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ABSTRACT: Analytical models are very important to understand physical, chemical, and
biological phenomena. In many cases, obtaining an analytical model is a complex, even an
impossible task. In this work, an analytical model for thermal lens spectroscopy has been
developed. The model considers light absorbing liquids, a laser pulsed beam as the heat
source, timescale thermal regime, and small phase change produced by heating. A
simplification for low-absorption samples is obtained. A complete theoretical study of their
utilization is shown. Measurements of the thermal diffusivity of water−ethanol sample
mixtures in the liquid phase are analyzed. These values for pure substances are in good
agreement with those reported in the literature. Our methodology could be very useful in the
analysis of the optical and thermal properties of liquids.

■ INTRODUCTION
When a semitransparent material is illuminated with a coherent
light source, the light is partially absorbed along the beam path,
producing a temperature gradient with the maximum value at
the center of the beam cross-section. This gradient induces a
change in the thermal refraction index, and a similar effect to a
lens appears. The monitoring of this lens-like behavior allows
the determining of the local increase of the temperature and is
the basis for what is known as thermal lens (TL) spectros-
copy.1−5 This technique has become one of the most
successful methodologies for the optical and thermal character-
ization of semitransparent liquid6 and solid materials,
holography,7 and in the monitoring of a large variety of
processes. The success of this methodology is based on its high
sensitivity and versatility, which allows being used in
combination with other techniques. The theoretical founda-
tions of the technique were developed several decades ago.
The analytical approach developed by Shen et al. is the most
successful in the interpretation of the TL phenomena induced
by a continuous laser beam.8 In this kind of experiment, when
the excitation laser is turned-on, the change in the thermally
induced lens allows monitoring the local temperature
evolution. This modality has become the most useful in the
characterization of a large variety of materials and systems.

TL can also be induced using a pulsed light source. It has
been shown that this option allows to perform fast measure-
ments.9,10 The pulsed option can also be used to improve the
detection limit of the TL technique.11,12 However, a simple
analytical approach for analyzing the evolution of the
temperature profile for the pulsed TL is necessary in the
current literature. In this paper, a novel analytical approach,
using the basic ideas previously reported by Shen et al.,8 is used

to address the TL pulsed option. Shen et al.8 obtained an
analytical equation that describes the intensity at the far field,
produced by the TL effect, for the mode-mismatched
configuration. In this case, two laser beams are used, one to
probe and the other to excite the sample. It is called mode-
mismatched because the waist of the two laser beams is in
different positions. To evaluate if this is a viable possibility, it is
necessary to compare with the complete (numerical) model,
by observing the time evolution of the pulsed TL signal. This
paper aims to obtain a simple analytical approach for the
pulsed beam methodology based on Fresnel diffraction.7 The
limit of validity of our approach on the interpretation of
experimental TL data is also investigated.

■ THEORY
Figure 1 shows the parameters involved in a TL mode-
mismatched configuration. Two laser beams are used, one as
the probe laser beam (red) and the other as the excitation laser
beam (green). The waist of the excitation laser beam is at the
sample position, located at the distance z1 from the probe
beam waist. Due to the radial symmetry of the laser beams, a
cylindrical coordinate system is used. The temperature
evolution profile is given by the heat diffusion equation13
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(1)

where ΔT(r, z, t) is the temperature variation induced by the
heat source. D = k/(ρc) is the thermal diffusivity of the sample,
in which k, ρ, and c are the thermal conductivity, density, and
specific heat of the sample, respectively. The heat source, for a
pulsed laser beam, Q(r, z, t) can be represented by the
following equation:

(2)

Q0 = 2EeAe/(cρπω0e
2 ), in which Ee is the energy of the pulse of

the excitation laser beam, Ae is the optical absorption
coefficient of the sample at the wavelength of the excitation
laser beam, and ω0e is the excitation laser beam waist. δ is the
Dirac delta function. The time dependence of the source is
well approximated by the Dirac delta function for transients at
a timescale bigger than the acoustic timescale. For transients at
nanosecond order, acoustic waves may give rise to pressure
effects, and a local pressure gradient is created, also
contributing to the TL signal.14 This pressure gradient
launches acoustic waves propagating away from the heated
region before the thermal diffusion starts, being possible to
neglect this acoustic effect for transients on millisecond scale.

Using the integral transform methods, in the Laplace and
Hankel space, the heat diffusion equation is written as follows:

(3)

where

(4)

The general solution for (eq 3) is as follows:

(5)

Considering the approximation of null flux at the fluid−cuvette
interface, , the constants C1 and C2 are
given by

(6)

and

(7)

The null heat flux assumption is a good approximation for
thick samples and short-time transients. The above solution
(eq 5) does not have an analytical expression for the inverse
Laplace transform. However, for TL signal, we only need the
induced phase shift. The phase shift (for fluids) produced by
ΔT is given as follows:8

(8)

where l0 is the sample thickness, dn/dT is the change in the
refractive index produced by ΔT, and λp is the wavelength of
the probe beam. Performing first the integration along the
optical path (0 ≤ z ≤ l0), and then the inverse Laplace and the
Hankel transforms, the phase change reduces to

(9)

where tc = ω0e
2 /(4D) and

(10)

being leff = [1 − exp(−Ael0)]/Ae. Alternatively, assuming semi-
infinite space, with null heat flux in the interface z = 0, the
solution of (eq 1) is as follows:15

(11)

with

(12)

This solution is a good approximation for the temperature
profile, leading only to a small difference in the second face of
the cuvette. In the low absorption limit, (eq 11) reduces to15,16

Figure 1. Schematic representation of the parameters involved in the
dual-beam mode-mismatched TL spectroscopy configuration.
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(13)

The normalized intensity at the center of the probe beam at
the detector plane is given as follows:17

(14)

where , in which ω1p is the probe laser beam
r a d i u s a t t h e s a m p l e a n d

. In Figure 1, it can be
observed that z1 and z2 are the distance from the probe beam
waist to the sample and from the sample to the photodetector
plane, respectively. The Rayleigh distance is given by zRp =
πω0p

2 /λp in which ω0p is the waist of the probe laser beam.
Considering small phase shifts, the approximation exp(−iΦ)

≈ 1 − iΦ can be used, similar to the one performed by Shen et
al.8 In this approximation, a simple analytical expression for a
pulsed laser TL spectroscopy is given as follows:

(15)

The limit of validity of this expression to describe the time
evolution of the pulsed TL signal will be analyzed below. Note
that for low absorption limit leff(Ae → 0) = l0, the (eq 15)
becomes similar to the expression found by Marcano et al.18,19

The corresponding equation for a cw laser beam was
reported by Shen et al.8

(16)

where

(17)

and

(18)

■ RESULTS AND DISCUSSION
In Figure 2, the increment of the temperature (eq 11), as a
function of the radial position r for the pulsed light beam is
presented for a sample with a low absorption coefficient (Ae =
1 m−1). Note that at t = 0, the temperature reaches the
maximum value close to the center of the beam, and afterward,
the temperature becomes flatter along r, in such a way that for t
= 100tc, the temperature is uniform along r. Parameters and
physical properties of water that have been used for
calculations are listed in Table 1.

Figure 3 shows the radial temperature difference for different
absorption coefficients. Circles and continuous lines represent
temperature fields calculated by using (eq 11) and its
approximation for low absorption samples by using (eq 13),
respectively. Calculations were made at 5 mm in depth (z).
Parameters are shown in Table 1. It can be observed that the
temperature shows the strongest differences for the highest

absorption coefficients. Note that for optical absorptions of 10
m−1 and smaller ones, the difference between the approxi-
mated and exact temperature is almost negligible.

Figure 4 shows numerical calculations for the temperature
difference in the sample center as a function of depth
normalized to the sample thickness z/l0. It is observed that
when the low absorption approximation is used (red
continuous lines), ΔT is constant because this quantity is
independent of z (eq 13). For the case of (eq 11), a decrement
as a function of z is observed in agreement with the
dependence on the optical absorption coefficient appearing
in the Beer−Lambert law. Note that the optical absorption
coefficient increases, from (a) to (c), as ΔT is bigger at the
surface where the heat source impinges. Also, for (b) and (c),
it is observed a decrement as z increases.

Figure 2. Radial temperature difference (eq 11), at different times for
a depth of 5 mm. The optical absorption coefficient has been set at 1
m−1. Parameters for Q0 are given in Table 1.

Table 1. Parameters Used in Numerical Calculations20a

parameter value units

D 1.43 × 10−7 m2 s−1

ω0e 70 μm
Ee 100 μJ
k 0.595 W m−1 K−1

V 3.72
ω1p 316 μm
ρ 997 kg m−3

aPhysical properties correspond to pure water.21−23 Absorption
coefficient will be specified in figures.

Figure 3. Radial temperature profile as a function of the absorption
coefficient. Circles and continuous lines were generated by using (eq
11) and (eq 13), respectively. Parameters used for calculations are
given in Table 1.

ACS Omega http://pubs.acs.org/journal/acsodf Article

https://doi.org/10.1021/acsomega.3c03297
ACS Omega 2023, 8, 29527−29533

29529

https://pubs.acs.org/doi/10.1021/acsomega.3c03297?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c03297?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c03297?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c03297?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c03297?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c03297?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c03297?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c03297?fig=fig3&ref=pdf
http://pubs.acs.org/journal/acsodf?ref=pdf
https://doi.org/10.1021/acsomega.3c03297?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


Figure 5 shows the temperature distribution as a function of
radius, depth, and absorption coefficient. Note that the color
scale is different for each value of Ae. This is aimed to represent
the fact that the temperature difference increases for higher
light absorption. Absorption coefficients are (a) 1 m−1, (b) 25
m−1, (c) 50 m−1, and (d) 200 m−1, giving an approximated
maximum of 3, 80, 150, and 600 mK, respectively. Usually, an
excitation laser beam at the visible spectrum is used; therefore,
Figure 5a shows the temperature field in transparent samples

like pure liquids as water,8,22 hydrocarbons,24 among others.
Note that the shape of the field maintains throughout the
sample. Sometimes, the power of laser beams is not enough to
provide a reasonable TL signal. In this case, it is a good idea to
dye those pure liquids25 to improve the detection, see (eq 10).
In Figure 5b,c the attenuation of the excitation laser beam
along the sample is presented. Samples with high absorption
coefficients can be understood by observing Figure 5d, which
corresponds to Ael0 = 2. This case was studied by Koushki et

Figure 4. Temperature difference as a function of depth at the center of the heat source, r = 0, and for (a) Ae = 1 m−1, (b) Ae = 25 m−1, and (c) Ae
= 50 m−1. Blue empty circles and red continuous-lines were generated using (eq 11) and (eq 13), respectively. A sample thickness of 1 cm has been
used. Parameters involved in calculations of ΔT are given in Table 1.

Figure 5. Radial temperature field as a function of the normalized laser beam radius (r/ω0e) and depth z/l0 for different value of the optical
absorption coefficient: (a) Ae = 1 m−1, (b) Ae = 25 m−1, (c) Ae = 50 m−1, and (d) Ae = 200 m−1. The other parameters used in our calculations are
given in Table 1.
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al.,26 which reported z-scan analyses of Erioglaucine
(C37H34N2O9S3Na2) with Ael0 = 1.5.

Figure 6 shows the behavior of the signal when a pulsed (a)
(eq 15), and a continuous (b) (eq 16), laser beam are used as

heat sources. Intensities are normalized from 0 to 1 by using
Inorm = (I(t) − min(I(t)/I(0)))/(1 − min(I(t)/I(0))). In the
case of a pulsed laser beam, the signal decreases almost
instantaneously when thermal transport is the dominant
contribution.27 After that, the signal increases until reaching
the initial value due to the cooling down of the sample. In
contrast, for a continuous beam, the signal decreases while the
heat source is applied.

Figure 7 shows a comparison between the TL signal
obtained by the use of phase shift from the semi-infinite model

(eq 11), in (eq 8), and the finite sample model (eq 9). For
parameters used in this work (see Table 1) both approx-
imations behave similarly. For this setup configuration, note
that when θth is big enough, the minimum in the signal does
not appear at the beginning of the transient, as is indicated by
arrows. For the amplitude bigger than 30%, this behavior
becomes significant. The signal at the center of the probe beam
at the photo-detector plane is a result of the convolution of the
full wavefront after the sample, which for large values m could
present a maximum for t > 0. The small phase shift
approximation does not capture this initial behavior since it

is more significant for large values of θth, in which this
approximation cannot be applied.

To obtain the range of validity of the small phase shift
approximation, a set of transients for typical thermal properties
of water was generated from numerical integration of (eq 14)
by using Φ(r, z, t) given in (eq 9). These transients were fitted
to the small shift approximation model (eq 15), as shown in
Figure 8. The values for θth and D obtained from fits are

compared with the ones used to generate the transients.
Although visual fits seem to agree, the error obtained for θth
and D increases with the increasing of the TL amplitude, as
shown in Figure 9. Results show that the analytical model

given by (eq 15) can be used successfully for min(I(t)/I(0))
bigger than 0.7 to obtain an error smaller than 5%. Outside the
blue zone indicates deviations larger than 5% for calculations
of D and θth. To be inside the experimental error range, it is
recommended to use the analytical approximation inside the
blue area and with min(I(t)/I(0)) > 0.7. Also, care must be
taken into account if the minimum of the TL signal is at t > 0.

With the purpose to explore the behavior of our approach
when the thermal properties change, mixtures of water−
ethanol were considered. Experimental data are shown in
Figure 10. Black continuous-lines correspond to the fitting
obtained using (eq 15). Figure 11 shows the thermal diffusivity

Figure 6. Signals normalized from 0 to 1, Inorm, for: (a) pulsed laser
beam: blue empty circles and continuous line are the signal and heat
source, respectively; and (b) cw laser beam: red empty squares and
continuous line are the signal and heat source, respectively.

Figure 7. Normalized signals generated by considering the semi-
infinite and finite model for the temperature profile. Parameters used
are given in Table 1.

Figure 8. Open circles show the data generated with (eq 14) for a
constant thermal diffusivity D and varying the parameter θth = θnom.
Parameters for calculations are given in Table 1. Continuous lines
represent the fit by the small phase shift approximation given by (eq
15).

Figure 9. Deviations calculated for D (black-circles) and θth (red-
triangles) by fitting with (eq 15). Data were generated with (eq 14)
by using the parameters given in Table 1. Results indicate that in the
blue zone, the analytical approximations can be adequately used with
an error of the order of the experimental error.
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(black symbols) and θth/Ee (blue symbols) values of water−
ethanol mixtures for different concentrations. Experimental
data were taken from the paper of Capeloto et al.20 Thermal
diffusivity values obtained from fitting the analytical [numerical
(eq 14), with (eq 9)] model are 1.43 × 10−7 (1.42 × 10−7) m2

s−1 and 0.91 × 10−7 (0.96 × 10−7) m2 s−1 for water22 and
ethanol,19,28,29 respectively, being our results in good agree-
ment with the literature values. The theoretical restrictions,
discussed before, have been taken into account. Note that in
Figure 10 the minimum value of min(I(t)/I(0)) is
approximately 0.7, which agrees with the limit discussed
before (see Figure 9). However, a little difference between the
analytical and numerical model is observed for the highest
concentrations of ethanol, because the measurements have
been done very close to the limit of the approximation used to
obtain the analytical model, which implies small phase shifts.
Therefore, for thermal characterization, it is crucial to take into
account the value of min(I(t)/I(0)). It is important to observe
the deviation of the linearity as the ethanol concentration
increases.30,31 This behavior could be explained due to
molecular interactions.20 On the other hand, θth/Ee parameter
(triangles), which is proportional to dn/dT, has similar
behavior to that found in the literature.20,32 Note that for
θth/Ee, numerical and analytical fits give similar results.

■ CONCLUSIONS
A novel analytical approach for the analysis of experimental
data, obtained by pulsed TL spectroscopy, considering the
Beer−Lambert absorption law and a small phase approx-
imation, has been presented. The reach of our results for the
TL signal was evaluated by comparing with the corresponding
exact numerical TL signal. These analyses allowed determining
that as soon as the minimal intensity of the signal does not
surpass 70% of the initial signal, our analytical approximation
provides good results. In addition, it has been shown that the
approximation for low absorption liquids is only valid for
absorption coefficients smaller than 30 m−1 approximately. In
summary, the analytical approach presented in this work can
be very useful in optimizing the experimental conditions and
data analyses when performing the study of materials using
pulsed laser methodologies.
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