the |w| profiles, as seen in
Fig. 9.

(a). When the magnetic field M's range is increased for radial grooves, we see that the maximum of |w| significantly decreases. The
maximum of the |w| profiles is decreased in Fig. 9 (c) as the magnetic field increases in an isotropic roughness.

With roughness values at H = 0.1 and R = Rc + 25 for the type I modes, the streamwise perturbation eigenfunction magnitudes
(ul,|v], |w|) over a range of nanoparticles are plotted in Fig. 10. Fig. 10(a) shows how each eigenfunction of the |u| profiles becomes
narrower as the range of the ¢ increases. A slight decrease in streamwise jets occurs when the ¢ range for radial grooves is increased.
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Fig. 8. Linear Convective Growth Rates of Stationary Disturbances at a fixed H = 0.1, M = 0.1 and ¢ = 0.001 with various surface roughness (a)
=0,1=025),b) ([ =025 21=0)and (c) (n = 0.25 = A).

All of these variations must be the result of corresponding mean flow profile changes.

Asillustrated in Fig. 10 (b), the azimuthal eigenfunction profiles are seen to move closer to the disk surface with fixed axial H and a
greater movement of ¢ there. This is because an increase in the viscocity due to range of nanoparticles field in concentric grooves has
led to a slight decrease in the maximum of the azimuthal eigenfunction profile |v|. As seen in Fig. 10 (c), the impact of various
nanoparticles on radial grooves and isotopic grooves is similar with the effect on concentric grooves. The range of ¢ isotropic
eigenfunction profile [w| shows the same behavior as in Fig. 9 (c).

The energy balance estimate of the magnetic field’s in isotropic roughness is shown in Fig. 11 (a). The calculation for energy
balance has been demonstrated of type I mode instability of the magnetic field with anisotropic roughness A = 0.25. In Fig. 11 (a)
increasing MHD results in a significant stability of system as Total Energy (TE) is effective by the resistance of the Lorentz forces and
lightly reduce the flows, which make the each flow in system more stable. In conclusion, the observed effect can be related mainly to
the changes in the energy dissipation term (EDV) and the energy production term P, and there is reduction in the viscous magnetic
field term Gs. Fig. 11(b) displays the energy balance computation at various magnetic field strengths for inviscid type I modes,
including H = 0.1. The graph shows changes in the energy generation factors, energy loss factors, and the overall energy (TE) of the
system. Through investigation of these energy elements, we acquire understanding about the movement of energy and general
characteristics of the type I modes without viscosity when exposed to varying magnetic field intensities. It is worth noting that the TE
changes are less stable compared to the concentric grooves (4 = 0.25) case. In conclusion, when = 0.25, there is a reduction in energy
production, magnetic field term Gs and a slight increase in energy dissipation. In Fig (c) the calculation for energy balance has been
given for a various values of magnetic field in isotropic roughness (A = = 0.25) and H = 0.1 the axial flow. The inviscid type I
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Fig. 9. Eigenfunctions for a range MHD with fixed axial flow H = 0.1 for various roughness.
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instability, also known as cross-flow instability, experiences a considerable stabilizing effect in this situation. This is mainly due to
changes in the energy dissipation of the system (EDV). The instability’s growth and amplification are reduced due to alterations in
energy dissipation, resulting in a more stable flow behavior. In conclusion, a higher value of MHD results in increased stability of the

system. This is particularly evident when the MHD value is large.

The energy balance estimate of the nanoparticles in isotropic roughness is shown in Fig. 12 (a). It is obvious that a stabilization
effect was achieved in the Type I mode as a result of a slight decrease in the flow’s total energy as the ¢ parameter is raised due to the
viscous effect nanoparticles. The reduction in energy production term P, , viscous term of nanofluids Gs and energy dissipation term
EDV is the main basis of this effect. The modifications to the other terms seems to be negligible. In Fig. 12 (b), it is evident that a
stabilizing effect was obtained in the Type I mode lightly less than Fig. 12 (a). The increase in the energy production term P, and the
energy dissipation term D is the main source of this impact when ¢ parameter is increased. Fig. 12 (c) shows the similar result as Fig. 12

(b),
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Fig. 10. Eigenfunction for a range ¢ with fixed axial flow H = 0.1 for various roughness.

7. Summary and conclusion
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We have investigated the MHD of Cu-water nanofluid over a rotating disk with the enforced axial flow for anisotropic and isotropic
roughness. The main aim of this work is to focus on convective instability with MHD of nanofluid over a rough rotating disk which
involves the study of stationary modes of disturbances for MHD. The no-slip boundary conditions are changed into partial slip
boundary conditions by using MW [9] approach with simulation when isotropic in the radial direction and anisotropic in the azimuthal
direction. Additionally, we developed the steady boundary-layer flow across a disk-mounted rotating reference frame.

When we increased the range of the MHD nanofluid for different ranges of enforced axial flow with anisotropic and isotropic
roughness. MATLAB is used for the results as shooting method for the mean-flow and chebyshev polynomial discretization for neutral

stability curves results. We observed the following results from their influence on boundary layer flow:

e In all the cases we observed the boundary-layer thinning for each flow.

e We obtained the inviscid type I mode stabilized the most effectively and increased the critical Reynolds number.

e The study also showed how the combination of MHD of nanofluid can cause stationary instability modes through a receptivity
mechanism. The modes are caused by zero frequency disturbances and magnetic fields and the volume fraction of nanoparticles
affects the stability of a system at a specific wavelength, causing instability.
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Fig. 11. Energy Contribution of Individual Components at Fixed ¢ = 0.001 and Axial Flow H = 0.1 with varing magnetic field on Type I Instability
Mode on variable roughness (a) for A = 0.25,5 = 0 (b) for 7 =0.25,A =0 (c) for A =5 = 0.25.

e It is discovered that instability is more strong in concentric grooves for the range of a magnetic field than isotropic roughness and
reduces the amplification rates of stationary modes.

According to our physical predictions, as the axial flow rate is increased in the presence of magnetic field and volume fractions of
nanoparticles for different surfaces, fluid is forced toward the disk’s surface. This causes the development of a destabilizing impact
of viscous effects within the wall location.

In fixed axial flows over a rough disk, increased magnetic field ranges reduce the unstable regime’s maximum growth rates.
Reduction of the first type mode’s energy generation and dissipation in the presence of MHD of nanofluid with anisotropic
roughness’s and isotropic roughness reduces the total energy, which is further evidence that supports our results. We can find the
stability for the large number of magnetic fields but due to the roughness and volume fraction of nanoparticles involved in the
boundary condition, we are restricted.

The study’s conclusions state that the findings apply to a wide range of engineering applications and serve as a useful passive flow-
control system for engineering flows over rotating surfaces that involve magnetic fields, rough disks, and other cross-flow dominant
flows. The turbulence of a fluid’s velocity can be controlled by magnetic strength. Due to their importance in practical applications,
magnetic effects on lubricating fluids have attracted great interest. According to our research, it is preferable to increase the strength of
the axial flow over a rough disk because it may help to maintain laminar flow, in the support disk, over a greater area for a variety of
magnetic fields. The fluid velocity across the disk surface tends to decrease because of the “Lorentz force,” a retarding impact caused by
the induction of magnetic upshot. This investigation demonstrates that the choice of surface roughness with more care along the range
of enforced axial flow, magnetic field, and volume fraction of nanoparticles leads to a stabilization in the flows that may be seen in
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Fig. 12. Energy Contribution of Individual Components at Fixed M = 0.1 and Axial Flow H = 0.1 with varing ¢ on Type I Instability Mode on

variable roughness (a) for A = 0.25,7 = 0 (b) for = 0.25,4 =0 (c) for A =5 = 0.25.
numerous applications of engineering.
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