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ABSTRACT: A theoretical heat and mass transfer model of volatile liquid lens evaporation on the surface of an immiscible liquid
substrate is established in toroidal coordinates. According to the coupled boundary conditions of heat and mass transfer at the lens
surface as well as the interfacial cooling effect, the analytical solutions of the temperature field inside the lens and the vapor
concentration field around the lens are derived for the first time. Compared with the isothermal model, the change of contact radius
calculated by the present model agrees well with the experimental data, especially when the liquid substrate reaches a relatively high
temperature. It also reveals that the temperature distribution inside the lens is not uniform, which is similar to the sessile droplet
evaporation on a solid substrate surface. In addition, the excess temperature, heat flux, and evaporation flux of the lens−air interface
increase monotonically from the lens center to the contact line. Finally, the influences of density ratio and evaporative cooling
number E0 on lens mass evaporation rate are analyzed, which shows that the lens mass evaporation rate decreases with increasing
density ratio and evaporative cooling number.

■ INTRODUCTION

Droplet evaporation is a common phenomenon in everyday
life, which is used in many scientific and industrial
applications,1,2 including particle deposition applications,3

spray cooling,4 inkjet printing,5 and DNA-chip manufacturing.6

In 1977, Picknett and Bexon7 proposed a polynomial
approximation formula for a diffusion-controlled evaporation
model on the basis of the isothermal quasi-steady assumption
that the evaporative flux along the droplet surface is equal. In
2000, Deegan et al.8,9 found that the formation of a coffee ring
requires two conditions: the pinning of the contact line and the
outward capillary flow caused by the nonuniform evaporative
flux on the droplet surface. Therefore, in addition to studying
the contact line dynamics of droplet evaporation, it is also
important to study the microfluidic flow inside droplets to
regulate the particle deposition mode. In 2005, Hu and
Larson10,11 developed an axisymmetric analytical solution to
describe the velocity field inside the droplet in the evaporation
mode with constant contact diameter and explained the
phenomenon of the coffee ring from the perspective of
microfluidic flow. In their study, the evaporation flux along the

droplet surface was one of the most important boundary
conditions. In recent years, due to its simplicity, the formula
proposed by Picknett and Bexon7 has also been widely applied
in the theoretical analysis of the droplet evaporation process on
solid surfaces,12 slippery liquid-infused porous surfaces,13,14

and other immiscible liquid surfaces.15−17 However, this
formula ignores the interfacial cooling effect caused by droplet
evaporation and the uneven distribution of evaporation flux, so
the theoretically calculated value of the droplet mass
evaporation rate is greater than the experimental data.
Therefore, an increasing number of studies have investigated
the temperature field inside the droplet and the evaporative
flux distribution on its surface. Dash and Garimella18
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experimentally studied deionized water droplet evaporation on
the structured superhydrophobic surface. They found that the
droplet lifetime is longer than the theoretical value calculated
by the isothermal quasi-steady model due to the influence of
evaporative cooling. Xu and Ma19 described the effect of
evaporative cooling on the droplet evaporation process on the
surface of the solid substrate. Chandramohan et al.20

experimentally studied the spatiotemporal interface temper-
ature distribution for water droplet evaporation on a
nonwetting copper substrate by using an infrared thermal
imager. They found that the temperature distribution along the
droplet surface is uneven due to the influence of evaporative
cooling, and the temperature drop at the symmetry axis of the
droplet was the largest and related to the droplet height.
Nguyen et al.21 and Shen et al.22 deduced the analytical
solutions of the temperature distribution inside the droplet and
the vapor concentration distribution around the droplet with
coupled boundary conditions at the gas−liquid interface
established by the heat and mass transfer relationship and
analyzed the influence of evaporative cooling on the droplet
evaporation process on a flat solid surface21 and a curved solid
surface.22

Although many studies have tried to eliminate the coffee
ring phenomenon and obtain a uniform pattern,23 they can
only obtain a relatively uniform macroscopic and highly
disordered microscopic structure because of the inevitable
roughness and heterogeneity of traditional rigid surfaces.
Nowadays, more and more studies have focused on the phase
transition process of droplets on immiscible liquid surfaces
because they provide soft, smooth, and homogeneous surfaces.
The related research is mainly experimental. Li et al.24

obtained a macroscopically uniform and ordered structure on
phenyl methyl silicone oil substrate. In their studies, the final
deposit pattern formed due to the bending deformation of the
liquid substrate and the movement of the contact line. There
was no in-depth analysis from the perspective of the microfluid
flow caused by droplet evaporation and contact line move-
ment. Recently, Hakimian et al.25 experimentally investigated
the freezing of a few nanometer water droplets on soft
interfaces. The results showed that ice formation on soft
interfaces could cause interface deformation, which led to the
suppression of ice nucleation as well as the freezing
temperature falling below the homogenous bulk nucleation
limit. Some experimental studies examined the evaporation
process of a volatile droplet on another immiscible liquid
substrate surface. Nosoko et al.26 studied the n-pentane lens
evaporation on a water surface using laser shadowgraphy. Sun
and Yang27 investigated the evaporation process of toluene and

hexane lenses on a deionized water surface. Wang and Shi28

used an infrared camera to study the Marangoni convection
pattern of methanol lens evaporation on the immiscible liquid
surface. They found that the temperature distribution on the
methanol lens surface was also uneven, and the lowest
temperature was near the symmetry axis of the lens for most
of the lens life.
In our previous studies,15−17 the evaporation processes of

hexane lenses on the ionic liquid ([BMIm]PF6) and distilled
water surfaces were experimentally studied, and a theoretical
model for predicting the morphology evolution of a volatile
liquid lens evaporation on another immiscible liquid substrate
surface was established. Considering the dynamic process of
contact line motion, the diffusion-controlled evaporation
model was used to calculate the mass evaporation rate. The
results indicated that the calculated values of the hexane lens
radius by the isothermal model are smaller than the
experimental data, and the deviation increases as ionic liquid
temperature rises. Based on our previous model, an improved
theoretical model of the volatile liquid lenses’ evaporation on
another immiscible liquid substrate surface is established in the
toroidal coordinate system. Using coupled boundary con-
ditions based on the heat and mass transfer relationship at the
gas−liquid interface, especially considering the evaporative
cooling effect, analytical solutions of the temperature field
inside the lens and the vapor concentration field around the
lens are derived for the first time. This study will help to deeply
understand the droplet evaporation behavior on flexible curved
surfaces and provide a theoretical basis for this behavior.

■ THEORETICAL ANALYSIS
Theoretical Model. The evaporation of a volatile lens on

the immiscible liquid surface in a toroidal coordinate system is
schematically shown in Figure 1. Since the lens can be
considered a combination of upper and lower spherical caps,
its axisymmetric profile is described by (0 ≤ η <∞, π − α) and
(0 ≤ η < ∞, π + β) in the toroidal coordinates (η, φ). α and β
are the angles between the upper spherical crown, the lower
crown, and the horizontal plane at the contact line,
respectively. rc is the contact radius. T∞ and C∞ represent
the temperature and vapor concentration of the ambient air at
infinity, respectively. Tsub is the temperature of the liquid
substrate. r and z refer to the radial position and axial position,
respectively. iφ⃗ and iη⃗ are the unit vectors along the φ-axis and
η-axis, respectively.
The theoretical model is assumed as follows: (1) since the

angle between the liquid substrate and the horizontal plane at
the contact line is usually small,15,17,29 it can be considered that

Figure 1. Schematic diagram of volatile lens evaporating on the immiscible liquid surface in toroidal coordinates.
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the liquid substrate−air interface remains horizontal [as
described in (0 ≤ η < ∞, 0) or (0 ≤ η < ∞, 2π)]; (2) the
lens−liquid substrate interface and the liquid substrate−air
interface maintain a constant temperature Tsub; (3) the
convection heat transfer inside the lens is negligible; and (4)
since our experiment was carried out in an open environment,
the lens evaporation can be simplified as a quasi-steady
diffusive evaporation process,21,22 and thus the vapor
concentration on the lens surface can be considered as the
saturation concentration corresponding to the surface temper-
ature.
Moreover, the derivations in detail can be found in the

Supporting Information, and a brief introduction is given
below.
The governing equations of the temperature field inside the

lens and the vapor concentration field around the lens in the
evaporation process can be described by ∇2T = 0 and ∇2C = 0,
which can be transformed into the following form in the
toroidal coordinate system:22
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where U(η,φ) = T(η,φ) − Tsub or U(η,φ) = C(η,φ) − C∞ can
be described as excess temperature or excess vapor
concentration.
The boundary conditions of the temperature field and vapor

concentration field in toroidal coordinates are as below:
For the region inside the lens (0 ≤ η < ∞, π − α ≤ φ ≤ π +

β), the following conditions apply:

(1) The lens is axially symmetric on the axis of symmetry:
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(2) At the lens−liquid substrate interface, the temperature
remains constant:

η π β+ =T T( , ) sub (3)

(3) At the lens−air interface, the evaporative cooling effect is
considered.

η φ η| = |φ π α φ π α= − = −q LJ( , ) ( ) 3 (4)

where q, L, and J are the heat flux, the latent heat of lens
vaporization, and the evaporation flux at the lens−air
interface, respectively.

For the vapor region around the lens (0 ≤ η < ∞, 2π ≤ φ ≤
3π − α), the following conditions apply:

(4) The vapor region around the lens is also axially
symmetric and on the axis of symmetry:
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(5) At the liquid substrate−air interface, vapor does not
penetrate into the liquid substrate:
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According to Nguyen et al.21 and Shen et al.,22 the variable
separation method is used to solve eq 1 with coupled boundary
conditions (eqs 2−6). The normalized temperature distribu-
tion inside the lens and the normalized vapor concentration
distribution around the lens can be obtained as follows:
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Legendre function of the first kind,30 τ refers to the integration
dummy, and Ce is the saturated vapor concentration of the lens
at Tsub. ET(τ) and EC(τ) are functions of the integration
dummy that are independent of η and φ:
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where the evaporative cooling number E0 and the thermal
gradient of vapor saturation concentration with temperature b
are defined as E0 = bLD/k and b = dCsat/dT, respectively.

21,22

And D is the diffusion coefficient, k is the thermal conductivity
of the lens, and F(α,τ) can be calculated as follows:

α τ ατ
πτ α

=F( , ) 2 2
sinh( )

sinh( ) sin (11)

The heat flux q at the lens−air interface can be calculated by
the following formula:
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The evaporation flux at the lens−air interface can be
calculated as follows:
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The lens mass evaporation rate can be obtained by
integrating eq 13 over the lens surface.
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Note that in our previous research,17 a theoretical model of
the morphological evolution of volatile liquid lenses on the
immiscible liquid surface was introduced, so this explanation
will not be repeated in this paper. Based on the previous
model, the coupled heat and mass transfer process is
highlighted in this paper.

■ RESULTS AND DISCUSSION
Validation of the Theoretical Model. A recent

experimental study showed that the temperature distribution
on the lens surface is not uniform.28 This is similar to the
sessile droplet evaporation on the surface of solid substrates.
Our previous research also showed that the change in
calculated lens radius under the constant temperature
assumption was smaller than the experimental data, and the
deviation increases as the liquid substrate temperature rises (as
shown by the dotted line in Figures 2 and 3).17 Consequently,
it is significant to consider the interfacial evaporative cooling
effect in the theoretical study of lens evaporation on the liquid
substrate surface, especially on a heated liquid substrate
surface. To demonstrate the reliability of the analytical model
established based on the interfacial cooling effect, the
experimental data for hexane lens evaporation on an ionic
liquid ([BMIm]PF6) substrate with a depth of 4 mm was used
as a comparison. The ambient temperature during the
experiment was 15 °C, and the spreading stage was ignored

in the model calculation because the ratio of the spreading
stage to the lens lifetime was small. Figures 2 and 3 compare
the lens contact radius calculated by the present model and the
isothermal model with the experimental data. The evaporative
cooling number E0 represents the influence of evaporative
cooling on the lens mass evaporation rate. When E0 = 0, the
theoretical model in this study is transformed into an
isothermal model. The lens mass evaporation rate calculated
by eq 14 is roughly equal to that calculated by Picknett and
Bexon.7 With increasing liquid substrate temperature, the
evaporative cooling number E0 increases, which means the
evaporative cooling effect has a greater impact on lens
evaporation. As can be seen from Figures 2 and 3, compared
with the isothermal model, the change in lens contact radius
calculated by the present model, which considers the influence
of evaporative cooling over time, is more consistent with the
experimental data, especially when the liquid substrate
temperature is higher (as shown in Figure 3, when the
substrate temperature is 26 °C).
Figure 4 shows the excess temperature field (i.e., the real

temperature minus the liquid substrate temperature) inside the
hexane lens when the ionic liquid temperatures are 16, 21, and
26 °C, respectively. The time shown in the figure is when the
lens is spread to the maximum contact diameter. When the
temperature of ionic liquid is 16, 21, and 26 °C, the initial
values of contact angles α and β are 3.47° and 3.24°, 3.66° and

Figure 2. Comparison of change in contact radius for different initial
hexane lens volumes between calculated results and experimental data
when the ionic liquid temperature is 16 °C.

Figure 3. Comparison of change in contact radius for different ionic
liquid temperatures between calculated results and experimental data
when initial hexane lens volume is 10 μL.
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3.32°, 3.84° and 3.56°, respectively. The excess temperature
distribution inside the lens is also uneven, and the lowest
temperature appears on the symmetry axis of the lens surface.
This is similar to the infrared image obtained by Wang and
Shi,28 which recorded the surface temperature distribution of
methanol lens evaporation on the liquid substrate surface. The
reason for the calculation results shown in Figure 4 is that the
heat conduction distance between the lens−liquid interface
and the lens−air interface decreases monotonously in the
radial direction. In other words, the higher the lens, the lower
the minimum temperature of the lens surface.
Figure 5 shows the radial variation of the interface excess

temperature and heat flux along the lens−air interface at
different ionic liquid temperatures when the initial hexane lens
volume is 10 μL. The excess temperature and heat flux at the
lens−air interface increase monotonically from the lens center
to the contact line. With the increase of ionic liquid
temperature, the excess temperature decreases and the heat
flux increases at the lens−air interfacial center. According to
Fourier’s law, the thermal resistance between the lens−liquid
interface and the lens−air interface also decreases monotoni-
cally in the radial direction.

When a sessile droplet evaporates on a solid substrate, the
evaporation flux distribution along the droplet surface can be
well approximated by the following formula given by Deegan et
al.9

= − ̃ λ α−J r J r( ) (1 )0
2 ( )

(15)

where λ α = − α
π

( ) 1
2

represents the evaporation uniformity

and J0 is the evaporation flux at the symmetry axis of the lens
surface. Figure 6 compares the evaporation flux distribution
along the lens−air interface calculated by eq 13 and that
calculated by eq 15 at different ionic liquid temperatures when
the initial hexane lens volume is 10 μL. Equation 15 roughly
describes the evaporation flux distribution along the lens
surface. The deviation increases as the liquid temperature rises
along the radial direction. At r ̃ = 0.8, the deviations are 5.57,
6.24, and 8.34% when the ionic liquid temperature is 16, 21,
and 26 °C, respectively. The main reason for the deviation is
that compared with the sessile droplet evaporation on a solid
substrate surface, the heat conduction distance between the
lens−liquid interface and the lens−air interface decreases faster
near the contact line (as shown in Figure 4). Note that the
evaporation flux along the lens surface also increases

Figure 4. The temperature field inside a hexane lens when the ionic liquid temperature is (a) 16 °C, (b) 21 °C, and (c) 26 °C (initial hexane lens
volume of 10 μL).
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monotonically from the lens center to the contact line,
especially near the contact line.
Effect of the Density Ratio. According to our previous

study,17 the density ratio of the lens to the substrate (ρlens/
ρsubstrate) has an influence on the lens shape and then on its
evaporation rate. Figure 7a shows the variation of excess
temperature at the lens surface center and mass evaporation
rate with density ratio when the ionic liquid temperature is 21
°C. To avoid other effects on the lens evaporation process, the
density ratio is adjusted only by changing the substrate liquid
density to transform the morphology of lens evaporation on
another immiscible liquid substrate surface. When the density
ratio changes from 0.1 to 1.1, the lens is heavier relative to the
substrate liquid, the lens shape changes from A to B gradually
(as shown in Figure 7b), that is, α decreases and β increases
monotonically with increasing density ratio. The influence of

density ratio on mass evaporation rate and interface excess
temperature is shown in Figure 7a.
The mass evaporation rate is mainly related to the value of

α. As the density ratio increases, α decreases, resulting in the
decrease of the area of the upper interface of the lens, that is,
the effective evaporation area decreases, so the mass
evaporation rate decreases. This is consistent with our previous
experimental observation16 that the lens evaporation time was
significantly prolonged when the lens created a “pit” in the
liquid substrate.

Figure 5. Radial variation of (a) interface excess temperature and (b)
heat flux along lens surface for different ionic liquid temperatures
when initial hexane lens volume is 10 μL.

Figure 6. Comparison of lens surface evaporation flux distribution at
different ionic liquid temperatures calculated according to eq 13 and
15 when initial hexane lens volume is 10 μL.

Figure 7. (a) Variation of excess temperature at lens surface center
and mass evaporation rate with density ratio when the ionic liquid
temperature is 21 °C and (b) schematic diagram for shapes of volatile
lens evaporation on the immiscible liquid substrate.
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The interface excess temperature is related to the heat
conduction distance between the lens−liquid substrate inter-
face and the lens−air interface at the symmetry axis, that is the
angle of α + β is the main reason affecting the interface excess
temperature. With the increase of density ratio, the angle of α
+ β first decreases and then increases, resulting in the
temperature difference between the lens top and the substrate
decreases first and then increases.
Effect of Evaporative Cooling. Figure 8 shows the

variation of excess temperature at the lens surface center and

mass evaporation rate with evaporative cooling number E0
when the ionic liquid temperature is 21 °C. Both the excess
temperature at the lens surface center and the mass
evaporation rate decrease with increasing evaporative cooling
number E0; that is, the evaporation process of the lens is
inhibited.

■ CONCLUSIONS
In this study, a theoretical heat and mass transfer model of
volatile liquid lenses evaporation on the immiscible liquid
substrate surface is established in a toroidal coordinate system.
According to the coupled boundary conditions based on the
heat and mass transfer relationship at the gas−liquid interface
as well as the evaporative cooling effect, the analytical solutions
of the temperature field inside the lens and the vapor
concentration field around the lens are derived. The reliability
of the theoretical model is verified by an experimental
measurement of hexane lens evaporation on the ionic liquid
surface. Compared with the isothermal model, the contact
radius calculated by the present model agrees well with the
experimental data, especially when the liquid substrate
temperature is relatively high.
According to the analytical solution, the temperature

distribution inside the lens is not uniform, which is similar
to the temperature distribution when sessile droplet evapo-
ration on the surface of the solid substrate. The lowest
temperature appears at the symmetry axis of the lens surface.
Additionally, the excess temperature, heat flux, and evaporation
flux at the lens−air interface increase monotonically from the
lens center to the contact line. As liquid substrate temperature
increases, the heat flux and evaporation flux increase
accordingly, while the excess temperature decreases at the
center of the lens surface. Finally, the effects of the density

ratio (ρlens/ρsubstrate) and evaporative cooling number (E0) on
the lens mass evaporation rate are analyzed. The results show
that the lens mass evaporation rate decreases with increasing
density ratio and evaporative cooling number.
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