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1 Abstract

2 One key component of study design in population genetics is the “geographic
3 breadth” of a sample (i.e., how broad a region across which individuals are sampled).
4 How the geographic breadth of a sample impacts observations of rare, deleterious vari-
5 ants is unclear, even though such variants are of particular interest for biomedical and
6 evolutionary applications. Here, in order to gain insight into the effects of sample
7 design on ascertained genetic variants, we formulate a stochastic model of dispersal,
8 genetic drift, selection, mutation, and geographically concentrated sampling. We use
9 this model to understand the effects of the geographic breadth of sampling effort on
10 the discovery of negatively selected variants. We find that samples which are more ge-
11 ographically broad will discover a greater number variants as compared geographically
12 narrow samples (an effect we label “discovery”); though the variants will be detected
13 at lower average frequency than in narrow samples (e.g. as singletons, an effect we
14 label “dilution”). Importantly, these effects are amplified for larger sample sizes and
15 moderated by the magnitude of fitness effects. We validate these results using both
16 population genetic simulations and empirical analyses in the UK Biobank. Our results
17 are particularly important in two contexts: the association of large-effect rare variants
18 with particular phenotypes and the inference of negative selection from allele frequency
19 data. Overall, our findings emphasize the importance of considering geographic breadth
20 when designing and carrying out genetic studies, especially at biobank scale.

21 Significance

2 As genetic studies grow, researchers are increasingly seeking to identify rare genetic
23 variants with large impacts on traits. In this paper, we combine theoretical meth-
2% ods and data analysis to show how differences in sampling with respect to geographic
25 location can influence the number and frequency of genetic variants that are found.
26 Our results suggest that geographically broad samples will include more distinct ge-
27 netic variants, though each variant will be found at a lower frequency, as compared to
28 geographically narrow samples. Our results can help researchers to consider the impli-
29 cations of study design on expected results when constructing new genetic samples.
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» Introduction

a1 In recent decades, the size of genetic sequencing cohorts has grown exponentially. Nowhere is
2 this more evident than in human genetics, where the launch of biobanks has transformed the
;3 paradigm of data analysis such that sample sizes in the hundreds of thousands are increas-
1 ingly commonplace (Gallagher et al., 2024)). Yet, the largest and most commonly utilized
35 biobank-scale genomics datasets are heavily biased towards individuals of European ances-
5 ftries (Bustamante et al., 2011; Popejoy and Fullerton, 2016; Bycroft et al., 2018; [Karczewski
w let al} 2020)), leading to known issues in scientific discovery and ethical applications of preci-
;s sion medicine (Martin et al| 2019; Dolan et al.| 2023). As a response to this, new biobanks
3 have been launched with specific purposes to diversify available genomics data (Sohail et al.,
w0 2023} |All of Us Research Program Genomics Investigators, 2024; [Verma et al., [2024} Elfatih
a et all [2024). Consequently, not only is the size of human genetics data continuing to in-
2 crease, but the geographic and genetic spaces from which individuals are sampled is growing
s3  dramatically.

o This trend in the field has clear benefits for improving equity in human genetics research
s and the transferability of results across diverse populations (Sirugo et al., [2019; Durvasula
s [and Lohmueller, 2021; Ding et all 2022)). What has yet to be addressed is how this change
« in study design will affect the results of genetic studies at the level of discovered variants.
s Motivated as such, we ask: as the geographic breadth of a genetic study increases, how should
s one expect the number and frequency of discovered variants to change? That is, how is the
o site frequency spectrum (SFS) of observed variants affected by the geographic breadth of
s1 a sample? The answer to this question has significant implications for studies in human
sz genetics and more broadly.

53 For understanding the genetic basis of traits, this question is of interest because sample
s« design likely impacts the discovery of genetic associations to phenotypes. A key focus of
ss  biomedical applications is discovering variants that have large effects on disease susceptibility,
ss as such variants may provide the most biological insight on the etiology of disease and in
sv turn potential therapeutic paths (Szustakowski et al., [2021; Ghoussaini et al., 2023)). From
ss evolutionary principles, one expects large effect genetic changes most often to be kept at very
so low population frequencies by the action of natural selection (either due to simple negative
s selection or via underdominance induced by stabilizing selection; |Sella and Barton) [2019).
s Indeed, rare, deleterious variants have been shown to be enriched in genomic regions of
2 functional interest such as drug target regions (Weiner et al., [2023)), have yielded numerous
s3 associations with phenotypic outcomes (Backman et al., [2021} Sun et al. 2022), and are
s argued to be a key component of unexplained heritability in human traits (Wainschtein
es (et al 2022)). How the geographic breadth of sampling impacts the discovery of these rare,
s deleterious variants is unknown, yet crucial to the design of studies which aim to characterize
e7 such variants.

68 Understanding how sample design affects the observed SF'S of deleterious variants is also
s important to evolutionary geneticists. In evolutionary genetics, a persistent goal has been
70 to characterize the distribution of fitness effects (DFE) — i.e., the probability with which
n newly arising mutations are deleterious, advantageous, or selectively neutral — using allele
2 frequency data (Williamson et al., 2005 Boyko et al., |2008; (Gutenkunst et al., 2009} [Kim
7z et al.; [2017), in part because of its implications for genome evolution, mutational load, and
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7 conservation efforts (Robinson et al. [2023). Population-genetic-based inferences regarding
7 the DFE depend on the measurement of the numbers and frequencies of deleterious variants
76 (equivalently, the SF'S). Thus, whether and how the geographic breadth of sampling impacts
77 the observed SFS of deleterious variants is also important for evolutionary geneticists to
7 understand, in order to avoid biases in SF'S-based inferences of fitness effects.

70 Previous studies, motivated by understanding the consequences of spatial structure and
so sampling on the inference of demographic history, have investigated the effect of sample
s design on mneutral variation (Wakeley, |1999; |Ptak and Przeworski, 2002} |Arunyawat et al.,
g2 12007;[Stadler et al.| 2009; Quémeére et al.| 2010 St Onge et al., 2012; |Mazet et al., [2015; [Battey
g3 et al) 2020; |Gloss et al., [2022)). These studies emphasize how in most cases, geographically
sa concentrated (or “narrow”) sampling in spatial populations leads to a shift in the neutral SF'S
s with a decrease in observed singletons and enrichment of intermediate and high frequency
s alleles (i.e. negative Tajima’s D; Tajimay [1989). These previous studies do not consider
&7 sample sizes on the scale of modern human biobank cohorts, which reach tens to hundreds
s of thousands of individuals, nor do they address the extent to which distortions of the SFS
g are amplified or diminished for rare, deleterious variants.

% Here, with a focus on the discovery of rare, deleterious variants, we develop and analyze a
a1 novel theoretical model for the sample SFS in a spatially structured population. The model
o considers the distribution of carriers of deleterious alleles in continuous geographic space —
i3 accounting for dispersal, genetic drift, selection, mutation, and sampling simultaneously —
« and we derive results that allow the rapid computation of the expected sample SFS across a
os large range of parameter values.

% As important background, we note that in the panmictic case, allele frequencies for dele-
o7 terious variants are well known to follow a two-parameter distribution, such that the prob-
¢ ability g(z) that an allele under negative selection appears at frequency x follows (Wright),
o (1937 |Crow and Kimura, |1970):

g(x) oc e[z (1 = 2)]", (1)

w0 where v is the population-scaled selection coefficient (y = 4N,s with N, being the effective
1 population size and s is the strength of negative selection acting on heterozygotes, s > 0)
102 and 6 is the population-scaled mutation rate (6 = 4N.u with mutation rate p per site per
103 generation). For variants under negative selection (7 > 0), the exponential term (e %)
s induces a reduction in the abundance of observed alleles as a function of the allele frequency
ws 2. This mirrors the intuition that alleles under negative selection are less likely to reach
ws higher frequencies.

107 As we will show, when considering spatially-restricted dispersal and geographically con-
s centrated sampling, allele frequencies still follow a two-parameter distribution with scaled
0o selection (vg) and mutation (fg) terms. However, these terms are now dependent on the
no  spatial scale of the sampling effort and the offspring dispersal scale, in addition to the usual
w  mutation, selection, and population size parameters. The resulting distributions show that
2 the geographic breadth of a sample has strong effects on the SFS as well as downstream
3 summary statistics, and we assess how these effects change with increasing sample size and
s selection strength.

115 We validate our theoretical results using simulations that share our modeling assumptions
s as well as in a more realistic, individual-based spatial model (Haller and Messer}, 2019; Battey

4
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ur et all |2020). However, as continuous-space simulations can be computationally intensive,
us our development of novel theoretical approximations allows us to efficiently gain insights
o across a wide parameter range.

120 To address the effects of geographically concentrated sampling empirically, we also con-
121 duct in silico re-sampling experiments using the UK Biobank exome sequencing dataset to
122 measure the impact of sampling at different scales — in either geographic space or a low-
123 dimensional genetic space (e.g., a PCA space). The results broadly confirm our theoretical
124 predictions and yield insights on how sampling design impacts the number of human genetic
125 variants discovered and their frequencies.

» Methods

»» Population genetic model

128 We model how carriers of a rare variant are born, move in space, reproduce, and die in a
10 two-dimensional continuous geographic habitat of size L x L. In our model (Fig. , carriers
130 are generated by de novo mutation according to a Poisson point process with rate pyu, where
11 py is the population density and p is the per-generation mutation rate. We note that, in our
12 model, py and L are constants, which implies an assumption of constant population size.
133 Each de novo carrier appears at a random location in the habitat and migrates according to
13 a homogeneous, isotropic diffusion process (i.e., the dispersal process is the same across the
135 habitat and movement is uniform in all directions). The root mean squared distance that
136 one carrier moves per generation is denoted by o. Similar to De and Durrett| (2007), the
137 habitat has periodic boundary conditions (i.e., the habitat is a two-dimensional torus, and
133 so there will be no boundary effects). While our model is defined over continuous geographic
139 space — which has some advantages in that it more closely resembles realistic geography and
1o allows us to utilize a simple model of migration — we note that it is possible to develop the
11 analysis in terms of a demic model, such as a stepping stone model. Such models approximate
12 continuous space when the grid of demes is dense (Petkova et al., 2016; Al-Asadi et al., 2019;
113 Marcus et al., 2020).

144 Within the habitat, we model reproduction and death as a continuous time branching
us  process, a type of stochastic process which has frequently been applied in theoretical pop-
s ulation genetics for rare variants (see, for instance, Ewens, 1968; Tavaré, 1984; Peter and
w7 [Slatkin) 2015 Etheridge et al., 2017)). During their lifetime, carriers reproduce to form off-
us spring carriers with rate 1 — s and die at a rate 1, where s denotes the fitness cost to carriers
1o of the mutation (note that in our construction, a larger positive value of s indicates stronger
150 negative selection). While we model negative selection on individual variants, these dynam-
151 ics are similar to those of newly arising variants which affect complex traits under stabilizing
152 selection which experience a form of underdominance (Sella and Barton), 2019)). The use
153 of a branching process model implies that carriers evolve independently of one another and
15 of wild-type individuals (similar to |Haldane, |1927; [Slatkin and Rannalal [1997; Novembre
155 jand Slatkin|, [2009)). In the context of continuous space, this approximations will hold best
155 when every mutation is locally rare (more precisely, the number of carriers in a region of the
157 habitat with radius o is small compared to the neighborhood size, 4wa?p; Wright], [1946)).
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Figure 1: Illustration of a spatial branching process model with sampling. (A)
As time progresses, carrier lineages move in space (diffusion), branch into sub-lineages
(reproduction), and die. Diamonds and x’s denote lineage birth and death, respectively.
For simplicity, we show only one spatial dimension on the vertical axis. Shaded areas
represent sampled areas with widths w = 50 and w = 100. (B, C) Here, we visualize the
locations of carriers from panel A at a particular time indicated as tsgmpie. Within the
sampled area, rare variant carriers can be discovered and included in the sample (opaque
points). In this example, sampling from the broader area (w = 100) results in a greater
number of distinct mutations being observed, all as singletons. The narrow sample

(w = 50) discovers two distinct mutations with each as a pair of doubletons. This toy
example illustrates the potential effects of sampling breadth on entries of the sample SFS
(here, the counts of singletons vs. doubletons).

Modeling geographically concentrated sampling

The spatial model in the previous section describes the process by which rare variants arise
and disperse in geographic space. Our next step is to define how sampling of this spatial
population occurs. To this end, we model the probability that an individual at a particular
position within the habitat is included in the sample. We posit a sampling ”center” and
assume that the probability of being sampled is determined by an individual’s distance from
that center using a particular distribution (the “sampling kernel”; Fig. . The standard
deviation of the sampling kernel, which we denote by w, determines the breadth of sampling
effort — or “sampling breadth” —i.e. the extent to which sampling effort is distributed across
the habitat. On one extreme, for w 2 L, the sampling process converges to “uniform”
sampling in which all individuals have an equal probability of being sampled, regardless of
spatial position. In the other extreme, as w becomes small, the sampling kernel approaches
“point sampling” in which all sampled individuals are located at the same position. In
between these two limiting cases, the value of w will determine how spatially “broad” (larger
w) or “narrow” (smaller w) a sample will be.

In our implementation, the sampling kernel has the form of a Gaussian distribution,
though we note that our methods are generalizable to other sampling kernels (see Supple-
mental Information 1.1.2). We employ the Gaussian sampling model to approximate the
sampling processes used in constructing real genetic samples, such as sampling centered at
field stations for ecological genetics or in biomedical centers for human genetics. We also
invoke periodic boundary conditions for mathematical convenience (i.e., there are no “edge


https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.02.626424; this version posted January 29, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY 4.0 International license.

o effects” in our model). This construction is most appropriate when the habitat size, L, is suf-
1o ficiently large compared to the sampling breadth, w, such that we can ignore behavior as the
11 sampling kernel hits the edge of the habitat (Our simulations will show that in cases where
12w approaches the scale of L | the results converge to those of uniform random sampling).
183 In order to solve for the SFS, we obtain moments of an allele frequency distribution at
18« equilibrium that incorporates the spatially-weighted sampling design, but assumes infinite
15 sample sizes. We do so by casting our model of a spatial branching process with spatially-
185 weighted sampling as an example of a superprocess (see |[Etheridge, |2000; A. M. Etheridge,
187 [2004; [Etheridge et al., 2017). The moments allow us to approximate the full spatially-
18 weighted allele frequency distribution at equilibrium, which we then use to calculate the
19 expected observed SFS for a finite sample of size n. Finally, we use the finite sample ob-
o served SF'S to derive expectations population genetic summary statistics. In essence, we first
11 consider the effects of geographically concentrated sampling on the SFS without invoking
12 finite sampling, and then, we compute the expected observed SF'S for a finite sample of size
193 1.

1w« Population genetic simulations

15 We validate our theoretical results with two sets of simulations. First, we simulate a spa-
106 tial branching process in a two-dimensional continuous habitat and sample according to a
17 Gaussian sampling density, as our theory assumes. These simulations are close to our theory
108 in that they make the same rare-allele approximation. Their role is to check the analytical
199 approximations we make in the course of deriving the SFS.

200 In addition to the branching process simulations, we implement out-of-model, forward-
20 time, individual-based population genetic simulations in SLiM (Haller and Messer, [2019)
202 using identical conditions to Battey et al.|(2020) except that all variants are deleterious with
203 some selection coefficient. For each simulation run, we sample individuals using Gaussian
200 sampling kernels with varying standard deviation and calculate the sample SFS. In contrast
205 to our other simulations, the SLiM model contains multiple stages of the life cycle, models
206 diploid genomes, and — crucially — does not assume variants are rare and independently
207 evolving.

208 We refer the reader to the Supplemental Information for additional details on simulation
20 methods. All simulation code and associated scripts are available at:

20 https://github.com/NovembreLab /spatial rare_alleles.

- Analysis of whole exome sequencing data from the UK Biobank

22 We perform re-sampling experiments using the whole exome sequencing (WES) dataset
23 (n = 469, 835) in the UK Biobank (UKB; Backman et al., 2021) in order to assess the pre-
aa - dicted effects of sampling breadth on sample allele frequencies and associated summary statis-
25 tics. We first compute the top 20 PCs using genotyping array data via PLINK (v2.00a3.1LM),
216 including only individuals which met quality control and relatedness thresholds used in |[By-
a7 croft et al.| (2018]). We then take two approaches to our empirical investigations: geographic
218 sampling by birthplace and PCA-based sampling.
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210 For the geographic sampling approach, we utilize the birthplace coordinates provided by
20 UKB and subset to individuals both born within the UK and having similar genetic ancestry
a1 (specifically, individuals within 0.0001 of the centroid in the normalized PC1-PC2 space; ap-
2> plying both filters results in n = 231,073 individuals). We then use a sampling importance
23 resampling (SIR) method to construct n = 10,000 samples such that the distribution of
24 birthplace coordinates is Gaussian with centers centered at each of three geographic points
»s with standard deviation 50km, 100km, and 150km, as well as a uniform sample (see Supple-
26 mental Information 1.3.1 for details on the sampling algorithm). For sampling in PCA space,
27 we center the distribution of sample (PC1, PC2) coordinates at the centroid of PC1-PC2
28 space and construct n = 10,000 Gaussian samples with standard deviations 0.0015, 0.0025,
20 and 0.005, as well as a uniform sample. In both cases, we repeat the sampling procedure ten
20 times for each sampling width and center (for samples in geographic space only).

231 For each weighted subsample, we compute the site frequency spectrum for LoF variants
2 on chromosome 1 (54,090 variants) as well as equal-sized random subsets of synonymous and
233 missense variants (created using PLINK v1.90b6.26). We then use the computed frequency
24 spectra to calculate summary statistics (number of variant sites, number of singletons, and
235 allele frequency for variant sites only vs. all sites).

» Results

» The finite sample SFS depends on ratios between spatial scales as
»s well as sample size

239 In our model, a key emergent feature is the distance an allele spreads during the time from the
20 initial mutation to the extinction of all its carriers, which we denote as . (the characteristic
a1 length scale). As the carrier lineages diffuse at rate o and the time-scale of allele age is on
22 average 1/s generations, the scale /. is naturally \/o?/s , i.e. (. = /o?/s. Intuitively,
23 carriers which spread more quickly (large o) can move farther distances during the lifespan
24 of the allele (4. is large). Conversely, alleles which are under stronger negative selection
25 (large s), die more quickly and thus carriers move shorter distances (. is small). As we
26 see later on in our results, how the spatial scale of the sampling effort (w) compares to the
27 spatial spread of the allele (¢.) will be an important factor in the behavior of the SFS.

248 In order to derive the form of the SF'S for a finite sample of size n with sampling effort
29 breadth w, we first consider the distribution of allele frequencies across the entire spatially
0 extended population with a weighting on each position provided by the sampling kernel. In
51 a panmictic population, the population SFS of rare deleterious alleles approximately follows
2 a gamma density (by ignoring the x — 1 tail of Eq. . We show analytically that this
253 approximation also holds for spatially uniform samples under our model (Supplemental In-
25 formation 1.1.6) and confirm via simulations that allele frequencies of spatially concentrated
s samples are also well-approximated by a gamma distribution (Fig. [S2}{S3). Intuitively, the
6 gamma distribution captures two important effects: power-law behavior at low frequencies
7 due to mutation-drift balance, and an exponentially decaying tail at high frequencies due to
s selection.

250 We analyze our model in order to obtain the two parameters of this gamma distribution,
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0  which we refer to as the effective mutation supply, 0, and the effective selection intensity, vg
21 (see Supplemental Information 1.1.4). Then, we derive an expression for the expected SFS
x%2  of a finite sample with size n in terms of these parameters. First, let the random variable K
%3 denote the count of derived alleles at a single site in a sample of size n. Combining our results
xa  regarding the allele frequency distribution with a Poisson approximation to the binomial
x5 sampling process, K follows a Negative Binomial distribution with number of successes 0g
266 and success probability vg/(vg + n):

K ~ NegBin (HE, e ) . 2)

YE + 1N

27 The k-th entry of the normalized sample SFS is then given by f,g") = Pr(K = k). In the
»s limit that 0 is small, this becomes approximately:

w_ 0 (_n 5
S _?(VE—l—n) ' )

269 In the case where sampling is approximately spatially uniform (w = L or larger), we
20 find that (similarly to Eq. 7 both terms take the form of population-scaled parameters:
o O = Np and vg = Ns, respectively, for N the total population size. As such, in the
o2 spatially uniform sampling case, our results are equivalent to that of the panmictic case.

273 In the case of spatially concentrated sampling (w << L), we show (see Supplemental
2 Information 1.1.4) that the effective mutation and selection terms are instead given by:

Op = upnl2A, (4)

275 and
YE = SPNgg/\y (5)

o where pyf? is akin to a population size and \ is term we denote as the sampling effect scalar

27 that is a function of w//,:
4m

A= e/ B () )
zs where E)(z) is the exponential integral function. The A parameter increases as w increases
a0 (Fig. [2] A). As a result, both effective parameters also increase monotonically with w ,and
20 eventually converge to their values in the uniform sampling limit (Nu and N's, respectively;
s Fig.[2C,D). To understand this result, one can think of the term pyf?\ as approximating the
2 size of the population effectively being sampled (which converges to N as sampling converges
263 to the uniform case). Comparing the finite sample SF'S for w << L to Eq. (1} a key difference
2 18 that the effective selection parameter (vg) is moderated by w via its impact on ¢, and A.
285 To summarize, one ratio between length scales — the ratio between w and L — determines
286 the regime in which the finite sample SFS lies. For w 2 L, sampling is approximately uniform
27 and the SF'S has approximately the same form as in the panmictic case. For w << L, the
s form of the SFS is instead dependent on the value of the sampling effect scalar, \, which
20 is a function of a second ratio: w/f.. We note that these ratios between spatial terms are
200 dimensionless (appropriately, if one switches the units of space from miles to kilometers, the
21 SFS should not change).
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Figure 2: The sampling effect scalar and effective parameters of the SFS. (A)
As the breadth of the sampling kernel increases, the sampling effect scalar A also increases.
When plotted as a function of w/¢,., the relationship is identical across selection intensities
(B). (C-D) Both the effective mutation supply, 0, and the effective selection intensity, vg,
depend on the selection coefficient (via £.) and the breadth of the sampling kernel. Dashed
lines show values of 8 and v for the uniform case in panels C and D, respectively. Other
parameters are: o = 10, p = 20, and p = le — 9. All simulations shown are from the
Gillespie algorithm run with a habitat size of L = 1, 000.

Selection and sampling induce a trade-off between discovery and
dilution

Having derived an expression for the sample SF'S, we now consider its behavior with respect
to the sampling width (Fig. 3| A, B). We find broader sampling effort (larger w) induces an
upward shift in the intercept of the SF'S on the vertical axis, and this effect is more apparent in
larger samples. We also observe a decrease in the relative frequency of intermediate-frequency
variants for broader samples. Additionally, as sampling effort broadens (w increases), the
SF'S converges to the result under uniform sampling, as expected.

Another way to understand the impact of sample breadth on the SF'S is to recall that as w
increases (i.e., sampling becomes more broad), both 6z and vg increase (Fig. [2)). This results
in what we term a “discovery” effect and a “dilution” effect. As the geographic breadth of
a sample increases, the number of potential localized mutations one can find grows, and
this is reflected in the increase in mutation supply (fg), as well as resulting increase in
the expected number of variants discovered (the discovery effect). At the same time, for a
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w6 broader sample, each sampled deleterious variant is found at “diluted” frequencies because
37 sampling broadly inadvertently captures many non-carriers (given that deleterious variants
s are usually spatially clustered). This is reflected in the fast rate of decay with k owing to
w0 the larger vg term (dilution effect). Conversely, geographically narrow samples will capture
s fewer variants, but they are “concentrated” in the sample, meaning that they are observed
sn  at higher sampled allele frequencies on average than they would be found otherwise in a
sz random sample of the population.

313 We visualize these results by comparing each entry of the SFS of a sample with breadth
ss w to the SFS in the uniform limit (Fig. |3| C,D). Below a threshold value of allele count,
a5 we expect to fewer variants in the narrower samples. Above the threshold, we expect to
316 see more variants at these counts in the narrower sample. The location of this threshold
si7 is dependent on the sample size, n: for smaller samples the threshold is low, perhaps only
sis  affecting singletons; for larger samples, the threshold is higher, with a larger range of rare
a9 allele counts being less often sampled in the narrow relative to the uniform sample. The
20 magnitude of effect in the low allele count range is also much larger for the larger sample.
321 The changes to the observed SFS with sampling breadth have varying effects on down-
w2 stream summary statistics (Fig. [4]). First, we see that broader samples will have a greater
33 proportion of variant sites and singletons as compared to narrower samples. Secondly, vari-
»4  ant sites in broader samples are expected to have lower allele frequency. Together, these two
25 results imply that broader samples will have more variants, but each variant will segregate
26 at lower frequency on average. This result is consistent with intuition following the discovery
»7  and dilution effects described previously. Each of these values converges to the expectation
3¢ under uniform sampling as w increases.

320 The exact behavior of these statistics with respect to w depends on the strength of
a0 selection (Fig. ) With stronger selection, the observations converge to those expected
s under uniform sampling more rapidly as w is increased. When instead considering the values
s of expected summary statistics over the ratio w//., we see that the rate and magnitude of
;3 change are consistent across selection coefficients (Fig. [S11)). This is a result of the ratio
s w/l. being the key length scale in our model (Fig. ): for a fixed w, stronger selection
135 reduces /., because allele carriers are more tightly clustered in space, and as a result, the
136 sample is in effect more broad relative to the spatial dispersion of the carriers. Conversely,
;37 with the strength of selection held constant, increasing w results in the sample being more
ss broad relative to the spatial dispersion of carriers.

330 Holding selection constant, we also see that the magnitude of effect as w increases becomes
10 larger as n increases (Fig. ) These effects are quite large, spanning several orders of
s magnitude. This result is in line with the observation from Fig. that the discovery effect
a2 applies to a larger range of allele counts.

343 However, other quantities of interest are not sensitive to the sampling breadth, including
sa the expected allele frequency of all sites, expected heterozygosity, and expective cumulative
us MAF (Fig. |4 Fig.[S10). In particular, under our model, the expected allele frequency in
us the sample is equal to u/s, and is independent of sampling strategy, sampling breadth,
a7 and sample size. This indicates that the discovery and dilution effects effectively cancel
us each other out, such that the average frequency (and in turn the expected heterozygosity
u9 and the cumulative minor allele frequency of rare variants at a locus) remain the same
10 regardless of sampling (Fig. [S10]). Expected heterozygosity and cumulative MAF, in turn,
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Figure 3: Site frequency spectra for a range of sampling widths. (A,B) Sample
site frequency spectra for n = 10,000 and n = 500, 000 sample sizes, respectively, shown for
three sampling widths (wrapped Gaussian sampling) and uniform sampling. (C,D) Ratio
between frequency spectra elements for a range of w values (Gaussian sampling), relative
to those of the SF'S under uniform sampling, for parameter regimes shown in A and B. For
all panels, 0 = 10, p = 20, p = le — 9 and s = 0.01. All simulations shown were run with a
habitat size of L = 1, 000.

are approximately proportional to the average allele frequency (see Supplemental Information
1.1.5).

Validation of theory using in- and out-of-model simulations

To validate our theoretical results, we performed two sets of population genetic simulations.
First, we ran branching process simulations which correspond directly to our model. In-
specting the results, we see the simulations and theoretical computations align well for key
outputs: the first two moments of the allele frequency (Fig. , the SFS (Fig. , Fig. ,
as well as for A, g, and 75 (Fig. [2)).

As a stronger test of the theory, we performed simulations in SLiM (Haller and Messer,
2019) using a modified version of the model in Battey et al. (2020). These simulations are
individual-based and do not make a number of the simplifying approximations used in our
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Figure 4: Expected values of summary statistics as a function of the width of
the sampling kernel (w). (A) As the breadth of the sampling kernel increases, our
model implies that the expected proportion of variant sites and the expected proportion of
singletons will both increase, the expected frequency of variant sites will decrease, while
expected frequency across all sites will remain constant. Values for these statistics
(excluding expected frequency across all sites) converge to the theoretical expectation
under uniform sampling (dashed lines) as w increases, with convergence occurring more
quickly for stronger selection coefficients. For more deleterious variants, the expected
proportions of variant sites and singletons, as well as expected frequency across all sites,
are shifted downwards across the range of w. (B) Fixing s and instead varying sample size
(n), we see that the magnitude of change as w increases is higher for larger sample sizes.
Expected allele frequency across all sites is independent of sample size. In plots shown,

o =10, py =20, and p = le — 9.

s theoretical analysis. Figure 5[ shows the alignment between the simulations and our theory
363 across several parameter values.

364 These comparisons also reveal how computational efficiency varies greatly among the
35 approaches. SLiM simulation time ranged between 7.58 and 11.89 hours (average: 8.64
36 hours) per replicate for a habitat of length 75 units (50 replicates run per sample size and
37 selection coefficient pair). On average, the branching process simulations completed in 18.59
e minutes, 1.22 hours, and 2.85 hours per one million time steps for s=0.1, 0.01, and 0.001,
w0 respectively for a habitat size of 10,000 units. In contrast, the time to generate theoretical
s frequency spectra shown in Fig. [3| ranged from 6.88 to 9.91 milliseconds per curve.

= Re-sampling experiments in the UK Biobank reveal evidence of
s discovery and dilution effects

sz Having identified relationships between the spatial breadth of sampling effort and observed
s variant frequencies in our theoretical work, we now consider to what extent these patterns are
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Figure 5: Simulations in SLiM compared to expected results under the model.
SLiM simulations were performed using a modified version of the model in |[Battey et al.
(2020). After simulation, samples of size n = 1,000 (A) and n = 10,000 (B) were taken at
varying sampling widths. Simulations shown were run using a habitat of width 75 units,
population density of 5 individuals/unit squared, and deleterious mutation rate of 1071
per basepair per generation. Frequency spectra shown are averaged over 100 sampling
iterations. Theory parameters are directly matched to those of the simulations.

present in human genetic data. We artificially mimic sampling designs that vary in sampling
breadth via in silico sub-sampling (n = 10,000) individuals from the large (n = 469, 835)
exome sequencing dataset of the UK Biobank, using sequencing data from Chromosome 1
(Backman et al., 2021). For each mock sample, we computed the frequency spectra as well
as derivative summary statistics (the number of variant sites and singletons, allele frequency
for variant sites and all sites, heterozygosity, and cumulative MAF).

We constructed samples spanning across two scales: fine-scale geographic sampling by
birthplace within a genetically similar group (Fig. |§|A—D7 Fig. [S16]) as well as a broader
sampling of genetic space as determined by the top two prinicipal components (Fig. @E—
H). On both scales, we compute distances from a center location and construct Gaussian
samples with varying breadth, from highly localized near the centroid to fully uniform,
adjusting for underlying heterogeneity in sampling density in UKB (Fig. . We label the
resulting sampling designs A - H with A being narrowly centered on a location in Britain
and H representing the other extreme of sampling uniformly across the full genetic space
represented by the UKB cohort.
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390 The results show patterns qualitatively similar to our theoretical predictions in that
s1 broader samples show higher proportions of variant sites overall as well as more variants on
32 the low end of allele count (Fig. @I—M) We find that as sampling scale becomes broader, one
33 generally observes more variant sites, more singletons, and lower frequencies at variant sites,
s while mean frequency across all sites is largely insensitive to changing sampling breadth
25 (as well as mean heterozygosity and cumulative MAF; Fig. @J—M, Fig. . The differences
36 across sampling design are larger for the putatively more deleterious loss-of-function variants,
57 than for non-synoymous or synonymous variants.

308 The scale of the effects is such that for samples of size n = 10, 000, moving from panel A to
300 panel B leads to on average 50.68% more discovered LoF variants with a 34.97% reduction in
wo  the sample frequency at variant LoF sites. Moving from panel A to panel H leads to 97.90%
w1 more LoF variants with a 41.36% reduction in the sample frequency at variant LoF sites.
w2 The effects of increasing sampling scale seem to moderate after reaching scale D. The mean
w3 allele frequency (across all sites) varies negligibly across the sampling scales (e.g., Panel D
w0t vs Panel E, 1.0 x 107 vs. 1.1 x 10~* in LoF variants; SFS in Fig. [6]).

405 A deviation from theoretical predictions is that we observe a convergence of the empirical
ws SFS across different sampling strategies for larger allele counts (e.g. allele counts greater than
w7 103; Fig. @ We speculate this is due to the recent common ancestry of all humans, which
w8 has led to variants with large counts in any one population to be broadly shared on average
w0 (e.g.,Biddanda et al., [2020)), and thus such variants are plausibly less affected by sampling
a0 breadth.

+ Dl1scussion

a2 Here, we have addressed the question of how the geographic “breadth” of sampling effort
a3 in genetic studies impacts the discovery of rare, deleterious genetic variants using a novel
aia theoretical approach. Our analysis shows how sampling affects the expected site frequency
a5 spectrum via both discovery and dilution effects: geographically broad samples will find a
a6 greater number of variants, often at ultra-rare frequencies (e.g. singletons), and with expected
a7 counts that decay more quickly as allele frequency increases. In contrast, geographically
sz narrow samples will include fewer variants, though these variants will appear concentrated
a0 in the sample, often at frequencies above what they would be found in uniform samples.

420 In several ways, our results echo the impacts of sampling on neutral variation: spatially
a1 broader samples tend to discover more variant sites overall; however, these alleles tend to
w2 be singletons and other low-frequency alleles (De and Durrett, |2007; Ptak and Przeworski,
w23 [2002; Arunyawat et al., [2007; Stadler et al., 2009; Battey et al., |2020; Gloss et al.| [2022).
20 However, using our approach we can directly account for and vary the strength of negative
w5 selection, and we see that this has significant effects on predicted frequency spectra (Fig. ,
2 Fig. [ Figs. and summary statistics (Fig. [4]) for selected alleles. In particular, our
«27 analysis reveals that the more deleterious a class of variants is, the smaller the spatial scale
w8 of their spread (£.) will be. In turn, we expect the effects of increasing sample breadth
a0 to saturate most quickly for more deleterious variants. That is, for more deleterious sites,
a0 the discovered alleles will be as diluted as they would be in a fully uniform sample at a
a1 comparatively smaller scale of sampling.
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Figure 6: In-silico re-sampling experiments in the UK Biobank exome data.
Panels A-H depict eight sample distributions. Panels A-C depict Gaussian samples in
Geographic space (by birthplace) for individuals born in the UK and having similar genetic
ancestry (as determined by distance in PC1-PC2 space). Sampling standard deviations, in
order, are 50km, 100km, and 150km. Gaussian sampling was repeated over three center
locations (see Supplemental Fig. [S16]) with averages across centers shown in other panels.
Panel D depicts uniform sampling in this scheme. Similarly, panels E-H depict Gaussian
samples (of the entire dataset) centered at the median in PC1-PC2 space with standard
deviations 0.0015, 0,0025, and 0.005 units of Euclidean distance in PC1-PC2 space, with
panel H depicting uniform sampling. (I) Average sample SFS for LoF variants on
chromosome 1 across sampling distributions. (J-M) Variation in summary statistics across
sampling distributions and variant annotation. All results are averaged over ten sampling
replicates with error bars representing one standard deviation.
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32 An unexpected result from our theory is that expected allele frequency (and in turn
a3 expected heterozygosity and cumulative MAF) is approximately constant with respect to
a2 sampling breadth. The result appears to hold in simulations and generally across several
i35 annotation categories in our empirical analysis of the UK Biobank, suggesting it is a real
136 phenomenon in the models and data considered here.

437 Our results have important implications for two major areas of research that use observa-
s tions of rare, deleterious variants: (i) genetic association studies and (ii) evolutionary genetic
.0 inferences of fitness effects. In the next paragraphs, we discuss our results within these two
a0 contexts.

aa1 In genetic association studies of disease phenotypes and complex traits, observed fre-
w2 quencies are intrinsically tied to statistical power. GWAS power is roughly linear in allele
w3 frequency for low frequency alleles, as z(1 — z) ~ x for small z, and the cumulative MAF
wa  that impacts power in burden tests is also directly dependent on the average allele frequency.
as  While many studies have considered the impact of increasing sample size on power, our re-
us  sults suggest new and interesting trade-offs related to geographic sampling breadth. Broader
w7 samples will detect a greater number of variants due to the discovery effect — and thus ex-
as  pand the space of potentially identifiable associations. However, each variant will have lower
s observed frequency (dilution) which hinders power to detect associations in single-variant
o GWAS designs. For instance, with a sample size of 10,000, our experiments show broad
i1 re-samples of the UK Biobank have on average 97.9% more variant sites (and 112.46% more
2 singletons, for LoF variants), but 41.36% lower variant frequencies than when samples are
ss3 narrowly concentrated (Fig. @

454 Somewhat surprisingly, these outcomes seem to largely compensate each other. In our
s theoretical model, the compensation is perfect, and remarkably, the average allele frequency
w6 across all deleterious sites remains constant as a function of sampling breadth. This suggests
7 sampling scale may have negligible impact on power to detect phenotypic associations.

458 Such implications are tentative though — more in depth analyses of the impacts on GWAS
s0 and burden test power are needed which consider factors not addressed by our model (for
w0 instance, linkage disequilibrium patterns, corrections for population stratification, the in-
w1 creased rate of cryptic relatedness in narrow samples, and the effects of recent human pop-
w2 ulation growth). Furthermore, the question of how best to construct samples for human
w3 genetics research is intrinsically linked to discussions of equity and inclusion in biomedical
ws research (Bustamante et al., |2011; [Popejoy and Fullerton, 2016; Dolan et al. 2023)). So,
w5 while the work here contributes insights on the impact of sampling on the SF'S of discovered
w6 variants, we emphasize that sampling is only one element of the multifaceted challenge of
w7 study design in human genetics.

468 A second area of research for which our results have key implications is the inference of
w0 fitness effects in evolutionary genetics. Many studies aim to infer the DFE from the fre-
a0 quencies of observed variants of different classes (Williamson et al., 2005; [Boyko et al.| |2008;
m  |Gutenkunst et al., 2009; |[Kim et al., 2017). Such studies often focus on the population-scaled
a2 selection coefficient (commonly, N's) as the parameter of interest. Empirically, population
a3 genetic samples are typically taken from one or a few distinct locations, yet are modeled as
a2 a random sample from the total population. Our results imply that this practice will lead
a5 to biases in the inference of selection coefficients which will tend towards under-estimating
a6 the strength of negative selection.
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ar7 Specifically, we expect that sampling narrowly from a particular location will lead to
as artificially high (or “concentrated”) frequencies of deleterious variants (e.g. observe how
ao the frequency spectra becomes flatter for more narrow samples; Fig. ,B). In terms of our
w0 theory, this corresponds to our result that for spatially concentrated sampling, the effective
s selection intensity, yg, can be substantially less than Ns (e.g. orders of magnitude lower
«2  within our test settings; Fig. . Thus, the frequencies used in the inference framework will
a3 be higher than expected under random mating, leading to biased estimates of s. This bias
s 18 likely to be most prominent for alleles under stronger selection, as the deviation of vg
w5 from Ns will be larger (Fig. . We also expect to see a downward bias in the inferred
s variance of the DFE for spatially concentrated samples: estimates for variants with stronger
w7 fitness effects will be biased more strongly than those with weak effects, leading to an overall
a8 reduction in variability among inferred effects.

489 For both of these downstream applications, another relevant finding from our model is
w0 that the magnitude of effect of sampling width on allele frequencies and summary statistics
s is highly dependent on the sample size (Fig. 3| Fig. B, Fig. [S5). Thus, as sample sizes
w2 in genetics continue to grow towards millions of individuals, we may expect the impact of
w03 sampling breadth to become more evident.

404 The most important caveat of our work is that we analyzed a highly abstract model of
w5 a spatial population and sampling effort. While we define sampling and spatial dynamics
ws under our model in relatively simple terms aimed to help refine one’s thinking about this
w7 problem, the realities of study designs and demography are far more complex. For instance,
w8 our model assumes that there are no boundaries on where carriers can disperse and as a
wo result, no “boundary effects” are present. Additionally, our simple model of migration via
so0 local diffusion does not account for repeated layers of long-range dispersal events which
so0 are plausibly frequent in human and non-human populations. As a result, a geographically
s “narrow” sample in real data (e.g. sampling a city like London) may not truly be “narrow” in
s03 the sense of our model. We have also not considered various departures from equilibrium such
sa as variable patterns of recent population growth, recent admixture from diverged lineages
s (e.g. archaic hominids), and recent origins from a shared ancestral population (e.g. shared
sos African origins of humans). Thus, especially for settings beyond the UKB, the relevance of
so7 these more complex factors should be kept in mind.

508 Overall, in real studies of populations of humans or other organisms, the patterns of
s0  movement and of sampling may greatly deviate from what we investigated here. Nonethe-
s less, the general alignment of our empirical and theoretical results suggest the real-world
su importance of our results for interpreting the outcomes of existing studies and designing
s12 future ones.
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» 1 Supplemental Information

5

-

2 1.1 Extended theoretical methods

s Here, we provide a detailed description of our theoretical methods. We model the move-
s22  ment, reproduction, and death of the carriers of a rare deleterious allele. These carriers are
s23 generated by mutations in a much larger population of wild-type individuals. By explicitly
s« modeling only the rare carriers, we can approximate the evolution of their spatial distribu-
s tion as a superprocess. We use the recent results of [Friesen| (2023)) to find the equilibrium
s moment generating functional of the spatial distribution of deleterious alleles at mutation-
so7 - selection-migration-drift balance. Then, we apply a model of spatial sampling to compute the
s expected site frequency spectra for varying spatial sampling schemes.

520 In the following, we will assume that all parameters (i.e., population density, mutation
s rate, selection coefficient, and dispersal diffusion coefficient) are spatially and temporally
531 homogeneous. It is straightforward to specify a more general model and to apply the same
s procedure we outline below to calculate its site frequency spectra. However, the numerical
533 calculations become significantly more complicated. Therefore, we focus on getting intuition
s from the scaling results in the homogeneous case and leave generalizations to future work.

s 1.1.1 Population genetic model

s We consider a population of organisms living in a habitat H. Here we will focus on
s7  2—dimensional continuous habitats, so that H C R2, but most of the theory applies to
s more general habitats. For simplicity, in our numerical calculations we will use a toroidal
s habitat of length L, i.e., H = [0, L]2 with periodic boundary conditions. Let py be the
ss0  population density measure so that the number of individuals living in a region A C H is
sa given by N(A) = [, pn(Z)dx. The total population size is N = [, py(Z)dz. We assume
s2 that py is large and stably maintained by ecological forces so that we can neglect random
sa3 fluctuations in population density due to migration, births, and deaths.

544 We are interested in tracking the number and spatial distribution of carriers of a rare
s deleterious variant with fitness cost s > 0. We will restrict ourselves to the weak-selection
s6 Tegime, s < 1. With this assumption, carriers of the deleterious allele have 1 — s offspring
se7 on average, compared to 1 for non-carriers. By focusing on rare alleles, we can neglect
ss dominance effects because homozygous carriers should make up a negligible fraction of the
sa0 carriers. We assume that wild-type alleles undergo mutation to the deleterious allele at
ss0 rate p per generation per individual. Thus, we model the influx of de novo mutations as a
ss1 Poisson point process with intensity ppy(Z). This approximation neglects the reduction in
ss2 the mutation supply due to the fact that some fraction of the py might already carry the
53 mutation. However, if u < s, the effect of selection dominates the resulting reduction in
ss« mutation supply and we can neglect it. We will similarly neglect back-mutation from the
555 mutant to the wild-type.

556 For mathematical tractability, we will assume that carriers of the deleterious allele repro-
ss7 - duce, die, and move about the habitat independent of one another and of the background of
sss - wild-type individuals. This assumption is justified as long as the deleterious allele remains
ss0 rare. Given the rare-allele assumption, we model the movement of an individual carrier
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o0 as a continuous-time Markov process on H with infinitessimal generator 0?V? (i.e., trans-
s lation invariant, isotropic diffusion), independent of the positions of other carriers. This
sz simplification is similar to Haldane’s branching process approximation to the Wright-Fisher
ses  process (Haldane, [1927)), and has since been applied in spatial population genetic modeling
se¢  (for instance, Novembre and Slatkin, [2009).

565 In a continuous habitat we need to choose a suitable definition of ‘rare’ that accounts for
ses  spatial variation in the mutant frequency. To wit, let o be the average distance an individual
se7 will move in one generation (more formally, the root mean squared difference between parent
ses and offspring birth locations). We assume that the number of carriers in a ball B, (Z) with
se0  radius o about any point ¥ € H is small compared to N (B,(Z)), Wright’s neighborhood size
so  (Wright, (1946]). As o is the shortest length scale in the model, it is reasonable to assume
s that fluctuations in allele frequency at distances shorter than this scale will be short-lived
s2 - and not contribute to the long-term evolution of the population.

573 Having defined the mutational process by which carriers are generated and the migration
sz process by which they move around the habitat, it remains to define the mechanism by which
si5 they die and reproduce. Consistent with our assumption that carriers behave independently,
sts - we will model reproduction as a continuous-state branching process. Combining this with
sz our Markov process for movement yields a superprocess model of the evolution of the spatial
s.s - distribution of carriers (Watanabe, 1968 Dawson) 1993). For overviews of superprocesses
so and their properties, see Le Gall (1999)); Etheridge| (2000)). If we add an influx of particles
ss0 according to the mutational point process with intensity pupy, we have a superprocess with
se1  immigration (Kawazu and Watanabe, 1971)). (Confusingly, in the superprocess literature,
se2 our mutation process is called “immigration” and the migration process is sometimes called
3 “mutation”.) We now define this process and then give the main result (Egs. needed
ssa  to calculate sample properties.

585 A superprocess {Z;} is a measure-valued random process. That is, {Z;} is a set of
sss measures on the habitat H indexed by time, t. Measures are defined by how they integrate
se7  functions over their domain. Accordingly, we introduce the inner product (Z, f) € R, defined
588 AS!:

(Z.f) = /H f(#)dz(3), (7)

s99 where Z is a finite measure on H, and f : H — R is a measurable function on H (Le Gall,
s00 1999)). The probability distribution of a superprocess at time t is characterized by its moment
s generating functional (MGF), ®,, defined as:

D[ f] = Elexp ((Zi, /)] (8)

so  Just as the derivatives of the moment generating function of a random variable gives its
s moments, the functional derivatives of ®; with respect to f give moments of the inner
s product (Zy, f).

505 In our model, Z; measures the number of carriers in a region of space. For a region
s6 A C H, we define an indicator function /4(Z) = 1 for ¥ € A and zero otherwise, so that:
(Zy, I4) = # of carriers in A, and (Z;, I ) = total # of carriers. (9)

s7 By analogy, (Z;, f), for an arbitrary non-negative f, gives the counts of carriers according
s0s t0 their positions by the weighting function f.
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599 Friesen (2023)) has recently shown that subcritical superprocesses (i.e., ones where the
0 measure decays exponentially) with immigration tend to a stationary distribution, subject to
o1 various technical conditions. In particular, for our process with mutational supply intensity
sz py, diffusion coefficient o2, and selection coefficient s,

lim @[f] = ®[f] = exp ( [ ) dt) | (10)

t—00

603 where u; is the solution to the semilinear PDE:

%ut(f) = 0*V?u — su + u?, (11)

s subject to initial condition:

uo(T) = (7). (12)

ss 'The function u does not have a direct biological interpretation, though its associated PDE
s0s incorporates several features of the evolutionary process (including selection and drift).

607 The stationary MGF, ®, completely characterizes the counts and spatial distribution of
s carriers of the deleterious alleles of a population at steady-state. These patterns are due
o0 to the balance between the forces of mutation, selection, genetic drift, and migration. In
s10 the rest of this section, we will show how Eq. can be used to calculate the expected site
s frequency spectrum for a spatially localized sample from the population.

sz 1.1.2 Spatial sampling the allele frequency distribution

s13 - We now connect the superprocess model of allele frequencies to the site frequency spectrum
s1a  Of a finite sample. We are interested in geographically biased samples, where the probability
e15s that an individual is sampled depends on its location according to a sampling density. Let
a5 the kernel function g(-) be the shape of the sampling density so that [, g(z)dz = 1. To
sz capture the effect of broad versus narrow sampling, we will consider sampling kernels with
s1s  a scale parameter w, which represents the typical distance between sampled individuals. In
s10 particular, for sampling on a torus, we will use a bivariate wrapped Gaussian sampling kernel
s0 with standard deviation w.

621 Note that the sampling density is a measure of the a priori sampling effort across space,
s22 rather than the realized locations of sampled individuals. In the following, we assume that
23 we do not have access to the locations of our sampled individuals. However, this framework
2« could be extended to consider the joint statistics of samples taken from multiple known
625 locations.

626 We define the expected value of the k’th element of the site frequency spectrum (SFS) as
ez the expected fraction of sites with & copies of the deleterious allele (élg") = E[Pr(K = k)]).
s Assuming that the samples are taken independently from the population with replacement,
s20 the number of copies of the deleterious allele is the sum of n Bernoulli trials with a random
s30 probability of success:

. [(Z) PH(1— P)”’“} , (13)
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ss1 where P is a random variable representing the probability any particular sampled allele is
22 deleterious.

633 The distribution of P depends on (1) the locations of carrier individuals characterized by
s the superprocess Z, and (2) the probability that we sample a carrier given its location. For
35 a sample taken uniformly from a region A C H, P is the fraction of carriers in A:

P(A) = # of C.arri.er‘s in A' _ (Z, [A)' (14)
total # of individualsin A~ N(A)
636 If, instead, the sample is taken by choosing among a countable set of regions {A4;} ac-

e cording to probabilities {g;} and then sampling uniformly within the chosen region,

an T
_ Zg <N<Ai)> _ <ZZ 13(,41-)>’ (1)

38 where the second equality uses the linearity of inner products. Taking the limit that sampling
30 probabilities vary continuously according to a localized sampling density, we have

P —(Z.py9()). (16)

ss0 SO that the sampling probability is an inner product of the random measure Z with the
s1 population-scaled sampling density.

642 Therefore, using Egs. [§] [10] and [16], the moment generating function of P at steady-state
a3 1S given by

MGFp(z) = E [exp (2P)]
= lim E [exp (<Zt7 Pz_vlg(')»}

t—o00

()]
= exp (/OOO (PN, ug) dt> : (18)
= exp (MPN /0 h /H u(, t)d%dt) , (19)

ss  Where w; solves Eq. [I1] with initial condition
- z —
uo(L) = | — ) 9(2). (20)
PN

645 In the following sections, we will use these equations to solve for key properties of the
s distribution of P in order to evaluate the SFS per Eq. [I3]
s 1.1.3 Moments of the allele frequency distribution
s Here, we aim to calculate the log of the MGF of P by way of Eq. [I[9 We consider a
es habitat H = [—L/2, L/2]* (for L € R) with periodic boundary conditions. For mathematical
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ss0 convenience, we will work in Fourier space. First, we take a Fourier transform of u(Z,t) over
51 both time and space:

o i 27
w(v,w) = / / u(Z, t)exp (—27ri (% +wt)) L—;Udt (21)
o Ju

2 where w € R (temporal frequency) and 7 € Z? (spatial frequency). Applying the same
es3  transformation to the PDE in Eq. [L1] gives:

9 2
<2m'w + <%ﬁ> + 5) =tk + —g(D). (22)

es« It then follows from Egs. [I9] and 2]] that:

log MGFp(2) = pupyL*4(0,0), (23)
s and as such we aim to solve for the value of u at the origin.
656 To proceed, we calculate a perturbative expansion of @ in powers of z, up to the second
es7 order:
i = 20y + 2% + O(2°). (24)

s Substituting into Eq. 22] gives:
2 ? 1
= | 2miw + <Eﬁ> +s| —g(v) (25)
L PN

92 2

s0 Evaluating at the origin, we have:

eso  and

@0 =20 - (27)
61 and
115(0,0) = s~ (a@y % 1y) (0, 0) (28)
x| 1 9(7)9(~7)
=5 5 dw 5 (29)
; /—OO (2mw)? + <(2”T"17)2 + s) PN

ss2 where the last line introduces the critical distance ¢, = \/%2. We refer to this value as the

63 characteristic length scale (see section 3.1 in the main text).
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664 From here, we can calculate the mean and variance of P. We find that the mean allele
s frequency is independent of the sampling scheme:
E[P] = Ly%ers | (31)
o dz Pl=0
= ppnL*0(0,0) (32)
1
= 33
: (33)

s On the other hand, the variance is given by:

V[P| = 2upNL2a2<6 o> (34)
>
— 35

v and so is dependent on the sampling kernel g(-). If sampling is uniform over the habitat,
668 f](lj) = L_25g. Thus,

V[P = stiLv == o (36)
ss0  On the other hand, if sampling follows a wrapped normal distribution with scale w,
1 exp (— (2”7“’17)2>
V[P] = i Z . (37)
ver? L
670 For w 2 L, the numerator of the sum falls off rapidly with || and we converge to the

en uniform sampling result. For ¢, > L, the denominator grows large for || > 0 and we again
sz converge to the uniform sampling result. For w, /. < L, we can approximate the sum with
o3 an integral:

V[P~ /ﬂ@exP(_(%)l)d% (39)

v S (AP 1 P
u 2 2
= Wexp ((w/éc) ) Ey ((w/éc) ) . (39)
674 For w > [, this is approximately pu/(s*pn4mw?), which implies that we converge to the

ers uniform sampling result when w ~ L/(2y/7) =~ 0.3L. For w — 0, the expression diverges as
o6 We integrate over very large frequencies, which correspond to very small length scales where
e our model breaks down. We can remedy this by imposing a cutoff on |/]. The smallest
es  length scale our model can sensibly talk about is o, the per-generation dispersal distance.
oo Thus, a reasonable cutoff is |7/| = L/o.

680 We validate these expressions by comparing results for E[P] and E[P?] in simulations to
se1  their respective values under the model, and find a close correspondence (Fig. . Addi-
sz tionally, as the sampling width approaches the habitat width in the simulations, values of
ess IE[P?] approach expected values under uniform sampling, as expected.
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s 1.1.4 Effective parameters and the sample SF'S

s Having calculated the first two moments of P, we will now use them to approximate the full
sss distribution of P and use this to calculate the SFS of a sample of finite size. We will assume
sz that P approximately follows a Gamma distribution whose parameters we can calculate
e from the first two moments. If sampling is uniform over the habitat, it can be shown that
ss0 this holds exactly (see section , and we show via simulation that this assumption is
s0 reasonable for non-uniform sampling as well (Figs. and . Thus, we assume P follows:

P ~ Gamma(0g, vg), (40)

so1 and we will refer to the shape and rate parameters, 0 and g, as the effective mutation
s2  supply and effective selection intensity, respectively. The motivation behind these names
03 will be clarified by their derivation.

694 We derive the form of these parameters for both the uniform sampling and wrapped
ss normal sampling cases using the method of moments applied to previous results (Egs.
696 . When sampling is spatially uniform, we have:

2.2
/s
Op = ——~— = uN 41
e and /
/s
) 2
ss  When sampling follows a wrapped normal distribution with scale w, we have:
(252
Op = 9 o 2 2
(] (Fpnan)esxp (w/L.) By ((w/E.)")
47t p >
_ c 43
(/P By (/L)) )
600 Where: A
s
A= ) 45
(/0 B (] ") )
700 Similarly, we have:
_ p/s
YE = 5 5 2 P}
(1] (2pAme2))exp (0] 6:7) Br ((w/0.)7)
4 pnl?
=3 - 46
exp (P B ) o
= spnl2A. (47)
701 The compound scale factor A\ (which we refer to as the sampling effect scalar) captures

72 all spatial sampling aspects of the problem.
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703 To summarize, we define the distribution of P for the uniform sampling case as:
P ~ Gamma(uN, sN), (48)
74 and for the wrapped Normal case as:
P ~ Gamma(upn 2\, spn?)). (49)

705 For a sample of n haploid genomes, let K € {0,...,n} be a random variable representing
706 the number of sampled copies of the deleterious allele in the focal site. Recall from Eq.
77 that the number of copies of the deleterious allele is the sum of n Bernoulli trials with
s probability of success P, or equivalently, K ~ Binom(n, P). For large n and small P, this
w0 is approximately K ~ Pois(nP). Then, from properties of Gamma-Poisson mixtures, allele
70 counts in a finite sample of size n follow:

sN
K ~ NegBi N, —— 50
eg m(u ,SN+H), (50)
1 for the uniform sampling case, and:
. SpN£2)\
K ~ NegB O\, — 51
egbin (MPN c ’SPNEE)\+7’L> ’ ( )

72 for the wrapped Normal sampling case. We can use these distribution to calculate elements
713 of the SFS as:
¢ = Pr{K = k}. (52)

72 'The remainder of the results follow from these expressions.

ns 1.1.5 Derivation of summary statistics

76 Having derived the form of the SFS, we can now obtain expressions for various population
77 genetic summary statistics. We will show explicit derivations only in the case of wrapped
7 Normal sampling, for brevity, though similar derivations can be obtained easily for the
79 uniform sampling case. First, we consider the expected proportion of variant sites in a
70 sample, or equivalently the probability that a particular allele segregates in a sample of size
71 n. This follows from Eq. 51}

Pr{K >0} =1—-Pr{K =0}

() g

722 Mean allele frequency is invariant to the scale of sampling:

]E{K} 1 0 n_ yptn

n

n E.’YE-H”L YE
YE
1

= ;’ (54)
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723 though the mean frequency of non-monomorphic alleles does vary according to the sampling
724 design. We obtain an expression for the conditional mean as follows:

K 1 Pr({K =k} Nn{K > 0})
E|—|K>0| =— k
{ n } n ; Pr{K > 0}
__E[K/n]
~ Pr{K > 0}
/s
=5 (55)
_ YE
(75)
725 Heterozygosity is defined as the probability that two alleles are different from one another,

26 and so it follows from the distribution of P rather than the SFS. Accordingly, we calculate
27 expected heterozygosity as follows, using Eq. [0}

E[2P(1 — P)] = 2E[P] — 2 [V[P] + E[P]?] (56)
20 1—0
:—EP—( E)] (57)
YE YE
728 We calculate cumulative MAF, which is informative of burden test power, following the

79 definition of [Wang et al. (2014). In the context of our theoretical results, this has the form:

2N N
MAFcumulative =1~ H (1 - _) ; (58)
; n

720 where &; is the expected number of variants at count ¢ per basepair and L is the length of
71 the genomic region (bp).
We note that this expression for cumulative MAF is approximately proportional to the

expected per-site allele frequency and heterozygosity. To see this, we first express the cumu-
lative MAF in terms of E[P], for small i/n and small LE[P]:

n i L& n i L&
1—1:[(1—5) =1—exp 1n<H(1—E) ))
n i L-&

=1—exp Zln<1—5> )
- i

=1—exp LZ&IH<1—5>)

S
~ 1—exp —LZ@E)

~ 1 — exp(—LE[P])
~1—(1—- LE[P])
~ LE[P].
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7 For small E[P], we have an expected heterozygosity of approximately 2E[P]. This implies
713 that the cumulative MAF is approximately proportional to expected heterozygosity, with
7 cumulative MAF being larger by a factor of L/2.

75 1.1.6 Exact solution for the uniform sampling case

76 Here, we provide an exact derivation of the distribution of P when sampling is uniform,
73 providing motivation for our approximation that P is approximately Gamma-distributed
72¢  more generally. Eq.[l11]is a nonlinear parabolic PDE and can not be solved in closed form for
720 general initial conditions. However, if we sample uniformly over the habitat, uy(x) becomes
240 constant and V2u = 0, yielding a Bernoulli ODE for u, which we can solve exactly. Note that
71 in our model, uniform sampling is equivalent to sampling from a panmictic population. This
2 18 because we are focused on rare alleles, which are assumed not to interact. For common
23 alleles, local fixation changes the dynamics qualitatively and breaks this equivalence.

744 For uniform sampling, g(z) = 1/L? and the spatial derivative term vanishes so that

ns Eqns. 11} [19} and [20] become:

d 2
U= Tsu +u (59)
MGFp(z) = exp (MN/O u(t)dt) (60)
u(0) = P = (61)

746 At this point, we could solve Eq. [59 directly. Instead, we will motivate our approach to
7 the non-uniform sampling case by finding a power series solution for u: u(t) = >3, 2% u(t).
s Substituting into Eq. [59/and organizing the terms by powers of z, we can generate an infinite
720 sequence of ODEs for the terms {uy}. Starting with & = 0, we have

d
Euo + sup = ug, (62)

750 with initial condition uo(0) = 0. This has the trivial solution ug = 0.
751 For k > 0, we have

— U + Sup = Z UpUp—yp (63)

1 (0) = {%’ "= (64)

0, otherwise.

72 Fach equation in the hierarchy is a first-order linear ODE with a forcing term that depends
753 only on the solutions to lower-order terms.
754 Then it can be shown by induction that for all £ > 1, the following holds:

1—est\F !
up = N* (—> e . (65)

S
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75 Then, by property of a geometric series:

o0

z ,—st
_ k, _ N€
u(t) = ; Hue= T Ty (66)
756 Substituting into equation Eq. [61] gives:
00 ie—st
log MGFp(z2) = uN - dt 67
og P(Z) K 0 1 — Si(l efst) ( )
— —uNlog (1 - i) , (68)
757 and so: N
—p
MGFp(z) = <1 - SiN) . (69)

s Thus, P follows a Gamma distribution with rate sN and shape pN, which is consistent
750 with predictions from classical population genetic models (Wright, |1940; [Kimura and Ohta,
0 1978)). Moreover, this foreshadows our results that the form of the SFS is determined by two
71 compound parameters representing selection and mutation, respectively.

w 1.2 Extended simulation methods

73 Here, we provide details on our simulation methods. All simulation code and associated
76 scripts are available at: https://github.com/NovembreLab/spatial rare_alleles.

s 1.2.1 Spatial branching process simulations

76 Our first set of simulations is based on a branching process framework and aligns closely
77 with our theoretical model. The habitat is a square of length L with periodic boundary
s conditions. Consistent with our theoretical model, carriers appear de novo with rate p - py,
70 give birth with rate 1 — s, and die at rate 1. Between events, dispersal of individuals occurs
0 according to a Gaussian distribution with variance o?t where t is the time between events.
7 We sample alleles at random times at rate r, according to a wrapped Gaussian sampling
72 kernel with scale parameter w. We implement these simulations via the Gillespie algorithm
3 (Gillespiel [1977)). For computational efficiency, we implement a form of pseudo-replication in
772 that for each simulation, we sample 100 evenly-spaced sampling centers within the habitat.
75 Each simulation runs for 10 million generations.

776 Initially, we use these simulations to confirm that a negative binomial PMF provides
7 a good fit to the simulated SFS via the method of moments (Fig. . The ouput of
s each simulation is a vector of sampled values of P, which we use to calculate the first two
7o moments of the allele frequency distribution: E[P] and E[P?] (Fig. [S4). Having computed
70 these moments, we can then calculate the key parameters of the expected SFS under our
w1 model (equivalently to Eq. [44] and Eq. A7}
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2 and
Yo = e M

73 We can then use ratios between these terms to compute the A parameter.

e 1.2.2 SLiM simulations

75 Our second set of simulations implements a previously developed spatial model (Battey
7 et al., [2020)) in SLiM (Haller and Messer, 2019). All conditions are the same as in [Battey
77 et al. (2020) except that all variants are deleterious with some selection coefficient. For each
s selection coefficient and sample size of interest, we run 50 replicates of the simulation in
70 a square habitat 75 units wide with a population density of 5 for a genome of length 100
790 Mbp and mutation rate 1 x 107! per base pair per generation. For each simulation run, we
71 sample individuals according Gaussian (with varying width) or uniform distributions and
792 obtain the sample SFS. We then average over 100 sampling iterations for each width.

793 The model from [Battey et al.| (2020)) includes several factors that are not modeled in our
74 theory or branching process simulations. For instance, their model includes non-toroidal
75 boundary conditions, with the probability of individual survival declining near range edges
76 to avoid upward biases in fitness. A particularly notable difference in the two models is
77 the definition of the parent-offspring distribution. In our model, individuals disperse away
798 from their location of origin (which is a single point) at root mean squared distance o per
90 generation. Under the Battey et al. (2020) model, individuals arise as the offspring of two
s0 parents, and dispersal occurs from each parent 50% of the time. This results in a constant
s scalar difference in all spatial parameters between the Battey et al. (2020) model and ours
s (under our simulation parameters, this scalar works out to 4.08). However, we find that
s3 since both w and ¢ parameters in our model are scaled by this factor, it cancels out of w//.
soo and thus \ as well as pf?. As a result, estimates of g and g (and thus, all downstream
sos results) are not changed affected by this difference. We note that time-scales for mutation
sos are the same between models (per-generation).

o 1.3 Extended empirical methods

ss  Here, we provide additional detail on our empirical methods. Scripts are available at:
soo https://github.com/NovembreLab /spatial rare_alleles. Additional source code is available
s10 upon request.

sn 1.3.1 Sampling importance resampling algorithm and implementation

sz A key step in our empirical analysis is to construct samples within the UK Biobank having
s13  Gaussian or uniform distribution. Here, we provide detail on the sampling procedure used.
814 For samples of individuals in geographic (birthplace) space, we first filter the data to
a5 individuals passing QC (per UK Biobank metrics Bycroft et al. 2018), born in the UK,
s1s with coordinates available, and having Euclidean distance within 0.0001 of the median cen-
sz troid in PC1-PC2 space. We then calculate binned frequencies of birthplaces in discretized
sis geographic space (20x20 grid).
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819 For uniform samples, we assign weights that are inversely proportional to the frequency
s20 of individuals in the bin in which an individual lies. For Gaussian samples, we compute
ez distance per-individual from one of three pre-selected center points (located centrally within
2 a bin) and assign weights according to a Gaussian density with standard deviation w, divided
23 by the binned frequency as used in the uniform weight calculation. Centers were chosen to
g2 avoid known urban or otherwise high-density areas (to avoid model mis-specification) and
g5 such that center locations had sufficient individuals in the nearby region as to avoid extreme
26 re-sampling of individuals. For samples in PCA space, this process is identical except that
g2z we use all individuals passing QC, construct the 20x20 grid over PC1-PC2 space, and only
22 use one center point (which corresponds to the bin including the median value). All weights
s20 are normalized to sum to one.

830 Then, using custom scripts, for each set of weights we sample sets 10, 000 individuals with
sa1 replacement. As a result of the weighting scheme used and this sampling step, the birthplace
ez locations/PC1-PC2 coordinates for each sample match either a uniform distribution or a
13 Gaussian distribution with weight w, as intended (see, for instance, Fig. . We then
ssa  compute and output the SFS for each sample.

s 1.3.2 Calculation of summary statistics

s Having outputted the SFS, we then use it to compute various summary statistics. The
g7 number of variant sites, number of singletons, average variant frequency, and average het-
38 erozygosity were all calculated using standard formulas. We note that cumulative MAF was
g0 calculated following the definition of Wang et al.| (2014) using the below formula:

2 AN
MAFcumulative =1~ H n <]- - i) (72>
k n

a0 where z; is the number of alleles at count ¢ in the empirical SFS.

sa1 All results shown are averaged over ten sampling replicates each, and values are reported
s> per-kb as appropriate. Additionally, metrics for samples within geographic (birthplace) space
sz are averaged over each of the three sampling centers.
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« 2 Supplemental Figures
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Figure S1: Visualization of a Gaussian sampling kernel on a square habitat of size L x L.
Values of w are, ranging from “narrow” to “broad”.
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Figure S2: Simulated frequency spectra (x’s) with sample size n = 10,000 for a range of
selection coefficients. Dashed lines indicate a negative binomial PMF fit to simulation
results via the method of moments. Solid lines indicate theoretical expectation. Other
model and simulation parameters include: o = 10, p = 20, L=1,000, and p = le — 9.
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Figure S3: Simulated frequency spectra (x’s) with sample size n = 500, 000 for a range of
selection coefficients. Dashed lines indicate a negative binomial PMF fit to simulation
results via the method of moments. Solid lines indicate theoretical expectation. Other
model and simulation parameters include: o = 10, p = 20, L=1,000, and p = le — 9.
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Figure S4: Theory and simulation results for the first and second moments of P over a
range of sampling widths and selection coefficients. Dashed line shows expectation under
uniform sampling, while other markers indicate wrapped Gaussian sampling. Other model
and simulation parameters include: ¢ = 10, p = 20, L=1,000, and p = le — 9.
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Figure S5: Expected site frequency spectrum from theoretical model and branching
process simulations for increasing sample size (left to right). Other model and simulation
parameters include: ¢ = 10, p = 20, L=1,000, and p = le — 9.
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Figure S6: Expected site frequency spectrum from theoretical model and branching
process simulations for stronger (left) and weaker (right) selection. Other model and
simulation parameters include: ¢ = 10, p = 20, L=1,000, and p = le — 9.
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Figure S7: Expected site frequency spectrum from theoretical model and branching
process simulations for stronger (left) and weaker (right) selection. Other model and
simulation parameters include: ¢ = 10, p = 20, L=1,000, and p = 1le — 9.
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Figure S8: Ratio between theoretical SF'S values in a sample of width w vs. uniform
sampling for stronger (left) and weaker (right) selection. Other model and simulation
parameters include: o = 10, p = 20, L=1,000, and p = le — 9.
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Figure S9: Ratio between theoretical SF'S values in a sample of width w vs. uniform
sampling for stronger (left) and weaker (right) selection. Other model and simulation
parameters include: o = 10, p = 20, L=1,000, and p = le — 9.
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shown, o = 10, py = 20, and p = le — 9.
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Figure S12: Counts of individuals in the UK Biobank included in empirical analyses over
discretized geographic (left) and genetic (right) space. Each grid has dimensions 20x20
with equal-sized bins.
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Figure S13: Site frequency spectra for sampling distributions as depicted in Fig. |3 across
three variant classes.
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Figure S14: Site frequency spectra for narrowest (A) and broadest (H) sampling
distributions across all three variant classes.
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Figure S15: Mean heterozygosity (left) and cumulative MAF (per kb; right) as calculated
from UKB re-samples.
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Figure S16: Visualization of sampling distributions in geographic space across three
center points and values of w (as well as the uniform distribution).

39


https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.02.626424; this version posted January 29, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY 4.0 International license.

« References

s.s A. M. Etheridge (2004). Survival and extinction in a locally regulated population. Ann.
847 Appl. Probab., 14(1):188-214.

ss  Al-Asadi, H., Petkova, D., Stephens, M., and Novembre, J. (2019). Estimating recent mi-
a0 gration and population-size surfaces. PLoS Genet., 15(1):e1007908.

sso All of Us Research Program Genomics Investigators (2024). Genomic data in the all of us
st research program. Nature, 627(8003):340-346.

g2 Arunyawat, U., Stephan, W., and Stédler, T. (2007). Using multilocus sequence data to
853 assess population structure, natural selection, and linkage disequilibrium in wild tomatoes.
854 Mol. Biol. Evol., 24(10):2310-2322.

sss  Backman, J. D., Li, A. H., Marcketta, A., Sun, D., Mbatchou, J., Kessler, M. D., Benner, C.,
856 Liu, D., Locke, A. E., Balasubramanian, S., Yadav, A., Banerjee, N., Gillies, C., Damask,
857 A., Liu, S., Bai, X., Hawes, A., Maxwell, E., Gurski, L., Watanabe, K., Kosmicki, J. A.,
858 Rajagopal, V., Mighty, J., Jones, M., Mitnaul, L., Stahl, E., Coppola, G., Jorgenson,
859 E., Habegger, L., Salerno, W. J., Shuldiner, A. R., Lotta, L. A., Overton, J. D., Cantor,
860 M. N., Reid, J. G., Yancopoulos, G., Kang, H. M., Marchini, J., Baras, A., Abecasis,
s G. R., and Ferreira, M. A. (2021). Exome sequencing and analysis of 454,787 UK biobank
862 participants. Nature, pages 1-10.

sss  Battey, C. J., Ralph, P. L., and Kern, A. D. (2020). Space is the place: Effects of continuous
864 spatial structure on analysis of population genetic data. Genetics, 215(1):193-214.

s Biddanda, A., Rice, D. P., and Novembre, J. (2020). A variant-centric perspective on geo-
866 graphic patterns of human allele frequency variation. Elife, 9:e60107.

s Boyko, A. R., Williamson, S. H., Indap, A. R., Degenhardt, J. D., Hernandez, R. D.,
868 Lohmueller, K. E., Adams, M. D., Schmidt, S., Sninsky, J. J., Sunyaev, S. R., White,
g0  T. J., Nielsen, R., Clark, A. G., and Bustamante, C. D. (2008). Assessing the evolution-
e ary impact of amino acid mutations in the human genome. PLoS Genet., 4(5):¢1000083.

sn  Bustamante, C. D., De La Vega, F. M., and Burchard, E. G. (2011). Genomics for the world.
872 Nature, 475(7355):163-165.

sz Bycroft, C., Freeman, C., Petkova, D., Band, G., Elliott, L. T., Sharp, K., Motyer, A.,
sra Vukcevic, D., Delaneau, O., O’Connell, J., Cortes, A., Welsh, S., Young, A., Effingham,
875 M., McVean, G., Leslie, S., Allen, N., Donnelly, P., and Marchini, J. (2018). The UK
ers  biobank resource with deep phenotyping and genomic data. Nature, 562(7726):203-209.

g Crow, J. F. and Kimura, M. (1970). An introduction to population genetics theory.

ers Dawson, D. (1993). Measure-valued markov processes. In Dawson, D. A., Maisonneuve, B.,
879 and Spencer, J., editors, FEcole d’Eté de Probabilités de Saint-Flour XXI - 1991, pages
880 1-260. Springer Berlin Heidelberg.

40


https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.02.626424; this version posted January 29, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY 4.0 International license.

g1 De, A. and Durrett, R. (2007). Stepping-stone spatial structure causes slow decay of linkage
882 disequilibrium and shifts the site frequency spectrum. Genetics, 176(2):969-981.

83 Ding, Y., Hou, K., Xu, Z., Pimplaskar, A., Petter, E., Boulier, K., Privé, F., Vilhjalmsson,
884 B. J., Loohuis, L. O., and Pasaniuc, B. (2022). Polygenic scoring accuracy varies across the
885 genetic ancestry continuum in all human populations. bioRziv, page 2022.09.28.509988.

sss Dolan, D. D., Cho, M. K., and Lee, S. S.-J. (2023). Innovating for a just and equitable future
g7 in genomic and precision medicine research. Am. J. Bioeth., 23(7):1-4.

sss. Durvasula, A. and Lohmueller, K. E. (2021). Negative selection on complex traits limits
889 phenotype prediction accuracy between populations. Am. J. Hum. Genet., 108(4):620—
890 63].

sa1  Elfatih, A., Saad, C., Qatar Genome Program Research Consortium, Mifsud, B., and
g2 Mbarek, H. (2024). Analysis of 14,392 whole genomes reveals 3.5% of qataris carry medi-
o3  cally actionable variants. Fur. J. Hum. Genet., 32(11):1465-1473.

sos  Etheridge, A. (2000). An introduction to superprocesses. Number 20. American Mathematical
895 Soc.

sos Etheridge, A., Freeman, N., Penington, S., and Straulino, D. (2017). Branching brownian
807 motion and selection in the spatial A-Fleming—Viot process. aoap, 27(5):2605-2645.

ss Ewens, W. J. (1968). Some applications of multiple-type branching processes in population
g0 genetics. J. R. Stat. Soc. Series B Stat. Methodol., 30(1):164-175.

o0 Friesen, M. (2023). Long-time behavior for subcritical measure-valued branching processes
o1 with immigration. Potential Analysis, 59(2):705-730.

o2 Gallagher, C. S., Ginsburg, G. S., and Musick, A. (2024). Biobanking with genetics shapes
903 precision medicine and global health. Nat. Rev. Genet., pages 1-12.

o4 Ghoussaini, M., Nelson, M. R., and Dunham, I. (2023). Future prospects for human genetics
905 and genomics in drug discovery. Curr. Opin. Struct. Biol., 80:102568.

s Gillespie, D. T. (1977). Exact stochastic simulation of coupled chemical reactions. J. Phys.
907 Chem., 81(25):2340-2361.

oz Gloss, A. D., Vergnol, A., Morton, T. C., Laurin, P. J., Roux, F., and Bergelson, J. (2022).
900 Genome-wide association mapping within a local arabidopsis thaliana population more
910 fully reveals the genetic architecture for defensive metabolite diversity. Philos. Trans. R.
ou  Soc. Lond. B Biol. Sci., 377(1855):20200512.

a2 Gutenkunst, R. N., Hernandez, R. D., Williamson, S. H., and Bustamante, C. D. (2009).
013 Inferring the joint demographic history of multiple populations from multidimensional
o14 SNP frequency data. PLoS Genet., 5(10):e1000695.

as Haldane, J. B. S. (1927). A mathematical theory of natural and artificial selection, part v:
a6 Selection and mutation. Math. Proc. Cambridge Philos. Soc., 23(7):838-844.

41


https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.02.626424; this version posted January 29, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY 4.0 International license.

a7 Haller, B. C. and Messer, P. W. (2019). SLiM 3: Forward genetic simulations beyond the
as  Wright—Fisher model. Mol. Biol. Evol., 36(3):632-637.

ae  Karczewski, K. J., Francioli, L. C., Tiao, G., Cummings, B. B., Alfoldi, J., Wang, Q.,
920 Collins, R. L., Laricchia, K. M., Ganna, A., Birnbaum, D. P., Gauthier, L. D., Brand, H.,
01 Solomonson, M., Watts, N. A., Rhodes, D., Singer-Berk, M., England, E. M., Seaby, E. G.,
022 Kosmicki, J. A., Walters, R. K., Tashman, K., Farjoun, Y., Banks, E., Poterba, T., Wang,
023 A., Seed, C., Whiffin, N., Chong, J. X., Samocha, K. E., Pierce-Hoffman, E., Zappala, Z.,
024 O’Donnell-Luria, A. H., Minikel, E. V., Weisburd, B., Lek, M., Ware, J. S., Vittal, C.,
025 Armean, I. M., Bergelson, L., Cibulskis, K., Connolly, K. M., Covarrubias, M., Donnelly,
926 S., Ferriera, S., Gabriel, S., Gentry, J., Gupta, N., Jeandet, T., Kaplan, D., Llanwarne,
927 C., Munshi, R., Novod, S., Petrillo, N., Roazen, D., Ruano-Rubio, V., Saltzman, A.,
028 Schleicher, M., Soto, J., Tibbetts, K., Tolonen, C., Wade, G., Talkowski, M. E., Genome
920 Aggregation Database Consortium, Neale, B. M., Daly, M. J., and MacArthur, D. G.
930 (2020). The mutational constraint spectrum quantified from variation in 141,456 humans.
o1 Nature, 581(7809):434-443.

a2 Kawazu, K. and Watanabe, S. (1971). Branching processes with immigration and related
o33 limit theorems. Theory Probab. Appl., 16(1):36-54.

o Kim, B. Y., Huber, C. D., and Lohmueller, K. E. (2017). Inference of the distribution of
035 selection coefficients for new nonsynonymous mutations using large samples. Genetics,
936 206(1):345-361.

o7 Kimura, M. and Ohta, T. (1978). Stepwise mutation model and distribution of allelic fre-
038 quencies in a finite population. Proc. Natl. Acad. Sci. U. S. A., 75(6):2868-2872.

a0 Le Gall, J-F. (1999). Spatial branching processes, random snakes and partial differential
940 equations. Springer Science & Business Media.

o1 Marcus, J. H., Ha, W., Barber, R. F., and Novembre, J. (2020). Fast and flexible estimation
042 of effective migration surfaces.

a3 Martin, A. R., Kanai, M., Kamatani, Y., Okada, Y., Neale, B. M., and Daly, M. J. (2019).
044 Clinical use of current polygenic risk scores may exacerbate health disparities. Nat. Genet.,
945 51(4)25847591.

us  Mazet, O., Rodriguez, W., and Chikhi, L. (2015). Demographic inference using genetic data
047 from a single individual: Separating population size variation from population structure.
048 Theor. Popul. Biol., 104:46-58.

a0 Novembre, J. and Slatkin, M. (2009). Likelihood-based inference in isolation-by-distance
950 models using the spatial distribution of low-frequency alleles. FEwvolution, 63(11):2914—
951 2925.

o2 Peter, B. M. and Slatkin, M. (2015). The effective founder effect in a spatially expanding
053 population. Evolution, 69(3):721-734.

42


https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.02.626424; this version posted January 29, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY 4.0 International license.

s Petkova, D., Novembre, J., and Stephens, M. (2016). Visualizing spatial population structure
s with estimated effective migration surfaces. Nat. Genet., 48(1):94-100.

6 Popejoy, A. B. and Fullerton, S. M. (2016). Genomics is failing on diversity. Nature,
057 538(7624):161-164.

sss Ptak, S. E. and Przeworski, M. (2002). Evidence for population growth in humans is con-
050 founded by fine-scale population structure. Trends Genet., 18(11):559-563.

wo  Quéméré, E., Champeau, J., Besolo, A., Rasolondraibe, E., Rabarivola, C., Crouau-Roy,
961 B., and Chikhi, L. (2010). Spatial variation in density and total size estimates in frag-
962 mented primate populations: the golden-crowned sifaka (propithecus tattersalli). Am. J.
w3  Primatol., 72(1):72-80.

ss Robinson, J., Kyriazis, C. C.,; Yuan, S. C., and Lohmueller, K. E. (2023). Deleterious
965 variation in natural populations and implications for conservation genetics. Annu. Rev.
ws  Anim. Biosci., 11(1):93-114.

w7 Sella, G. and Barton, N. H. (2019). Thinking about the evolution of complex traits in the era
s of Genome-Wide association studies. Annu. Rev. Genomics Hum. Genet., 20(1):461-493.

o Sirugo, G., Williams, S. M., and Tishkoff, S. A. (2019). The missing diversity in human
oo genetic studies. Cell, 177(1):26-31.

on  Slatkin, M. and Rannala, B. (1997). The sampling distribution of disease-associated alleles.
o72 Genetics, 147(4):1855-1861.

o3 Sohail, M., Palma-Martinez, M. J., Chong, A. Y., Quinto-Cortés, C. D., Barberena-Jonas, C.,
o7 Medina-Munoz, S. G., Ragsdale, A., Delgado-Sanchez, G., Cruz-Hervert, L. P., Ferreyra-
o75 Reyes, L., Ferreira-Guerrero, E., Mongua-Rodriguez, N., Canizales-Quintero, S., Jimenez-
o6 Kaufmann, A., Moreno-Macias, H., Aguilar-Salinas, C. A., Auckland, K., Cortés, A.,
a77 Acuna-Alonzo, V., Gignoux, C. R., Wojcik, G. L., lToannidis, A. G., Fernandez-Valverde,
o78 S. L., Hill, A. V. S., Tusié-Luna, M. T., Mentzer, A. J., Novembre, J., Garcia-Garcia,
079 L., and Moreno-Estrada, A. (2023). Mexican biobank advances population and medical
s  genomics of diverse ancestries. Nature, 622(7984):775-783.

w1 St Onge, K. R., Palmé, A. E., Wright, S. I., and Lascoux, M. (2012). Impact of sampling
082 schemes on demographic inference: an empirical study in two species with different mating
3  systems and demographic histories. G3, 2(7):803-814.

e Stadler, T., Haubold, B., Merino, C., Stephan, W., and Pfaffelhuber, P. (2009). The im-
085 pact of sampling schemes on the site frequency spectrum in nonequilibrium subdivided
s populations. Genetics, 182(1):205-216.

ez Sun, B. B., Kurki, M. L., Foley, C. N., Mechakra, A., Chen, C.-Y., Marshall, E., Wilk,
088 J. B., Biogen Biobank Team, Chahine, M., Chevalier, P., Christé, G., FinnGen, Palotie,
989 A., Daly, M. J., and Runz, H. (2022). Genetic associations of protein-coding variants in
w0  human disease. Nature, 603(7899):95-102.

43


https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.02.626424; this version posted January 29, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY 4.0 International license.

w1 Szustakowski, J. D., Balasubramanian, S., Kvikstad, E., Khalid, S., Bronson, P. G., Sasson,
902 A., Wong, E., Liu, D., Wade Davis, J., Haefliger, C., Katrina Loomis, A., Mikkilineni, R.,
903 Noh, H. J., Wadhawan, S., Bai, X., Hawes, A., Krasheninina, O., Ulloa, R., Lopez, A. E.,
904 Smith, E. N., Waring, J. F., Whelan, C. D., Tsai, E. A., Overton, J. D., Salerno, W. J.,
905 Jacob, H., Szalma, S., Runz, H., Hinkle, G., Nioi, P., Petrovski, S., Miller, M. R., Baras,
996 A., Mitnaul, L. J., Reid, J. G., and UKB-ESC Research Team (2021). Advancing human
907 genetics research and drug discovery through exome sequencing of the UK biobank. Nat.
998 Genet., 53(7):942-948.

w0 Tajima, F. (1989). Statistical method for testing the neutral mutation hypothesis by DNA
woo  polymorphism. Genetics, 123(3):585-595.

won  Tavaré, S. (1984). Line-of-descent and genealogical processes, and their applications in
wee  population genetics models. Theor. Popul. Biol., 26(2):119-164.

w3 Verma, A., Huffman, J. E., Rodriguez, A., Conery, M., Liu, M., Ho, Y.-L., Kim, Y., Heise,
1004 D. A., Guare, L., Panickan, V. A., Garcon, H., Linares, F., Costa, L., Goethert, I., Tipton,
1005 R., Honerlaw, J., Davies, L., Whitbourne, S., Cohen, J., Posner, D. C., Sangar, R., Murray,
1006 M., Wang, X., Dochtermann, D. R., Devineni, P., Shi, Y., Nandi, T. N., Assimes, T. L.,
1007 Brunette, C. A., Carroll, R. J., Clifford, R., Duvall, S., Gelernter, J., Hung, A., Iyengar,
1008 S. K., Joseph, J., Kember, R., Kranzler, H., Kripke, C. M., Levey, D., Luoh, S.-W., Merritt,
1009 V. C., Overstreet, C., Deak, J. D., Grant, S. F. A., Polimanti, R., Roussos, P., Shakt, G.,
1010 Sun, Y. V., Tsao, N., Venkatesh, S., Voloudakis, G., Justice, A., Begoli, E., Ramoni, R.,
1011 Tourassi, G., Pyarajan, S., Tsao, P., O’Donnell, C. J., Muralidhar, S., Moser, J., Casas,
1012 J. P., Bick, A. G., Zhou, W., Cai, T., Voight, B. F., Cho, K., Gaziano, J. M., Madduri,
o3 R. K., Damrauer, S., and Liao, K. P. (2024). Diversity and scale: Genetic architecture of
o4 2068 traits in the VA million veteran program. Science, 385(6706):eadj1182.

s Wainschtein, P.; Jain, D., Zheng, Z., TOPMed Anthropometry Working Group, NHLBI
s Trans-Omics for Precision Medicine (TOPMed) Consortium, Cupples, L. A., Shadyab,
1017 A. H., McKnight, B., Shoemaker, B. M., Mitchell, B. D., Psaty, B. M., Kooperberg, C.,
1018 Liu, C.-T., Albert, C. M., Roden, D., Chasman, D. I., Darbar, D., Lloyd-Jones, D. M.,
1019 Arnett, D. K., Regan, E. A., Boerwinkle, E., Rotter, J. I., O’Connell, J. R., Yanek,
1020 L. R., de Andrade, M., Allison, M. A., McDonald, M.-L. N., Chung, M. K., Fornage, M.,
1021 Chami, N., Smith, N. L., Ellinor, P. T., Vasan, R. S., Mathias, R. A., Loos, R. J. F.,
1022 Rich, S. S., Lubitz, S. A., Heckbert, S. R., Redline, S., Guo, X., Chen, Y.-D. L., Laurie,
1023 C. A., Hernandez, R. D., McGarvey, S. T., Goddard, M. E., Laurie, C. C., North, K. E.,
s Lange, L. A., Weir, B. S., Yengo, L., Yang, J., and Visscher, P. M. (2022). Assessing the
1025 contribution of rare variants to complex trait heritability from whole-genome sequence
we  data. Nat. Genet., 54(3):263-273.

0 Wakeley, J. (1999). Nonequilibrium migration in human history. Genetics, 153(4):1863-1871.

ws Wang, G. T., Li, B., Santos-Cortez, R. P. L., Peng, B., and Leal, S. M. (2014). Power
1029 analysis and sample size estimation for sequence-based association studies. Bioinformatics,
1030 30(16):2377-2378.

44


https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.02.626424; this version posted January 29, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY 4.0 International license.

0 Watanabe, S. (1968). A limit theorem of branching processes and continuous state branching
w2 processes. kjm.1, 8(1):141-167.

w3 Weiner, D. J., Nadig, A., Jagadeesh, K. A., Dey, K. K., Neale, B. M., Robinson, E. B.,
1034 Karczewski, K. J., and O’Connor, L. J. (2023). Polygenic architecture of rare coding
1035 variation across 394,783 exomes. Nature, pages 1-8.

w6 Williamson, S. H., Hernandez, R., Fledel-Alon, A., Zhu, L., Nielsen, R., and Bustamante,
1037 C. D. (2005). Simultaneous inference of selection and population growth from patterns of
s variation in the human genome. Proc. Natl. Acad. Sci. U. S. A., 102(22):7882-7887.

03 Wright, S. (1937). The distribution of gene frequencies in populations. Proc. Natl. Acad.
1040 Sei. U. S. A., 23(6):307-320.

e Wright, S. (1940). Breeding structure of populations in relation to speciation. Am. Nat.,
1042 74(752)1232*248.

03 Wright, S. (1946). Isolation by distance under diverse systems of mating. Genetics, 31(1):39—
1044 59

45


https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/

	Supplemental Information
	Extended theoretical methods
	Population genetic model
	Spatial sampling the allele frequency distribution
	Moments of the allele frequency distribution
	Effective parameters and the sample SFS
	Derivation of summary statistics
	Exact solution for the uniform sampling case

	Extended simulation methods
	Spatial branching process simulations
	SLiM simulations

	Extended empirical methods
	Sampling importance resampling algorithm and implementation
	Calculation of summary statistics


	Supplemental Figures

