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Abstract1

One key component of study design in population genetics is the “geographic2

breadth” of a sample (i.e., how broad a region across which individuals are sampled).3

How the geographic breadth of a sample impacts observations of rare, deleterious vari-4

ants is unclear, even though such variants are of particular interest for biomedical and5

evolutionary applications. Here, in order to gain insight into the effects of sample6

design on ascertained genetic variants, we formulate a stochastic model of dispersal,7

genetic drift, selection, mutation, and geographically concentrated sampling. We use8

this model to understand the effects of the geographic breadth of sampling effort on9

the discovery of negatively selected variants. We find that samples which are more ge-10

ographically broad will discover a greater number variants as compared geographically11

narrow samples (an effect we label “discovery”); though the variants will be detected12

at lower average frequency than in narrow samples (e.g. as singletons, an effect we13

label “dilution”). Importantly, these effects are amplified for larger sample sizes and14

moderated by the magnitude of fitness effects. We validate these results using both15

population genetic simulations and empirical analyses in the UK Biobank. Our results16

are particularly important in two contexts: the association of large-effect rare variants17

with particular phenotypes and the inference of negative selection from allele frequency18

data. Overall, our findings emphasize the importance of considering geographic breadth19

when designing and carrying out genetic studies, especially at biobank scale.20

Significance21

As genetic studies grow, researchers are increasingly seeking to identify rare genetic22

variants with large impacts on traits. In this paper, we combine theoretical meth-23

ods and data analysis to show how differences in sampling with respect to geographic24

location can influence the number and frequency of genetic variants that are found.25

Our results suggest that geographically broad samples will include more distinct ge-26

netic variants, though each variant will be found at a lower frequency, as compared to27

geographically narrow samples. Our results can help researchers to consider the impli-28

cations of study design on expected results when constructing new genetic samples.29
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Introduction30

In recent decades, the size of genetic sequencing cohorts has grown exponentially. Nowhere is31

this more evident than in human genetics, where the launch of biobanks has transformed the32

paradigm of data analysis such that sample sizes in the hundreds of thousands are increas-33

ingly commonplace (Gallagher et al., 2024). Yet, the largest and most commonly utilized34

biobank-scale genomics datasets are heavily biased towards individuals of European ances-35

tries (Bustamante et al., 2011; Popejoy and Fullerton, 2016; Bycroft et al., 2018; Karczewski36

et al., 2020), leading to known issues in scientific discovery and ethical applications of preci-37

sion medicine (Martin et al., 2019; Dolan et al., 2023). As a response to this, new biobanks38

have been launched with specific purposes to diversify available genomics data (Sohail et al.,39

2023; All of Us Research Program Genomics Investigators, 2024; Verma et al., 2024; Elfatih40

et al., 2024). Consequently, not only is the size of human genetics data continuing to in-41

crease, but the geographic and genetic spaces from which individuals are sampled is growing42

dramatically.43

This trend in the field has clear benefits for improving equity in human genetics research44

and the transferability of results across diverse populations (Sirugo et al., 2019; Durvasula45

and Lohmueller, 2021; Ding et al., 2022). What has yet to be addressed is how this change46

in study design will affect the results of genetic studies at the level of discovered variants.47

Motivated as such, we ask: as the geographic breadth of a genetic study increases, how should48

one expect the number and frequency of discovered variants to change? That is, how is the49

site frequency spectrum (SFS) of observed variants affected by the geographic breadth of50

a sample? The answer to this question has significant implications for studies in human51

genetics and more broadly.52

For understanding the genetic basis of traits, this question is of interest because sample53

design likely impacts the discovery of genetic associations to phenotypes. A key focus of54

biomedical applications is discovering variants that have large effects on disease susceptibility,55

as such variants may provide the most biological insight on the etiology of disease and in56

turn potential therapeutic paths (Szustakowski et al., 2021; Ghoussaini et al., 2023). From57

evolutionary principles, one expects large effect genetic changes most often to be kept at very58

low population frequencies by the action of natural selection (either due to simple negative59

selection or via underdominance induced by stabilizing selection; Sella and Barton, 2019).60

Indeed, rare, deleterious variants have been shown to be enriched in genomic regions of61

functional interest such as drug target regions (Weiner et al., 2023), have yielded numerous62

associations with phenotypic outcomes (Backman et al., 2021; Sun et al., 2022), and are63

argued to be a key component of unexplained heritability in human traits (Wainschtein64

et al., 2022). How the geographic breadth of sampling impacts the discovery of these rare,65

deleterious variants is unknown, yet crucial to the design of studies which aim to characterize66

such variants.67

Understanding how sample design affects the observed SFS of deleterious variants is also68

important to evolutionary geneticists. In evolutionary genetics, a persistent goal has been69

to characterize the distribution of fitness effects (DFE) – i.e., the probability with which70

newly arising mutations are deleterious, advantageous, or selectively neutral – using allele71

frequency data (Williamson et al., 2005; Boyko et al., 2008; Gutenkunst et al., 2009; Kim72

et al., 2017), in part because of its implications for genome evolution, mutational load, and73
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conservation efforts (Robinson et al., 2023). Population-genetic-based inferences regarding74

the DFE depend on the measurement of the numbers and frequencies of deleterious variants75

(equivalently, the SFS). Thus, whether and how the geographic breadth of sampling impacts76

the observed SFS of deleterious variants is also important for evolutionary geneticists to77

understand, in order to avoid biases in SFS-based inferences of fitness effects.78

Previous studies, motivated by understanding the consequences of spatial structure and79

sampling on the inference of demographic history, have investigated the effect of sample80

design on neutral variation (Wakeley, 1999; Ptak and Przeworski, 2002; Arunyawat et al.,81

2007; Städler et al., 2009; Quéméré et al., 2010; St Onge et al., 2012; Mazet et al., 2015; Battey82

et al., 2020; Gloss et al., 2022). These studies emphasize how in most cases, geographically83

concentrated (or “narrow”) sampling in spatial populations leads to a shift in the neutral SFS84

with a decrease in observed singletons and enrichment of intermediate and high frequency85

alleles (i.e. negative Tajima’s D; Tajima, 1989). These previous studies do not consider86

sample sizes on the scale of modern human biobank cohorts, which reach tens to hundreds87

of thousands of individuals, nor do they address the extent to which distortions of the SFS88

are amplified or diminished for rare, deleterious variants.89

Here, with a focus on the discovery of rare, deleterious variants, we develop and analyze a90

novel theoretical model for the sample SFS in a spatially structured population. The model91

considers the distribution of carriers of deleterious alleles in continuous geographic space –92

accounting for dispersal, genetic drift, selection, mutation, and sampling simultaneously –93

and we derive results that allow the rapid computation of the expected sample SFS across a94

large range of parameter values.95

As important background, we note that in the panmictic case, allele frequencies for dele-96

terious variants are well known to follow a two-parameter distribution, such that the prob-97

ability g(x) that an allele under negative selection appears at frequency x follows (Wright,98

1937; Crow and Kimura, 1970):99

g(x) ∝ e−γx[x(1− x)]θ−1, (1)

where γ is the population-scaled selection coefficient (γ = 4Nes with Ne being the effective100

population size and s is the strength of negative selection acting on heterozygotes, s ≥ 0)101

and θ is the population-scaled mutation rate (θ = 4Neµ with mutation rate µ per site per102

generation). For variants under negative selection (γ > 0), the exponential term (e−γx)103

induces a reduction in the abundance of observed alleles as a function of the allele frequency104

x. This mirrors the intuition that alleles under negative selection are less likely to reach105

higher frequencies.106

As we will show, when considering spatially-restricted dispersal and geographically con-107

centrated sampling, allele frequencies still follow a two-parameter distribution with scaled108

selection (γE) and mutation (θE) terms. However, these terms are now dependent on the109

spatial scale of the sampling effort and the offspring dispersal scale, in addition to the usual110

mutation, selection, and population size parameters. The resulting distributions show that111

the geographic breadth of a sample has strong effects on the SFS as well as downstream112

summary statistics, and we assess how these effects change with increasing sample size and113

selection strength.114

We validate our theoretical results using simulations that share our modeling assumptions115

as well as in a more realistic, individual-based spatial model (Haller and Messer, 2019; Battey116
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et al., 2020). However, as continuous-space simulations can be computationally intensive,117

our development of novel theoretical approximations allows us to efficiently gain insights118

across a wide parameter range.119

To address the effects of geographically concentrated sampling empirically, we also con-120

duct in silico re-sampling experiments using the UK Biobank exome sequencing dataset to121

measure the impact of sampling at different scales – in either geographic space or a low-122

dimensional genetic space (e.g., a PCA space). The results broadly confirm our theoretical123

predictions and yield insights on how sampling design impacts the number of human genetic124

variants discovered and their frequencies.125

Methods126

Population genetic model127

We model how carriers of a rare variant are born, move in space, reproduce, and die in a128

two-dimensional continuous geographic habitat of size L×L. In our model (Fig. 1), carriers129

are generated by de novo mutation according to a Poisson point process with rate ρNµ, where130

ρN is the population density and µ is the per-generation mutation rate. We note that, in our131

model, ρN and L are constants, which implies an assumption of constant population size.132

Each de novo carrier appears at a random location in the habitat and migrates according to133

a homogeneous, isotropic diffusion process (i.e., the dispersal process is the same across the134

habitat and movement is uniform in all directions). The root mean squared distance that135

one carrier moves per generation is denoted by σ. Similar to De and Durrett (2007), the136

habitat has periodic boundary conditions (i.e., the habitat is a two-dimensional torus, and137

so there will be no boundary effects). While our model is defined over continuous geographic138

space – which has some advantages in that it more closely resembles realistic geography and139

allows us to utilize a simple model of migration – we note that it is possible to develop the140

analysis in terms of a demic model, such as a stepping stone model. Such models approximate141

continuous space when the grid of demes is dense (Petkova et al., 2016; Al-Asadi et al., 2019;142

Marcus et al., 2020).143

Within the habitat, we model reproduction and death as a continuous time branching144

process, a type of stochastic process which has frequently been applied in theoretical pop-145

ulation genetics for rare variants (see, for instance, Ewens, 1968; Tavaré, 1984; Peter and146

Slatkin, 2015; Etheridge et al., 2017). During their lifetime, carriers reproduce to form off-147

spring carriers with rate 1− s and die at a rate 1, where s denotes the fitness cost to carriers148

of the mutation (note that in our construction, a larger positive value of s indicates stronger149

negative selection). While we model negative selection on individual variants, these dynam-150

ics are similar to those of newly arising variants which affect complex traits under stabilizing151

selection which experience a form of underdominance (Sella and Barton, 2019). The use152

of a branching process model implies that carriers evolve independently of one another and153

of wild-type individuals (similar to Haldane, 1927; Slatkin and Rannala, 1997; Novembre154

and Slatkin, 2009). In the context of continuous space, this approximations will hold best155

when every mutation is locally rare (more precisely, the number of carriers in a region of the156

habitat with radius σ is small compared to the neighborhood size, 4πσ2ρ; Wright, 1946).157
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Figure 1: Illustration of a spatial branching process model with sampling. (A)
As time progresses, carrier lineages move in space (diffusion), branch into sub-lineages
(reproduction), and die. Diamonds and x’s denote lineage birth and death, respectively.
For simplicity, we show only one spatial dimension on the vertical axis. Shaded areas
represent sampled areas with widths w = 50 and w = 100. (B, C) Here, we visualize the
locations of carriers from panel A at a particular time indicated as tsample. Within the
sampled area, rare variant carriers can be discovered and included in the sample (opaque
points). In this example, sampling from the broader area (w = 100) results in a greater
number of distinct mutations being observed, all as singletons. The narrow sample
(w = 50) discovers two distinct mutations with each as a pair of doubletons. This toy
example illustrates the potential effects of sampling breadth on entries of the sample SFS
(here, the counts of singletons vs. doubletons).

Modeling geographically concentrated sampling158

The spatial model in the previous section describes the process by which rare variants arise159

and disperse in geographic space. Our next step is to define how sampling of this spatial160

population occurs. To this end, we model the probability that an individual at a particular161

position within the habitat is included in the sample. We posit a sampling ”center” and162

assume that the probability of being sampled is determined by an individual’s distance from163

that center using a particular distribution (the “sampling kernel”; Fig. S1). The standard164

deviation of the sampling kernel, which we denote by w, determines the breadth of sampling165

effort – or “sampling breadth” – i.e. the extent to which sampling effort is distributed across166

the habitat. On one extreme, for w ≳ L, the sampling process converges to “uniform”167

sampling in which all individuals have an equal probability of being sampled, regardless of168

spatial position. In the other extreme, as w becomes small, the sampling kernel approaches169

“point sampling” in which all sampled individuals are located at the same position. In170

between these two limiting cases, the value of w will determine how spatially “broad” (larger171

w) or “narrow” (smaller w) a sample will be.172

In our implementation, the sampling kernel has the form of a Gaussian distribution,173

though we note that our methods are generalizable to other sampling kernels (see Supple-174

mental Information 1.1.2). We employ the Gaussian sampling model to approximate the175

sampling processes used in constructing real genetic samples, such as sampling centered at176

field stations for ecological genetics or in biomedical centers for human genetics. We also177

invoke periodic boundary conditions for mathematical convenience (i.e., there are no “edge178
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effects” in our model). This construction is most appropriate when the habitat size, L, is suf-179

ficiently large compared to the sampling breadth, w, such that we can ignore behavior as the180

sampling kernel hits the edge of the habitat (Our simulations will show that in cases where181

w approaches the scale of L , the results converge to those of uniform random sampling).182

In order to solve for the SFS, we obtain moments of an allele frequency distribution at183

equilibrium that incorporates the spatially-weighted sampling design, but assumes infinite184

sample sizes. We do so by casting our model of a spatial branching process with spatially-185

weighted sampling as an example of a superprocess (see Etheridge, 2000; A. M. Etheridge,186

2004; Etheridge et al., 2017). The moments allow us to approximate the full spatially-187

weighted allele frequency distribution at equilibrium, which we then use to calculate the188

expected observed SFS for a finite sample of size n. Finally, we use the finite sample ob-189

served SFS to derive expectations population genetic summary statistics. In essence, we first190

consider the effects of geographically concentrated sampling on the SFS without invoking191

finite sampling, and then, we compute the expected observed SFS for a finite sample of size192

n.193

Population genetic simulations194

We validate our theoretical results with two sets of simulations. First, we simulate a spa-195

tial branching process in a two-dimensional continuous habitat and sample according to a196

Gaussian sampling density, as our theory assumes. These simulations are close to our theory197

in that they make the same rare-allele approximation. Their role is to check the analytical198

approximations we make in the course of deriving the SFS.199

In addition to the branching process simulations, we implement out-of-model, forward-200

time, individual-based population genetic simulations in SLiM (Haller and Messer, 2019)201

using identical conditions to Battey et al. (2020) except that all variants are deleterious with202

some selection coefficient. For each simulation run, we sample individuals using Gaussian203

sampling kernels with varying standard deviation and calculate the sample SFS. In contrast204

to our other simulations, the SLiM model contains multiple stages of the life cycle, models205

diploid genomes, and – crucially – does not assume variants are rare and independently206

evolving.207

We refer the reader to the Supplemental Information for additional details on simulation208

methods. All simulation code and associated scripts are available at:209

https://github.com/NovembreLab/spatial rare alleles.210

Analysis of whole exome sequencing data from the UK Biobank211

We perform re-sampling experiments using the whole exome sequencing (WES) dataset212

(n = 469, 835) in the UK Biobank (UKB; Backman et al., 2021) in order to assess the pre-213

dicted effects of sampling breadth on sample allele frequencies and associated summary statis-214

tics. We first compute the top 20 PCs using genotyping array data via PLINK (v2.00a3.1LM),215

including only individuals which met quality control and relatedness thresholds used in By-216

croft et al. (2018). We then take two approaches to our empirical investigations: geographic217

sampling by birthplace and PCA-based sampling.218
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For the geographic sampling approach, we utilize the birthplace coordinates provided by219

UKB and subset to individuals both born within the UK and having similar genetic ancestry220

(specifically, individuals within 0.0001 of the centroid in the normalized PC1-PC2 space; ap-221

plying both filters results in n = 231, 073 individuals). We then use a sampling importance222

resampling (SIR) method to construct n = 10, 000 samples such that the distribution of223

birthplace coordinates is Gaussian with centers centered at each of three geographic points224

with standard deviation 50km, 100km, and 150km, as well as a uniform sample (see Supple-225

mental Information 1.3.1 for details on the sampling algorithm). For sampling in PCA space,226

we center the distribution of sample (PC1, PC2) coordinates at the centroid of PC1-PC2227

space and construct n = 10, 000 Gaussian samples with standard deviations 0.0015, 0.0025,228

and 0.005, as well as a uniform sample. In both cases, we repeat the sampling procedure ten229

times for each sampling width and center (for samples in geographic space only).230

For each weighted subsample, we compute the site frequency spectrum for LoF variants231

on chromosome 1 (54,090 variants) as well as equal-sized random subsets of synonymous and232

missense variants (created using PLINK v1.90b6.26). We then use the computed frequency233

spectra to calculate summary statistics (number of variant sites, number of singletons, and234

allele frequency for variant sites only vs. all sites).235

Results236

The finite sample SFS depends on ratios between spatial scales as237

well as sample size238

In our model, a key emergent feature is the distance an allele spreads during the time from the239

initial mutation to the extinction of all its carriers, which we denote as ℓc (the characteristic240

length scale). As the carrier lineages diffuse at rate σ and the time-scale of allele age is on241

average 1/s generations, the scale ℓc is naturally
√

σ2/s , i.e. ℓc ≡
√
σ2/s. Intuitively,242

carriers which spread more quickly (large σ) can move farther distances during the lifespan243

of the allele (ℓc is large). Conversely, alleles which are under stronger negative selection244

(large s), die more quickly and thus carriers move shorter distances (ℓc is small). As we245

see later on in our results, how the spatial scale of the sampling effort (w) compares to the246

spatial spread of the allele (ℓc) will be an important factor in the behavior of the SFS.247

In order to derive the form of the SFS for a finite sample of size n with sampling effort248

breadth w, we first consider the distribution of allele frequencies across the entire spatially249

extended population with a weighting on each position provided by the sampling kernel. In250

a panmictic population, the population SFS of rare deleterious alleles approximately follows251

a gamma density (by ignoring the x → 1 tail of Eq. 1). We show analytically that this252

approximation also holds for spatially uniform samples under our model (Supplemental In-253

formation 1.1.6) and confirm via simulations that allele frequencies of spatially concentrated254

samples are also well-approximated by a gamma distribution (Fig. S2-S3). Intuitively, the255

gamma distribution captures two important effects: power-law behavior at low frequencies256

due to mutation-drift balance, and an exponentially decaying tail at high frequencies due to257

selection.258

We analyze our model in order to obtain the two parameters of this gamma distribution,259
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which we refer to as the effective mutation supply, θE, and the effective selection intensity, γE260

(see Supplemental Information 1.1.4). Then, we derive an expression for the expected SFS261

of a finite sample with size n in terms of these parameters. First, let the random variable K262

denote the count of derived alleles at a single site in a sample of size n. Combining our results263

regarding the allele frequency distribution with a Poisson approximation to the binomial264

sampling process, K follows a Negative Binomial distribution with number of successes θE265

and success probability γE/(γE + n):266

K ∼ NegBin

(
θE,

γE
γE + n

)
. (2)

The k-th entry of the normalized sample SFS is then given by ξ
(n)
k ≡ Pr(K = k). In the267

limit that θE is small, this becomes approximately:268

ξ
(n)
k =

θE
k

(
n

γE + n

)k

. (3)

In the case where sampling is approximately spatially uniform (w ≈ L or larger), we269

find that (similarly to Eq. 1), both terms take the form of population-scaled parameters:270

θE = Nµ and γE = Ns, respectively, for N the total population size. As such, in the271

spatially uniform sampling case, our results are equivalent to that of the panmictic case.272

In the case of spatially concentrated sampling (w << L), we show (see Supplemental273

Information 1.1.4) that the effective mutation and selection terms are instead given by:274

θE ≡ µρNℓ
2
cλ, (4)

and275

γE ≡ sρNℓ
2
cλ, (5)

where ρNℓ
2
c is akin to a population size and λ is term we denote as the sampling effect scalar276

that is a function of w/ℓc:277

λ ≡ 4π

exp((w/ℓc)2)E1((w/ℓc)2)
, (6)

where E1(x) is the exponential integral function. The λ parameter increases as w increases278

(Fig. 2 A). As a result, both effective parameters also increase monotonically with w ,and279

eventually converge to their values in the uniform sampling limit (Nµ and Ns, respectively;280

Fig. 2 C,D). To understand this result, one can think of the term ρNℓ
2
cλ as approximating the281

size of the population effectively being sampled (which converges to N as sampling converges282

to the uniform case). Comparing the finite sample SFS for w << L to Eq. 1, a key difference283

is that the effective selection parameter (γE) is moderated by w via its impact on ℓc and λ.284

To summarize, one ratio between length scales – the ratio between w and L – determines285

the regime in which the finite sample SFS lies. For w ≳ L, sampling is approximately uniform286

and the SFS has approximately the same form as in the panmictic case. For w << L, the287

form of the SFS is instead dependent on the value of the sampling effect scalar, λ, which288

is a function of a second ratio: w/ℓc. We note that these ratios between spatial terms are289

dimensionless (appropriately, if one switches the units of space from miles to kilometers, the290

SFS should not change).291
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Figure 2: The sampling effect scalar and effective parameters of the SFS. (A)
As the breadth of the sampling kernel increases, the sampling effect scalar λ also increases.
When plotted as a function of w/ℓc, the relationship is identical across selection intensities
(B). (C-D) Both the effective mutation supply, θE, and the effective selection intensity, γE,
depend on the selection coefficient (via ℓc) and the breadth of the sampling kernel. Dashed
lines show values of θE and γE for the uniform case in panels C and D, respectively. Other
parameters are: σ = 10, ρ = 20, and µ = 1e− 9. All simulations shown are from the
Gillespie algorithm run with a habitat size of L = 1, 000.

Selection and sampling induce a trade-off between discovery and292

dilution293

Having derived an expression for the sample SFS, we now consider its behavior with respect294

to the sampling width (Fig. 3 A, B). We find broader sampling effort (larger w) induces an295

upward shift in the intercept of the SFS on the vertical axis, and this effect is more apparent in296

larger samples. We also observe a decrease in the relative frequency of intermediate-frequency297

variants for broader samples. Additionally, as sampling effort broadens (w increases), the298

SFS converges to the result under uniform sampling, as expected.299

Another way to understand the impact of sample breadth on the SFS is to recall that as w300

increases (i.e., sampling becomes more broad), both θE and γE increase (Fig. 2). This results301

in what we term a “discovery” effect and a “dilution” effect. As the geographic breadth of302

a sample increases, the number of potential localized mutations one can find grows, and303

this is reflected in the increase in mutation supply (θE), as well as resulting increase in304

the expected number of variants discovered (the discovery effect). At the same time, for a305
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broader sample, each sampled deleterious variant is found at “diluted” frequencies because306

sampling broadly inadvertently captures many non-carriers (given that deleterious variants307

are usually spatially clustered). This is reflected in the fast rate of decay with k owing to308

the larger γE term (dilution effect). Conversely, geographically narrow samples will capture309

fewer variants, but they are “concentrated” in the sample, meaning that they are observed310

at higher sampled allele frequencies on average than they would be found otherwise in a311

random sample of the population.312

We visualize these results by comparing each entry of the SFS of a sample with breadth313

w to the SFS in the uniform limit (Fig. 3 C,D). Below a threshold value of allele count,314

we expect to fewer variants in the narrower samples. Above the threshold, we expect to315

see more variants at these counts in the narrower sample. The location of this threshold316

is dependent on the sample size, n: for smaller samples the threshold is low, perhaps only317

affecting singletons; for larger samples, the threshold is higher, with a larger range of rare318

allele counts being less often sampled in the narrow relative to the uniform sample. The319

magnitude of effect in the low allele count range is also much larger for the larger sample.320

The changes to the observed SFS with sampling breadth have varying effects on down-321

stream summary statistics (Fig. 4). First, we see that broader samples will have a greater322

proportion of variant sites and singletons as compared to narrower samples. Secondly, vari-323

ant sites in broader samples are expected to have lower allele frequency. Together, these two324

results imply that broader samples will have more variants, but each variant will segregate325

at lower frequency on average. This result is consistent with intuition following the discovery326

and dilution effects described previously. Each of these values converges to the expectation327

under uniform sampling as w increases.328

The exact behavior of these statistics with respect to w depends on the strength of329

selection (Fig. 4A). With stronger selection, the observations converge to those expected330

under uniform sampling more rapidly as w is increased. When instead considering the values331

of expected summary statistics over the ratio w/ℓc, we see that the rate and magnitude of332

change are consistent across selection coefficients (Fig. S11). This is a result of the ratio333

w/ℓc being the key length scale in our model (Fig. 2B): for a fixed w, stronger selection334

reduces ℓc, because allele carriers are more tightly clustered in space, and as a result, the335

sample is in effect more broad relative to the spatial dispersion of the carriers. Conversely,336

with the strength of selection held constant, increasing w results in the sample being more337

broad relative to the spatial dispersion of carriers.338

Holding selection constant, we also see that the magnitude of effect as w increases becomes339

larger as n increases (Fig. 4B). These effects are quite large, spanning several orders of340

magnitude. This result is in line with the observation from Fig. 3D that the discovery effect341

applies to a larger range of allele counts.342

However, other quantities of interest are not sensitive to the sampling breadth, including343

the expected allele frequency of all sites, expected heterozygosity, and expective cumulative344

MAF (Fig. 4, Fig. S10). In particular, under our model, the expected allele frequency in345

the sample is equal to µ/s, and is independent of sampling strategy, sampling breadth,346

and sample size. This indicates that the discovery and dilution effects effectively cancel347

each other out, such that the average frequency (and in turn the expected heterozygosity348

and the cumulative minor allele frequency of rare variants at a locus) remain the same349

regardless of sampling (Fig. S10). Expected heterozygosity and cumulative MAF, in turn,350
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Figure 3: Site frequency spectra for a range of sampling widths. (A,B) Sample
site frequency spectra for n = 10, 000 and n = 500, 000 sample sizes, respectively, shown for
three sampling widths (wrapped Gaussian sampling) and uniform sampling. (C,D) Ratio
between frequency spectra elements for a range of w values (Gaussian sampling), relative
to those of the SFS under uniform sampling, for parameter regimes shown in A and B. For
all panels, σ = 10, ρ = 20, µ = 1e− 9 and s = 0.01. All simulations shown were run with a
habitat size of L = 1, 000.

are approximately proportional to the average allele frequency (see Supplemental Information351

1.1.5).352

Validation of theory using in- and out-of-model simulations353

To validate our theoretical results, we performed two sets of population genetic simulations.354

First, we ran branching process simulations which correspond directly to our model. In-355

specting the results, we see the simulations and theoretical computations align well for key356

outputs: the first two moments of the allele frequency (Fig. S4), the SFS (Fig. 3, Fig. S2-S3),357

as well as for λ, θE, and γE (Fig. 2).358

As a stronger test of the theory, we performed simulations in SLiM (Haller and Messer,359

2019) using a modified version of the model in Battey et al. (2020). These simulations are360

individual-based and do not make a number of the simplifying approximations used in our361
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Figure 4: Expected values of summary statistics as a function of the width of
the sampling kernel (w). (A) As the breadth of the sampling kernel increases, our
model implies that the expected proportion of variant sites and the expected proportion of
singletons will both increase, the expected frequency of variant sites will decrease, while
expected frequency across all sites will remain constant. Values for these statistics
(excluding expected frequency across all sites) converge to the theoretical expectation
under uniform sampling (dashed lines) as w increases, with convergence occurring more
quickly for stronger selection coefficients. For more deleterious variants, the expected
proportions of variant sites and singletons, as well as expected frequency across all sites,
are shifted downwards across the range of w. (B) Fixing s and instead varying sample size
(n), we see that the magnitude of change as w increases is higher for larger sample sizes.
Expected allele frequency across all sites is independent of sample size. In plots shown,
σ = 10, ρN = 20, and µ = 1e− 9.

theoretical analysis. Figure 5 shows the alignment between the simulations and our theory362

across several parameter values.363

These comparisons also reveal how computational efficiency varies greatly among the364

approaches. SLiM simulation time ranged between 7.58 and 11.89 hours (average: 8.64365

hours) per replicate for a habitat of length 75 units (50 replicates run per sample size and366

selection coefficient pair). On average, the branching process simulations completed in 18.59367

minutes, 1.22 hours, and 2.85 hours per one million time steps for s=0.1, 0.01, and 0.001,368

respectively for a habitat size of 10,000 units. In contrast, the time to generate theoretical369

frequency spectra shown in Fig. 3 ranged from 6.88 to 9.91 milliseconds per curve.370

Re-sampling experiments in the UK Biobank reveal evidence of371

discovery and dilution effects372

Having identified relationships between the spatial breadth of sampling effort and observed373

variant frequencies in our theoretical work, we now consider to what extent these patterns are374
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Figure 5: Simulations in SLiM compared to expected results under the model.
SLiM simulations were performed using a modified version of the model in Battey et al.
(2020). After simulation, samples of size n = 1, 000 (A) and n = 10, 000 (B) were taken at
varying sampling widths. Simulations shown were run using a habitat of width 75 units,
population density of 5 individuals/unit squared, and deleterious mutation rate of 10−10

per basepair per generation. Frequency spectra shown are averaged over 100 sampling
iterations. Theory parameters are directly matched to those of the simulations.

present in human genetic data. We artificially mimic sampling designs that vary in sampling375

breadth via in silico sub-sampling (n = 10, 000) individuals from the large (n = 469, 835)376

exome sequencing dataset of the UK Biobank, using sequencing data from Chromosome 1377

(Backman et al., 2021). For each mock sample, we computed the frequency spectra as well378

as derivative summary statistics (the number of variant sites and singletons, allele frequency379

for variant sites and all sites, heterozygosity, and cumulative MAF).380

We constructed samples spanning across two scales: fine-scale geographic sampling by381

birthplace within a genetically similar group (Fig. 6A-D, Fig. S16) as well as a broader382

sampling of genetic space as determined by the top two prinicipal components (Fig. 6E-383

H). On both scales, we compute distances from a center location and construct Gaussian384

samples with varying breadth, from highly localized near the centroid to fully uniform,385

adjusting for underlying heterogeneity in sampling density in UKB (Fig. S12). We label the386

resulting sampling designs A - H with A being narrowly centered on a location in Britain387

and H representing the other extreme of sampling uniformly across the full genetic space388

represented by the UKB cohort.389
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The results show patterns qualitatively similar to our theoretical predictions in that390

broader samples show higher proportions of variant sites overall as well as more variants on391

the low end of allele count (Fig. 6I-M). We find that as sampling scale becomes broader, one392

generally observes more variant sites, more singletons, and lower frequencies at variant sites,393

while mean frequency across all sites is largely insensitive to changing sampling breadth394

(as well as mean heterozygosity and cumulative MAF; Fig. 6J-M, Fig. S15). The differences395

across sampling design are larger for the putatively more deleterious loss-of-function variants,396

than for non-synoymous or synonymous variants.397

The scale of the effects is such that for samples of size n = 10, 000, moving from panel A to398

panel B leads to on average 50.68% more discovered LoF variants with a 34.97% reduction in399

the sample frequency at variant LoF sites. Moving from panel A to panel H leads to 97.90%400

more LoF variants with a 41.36% reduction in the sample frequency at variant LoF sites.401

The effects of increasing sampling scale seem to moderate after reaching scale D. The mean402

allele frequency (across all sites) varies negligibly across the sampling scales (e.g., Panel D403

vs Panel E, 1.0× 10−4 vs. 1.1× 10−4 in LoF variants; SFS in Fig. 6I).404

A deviation from theoretical predictions is that we observe a convergence of the empirical405

SFS across different sampling strategies for larger allele counts (e.g. allele counts greater than406

103; Fig. 6). We speculate this is due to the recent common ancestry of all humans, which407

has led to variants with large counts in any one population to be broadly shared on average408

(e.g., Biddanda et al., 2020), and thus such variants are plausibly less affected by sampling409

breadth.410

Discussion411

Here, we have addressed the question of how the geographic “breadth” of sampling effort412

in genetic studies impacts the discovery of rare, deleterious genetic variants using a novel413

theoretical approach. Our analysis shows how sampling affects the expected site frequency414

spectrum via both discovery and dilution effects: geographically broad samples will find a415

greater number of variants, often at ultra-rare frequencies (e.g. singletons), and with expected416

counts that decay more quickly as allele frequency increases. In contrast, geographically417

narrow samples will include fewer variants, though these variants will appear concentrated418

in the sample, often at frequencies above what they would be found in uniform samples.419

In several ways, our results echo the impacts of sampling on neutral variation: spatially420

broader samples tend to discover more variant sites overall; however, these alleles tend to421

be singletons and other low-frequency alleles (De and Durrett, 2007; Ptak and Przeworski,422

2002; Arunyawat et al., 2007; Städler et al., 2009; Battey et al., 2020; Gloss et al., 2022).423

However, using our approach we can directly account for and vary the strength of negative424

selection, and we see that this has significant effects on predicted frequency spectra (Fig. 3,425

Fig. 5, Figs. S6-S9) and summary statistics (Fig. 4) for selected alleles. In particular, our426

analysis reveals that the more deleterious a class of variants is, the smaller the spatial scale427

of their spread (ℓc) will be. In turn, we expect the effects of increasing sample breadth428

to saturate most quickly for more deleterious variants. That is, for more deleterious sites,429

the discovered alleles will be as diluted as they would be in a fully uniform sample at a430

comparatively smaller scale of sampling.431
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Figure 6: In-silico re-sampling experiments in the UK Biobank exome data.
Panels A-H depict eight sample distributions. Panels A-C depict Gaussian samples in
Geographic space (by birthplace) for individuals born in the UK and having similar genetic
ancestry (as determined by distance in PC1-PC2 space). Sampling standard deviations, in
order, are 50km, 100km, and 150km. Gaussian sampling was repeated over three center
locations (see Supplemental Fig. S16) with averages across centers shown in other panels.
Panel D depicts uniform sampling in this scheme. Similarly, panels E-H depict Gaussian
samples (of the entire dataset) centered at the median in PC1-PC2 space with standard
deviations 0.0015, 0,0025, and 0.005 units of Euclidean distance in PC1-PC2 space, with
panel H depicting uniform sampling. (I) Average sample SFS for LoF variants on
chromosome 1 across sampling distributions. (J-M) Variation in summary statistics across
sampling distributions and variant annotation. All results are averaged over ten sampling
replicates with error bars representing one standard deviation.
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An unexpected result from our theory is that expected allele frequency (and in turn432

expected heterozygosity and cumulative MAF) is approximately constant with respect to433

sampling breadth. The result appears to hold in simulations and generally across several434

annotation categories in our empirical analysis of the UK Biobank, suggesting it is a real435

phenomenon in the models and data considered here.436

Our results have important implications for two major areas of research that use observa-437

tions of rare, deleterious variants: (i) genetic association studies and (ii) evolutionary genetic438

inferences of fitness effects. In the next paragraphs, we discuss our results within these two439

contexts.440

In genetic association studies of disease phenotypes and complex traits, observed fre-441

quencies are intrinsically tied to statistical power. GWAS power is roughly linear in allele442

frequency for low frequency alleles, as x(1 − x) ≈ x for small x, and the cumulative MAF443

that impacts power in burden tests is also directly dependent on the average allele frequency.444

While many studies have considered the impact of increasing sample size on power, our re-445

sults suggest new and interesting trade-offs related to geographic sampling breadth. Broader446

samples will detect a greater number of variants due to the discovery effect – and thus ex-447

pand the space of potentially identifiable associations. However, each variant will have lower448

observed frequency (dilution) which hinders power to detect associations in single-variant449

GWAS designs. For instance, with a sample size of 10,000, our experiments show broad450

re-samples of the UK Biobank have on average 97.9% more variant sites (and 112.46% more451

singletons, for LoF variants), but 41.36% lower variant frequencies than when samples are452

narrowly concentrated (Fig. 6).453

Somewhat surprisingly, these outcomes seem to largely compensate each other. In our454

theoretical model, the compensation is perfect, and remarkably, the average allele frequency455

across all deleterious sites remains constant as a function of sampling breadth. This suggests456

sampling scale may have negligible impact on power to detect phenotypic associations.457

Such implications are tentative though – more in depth analyses of the impacts on GWAS458

and burden test power are needed which consider factors not addressed by our model (for459

instance, linkage disequilibrium patterns, corrections for population stratification, the in-460

creased rate of cryptic relatedness in narrow samples, and the effects of recent human pop-461

ulation growth). Furthermore, the question of how best to construct samples for human462

genetics research is intrinsically linked to discussions of equity and inclusion in biomedical463

research (Bustamante et al., 2011; Popejoy and Fullerton, 2016; Dolan et al., 2023). So,464

while the work here contributes insights on the impact of sampling on the SFS of discovered465

variants, we emphasize that sampling is only one element of the multifaceted challenge of466

study design in human genetics.467

A second area of research for which our results have key implications is the inference of468

fitness effects in evolutionary genetics. Many studies aim to infer the DFE from the fre-469

quencies of observed variants of different classes (Williamson et al., 2005; Boyko et al., 2008;470

Gutenkunst et al., 2009; Kim et al., 2017). Such studies often focus on the population-scaled471

selection coefficient (commonly, Ns) as the parameter of interest. Empirically, population472

genetic samples are typically taken from one or a few distinct locations, yet are modeled as473

a random sample from the total population. Our results imply that this practice will lead474

to biases in the inference of selection coefficients which will tend towards under-estimating475

the strength of negative selection.476

17

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted January 29, 2025. ; https://doi.org/10.1101/2024.12.02.626424doi: bioRxiv preprint 

https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/


Specifically, we expect that sampling narrowly from a particular location will lead to477

artificially high (or “concentrated”) frequencies of deleterious variants (e.g. observe how478

the frequency spectra becomes flatter for more narrow samples; Fig. 3A,B). In terms of our479

theory, this corresponds to our result that for spatially concentrated sampling, the effective480

selection intensity, γE, can be substantially less than Ns (e.g. orders of magnitude lower481

within our test settings; Fig. 2). Thus, the frequencies used in the inference framework will482

be higher than expected under random mating, leading to biased estimates of s. This bias483

is likely to be most prominent for alleles under stronger selection, as the deviation of γE484

from Ns will be larger (Fig. 2). We also expect to see a downward bias in the inferred485

variance of the DFE for spatially concentrated samples: estimates for variants with stronger486

fitness effects will be biased more strongly than those with weak effects, leading to an overall487

reduction in variability among inferred effects.488

For both of these downstream applications, another relevant finding from our model is489

that the magnitude of effect of sampling width on allele frequencies and summary statistics490

is highly dependent on the sample size (Fig. 3, Fig. 4B, Fig. S5). Thus, as sample sizes491

in genetics continue to grow towards millions of individuals, we may expect the impact of492

sampling breadth to become more evident.493

The most important caveat of our work is that we analyzed a highly abstract model of494

a spatial population and sampling effort. While we define sampling and spatial dynamics495

under our model in relatively simple terms aimed to help refine one’s thinking about this496

problem, the realities of study designs and demography are far more complex. For instance,497

our model assumes that there are no boundaries on where carriers can disperse and as a498

result, no “boundary effects” are present. Additionally, our simple model of migration via499

local diffusion does not account for repeated layers of long-range dispersal events which500

are plausibly frequent in human and non-human populations. As a result, a geographically501

“narrow” sample in real data (e.g. sampling a city like London) may not truly be “narrow” in502

the sense of our model. We have also not considered various departures from equilibrium such503

as variable patterns of recent population growth, recent admixture from diverged lineages504

(e.g. archaic hominids), and recent origins from a shared ancestral population (e.g. shared505

African origins of humans). Thus, especially for settings beyond the UKB, the relevance of506

these more complex factors should be kept in mind.507

Overall, in real studies of populations of humans or other organisms, the patterns of508

movement and of sampling may greatly deviate from what we investigated here. Nonethe-509

less, the general alignment of our empirical and theoretical results suggest the real-world510

importance of our results for interpreting the outcomes of existing studies and designing511

future ones.512
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1 Supplemental Information519

1.1 Extended theoretical methods520

Here, we provide a detailed description of our theoretical methods. We model the move-521

ment, reproduction, and death of the carriers of a rare deleterious allele. These carriers are522

generated by mutations in a much larger population of wild-type individuals. By explicitly523

modeling only the rare carriers, we can approximate the evolution of their spatial distribu-524

tion as a superprocess. We use the recent results of Friesen (2023) to find the equilibrium525

moment generating functional of the spatial distribution of deleterious alleles at mutation-526

selection-migration-drift balance.Then, we apply a model of spatial sampling to compute the527

expected site frequency spectra for varying spatial sampling schemes.528

In the following, we will assume that all parameters (i.e., population density, mutation529

rate, selection coefficient, and dispersal diffusion coefficient) are spatially and temporally530

homogeneous. It is straightforward to specify a more general model and to apply the same531

procedure we outline below to calculate its site frequency spectra. However, the numerical532

calculations become significantly more complicated. Therefore, we focus on getting intuition533

from the scaling results in the homogeneous case and leave generalizations to future work.534

1.1.1 Population genetic model535

We consider a population of organisms living in a habitat H. Here we will focus on536

2−dimensional continuous habitats, so that H ⊂ R2, but most of the theory applies to537

more general habitats. For simplicity, in our numerical calculations we will use a toroidal538

habitat of length L, i.e., H = [0, L]2 with periodic boundary conditions. Let ρN be the539

population density measure so that the number of individuals living in a region A ⊂ H is540

given by N(A) =
∫
A
ρN(x⃗)dx. The total population size is N ≡

∫
H
ρN(x⃗)dx. We assume541

that ρN is large and stably maintained by ecological forces so that we can neglect random542

fluctuations in population density due to migration, births, and deaths.543

We are interested in tracking the number and spatial distribution of carriers of a rare544

deleterious variant with fitness cost s > 0. We will restrict ourselves to the weak-selection545

regime, s ≪ 1. With this assumption, carriers of the deleterious allele have 1 − s offspring546

on average, compared to 1 for non-carriers. By focusing on rare alleles, we can neglect547

dominance effects because homozygous carriers should make up a negligible fraction of the548

carriers. We assume that wild-type alleles undergo mutation to the deleterious allele at549

rate µ per generation per individual. Thus, we model the influx of de novo mutations as a550

Poisson point process with intensity µρN(x⃗). This approximation neglects the reduction in551

the mutation supply due to the fact that some fraction of the ρN might already carry the552

mutation. However, if µ ≪ s, the effect of selection dominates the resulting reduction in553

mutation supply and we can neglect it. We will similarly neglect back-mutation from the554

mutant to the wild-type.555

For mathematical tractability, we will assume that carriers of the deleterious allele repro-556

duce, die, and move about the habitat independent of one another and of the background of557

wild-type individuals. This assumption is justified as long as the deleterious allele remains558

rare. Given the rare-allele assumption, we model the movement of an individual carrier559
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as a continuous-time Markov process on H with infinitessimal generator σ2∇2 (i.e., trans-560

lation invariant, isotropic diffusion), independent of the positions of other carriers. This561

simplification is similar to Haldane’s branching process approximation to the Wright-Fisher562

process (Haldane, 1927), and has since been applied in spatial population genetic modeling563

(for instance, Novembre and Slatkin, 2009).564

In a continuous habitat we need to choose a suitable definition of ‘rare’ that accounts for565

spatial variation in the mutant frequency. To wit, let σ be the average distance an individual566

will move in one generation (more formally, the root mean squared difference between parent567

and offspring birth locations). We assume that the number of carriers in a ball Bσ(x⃗) with568

radius σ about any point x⃗ ∈ H is small compared to N (Bσ(x⃗)), Wright’s neighborhood size569

(Wright, 1946). As σ is the shortest length scale in the model, it is reasonable to assume570

that fluctuations in allele frequency at distances shorter than this scale will be short-lived571

and not contribute to the long-term evolution of the population.572

Having defined the mutational process by which carriers are generated and the migration573

process by which they move around the habitat, it remains to define the mechanism by which574

they die and reproduce. Consistent with our assumption that carriers behave independently,575

we will model reproduction as a continuous-state branching process. Combining this with576

our Markov process for movement yields a superprocess model of the evolution of the spatial577

distribution of carriers (Watanabe, 1968; Dawson, 1993). For overviews of superprocesses578

and their properties, see Le Gall (1999); Etheridge (2000). If we add an influx of particles579

according to the mutational point process with intensity µρN , we have a superprocess with580

immigration (Kawazu and Watanabe, 1971). (Confusingly, in the superprocess literature,581

our mutation process is called “immigration” and the migration process is sometimes called582

“mutation”.) We now define this process and then give the main result (Eqs. 10–12) needed583

to calculate sample properties.584

A superprocess {Zt} is a measure-valued random process. That is, {Zt} is a set of585

measures on the habitat H indexed by time, t. Measures are defined by how they integrate586

functions over their domain. Accordingly, we introduce the inner product ⟨Z, f⟩ ∈ R, defined587

as:588

⟨Z, f⟩ =
∫
H

f(x⃗)dZ(x⃗), (7)

where Z is a finite measure on H, and f : H → R is a measurable function on H (Le Gall,589

1999). The probability distribution of a superprocess at time t is characterized by its moment590

generating functional (MGF), Φt, defined as:591

Φt[f ] = E [exp (⟨Zt, f⟩)] . (8)

Just as the derivatives of the moment generating function of a random variable gives its592

moments, the functional derivatives of Φt with respect to f give moments of the inner593

product ⟨Zt, f⟩.594

In our model, Zt measures the number of carriers in a region of space. For a region595

A ⊆ H, we define an indicator function IA(x⃗) = 1 for x⃗ ∈ A and zero otherwise, so that:596

⟨Zt, IA⟩ = # of carriers in A, and ⟨Zt, IH⟩ = total # of carriers. (9)

By analogy, ⟨Zt, f⟩, for an arbitrary non-negative f , gives the counts of carriers according597

to their positions by the weighting function f .598
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Friesen (2023) has recently shown that subcritical superprocesses (i.e., ones where the599

measure decays exponentially) with immigration tend to a stationary distribution, subject to600

various technical conditions. In particular, for our process with mutational supply intensity601

µρN , diffusion coefficient σ2, and selection coefficient s,602

lim
t→∞

Φt[f ] = Φ[f ] ≡ exp

(∫ ∞

0

⟨µρN , ut⟩ dt
)
, (10)

where ut is the solution to the semilinear PDE:603

∂

∂t
ut(x⃗) = σ2∇2u− su+ u2, (11)

subject to initial condition:604

u0(x⃗) = f(x⃗). (12)

The function u does not have a direct biological interpretation, though its associated PDE605

incorporates several features of the evolutionary process (including selection and drift).606

The stationary MGF, Φ, completely characterizes the counts and spatial distribution of607

carriers of the deleterious alleles of a population at steady-state. These patterns are due608

to the balance between the forces of mutation, selection, genetic drift, and migration. In609

the rest of this section, we will show how Eq. 10 can be used to calculate the expected site610

frequency spectrum for a spatially localized sample from the population.611

1.1.2 Spatial sampling the allele frequency distribution612

We now connect the superprocess model of allele frequencies to the site frequency spectrum613

of a finite sample. We are interested in geographically biased samples, where the probability614

that an individual is sampled depends on its location according to a sampling density. Let615

the kernel function g(·) be the shape of the sampling density so that
∫
H
g(x)dx = 1. To616

capture the effect of broad versus narrow sampling, we will consider sampling kernels with617

a scale parameter w, which represents the typical distance between sampled individuals. In618

particular, for sampling on a torus, we will use a bivariate wrapped Gaussian sampling kernel619

with standard deviation w.620

Note that the sampling density is a measure of the a priori sampling effort across space,621

rather than the realized locations of sampled individuals. In the following, we assume that622

we do not have access to the locations of our sampled individuals. However, this framework623

could be extended to consider the joint statistics of samples taken from multiple known624

locations.625

We define the expected value of the k’th element of the site frequency spectrum (SFS) as626

the expected fraction of sites with k copies of the deleterious allele (ξ
(n)
k = E[Pr(K = k)]).627

Assuming that the samples are taken independently from the population with replacement,628

the number of copies of the deleterious allele is the sum of n Bernoulli trials with a random629

probability of success:630

ξ
(n)
k = E

[(
n

k

)
P k(1− P )n−k

]
, (13)
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where P is a random variable representing the probability any particular sampled allele is631

deleterious.632

The distribution of P depends on (1) the locations of carrier individuals characterized by633

the superprocess Z, and (2) the probability that we sample a carrier given its location. For634

a sample taken uniformly from a region A ⊆ H, P is the fraction of carriers in A:635

P (A) =
# of carriers in A

total # of individuals in A
=

⟨Z, IA⟩
N(A)

. (14)

If, instead, the sample is taken by choosing among a countable set of regions {Ai} ac-636

cording to probabilities {gi} and then sampling uniformly within the chosen region,637

P =
∑
i

gi
⟨Z, IAi

⟩
N(Ai)

=

〈
Z,
∑
i

giIAi

N(Ai)

〉
, (15)

where the second equality uses the linearity of inner products. Taking the limit that sampling638

probabilities vary continuously according to a localized sampling density, we have639

P →
〈
Z, ρ−1

N g(·)
〉
, (16)

so that the sampling probability is an inner product of the random measure Z with the640

population-scaled sampling density.641

Therefore, using Eqs. 8, 10, and 16, the moment generating function of P at steady-state642

is given by643

MGFP (z) ≡ E [exp (zP )]

= lim
t→∞

E
[
exp

(〈
Zt, ρ

−1
N g(·)

〉)]
= Φ

[(
z

ρN

)
g(·)
]

(17)

= exp

(∫ ∞

0

⟨µρN , ut⟩ dt
)
, (18)

= exp

(
µρN

∫ ∞

0

∫
H

u(x⃗, t)d2x⃗dt

)
, (19)

where ut solves Eq. 11 with initial condition644

u0(x⃗) =

(
z

ρN

)
g(x⃗). (20)

In the following sections, we will use these equations to solve for key properties of the645

distribution of P in order to evaluate the SFS per Eq. 13.646

1.1.3 Moments of the allele frequency distribution647

Here, we aim to calculate the log of the MGF of P by way of Eq. 19. We consider a648

habitat H = [−L/2, L/2]2 (for L ∈ R) with periodic boundary conditions. For mathematical649
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convenience, we will work in Fourier space. First, we take a Fourier transform of u(x⃗, t) over650

both time and space:651

û(ν⃗, ω) ≡
∫ ∞

0

∫
H

u(x⃗, t)exp

(
−2πi

(
ν⃗ · x⃗
L

+ ωt

))
d2x⃗

L2
dt (21)

where ω ∈ R (temporal frequency) and ν⃗ ∈ Z2 (spatial frequency). Applying the same652

transformation to the PDE in Eq. 11 gives:653 (
2πiω +

(
2πσ

L
ν⃗

)2

+ s

)
û = û ∗ û+

z

ρN
ĝ(ν⃗). (22)

It then follows from Eqs. 19 and 21 that:654

logMGFP (z) = µρNL
2û(⃗0, 0), (23)

and as such we aim to solve for the value of û at the origin.655

To proceed, we calculate a perturbative expansion of û in powers of z, up to the second656

order:657

û = zû1 + z2û2 +O(z3). (24)

Substituting into Eq. 22 gives:658

û1 =

(
2πiω +

(
2πσ

L
ν⃗

)2

+ s

)−1
1

ρN
ĝ(ν⃗) (25)

and659

û2 =

(
2πiω +

(
2πσ

L
ν⃗

)2

+ s

)−1

(û1 ∗ û1) . (26)

Evaluating at the origin, we have:660

û1(⃗0, 0) =
ĝ(⃗0)

sρN
=

1

sρNL2
(27)

and661

û2(⃗0, 0) = s−1 (û1 ∗ û1) (⃗0, 0) (28)

= s−1
∑
ν⃗

∫ ∞

−∞

1

(2πω)2 +
((

2πσ
L
ν⃗
)2

+ s
)2dω

 ĝ(ν⃗)ĝ(−ν⃗)

ρN 2
(29)

=
1

2s2ρN 2

∑
ν⃗∈Z2

ĝ(ν⃗)ĝ(−ν⃗)(
2πℓc
L

ν⃗
)2

+ 1
, (30)

where the last line introduces the critical distance ℓc =
√

σ2

s
. We refer to this value as the662

characteristic length scale (see section 3.1 in the main text).663
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From here, we can calculate the mean and variance of P . We find that the mean allele664

frequency is independent of the sampling scheme:665

E[P ] =
d

dz
MGFP

∣∣
z=0

(31)

= µρNL
2û1(⃗0, 0) (32)

=
µ

s
. (33)

On the other hand, the variance is given by:666

V[P ] = 2µρNL
2û2(⃗0, 0) (34)

=
µ

s2ρNL2

∑
ν⃗∈Z2

L4ĝ(ν⃗)ĝ(−ν⃗)(
2πℓc
L

ν⃗
)2

+ 1
, (35)

and so is dependent on the sampling kernel g(·). If sampling is uniform over the habitat,667

ĝ(ν⃗) = L−2δν⃗ . Thus,668

V[P ] =
µ

s2ρNL2
=

µ

s2N
. (36)

On the other hand, if sampling follows a wrapped normal distribution with scale w,669

V[P ] =
µ

s2ρNL2

∑
ν⃗∈Z2

exp
(
−
(
2πw
L
ν⃗
)2)(

2πℓc
L

ν⃗
)2

+ 1
. (37)

For w ≳ L, the numerator of the sum falls off rapidly with |ν⃗| and we converge to the670

uniform sampling result. For ℓc ≫ L, the denominator grows large for |ν⃗| > 0 and we again671

converge to the uniform sampling result. For w, ℓc ≪ L, we can approximate the sum with672

an integral:673

V[P ] ≈ µ

s2ρN

∫
R2

exp
(
−
(
2πw
L
ν⃗
)2)(

2πℓc
L

ν⃗
)2

+ 1

d2ν⃗

L2
(38)

=
µ

s2ρN4πℓ2c
exp

(
(w/ℓc)

2)E1

(
(w/ℓc)

2) . (39)

For w ≫ lc, this is approximately µ/(s2ρN4πw
2), which implies that we converge to the674

uniform sampling result when w ≈ L/(2
√
π) ≈ 0.3L. For w → 0, the expression diverges as675

we integrate over very large frequencies, which correspond to very small length scales where676

our model breaks down. We can remedy this by imposing a cutoff on |ν⃗|. The smallest677

length scale our model can sensibly talk about is σ, the per-generation dispersal distance.678

Thus, a reasonable cutoff is |ν⃗| = L/σ.679

We validate these expressions by comparing results for E[P ] and E[P 2] in simulations to680

their respective values under the model, and find a close correspondence (Fig. S4). Addi-681

tionally, as the sampling width approaches the habitat width in the simulations, values of682

E[P 2] approach expected values under uniform sampling, as expected.683
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1.1.4 Effective parameters and the sample SFS684

Having calculated the first two moments of P , we will now use them to approximate the full685

distribution of P and use this to calculate the SFS of a sample of finite size. We will assume686

that P approximately follows a Gamma distribution whose parameters we can calculate687

from the first two moments. If sampling is uniform over the habitat, it can be shown that688

this holds exactly (see section 1.1.6), and we show via simulation that this assumption is689

reasonable for non-uniform sampling as well (Figs. S2 and S3). Thus, we assume P follows:690

P ∼ Gamma(θE, γE), (40)

and we will refer to the shape and rate parameters, θE and γE, as the effective mutation691

supply and effective selection intensity, respectively. The motivation behind these names692

will be clarified by their derivation.693

We derive the form of these parameters for both the uniform sampling and wrapped694

normal sampling cases using the method of moments applied to previous results (Eqs. 33-695

39). When sampling is spatially uniform, we have:696

θE =
µ2/s2

µ/(s2N)
= µN, (41)

and697

γE =
µ/s

µ/(s2N)
= sN. (42)

When sampling follows a wrapped normal distribution with scale w, we have:698

θE =
µ2/s2

(µ/(s2ρN4πℓ2c))exp
(
(w/ℓc)

2)E1

(
(w/ℓc)

2)
= µ

4πρNℓ
2
c

exp((w/ℓc)2)E1((w/ℓc)2)
(43)

= µρNℓ
2
cλ, (44)

where:699

λ ≡ 4π

exp((w/ℓc)2)E1((w/ℓc)2)
. (45)

Similarly, we have:700

γE =
µ/s

(µ/(s2ρN4πℓ2c))exp
(
(w/ℓc)

2)E1

(
(w/ℓc)

2)
= s

4πρNℓ
2
c

exp((w/ℓc)2)E1((w/ℓc)2)
(46)

= sρNℓ
2
cλ. (47)

The compound scale factor λ (which we refer to as the sampling effect scalar) captures701

all spatial sampling aspects of the problem.702
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To summarize, we define the distribution of P for the uniform sampling case as:703

P ∼ Gamma(µN, sN), (48)

and for the wrapped Normal case as:704

P ∼ Gamma(µρNℓ
2
cλ, sρNℓ

2
cλ). (49)

For a sample of n haploid genomes, let K ∈ {0, . . . , n} be a random variable representing705

the number of sampled copies of the deleterious allele in the focal site. Recall from Eq. 13706

that the number of copies of the deleterious allele is the sum of n Bernoulli trials with707

probability of success P , or equivalently, K ∼ Binom(n, P ). For large n and small P , this708

is approximately K ∼ Pois(nP ). Then, from properties of Gamma-Poisson mixtures, allele709

counts in a finite sample of size n follow:710

K ∼ NegBin

(
µN,

sN

sN + n

)
, (50)

for the uniform sampling case, and:711

K ∼ NegBin

(
µρNℓ

2
cλ,

sρNℓ
2
cλ

sρNℓ2cλ+ n

)
, (51)

for the wrapped Normal sampling case. We can use these distribution to calculate elements712

of the SFS as:713

ξ
(n)
k ≡ Pr{K = k}. (52)

The remainder of the results follow from these expressions.714

1.1.5 Derivation of summary statistics715

Having derived the form of the SFS, we can now obtain expressions for various population716

genetic summary statistics. We will show explicit derivations only in the case of wrapped717

Normal sampling, for brevity, though similar derivations can be obtained easily for the718

uniform sampling case. First, we consider the expected proportion of variant sites in a719

sample, or equivalently the probability that a particular allele segregates in a sample of size720

n. This follows from Eq. 51:721

Pr{K > 0} = 1− Pr{K = 0}

= 1−
(

γE
γE + n

)θE

(53)

Mean allele frequency is invariant to the scale of sampling:722

E
[
K

n

]
=

1

n
· θE · n

γE + n
· γE + n

γE

=
θE
γE

=
µ

s
, (54)
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though the mean frequency of non-monomorphic alleles does vary according to the sampling723

design. We obtain an expression for the conditional mean as follows:724

E
[
K

n

∣∣∣∣K > 0

]
=

1

n

∑
k

k
Pr({K = k} ∩ {K > 0})

Pr{K > 0}

=
E[K/n]

Pr{K > 0}

=
µ/s

1−
(

γE
γE+n

)θE . (55)

Heterozygosity is defined as the probability that two alleles are different from one another,725

and so it follows from the distribution of P rather than the SFS. Accordingly, we calculate726

expected heterozygosity as follows, using Eq. 40:727

E[2P (1− P )] = 2E[P ]− 2
[
V[P ] + E[P ]2

]
(56)

=
2θE
γE

[
1−

(
1− θE
γE

)]
. (57)

We calculate cumulative MAF, which is informative of burden test power, following the728

definition of Wang et al. (2014). In the context of our theoretical results, this has the form:729

MAFcumulative = 1−
2N∏
i

(
1− i

n

)L·ξi
, (58)

where ξi is the expected number of variants at count i per basepair and L is the length of730

the genomic region (bp).731

We note that this expression for cumulative MAF is approximately proportional to the
expected per-site allele frequency and heterozygosity. To see this, we first express the cumu-
lative MAF in terms of E[P ], for small i/n and small LE[P ]:

1−
n∏
i

(
1− i

n

)L·ξi
= 1− exp

(
ln

(
n∏
i

(
1− i

n

)L·ξi
))

= 1− exp

(
n∑
i

ln

(
1− i

n

)L·ξi
)

= 1− exp

(
L

n∑
i

ξiln

(
1− i

n

))

≈ 1− exp

(
−L

n∑
i

ξi
i

n

)
≈ 1− exp(−LE[P ])

≈ 1− (1− LE[P ])

≈ LE[P ].
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For small E[P ], we have an expected heterozygosity of approximately 2E[P ]. This implies732

that the cumulative MAF is approximately proportional to expected heterozygosity, with733

cumulative MAF being larger by a factor of L/2.734

1.1.6 Exact solution for the uniform sampling case735

Here, we provide an exact derivation of the distribution of P when sampling is uniform,736

providing motivation for our approximation that P is approximately Gamma-distributed737

more generally. Eq. 11 is a nonlinear parabolic PDE and can not be solved in closed form for738

general initial conditions. However, if we sample uniformly over the habitat, u0(x) becomes739

constant and ∇2u = 0, yielding a Bernoulli ODE for u, which we can solve exactly. Note that740

in our model, uniform sampling is equivalent to sampling from a panmictic population. This741

is because we are focused on rare alleles, which are assumed not to interact. For common742

alleles, local fixation changes the dynamics qualitatively and breaks this equivalence.743

For uniform sampling, g(x) = 1/L2, and the spatial derivative term vanishes so that744

Eqns. 11, 19, and 20 become:745

d

dt
u = −su+ u2 (59)

MGFP (z) = exp

(
µN

∫ ∞

0

u(t)dt

)
(60)

u(0) =
z

ρNL2
=

z

N
(61)

At this point, we could solve Eq. 59 directly. Instead, we will motivate our approach to746

the non-uniform sampling case by finding a power series solution for u: u(t) =
∑∞

k=0 z
kuk(t).747

Substituting into Eq. 59 and organizing the terms by powers of z, we can generate an infinite748

sequence of ODEs for the terms {uk}. Starting with k = 0, we have749

d

dt
u0 + su0 = u2

0, (62)

with initial condition u0(0) = 0. This has the trivial solution u0 = 0.750

For k > 0, we have751

d

dt
uk + suk =

k−1∑
ℓ=1

uℓuk−ℓ (63)

uk(0) =

{
1
N
, k = 1

0, otherwise.
(64)

Each equation in the hierarchy is a first-order linear ODE with a forcing term that depends752

only on the solutions to lower-order terms.753

Then it can be shown by induction that for all k ≥ 1, the following holds:754

uk = N−k

(
1− e−st

s

)k−1

e−st. (65)
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Then, by property of a geometric series:755

u(t) =
∞∑
k=0

zkuk =
z
N
e−st

1− z
sN

(1− e−st)
. (66)

Substituting into equation Eq. 61 gives:756

logMGFP (z) = µN

∫ ∞

0

z
N
e−st

1− z
sN

(1− e−st)
dt (67)

= −µN log
(
1− z

sN

)
, (68)

and so:757

MGFP (z) =
(
1− z

sN

)−µN

. (69)

Thus, P follows a Gamma distribution with rate sN and shape µN , which is consistent758

with predictions from classical population genetic models (Wright, 1940; Kimura and Ohta,759

1978). Moreover, this foreshadows our results that the form of the SFS is determined by two760

compound parameters representing selection and mutation, respectively.761

1.2 Extended simulation methods762

Here, we provide details on our simulation methods. All simulation code and associated763

scripts are available at: https://github.com/NovembreLab/spatial rare alleles.764

1.2.1 Spatial branching process simulations765

Our first set of simulations is based on a branching process framework and aligns closely766

with our theoretical model. The habitat is a square of length L with periodic boundary767

conditions. Consistent with our theoretical model, carriers appear de novo with rate µ · ρN ,768

give birth with rate 1− s, and die at rate 1. Between events, dispersal of individuals occurs769

according to a Gaussian distribution with variance σ2t where t is the time between events.770

We sample alleles at random times at rate r, according to a wrapped Gaussian sampling771

kernel with scale parameter w. We implement these simulations via the Gillespie algorithm772

(Gillespie, 1977). For computational efficiency, we implement a form of pseudo-replication in773

that for each simulation, we sample 100 evenly-spaced sampling centers within the habitat.774

Each simulation runs for 10 million generations.775

Initially, we use these simulations to confirm that a negative binomial PMF provides776

a good fit to the simulated SFS via the method of moments (Fig. S2-S3). The ouput of777

each simulation is a vector of sampled values of P , which we use to calculate the first two778

moments of the allele frequency distribution: E[P ] and E[P 2] (Fig. S4). Having computed779

these moments, we can then calculate the key parameters of the expected SFS under our780

model (equivalently to Eq. 44 and Eq. 47:781

θE =
E[P ]2

V [P ]
, (70)
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and782

γE =
E[P ]

V [P ]
. (71)

We can then use ratios between these terms to compute the λ parameter.783

1.2.2 SLiM simulations784

Our second set of simulations implements a previously developed spatial model (Battey785

et al., 2020) in SLiM (Haller and Messer, 2019). All conditions are the same as in Battey786

et al. (2020) except that all variants are deleterious with some selection coefficient. For each787

selection coefficient and sample size of interest, we run 50 replicates of the simulation in788

a square habitat 75 units wide with a population density of 5 for a genome of length 100789

Mbp and mutation rate 1× 10−10 per base pair per generation. For each simulation run, we790

sample individuals according Gaussian (with varying width) or uniform distributions and791

obtain the sample SFS. We then average over 100 sampling iterations for each width.792

The model from Battey et al. (2020) includes several factors that are not modeled in our793

theory or branching process simulations. For instance, their model includes non-toroidal794

boundary conditions, with the probability of individual survival declining near range edges795

to avoid upward biases in fitness. A particularly notable difference in the two models is796

the definition of the parent-offspring distribution. In our model, individuals disperse away797

from their location of origin (which is a single point) at root mean squared distance σ per798

generation. Under the Battey et al. (2020) model, individuals arise as the offspring of two799

parents, and dispersal occurs from each parent 50% of the time. This results in a constant800

scalar difference in all spatial parameters between the Battey et al. (2020) model and ours801

(under our simulation parameters, this scalar works out to 4.08). However, we find that802

since both w and σ parameters in our model are scaled by this factor, it cancels out of w/ℓc803

and thus λ as well as ρℓ2c . As a result, estimates of θE and γE (and thus, all downstream804

results) are not changed affected by this difference. We note that time-scales for mutation805

are the same between models (per-generation).806

1.3 Extended empirical methods807

Here, we provide additional detail on our empirical methods. Scripts are available at:808

https://github.com/NovembreLab/spatial rare alleles. Additional source code is available809

upon request.810

1.3.1 Sampling importance resampling algorithm and implementation811

A key step in our empirical analysis is to construct samples within the UK Biobank having812

Gaussian or uniform distribution. Here, we provide detail on the sampling procedure used.813

For samples of individuals in geographic (birthplace) space, we first filter the data to814

individuals passing QC (per UK Biobank metrics Bycroft et al., 2018), born in the UK,815

with coordinates available, and having Euclidean distance within 0.0001 of the median cen-816

troid in PC1-PC2 space. We then calculate binned frequencies of birthplaces in discretized817

geographic space (20x20 grid).818
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For uniform samples, we assign weights that are inversely proportional to the frequency819

of individuals in the bin in which an individual lies. For Gaussian samples, we compute820

distance per-individual from one of three pre-selected center points (located centrally within821

a bin) and assign weights according to a Gaussian density with standard deviation w, divided822

by the binned frequency as used in the uniform weight calculation. Centers were chosen to823

avoid known urban or otherwise high-density areas (to avoid model mis-specification) and824

such that center locations had sufficient individuals in the nearby region as to avoid extreme825

re-sampling of individuals. For samples in PCA space, this process is identical except that826

we use all individuals passing QC, construct the 20x20 grid over PC1-PC2 space, and only827

use one center point (which corresponds to the bin including the median value). All weights828

are normalized to sum to one.829

Then, using custom scripts, for each set of weights we sample sets 10, 000 individuals with830

replacement. As a result of the weighting scheme used and this sampling step, the birthplace831

locations/PC1-PC2 coordinates for each sample match either a uniform distribution or a832

Gaussian distribution with weight w, as intended (see, for instance, Fig. S16). We then833

compute and output the SFS for each sample.834

1.3.2 Calculation of summary statistics835

Having outputted the SFS, we then use it to compute various summary statistics. The836

number of variant sites, number of singletons, average variant frequency, and average het-837

erozygosity were all calculated using standard formulas. We note that cumulative MAF was838

calculated following the definition of Wang et al. (2014) using the below formula:839

MAFcumulative = 1−
2∏
i

n

(
1− i

n

)xi

(72)

where xi is the number of alleles at count i in the empirical SFS.840

All results shown are averaged over ten sampling replicates each, and values are reported841

per-kb as appropriate. Additionally, metrics for samples within geographic (birthplace) space842

are averaged over each of the three sampling centers.843
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2 Supplemental Figures844
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Figure S1: Visualization of a Gaussian sampling kernel on a square habitat of size L× L.
Values of w are, ranging from “narrow” to “broad”.
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Figure S2: Simulated frequency spectra (x’s) with sample size n = 10, 000 for a range of
selection coefficients. Dashed lines indicate a negative binomial PMF fit to simulation
results via the method of moments. Solid lines indicate theoretical expectation. Other
model and simulation parameters include: σ = 10, ρ = 20, L=1,000, and µ = 1e− 9.
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Figure S3: Simulated frequency spectra (x’s) with sample size n = 500, 000 for a range of
selection coefficients. Dashed lines indicate a negative binomial PMF fit to simulation
results via the method of moments. Solid lines indicate theoretical expectation. Other
model and simulation parameters include: σ = 10, ρ = 20, L=1,000, and µ = 1e− 9.
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Figure S4: Theory and simulation results for the first and second moments of P over a
range of sampling widths and selection coefficients. Dashed line shows expectation under
uniform sampling, while other markers indicate wrapped Gaussian sampling. Other model
and simulation parameters include: σ = 10, ρ = 20, L=1,000, and µ = 1e− 9.

33

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted January 29, 2025. ; https://doi.org/10.1101/2024.12.02.626424doi: bioRxiv preprint 

https://doi.org/10.1101/2024.12.02.626424
http://creativecommons.org/licenses/by/4.0/


100 101 102

Allele count

10 16

10 14

10 12

10 10

10 8

10 6

10 4

10 2

100

Ex
pe

ct
ed

 p
ro

po
rti

on
 o

f s
ite

s
n=100, s=0.01

w=46
w=100
w=215
Uniform

Theory
Simulation

100 101 102

Allele count

10 16

10 14

10 12

10 10

10 8

10 6

10 4

10 2

100

Ex
pe

ct
ed

 p
ro

po
rti

on
 o

f s
ite

s

n=1000, s=0.01

w=46
w=100
w=215
Uniform

Theory
Simulation

100 101 102

Allele count

10 16

10 14

10 12

10 10

10 8

10 6

10 4

10 2

100

Ex
pe

ct
ed

 p
ro

po
rti

on
 o

f s
ite

s

n=10000, s=0.01

w=46
w=100
w=215
Uniform

Theory
Simulation

100 101 102

Allele count

10 16

10 14

10 12

10 10

10 8

10 6

10 4

10 2

100

Ex
pe

ct
ed

 p
ro

po
rti

on
 o

f s
ite

s

n=100000, s=0.01

w=46
w=100
w=215
Uniform

Theory
Simulation

Figure S5: Expected site frequency spectrum from theoretical model and branching
process simulations for increasing sample size (left to right). Other model and simulation
parameters include: σ = 10, ρ = 20, L=1,000, and µ = 1e− 9.
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Figure S6: Expected site frequency spectrum from theoretical model and branching
process simulations for stronger (left) and weaker (right) selection. Other model and
simulation parameters include: σ = 10, ρ = 20, L=1,000, and µ = 1e− 9.
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Figure S7: Expected site frequency spectrum from theoretical model and branching
process simulations for stronger (left) and weaker (right) selection. Other model and
simulation parameters include: σ = 10, ρ = 20, L=1,000, and µ = 1e− 9.
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Figure S8: Ratio between theoretical SFS values in a sample of width w vs. uniform
sampling for stronger (left) and weaker (right) selection. Other model and simulation
parameters include: σ = 10, ρ = 20, L=1,000, and µ = 1e− 9.
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Figure S9: Ratio between theoretical SFS values in a sample of width w vs. uniform
sampling for stronger (left) and weaker (right) selection. Other model and simulation
parameters include: σ = 10, ρ = 20, L=1,000, and µ = 1e− 9.
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Figure S10: Expected heterozygosity and cumulative MAF (per kb) from theory. Inplots
shown, σ = 10, ρN = 20, and µ = 1e− 9.
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Figure S11: Summary statistics, as in Fig. 4, as a function the scaled sampling width
w/ℓc. Dashed lines represent theoretical expectation under uniform sampling. Inplots
shown, σ = 10, ρN = 20, and µ = 1e− 9.
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Figure S12: Counts of individuals in the UK Biobank included in empirical analyses over
discretized geographic (left) and genetic (right) space. Each grid has dimensions 20x20
with equal-sized bins.
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Figure S13: Site frequency spectra for sampling distributions as depicted in Fig. 3 across
three variant classes.
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Figure S14: Site frequency spectra for narrowest (A) and broadest (H) sampling
distributions across all three variant classes.
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Figure S15: Mean heterozygosity (left) and cumulative MAF (per kb; right) as calculated
from UKB re-samples.
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Figure S16: Visualization of sampling distributions in geographic space across three
center points and values of w (as well as the uniform distribution).
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