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Abstract: Quantum thermal transistor is a microscopic thermodynamical device that can modulate
and amplify heat current through two terminals by the weak heat current at the third terminal. Here
we study the common environmental effects on a quantum thermal transistor made up of three
strong-coupling qubits. It is shown that the functions of the thermal transistor can be maintained and
the amplification rate can be modestly enhanced by the skillfully designed common environments.
In particular, the presence of a dark state in the case of the completely correlated transitions can
provide an additional external channel to control the heat currents without any disturbance of the
amplification rate. These results show that common environmental effects can offer new insights into
improving the performance of quantum thermal devices.

Keywords: open quantum system; heat currents; common environmental effects; quantum transistor

1. Introduction

Quantum thermodynamics, which incorporates classical thermodynamics and quan-
tum mechanics, has attracted wide attention [1-3]. It provides important theories to study
thermodynamical quantities like heat, work, entropy, and temperature, or the thermo-
dynamical behaviors in the microscopic world, while quantum thermal machines are
significant subjects in quantum thermodynamics. The research on quantum thermal ma-
chines allows us not only to test the basic laws of thermodynamics in the quantum level,
but also to exploit microscopic thermodynamic applications in terms of quantum intriguing
features. Up to now, a great deal of efforts have been paid for the relevant topics [4-36],
especially based on various working substances, such as two-level systems [12], multi-
level spin systems [15-18], superconducting qubits [9,13,19], quantum dots [14], quantum
harmonic oscillators [22], opto-mechanical systems [20,23], and so on.

Quantum self-contained thermal devices are one family of the most compelling ther-
mal machines due to the small dimension of the quantum system and no external work or
control resources. The self-contained thermal devices were originally proposed as refrigera-
tors to cool the cold bath [12-14,25-45], or as thermal engines to extract work [46,47]. Later,
they were widely extended to a variety of cases, including the different interaction mecha-
nisms, or for achieving various functions, such as heat current amplification [9,24,48-55],
thermal rectification [19-21,54-60], thermal batteries [61-63], and thermometers [64—66]. It
is a quite fundamental question for quantum thermodynamics as to whether the perfor-
mance of thermodynamic devices could be improved by some particular designs, such
as measurement [23,67], or any quantum effects, such as quantum entanglement [38,39],
quantum coherence [40,41,68-71], anharmonicity [72], non-Markovian effects [73], and so
on, which have brought novel insights to the related research.
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Figure 1. Sketch of the thermal transistor. The working substance of the system consists of three
strong-coupling qubits with different frequencies wr, wp, wr = wy + wyy, respectively. The com-
posite system interacts with three independent reservoirs at different temperatures Ty, Ty; and Ty
through different transition channels.

Recently, it has been shown that the common environmental effect can not only lead
to the decoherence-free subspace [74,75], but also has significant contributions to quantum
features [37,74,76-79]. Especially, it has been shown that the cooling power of a weak
internal coupling refrigerator can be enhanced by common environments [37]. It brings
some potential contributions to the performance of quantum thermal devices.

In this paper, we study the common environmental effects on the thermal transistor
which were originally proposed in [49]. We let the three qubits composing the thermal
transistor be commonly coupled to three reservoirs in the same manner of [37]. We show
that the system can still work as a thermal transisor and the common environments
influence the three heat currents of the thermal transistor to different degrees, so the
amplification effect proportional to the ratio of thermal currents can be enhanced by
appropriately designing the common coupling strengths. In particular, there exists a
dark state in the system in the case of the completely correlated transitions. Since the
dark state does not undergo the evolution and especially does not affect the amplification
rate, it provides a significant channel to control the heat currents. We also revealed that
the physical essence of the enhancement is the strengthened asymmetry induced by the
common environmental effects. The remainder of the paper is organized as follows. In
Section 2, we introduce the physical system of the thermal transistor and derive the master
equation. In Section 3, We solve the dynamics and demonstrate the functions of the thermal
transistor. In Section 4, we study the common environmental effects in detail and present
the physical root. The conclusions and discussion are given in Section 5.

2. The Model of the Thermal Transistor

The working substance of the thermal transistor is three interacting qubits, labelled
by L, M, R, respectively, which are in contact with three common reservoirs with the
temperature given by Ty, Ty;, Tr. The sketch of the whole system is shown in Figure 1. The
Hamiltonian of the system reads (2 = 1)

1 z X X X
Hg = = Z Wy, + 80T 0RO N, €))]
v=L,M,R

where w, are the frequency of the qubit v, ¢*/* denote the Pauli matrix, and g is the
coupling strength between the three qubits. In addition, the frequencies satisfy the rela-
tion wg = wr + wy. It is obvious that we have kept the counter-rotating wave terms in
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the Hamiltonian due to the strong internal interaction. Note that the similar three-body
interaction has been widely used in the relevant researches on the self-contained refrigera-
tor [13,29-31,34,36,37,44]. In particular, some experimental proposals have been presented
in [13,31,36], and the experimental realizations are reported in [33] and on the tripartite
Greenberger-Horne-Zeilinger state in [80]. The Hamiltonian of the three reservoirs is
given by

Hr =Y wub by, 2)

v,l

where b, bil denote the annihilation and creation operators of the reservoir modes with

[by;, Y] =1 and w,; denote the frequency of the reservoir modes. Suppose the three-
qubit system interacts with the three reservoirs so weakly that we can safely employ the
rotating wave approximation, then the interaction Hamiltonian between the system and
the reservoirs can be written as

Hsr = Z(fw'sv ®bjy + f;50 ® bul), ©)
v,k

where f,; represent the coupling strength between the qubit v and the j mode of its
corresponding reservoir, in particular, the jump operators S, of the vth system are taken as
the same form as [37]:

St =0 +AMogay,
Sm = 03y + Ao 0R,
SR

og +A307 0y, 4)

with the parameters A1, Ay, A3 € [0,1]. As stated [37,81], one or two-spin simultaneous
transition of the system can be induced by a single excitation in the environment. Obviously,
these jump operators include the correlated single- and double-qubit transitions, where
A1 = A2 = A3 = 0 means that each qubit is in contact with its independent reservoir,
while A; = Ay = A3 = 1 implies that the completely correlated transitions induced by the
common reservoirs. Thus, the Hamiltonian of the whole composite system including the
system and reservoirs is

H = Hs + Hg + Hgg- ®)

The Hamiltonian Equation (1) can be written in the eigen-decomposition form as

Hs = zei’€i><€i‘r (6)

where €; are the eigenvalues and |€;) are their corresponding eigenstates which are explicitly
given in Appendix A. In the Hg representation, the jump operators are given by

Suk= Y. e (eilSule;) (e

e/-fe,-:wu,k

, @)

where S, ;. explicitly given in Appendix B, is the eigen-operator subject to the commutation
relation
[Hs, Svxl = —wyiHs, ®)

with the eigen-frequency w, k. It will be found that every S, induces four non-vanishing
Syk k = 1,2,3,4, which means that the system interacts with every heat reservoir via
4 channels. With the eigen-operators, Equation (3) can be rewritten as

Heg = Y (fojSux(wy) @ bl + h.c.), )
v,k,1



Entropy 2022, 24, 32

40f15

and the total Hamiltonian Equation (5) is rewritten as

3. Dynamics of the System and the Thermal Transistor

In order to get the steady-state behavior of the transistor system, we have to begin
with the dynamics of the system which is governed by the master equation. As mentioned
previously, the three qubits of our thermal transistor are strongly coupled to each other.
Therefore, we have to consider the three qubits as a whole and derive a global master
equation under reasonable appoximations. It is fortunate that [82,83] have provided quite
a standard process to arrive at the Lindblad master equation with the Born-Markov-secular
approximation. Here we’d like to emphasize that we restrict our thermal transistor to
the valid Born-Markov-secular approximation and strictly follow the standard process to
derive the master equation. We have obtained the same form of master equation as the
standard Lindblad master equation given in [82,83]. Thus, one can directly subsitute the
eigen-frequencies and the eigen-operators given in Equation (8) and Appendix B into the
standard Lindblad master equation [82,83] to obtain the dynamical equation of our current
system, which is given as

o =Lr[p] + Lmlp] + Lr[o],

Lo[o) = Y 7w, ) (71 + 1) D[S, 1] + 70 (w, 1) AD[ST ], (11)

where 7i(w, ;) = #

eTv —1
quency w, (kg = 1) and the Lindblad super-operator is defined as D[x] = xpx' —
1{x"x,p}. As usual, we assume the reservoirs in the thermal equilibrium state p, =
exp(—Hy/Ty)/ Tr[exp(—H, /T,)] and the spectral density of reservoirs v, (w) = 27w )
| fuk |26 (w — wy) with 7y, (w, k) = v as a constant for simplicity. In addition, during the
derivation we have employed the secular approximation, which requires the Bohr fre-
quency differences to be much larger than the inverse of the reservoir correlation time Tz,
that is, 2g > « for the current system with w, > g. In the following calculations, we will
always keep these conditions satisfied.

The master equation Equation (11) involves the evolution of both the diagonal and
off-diagonal entries of the density matrix p in H representation. A detailed calculation can
show that the diagonal entries evolve independently of the evolution of the off-diagonal
entries and especially the off-diagonal entries will vanish in the steady-state density matrix.
Therefore, we will only consider the evolution of the diagonal entries. Thus one can arrive
at the differential equation for the diagonal entries pyy, termed populations [84], as

o=y, Y Th(p), (12)

v=LM,R |

denotes the average number of photons of the mode with fre-

where )
Ti(p) = v [(71(wsp) + 1)pj; — 1 (wip) pii] [ {€ilSv]e) | (13)
with w;; = €; — ¢; describing the increment rate of the population py. T};(p) vanishes for

i > j, because ‘ (€i|Sv |ej> ‘2 is the same as the coefficients covered in the eigen-operators
and determines the allowable transitions. Solving gy, = 0, one will obtain the steady-state
solution of the diagonal density matrix denoted by p°. The heat current [82] can be given by

Q= TI‘{HSCV {PS} } = %TJZ(PS)EM/ (14)

where Ej; = € — €] denotes the transition energy. The expanded expression of the heat
currents is given in Appendix C. The positive heat current indicates heat flowing from
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reservoir into the system and the negative current means the opposite flowing direction. In
addition, it is easily found from Equation (14) that the three heat currents fulfill Q; + Qg +
Qum = 0, which indicates the conservation relation between work, heat, and internal energy.

4. The Common Environmental Effects

Thermal transistor. Since the common reservoirs are taken into account, first we
briefly demonstrate that the functions of a thermal transistor can be realized. Based on
Equation (14), it can be found in [85] that with certain parameters, we can make the heat
current Q) weak enough, so that it can be used as the control terminal of a transistor to
modulate the heat currents Q; and Qg, which is explicitly demonstrated in Figure 2. In
particular, the heat currents Q; and Qg can be so small that they can be thought to be
zero to some reasonable approximation. In this sense, it works as a thermal switch. In
the modulation process, the weak heat current Qy is changed slightly, but Q; and Qg
change greatly, which shows the amplification effects that can be well-characterized by the
amplification factor defined as [86]

. QLR
_ QLR _ aTx (15)
=
00m e

XL,R

where X = M, R, L represents the control terminal of the thermal transistor. The amplifica-
tion effect appears if the amplification factor |ay g| > 1, which is only determined by the
absolute value because the sign of ay r indicates whether the change trends of Q LR and
Q) are the same or not. From Figure 2, one can find that the amplification factor |y r| is
about 30, which ensures the apparent amplification effect.

(a) (b)
~ 8 . 30
L 6 £ 20
= 4 8
o 2 c 10
IS e e e ¢ n — — — — RS —_— Ay
g 0 _ 5 0 —_—
o — — —— (9] R
8 21\ QL Qm Qr £ -10
o —4 A E
8—6 \\\~~ qE:—ZO
T_g S ———— 30| m—m———— —————
1 2 3 4 5 1 2 3 4 5
Tmlwo Tmlwo

Figure 2. (a) Heat currents and (b) the amplification factor versus the temperature Tys/wp. The
weak heat current Q) can lead to the great change of Qr and Qg, which indicates the function of
a thermal transistor. It is shown that the amplification factor |ay | ~ 30. In the figures, wy = 1,
wy = wo, wp = 30wy, T = 5wy, TR = 05wy, g = 0.1 wpy, Ay = Ay = A3 = 0.7 and
1L =TM = TR =7 = 0.002 wp.

Enhancement of amplification factor. Next we will show that one can utilize the correlated
transitions to enhance the amplification effects of the thermal transistor.
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Figure 3. Comparison of amplification factors a; ;g versus the temperature Ty/wp with and with-
out common environmental effect. All the solid curves correspond to the case without common
environmental coupling. The coupling strength ¢ = 0.7 wy, in panel (a), and g = 0.3 w) in others
panels. In panels (a,b), the parameters A\; = A3 = 0and A; = 0.3, 0.6, 0.9 corresponds to the solid
asterisk, the solid circle, and the solid square curves, respectively; In panel (c), the solid circle curve
corresponds to completely common environmental couplings, thatis, A; = A, = A3 = 1; In panel
(d), A1 = 0.2, A = A3 = 0.8 for the solid circle curve. The other parameters in all panels are the same
as in Figure 2.

In Figure 3, we have plotted the amplification factor versus T for different interaction
strengths with common environmental effects. One can observe that the amplification
factor |ay, r| decreases with the increasing temperature T)y, especially if there is no common
system-reservoir coupling. The amplification effect is more sensitive to the temperature
Ty for g = 0.7 wyy than for ¢ = 0.3 wpr. The most important result is that the amplification
effect is enhanced when increasing the collective transition strength A;. This is different
from the phenomenon found in [37] that the coefficient of performance of the refrigerator is
nearly invariant with increasing A;. In Figure 3¢, the common environmental effect has led
to the amplification factor increasing with the temperature Ty;. All the figures in Figure 3
indicate that the enhancement effects of the common environment become strong with the
increase of the temperature Ty;. Thus, it seems that the common environment additionally
tends to stabilizing the amplification rate of the thermal transistor. However, one will find
that the amplification effects cannot always be enhanced by arbitrarily designed common
environments. In Figure 3c, the amplification factor versus the temperature Tys with a
fully common environmental effect has shown that the amplification effect is reduced
in some regions of low temperature. In particular, when we decrease the parameter A,
the suppression of the amplification rate will be more apparent than that in Figure 3c,
which can be seen from the enlarged suppression region in Figure 3d. Therefore, in order
to boost the amplification effect, one will have to design the common environments on
purpose. Namely, we should not equally increase the common couplings A1, A7, Az. In
addition, the quantum thermal transistor is a three-terminal thermodynamic device. Each
terminal can be used as the control terminal. In Figure 4a,b, we have illustrated that the
common environments play the enhancement effects if employing the terminal L, or R as
the control terminal.
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Figure 4. Amplification factor as a function of Ty /wq or Tg /wy with common environmental effect.
In panel (a), Ty = 5 wp, TR = 1 wp, and for panel (b), Ty = 7 wo, T, = 1.6 wp. In all panels,
Ay = Az = 0.1 and parameters A; = 0, 0.45, 0.9 are for solid, solid circle, and solid square curves.
The following parameters have been used: wy = 1, wy = wp, wr = 30 wy, § = 0.7 wpr and
YR =7L ="M =" = 0.002 wy.

To demonstrate the best enhancement by the common environments, we optimize
the amplification factor on the common couplings A,, which is depicted in Figure 5. It
is obvious that the common couplings A1 and A3 play positive and negative roles in the
optimal enhancement, respectively. The maximal amplification factor can only be achieved
by the particular A,. This is also consistent with those implied in Figure 3.

1.0 - 1.0 1.0
29 2

0.8 0.8 2 08
28 30

0.6

0.6, 27 0.6,
< 28 o
0.4

I30
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o
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- - | -
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Figure 5. The amplification factor a; dependence on the parameter A,. In the figures, wy = 1,
WM = W, Wi, :30w0, TL =5(,U0,TR :O.SwO,TM =3w0,g:0.3wM,and'yL =YM=TDR =7 =
0.002 wp,. In addition, (a) A3 = 0.3, (b) A, = 0.3, and (c) A; = 0.3.

An intuitive understanding of the enhancement of the amplification effects can be
given by analyzing the heat currents given in Equation (A5) and the transitions. It can be
seen that the heat currents are determined by the transition rates Tl‘; (p) and the transition
energies E;;. The common couplings only slightly affect the populations of the systems,
as shown in Figure 6 and modestly affect some of the eigen-operators. Even though the
transition energies E;; = €; — €; are not influenced, they act weight-like on and much larger
than the changes of Ti‘; (p). The transition rates with large transition energies in heat current

Qum have no relation with the common coupling and other changed transition rates are
only subject to the small transition energy, as a result, Qy is slightly changed. In contrast,
the large transition energies covered in the heat currents Q; and Qg greatly amplify the
changes on the transition rates and induce the apparent effects on Q; and Qg. Therefore,
the amplification factor is significantly enhanced. Since Q; and Qg depend on A1 and A5,
respectively, A; and A, naturally play the dominant roles. Therefore, roughly speaking, the
heat currents are dominantly determined by the transition energies, which are essentially
based on the asymmetry of the transition frequencies subject to the different heat baths.
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Figure 6. (a) The populations versus the temperature Tys/wy. (b) The population difference between
A1 = 0.9 and Ay = 0 versus the temperature Tys. In both figures, g = 0.7 wp, Ay = A3 =0, wg =1,
wp = Wy, Wy, = 30 wo, TL = 56(]0, TR =05 wo, and YL=TM =DYR =7 = 0.002 WpM-

External controllable heat modulator. We would like to emphasize that for A} = Ay =
Az = 1 the eigenstate |e4) is always a dark state, which is immune from the dissipation
in the evolution. This can be easily found from Equations (A2) and (A3) because all
the transitions in the eigen-operators related to |e;) vanish with the vanishing ay g This

indicates that p24 = p44(0) is determined by the initial state [43,87]. In this case, a simple
algebra will show that there is no heat current between the three reservoirs for p3, =
p44(0) = 1, which means the three reservoirs are isolated from each other. A detailed
demonstration of the dependence on p44(0) is plotted in Figure 7a, which indicates that
the heat currents monotonically decreases with p44(0). In this sense, one can control
the magnitude of the heat currents by the initial state. The initial-state dependent heat
current is also shown in the Ref. [37]. In addition, the amplification rate of the thermal
transistor does not depend on the population p44(0) shown in Figure 7b. This can be
well-understood as follows. Any initial state can be given in the Hg representation, which
is divided into two evolution subspaces. One corresponds to the dark state |e4) which
does not evolve and contributes nothing to the heat currents, and the other corresponds to
the other subspace spanned by the remaining eigenstates of Hg, which will evolve to the
steady state and has an active contribution to the heat currents. Thus, all the heat currents
will be equally reduced by p44(0), so the amplification rate is not changed. This is also
analytically demonstrated by Equation (A14) in Appendix C.

u? \\ L | TEEmEmEmEmEmEmEmEmm—r
— So %
- 2 \\\ = 10
hd, ~ <
c S S - ay
o 0 ——————_———_e. S 0
N - S == &
S _ o= QL =
3 D Y
- - -
74 -~ == | < e ———
0.0 0.2 04 06 0.8 1.0 0.0 0.2 04 06 08 1.0
P44 Paa

Figure 7. (a) Heat currents and (b) amplification factor versus pgy = p44(0). Here wg = 1, wpy = wy,
wi, =30a}0,TL :5w0,TR = 0.5(4)(), TM :wo,g:O.BwM,/\l =)\2 =A3 = 1,and'yL = TM =
YR =7 = 0.002 wyy.

To demonstrate that the heat currents can be well-modulated by p44, we can suppose
the following process. (i) First of all, the system is working as a transistor; (ii) at some
particular moment t(, one expects to adjust the heat currents. To achieve this task, one
can first use a laser to drive the transition between |e4) and |e) for some preset duration
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At =t — tg until ps4 reaches the expectation, then switch off the laser and let the system
evolve to the steady system. Without loss of generality, let the interaction Hamiltonian of
the driving be given by

HP = eyleq) (ea] + es|es) (es] + Q(|eq) (eg]e™ !
+ |es) (eale™"at), (16)

where w; = €3 — €4 is the driving frequency and ) denotes the driving strength. The
evolution operator reads

U(t) = eHrA (17)

with the interaction Hamiltonian HP = Q(Jes) (es] + |€s) (€4]). The evolution of pay is
plotted within one period in Figure 8a. Figure 8b is the steady-state heat currents under
the given conditions, which can be understood as the initial working status of the thermal
transistor. Figure 8c illustrates the steady-state heat currents after modulation. It is assumed
that the modulation duration is At = 0.7%, which is determined by the expected heat
currents. When reaching the steady state, the corresponding heat currents are shown in
Figure 8c. Apparently, the heat currents have been greatly increased. Here we suppose that
the driving is so short that the system evolves unitarily for simplicity.

(a)

1.0

0.8 T

0.6 1
é Laser

0.4

0.2

0.0 T T T T T :

0 2 4 6 8 10
_ (b) t (©)
| — e ———
1 T -
g 11 /_ 00 ,/4
4] 50 //
2O — 01 =======""7_13
S — — («:)MO —50+ \\\ - O:Ml
E = Qro —1001 ‘~~__ === Qg1
[} —_———
T -2 ; ; ; ; ; . . . ; .
1 2 3 4 5 1 2 3 4 5
Tmlwo Tm/wo

Figure 8. (a) p44 versus the time ¢. The steady-state heat currents versus Ty /wq before (b) and after
modulation (¢). wy = 1, wp = wp, wp = 30 wy, Ty, = 5wy, Tr = 0.5 wp, Tyy = 3wy, § = 0.7 wy,
and yp = ypm = Yr =7 = 0.004 wpr, Q = 0.3 wp, and A1 = Ay = A3 = 1. pgyg = 0.991in (b).

5. Conclusions and Discussion

We have studied the common environmental effects on the quantum thermal transistor.
It is found that the amplification rate of the thermal transistor can be raised by properly
designing the common couplings with the environments. Due to the different enhancement
effects with the temperature Tjy, it seems that the common environments have the ability to
stabilize the amplification rate. In addition, the enhancement is also present with different
terminals as the control terminal. Analogous to [37], a dark state will occur in the case of
the completely correlated transitions. This dark state can provide an additional channel to
control the magnitude of the heat currents, but has no effect on the amplification rate. An
intuitive physical understanding of the enhancement is also given in terms of the common
environmental effect enhanced to different extents due to the asymmetry.



Entropy 2022, 24, 32

10 of 15

Finally, we would like to mention that the asymmetry as the physical root of the
considered thermal transistor can be effectively controlled in many ways. The most
intrinsic is the large detuning of the frequencies of the coupled qubits, whereas it could
not be practical to infinitely enlarge the detuning. If the system-reservoir couplings are
controllable, adding the proper bias to the decay rates  could be a straightforward and
usual method, the effects of which have been demonstrated in Figure Ala in Appendix D.
The combined roles of the decay rate bias and the common environments are shown in
Figure Alb, which indicates that the amplification rate can be raised much more. The
common environments provide another alternative and novel approach to enhance the
amplification rate; meanwhile, it could enrich the functions of a thermal device.
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Appendix A. The Eigenstate and Its Corresponding Eigenvalue

The eigenstates of the system read

le1) = cos Br|000) — sin Br|111),
le2) = cos B1|010) — sin B |101),
le3) = sin Bp1|011) — cos Bar]100),
le4) = sin $4|001) — cos B4|110),
les) = sin B4|110) + cos B4]001),
leg) = sin Bp1|100) + cos Bpr]011),
lez) = cos B |101) + sin B |010),
leg) = cos Br|111) + sin Br|000),
where sin ; = g withi = R, L, M, 4 and wy = 0, and their corresponding

[V e

eigenvalues are respectively given as

€18 = F\/wk + 8% €7 = Fy/w? + g%,
€36 = Fy/w3 + 8% €a5 = Fo/wi + &2 (A1)
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Appendix B. The Lindblad Operators

The eigen-operators for the master equation can be explicitly given as

Sp1= ”L1|€1><€3| +”L1|€6><€8‘r
S = apler) (e €3)(€s|,
Sp3 = aL3|€2><€4| +“Zr,3|€5><€7 ’
Spa= aL4|€2><€5| +“£4|€4><€7‘r
Sma = ay;l€s) (ea] +ay;,les) (el
Sma2 = Ay, les)(es| +ay,les) (el
Sms = amgaler)(ex| +amsler)(es|,
Sma = ayygler) (es] +ay 4lea) (es],
Sr1 = aR1|€1>< 4 +”R1|€5><€8|/
Sk = ag,len)(es| +ag ,lea) (es|,
€2)(€e3 €) (€7,
Spa = ﬂR4|€2><€6\ +ﬂR4|€3><€7|, (A2)

where
arp = cos Brsin Py, ap 3 = cos PR cos B,
aR3 = cos Br. sin,BM,aiE1 = Fcos Br cos B,

a;\—LAA = +cos Br sinﬁL,alj;,4 = =+ cos B cos B,

1 1
E = —cosﬁL(/\lztl),afA: cos Br(l£Aq),

a = P
L3 \/E \6
1 1
azj\E/I,l = ﬁcos Bm(1+Ay), a5, = ﬁcosﬁM(il —A2),
1 1
a%/l = \/ECOS‘BR(l :*:)\3),&1:;2 = %COS,BR(/\P) il) (A3)

The eigen-frequencies are

W2 = \/“’122 +8*F \/w%/l +8%

Wr3\4 = \/‘U% +8°F \/wﬁ +8%

W2 = \/wlzw +827F \/wi +g2,

Wpma\4 = \/‘U]z{ +82F \/w% +42%

WR1\2 = \/szz +8*F \/“’Z +8%

WR3\4 = \/‘U% +82F \/W%A +8% (A4)
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Appendix C. The Expression of Heat Currents

Based on Equation (14), the heat currents can be expanded as follows.

QL = —ThE;3 — ThEes — T E16 — TigEss
— T4 Epy — T Esy — ThEps — THEyy,
Oumt = —TMEsy — TMEgg — TV Egs — TMEys
— TME, — TMEzg — T Eyy — TH Eos,
Qr = —T{{E14 — TayEss — TiE1s — TigEas
— T3 Exs — Ty Ee7 — TogEas — T3yEay. (B3

From this expression, one can easily find that the sum of the three currents vanish.

To give an analytic expression of the heat currents with full common environments,
we will have to analyze the populations. With the parameters in the current paper, the
populations of p7y and pgg can be neglected compared to others as shown in Figure 6a. For
simplicity, we redefine

Ti =Y Tji; Tij = mi(wij)piil(eilSulei) | Tji = —Ty;. (A6)
j

Thus the elements of the density matrix can be given as

p11 = — [(—T25(T14T33T50 — T34(T13T52 — T12T53) — T12T'33T54) 4 T15(T24T33T 52 — T34 (T'23l50 — T'opl's3) — T'opl'a3

(A7)
Ts4) + ((T1aT20 — T12T24)T33 — (T13T20 — T12T23)T'34)T'55) (0as — 1)]/D,
p22 = — [(T25((T11T34 — T'14l'31) 53 + (T13031 — T'11033)Ts4) + D15 ((T24T31 — T21T34)T53 — (T'23T'31 — T21T33)T54) + (A8)
(—T24(T13T31 — T11T33) 4 T14(T23T31 — T21T33) 4 (T13T21 — [11123)T34)T's5) (0aa — 1)]/ D,
33 =[(—T25((T1al31 — T11734)T50 — T12T3154) + T15((T24l'31 — T21T34) Tsp — Topl'T'sa) 4 ((T1aT22 — T12T24) T3+ (A9)
(T12T21 — T'1aT22)T34)Ts5) (pas — 1)] /D,
ps5 = — [(=T25((T13T31 — T11T33) 50 — T12T31T53) + T'15((T23T31 — T21T33)T50 — T22l31T53) + ((T13T22 — T12T23)T31 (A10)
+ (T12T21 — T11T22)T33)Ts5) (04 — 1)]/ D,
P66 =[(T11T24T33T5p — T'11T23034 50 + [12T24T31T53 — T'12021 13453 + T11T22T341 53 + T14 (T23T31 — T21T33)T5p— (A11)
Tpol'31Ts53) — (12023031 — T12021T33 4 T11T20T33)T54 — T13((T24T'31 — T21T34) 50 — T20T'31054) ) (044 — 1)]/D,
pas = p44(0), (A12)

where

D =I'13124'51I'sp — I'13T25031 50 — T'11124'331 50 + T'11 12533150 — I'13121 3450 + I'11 12303450 — I'11 10503450+
T'3l9503al'5p — I12l'2al'31 153 + T2l 9513153 + T2l 9113453 — T111'90134l 53 + 1119513453 — I1al'95134 53—
T'3l92l'31 54 + T2l 9313154 — T12l'95131 54 + 1310513150 — Tl 33054 + 11192133154 — 111950331 54+
T12T25T33 54 + 15 (—T21T33 52 + 2134 50 — T22T'31 053 — 21134753 + T22T'34 053 — T4 ((T31 — I'33)T52 — T'3p (A13)
Ts3) + (T2l31 + (T21 — T22)T33) 54 + T23((T31 — T34)Ts2 — T31T54)) + (T13((T22 — T24)T31 + (T21 — T22)T34) +
T11((T24 — T22)T33 + (T2 — T23)T3a) — T12(T24(T33 — Ta1) + Ta3(Ta1 — T34) + Ta1(Taa — T'33)))Ts5 + T1a(T25((Tan
—T33)T52 — T'31T53) + T22T'31(Ts3 — Ts5) + T23T31 (I's5 — I'sp) + T'a33(T21T'52 — (T21 — I'22)T's5)).

In this case, the heat currents Q, are rewritten as

Qr = —[(e5 — €1)(T15055 — I's1011) + (€3 — €2) (T23p33 — T32022) + (€6 — €2) (T26p66 — Te2022)] & (1 — pas),
Qr = —[(e3 — €1)(T13p33 — T31011) + (€6 — €1)(T16066 — T61011) + (€5 — €2) (T25055 — T'52022)] o (1 — paa), (A14)
Qm = —[(e2 — €1)(T12p22 — To1p11) + (€7 — €1) (T17p77 — T1p11) + (€5 — €3)(Tasp55 — Is3p33)] o< (1 — paa).
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Appendix D. Dependence on the Decay Rates

In the paper, we mainly consider the effects of the common environments, so we don’t
emphasize much about the enhancement of the amplification rate based on the bias of the
decay rates. As supplements, we briefly demonstrate the effects of the bias of the decay
rates in terms of Figure Al.

(a) (b)
S 20 brennnss 20] Rpeeeerrnrnr e eeen.
< 10 | 10 e
<
2 o0 o 0 o
S agr Qagr
& 10 ~10
Q
g-20 —20
<

i 3 3 ] 5 i p) 3 a 5
Tmlwo Tmlwo

Figure A1. Amplification factor as a function of the temperature Ty;/wp. In (a), Ay = Ay = A3 =0,
and in (b) A; = 0.7, A; = A3 = 0.2. In both figures, the solid, solid asterisk, and solid circle curves
correspond to v = Y, 3YM, 67Mm, respectively. In addition, wyp = 1, wy = wp, wr = 30 wy,
TL =5 wo, TM =1 wo, TR =05 wo, 8 = 0.7 WM, and YL = YR, YM = 0.002 Wp-
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