iIScience

Mechanism analysis of microwave radiation

generated by transverse magnetized plasma excited

by electron beam

Graphical abstract

Comparative analysis of the
dispersion relationship of
microwave radiation
generated by electron beams
and transverse magnetized
plasma using perturbation
method, field matching
method, and numerical
simulation method,
respectively

dispersion relation (perturbational method)

50 100 150 200
K
1.0"10°mis

field-matching method

Ekvim)

0 12
Timeins

Simulation analysis

Correspondence
gs59519829@126.com

Highlights

e Derived the dispersion relationship of transverse magnetized

plasma microwave

e Comparative analysis of dispersion curves derived by

different methods

e Analysis of the influence of different parameters on

dispersion curve

Gao et al., 2024, iScience 27, 111031
December 20, 2024 © 2024 The Author(s). Published by Elsevier Inc.

https://doi.org/10.1016/j.isci.2024.111031

S. Gao, J.X. Liu, J.K. Zhang

Natural sciences; Physics;
Electromagnetics

¢? CellPress


mailto:gs59519829@126.com
https://doi.org/10.1016/j.isci.2024.111031
http://crossmark.crossref.org/dialog/?doi=10.1016/j.isci.2024.111031&domain=pdf

iIScience

¢? CellPress

OPEN ACCESS

Mechanism analysis of microwave radiation
generated by transverse magnetized
plasma excited by electron beam

S. Gao,"%* J.X. Liu," and J.K. Zhang'

1School of Electrical and Information, ChangZhou Institute of Technology, ChangZhou 213032, China

2| ead contact
*Correspondence: gs59519829@126.com
https://doi.org/10.1016/j.isci.2024.111031

SUMMARY

This article establishes a physical model of the interaction between surface electron beams and plasma with
a transverse magnetic field. The dispersion relationship between electron beam and transverse magnetized
plasma interaction was derived using perturbation method and field matching method, respectively. We
studied the effects of magnetic field, plasma density, electron beam density, and electron beam velocity
on radiation frequency and bandwidth. The correctness of the aforementioned results was further verified
through simulation analysis. The results show that the stronger the transverse magnetic field, the higher
the radiation frequency, but the smaller the radiation bandwidth; the higher the plasma density, electron
beam density, or electron beam velocity, the corresponding radiation frequency and radiation bandwidth in-

crease accordingly.

INTRODUCTION

The problem of plasma broadband microwave radiation belongs
to the field of high-power microwave (HPM) technology.'™ High-
power microwave technology has developed with disciplines,
such as pulse power technology, microwave electronics, relativ-
istic electronics, high-current charged particle beam physics,
plasma physics, and gas discharge physics. The development
of high-power microwave comes from its applications in military,
energy, and scientific research.

Through early experiments and theoretical analysis, the pre-
liminary mechanism of broadband microwave radiation gener-
ated by the interaction between electron beams and plasma is
as follows®: first, plasma is formed and then electron beams
are emitted and incident into the plasma. The plasma is magne-
tized by a magnetic field excited by an electron beam, making it
an uneven anisotropic medium. When electromagnetic waves
propagate along the axial and radial directions of the plasma,
they become slow waves; the subsequent electron beam pass-
ing through magnetized plasma will excite Cherenkov radia-
tion.®” Due to the inverse Landau damping, the free energy in
the plasma will be converted into the energy of electromagnetic
waves. The interaction between electron beams and plasma oc-
curs, and the beam plasma interaction causes various insta-
bility.*? These complex interactions between electron beams,
waves, and plasma can radiate electromagnetic waves and
enhance them.

When an electron beam interacts with a plasma, the trans-
verse magnetic field not only magnetizes the plasma but also
changes the trajectory of the electron beam, which is different

from the trajectory of the electron beam passing through an
unmagnetized plasma. This article derives the dispersion rela-
tionship of microwave radiation generated by the interaction be-
tween beam and transverse magnetized plasma using perturba-
tion method and field matching method and analyzes the
influence of different parameters on the dispersion curve.

Deduction of dispersion relationship-perturbation
method

The physical model of plasma microwave radiation is shown in
Figure 1. The surface electron beam is used to interact with
plasma. The electron beam moves in the z-direction.

We are concerned with the transverse magnetic wave propa-
gatinngerpendicuIar to the direction of the induced magnetic
field, k -Bx = 0, By is the induced magnetic field in the radiated
electromagnetic field. By is the uniformly applied x-term mag-
netic field externally. In the experiment, permanent magnets
can be used to achieve. Assume that the direction of By is the
x direction, so the electromagnetic wave has two components:
E, and E;, so it can be set:

Ey = Eyei(ky'“k”*wt) (Equation 1)

E,, = Eze"(k”y*kz'zf“’t) (Equation 2)

B - B1X)?e’(ky'y*kz'z’“’t> (Equation 3)
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Figure 1. Physical model of plasma microwave radiation

A physical model of the interaction between a surface electron beam and a
transverse magnetized plasma, with the magnetic field direction perpendicular
to the direction of electron beam motion.

When discussing the weak interaction of the electron beam and
plasma, it can be assumed that the ions are not moving, and the
relevant physical quantities can be expressed as constants in
the equilibrium state plus varying perturbations, that is f =
fo + f1. Subscript 0 represents the quantity in the equilibrium
state, subscript 1 represents the disturbance quantity, distur-
bance quantity is fy <exp(ik,z + ikyy — iwt), and fo > fi, k;,
ky,, and » are wave numbers and angular frequencies
respectively.

The aforementioned model can be seen as the interaction
between two types of plasmas.'®'? The electron beam can
be regarded as a non-neutral plasma in high-speed motion,
therefore it satisfies the equations of particle number conser-
vation and momentum conservation. Due to the relativistic ve-
locity of the electron beam, a relativistic factor is introduced in
Equation 7. Similarly, the plasma itself also satisfies the equa-
tions of particle number conservation and momentum conser-
vation. Compared with high-energy electron beams, the initial
velocity of the plasma is 0, and the ion term equations (ion
number momentum conservation and particle number conser-
vation) in the plasma are ignored because ions mainly produce
ion sound waves. Equations 8 and 9 are Maxwell’s equations,
while Equation 10 is the current density generated by

electrons.
an, .
a5 + V- (npup) =0 (Equation 4)
ad )
Mafp | 52 + Up * Vou, = —eny(E + up, X B) (Equation 5)

a
Mo V- (npup) =0

% (Equation 6)
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9 ad
yome{& + ub~V}ub + meub% = —e(E + u, xB)
(Equation 7)
vV x E‘, = — 66_5;, (Equation 8)
- 1 0E .
V X Bi = pgd + ot (Equation 9)

J = (= eNuolps — ENp1Ubos — ENpolies) Z
( boUbz b1Ub0z PO ez) (Equation 10)

+ (7 eNpolley — enbouby)f/

Where n,, is the plasma electron density; ny, is the electron beam
density; u, is the plasma electron velocity; uy is the electron
beam velocity; m, is the electronic quality; v is the relativistic fac-

tor, y =1/4/1 — u2/C? and C is speed of light, because the

speed of the electron beam is in the following form: up, =
Upoz + Up1,therelativistic factor can therefore also be expanded
as follows: v = vo + 71 + Rn(Up1), v¢ is a first-order Taylor
expansion at position up1; Rn(Up1) is a high-order infinitesimal;
E is the induced electric field; B is is the total magnetic induction,
including the magnetic field generated by the electron beam B,
and the induced magnetic field B .

According to Ampere’s loop law, the magnetic field in the elec-
tron beam is

B, = — we€npotipoy /2(y < ¥o) (Equation 11)

Where yq represents the boundary of the electron beam or the
thickness of the electron beam. The derivative of y with respect
to time can be expressed as

dy 9 9 o + i
o — o + UbO& Yy = —iw + ikUpo = Upy
(Equation 12)

Inside the electron beam, the magnetic field generated by the
electron beam is

Ho€MpoUbo

Yy = 3w — kuting) by (Equation 13)

Therefore, inside the electron beam, up1XBp is a higher order
small quantity and can be ignored. Within the electron beam,
the influence of the x-direction magnetic field generated by the
electron beam itself is ignored, while outside the electron
beam (at the plasma), the magnetic field generated by the elec-
tron beam is not ignored.

For the middle term of Equation 7

oy, Up d(ymeCZ)
at ~ C? dt

_ Up aw .
=t (Equation 14)
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W is the energy of an electron. Because

ﬂ:F-ub =elE + up X B)-up

ot (Equation 15)

Substituting Equations 15 and 14 into Equation 7, we obtained
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Where B is the superposition of the x-direction magnetic field By,
generated by the electron beam in the plasma and the
uniformly applied magnetic field By externally: B = By + By.
Linearize Equation 16 and use the first term of Equation 19 to
obtain

C?

Upy = C4 _k;  Ciupe, E, + C?Box (1 . Uf,_OZ>EZ . ky  CiUpo; E
[1ecige] @ [1+ciB e\ o [1+ci3]
(Equation 19)
2 2 2
Up; = % (1 + ubOZ)EZ + [& C1 UbOZBOX C1 BOX EZ

[1 +C2B2,

d u
Yome{& + ub-V}ub + C—geE-ub = —elE +u, XB)

(Equation 16)
Using perturbation method to linearize Equations 4, 5, 6, 7, 8,

9, and 10, ignoring high-order small quantities above 2nd order,
derived from Equations 4 and 6, we obtained:

{ — Nyt + KyNpoley + KoNpole; = 0 (Equation 17)

(KzUpoy — w)Np1 + KyNpoUpy + KNpoUp, = 0

o1+cimg]

C1Upo,

:| E _ /i CfubOzBOX

[1 +C2B2, g [1 + c%sgx]

Where

C = e

e T TS Y Equation 20
YoMe(iw — ikUpoz) (Eq )

Bringing Equation 19 into the second equation of Equation 17,
we obtain

npy = D-E, + D3E, (Equation 21)

Where

1 C1 ( Ugo )
Dy= ko | (14 Y0
8 (0 — KzUpgoz) { o0 [[1 +C§B§X} c?

2 2
+ KyMbo &(1 +UC"—22) W Citbee
[1+C382,) o [1+cies)]

After linearizing Equation 5, it is obtained that:
1 1
Upy = = - °E + ( e

eB; \? fwme ¥ eB; \ 2| \ioms
1+ (- 1+
fome lome

1 e 1 e \?
Up, = = = - E, — - B:E,
pz eB; 21 jwm, * eB; 2 (lwme) =y
1+ 1+

2
) B:E,

iwme

(Equation 18)

_ ; K, Npo < - l&
(0 — Klpoz) | [1 +C$B(2)X] “ [1 +C§B§X]

+ knbO & CgubOZBOX - C$BOX
ol1+cBy]  [1+ci83
K, C2UpoBox
_ %y Silborbox (Equation 22)
[1 +C$B§X]

Linearizing Equations 8, 9, and 10, it is obtained that:

kyE1Z — sz1y — (L)B‘]X =0
, o
Npolsy + Npoley + iwE1y [1ug€C? + ik,Bix/1ge = 0
, > .
Np1Upoz + NpolUpz + Npolez + IwE1Z/,uoeC - IkyB1x/:qu =0

(Equation 23)

Bringing Equations 18, 19, and 21 and first equation of Equa-
tion 23 into the second and third equations of Equation 23, we
obtain
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AE, + BE, =0 .
_ (Equatlon 24) Cy = € Equation 29
{CEy +DE, =0 " oMewn(@ — 2) (Equation 29)
Where
C k; Ciu 1 e iw ik, k.
A1 = Npo ! -= 150 + Npo o7 7 + 2 2 =
[1+ciBs] @ [1+ciBs] 1, (€8] fme " moeCt poe w
iwme
2B 2 k 1 2 ik, k
Aup = Moo _ CiBo (1 . Ubgz) L Cilpoz + Nno . ( e ) B, + dkz Ky
[1+C383,] ) w14y, 1, (B 7| Vo Ho® ©
iwMme )
(Equation 25)
2 .
k, C2upo.B 2B k, k
Azt = Doy, — o 2 ( ; ) Bt + nyo = C1ub02 O _ C1 O + %y %
1 (B )] Neme o [1eciBy]  [1+ciBE)] Moo ©
iwme
Ao = DaUpo, + 7nb0c1 (1 u’%gz) - boli CgubOZBOX + Mleo o7 7 i + i 5~ Ik—y &
[1+c383] ¢ o [1+GBy] [y, (B \7]iome  #eCt  moe w
iwme
In order to satisfy that the aforementioned Equation 25 have non-
zero solutions, the determinant coefficient of the equations must 2
Z 1 weeo Z 1
be 0. D, = | —=———— + =
Qv(Q - 2) wpe Q\7o(Q — 2)
x 1 1 €0
— —W,
'ﬁ” /’212 =0 (Equation 26) {1 ( Weeo )2} Upo; € °
21 22 - — Q5
Yowpe(Q — 2)
(Equation 30)
When analyzing the dispersion relationship between w and k, we
first normalize the dispersion relationship of Equation 26, as w2, z z
shown in the following text: {— 1-2F- —] — -2
o ol ¢ A\n©-2°) Z o
eB, |:1 _ <L) 2} (Q = 2) weeo
Wpce = m, /Yowbe(Q - Z)
2 2
eBo . Z gy bl @0
Wee0 = me* (Equation 27) |:Q C? | \yowpe(Q — 2) ie—owb
e
2 €2Npo {1 - (70)060 )2] ooz €
be £0Me ’Yowbe(Q - Z)
(Equation 31)
and
A =il% -1 n@=2) &,
o2, = 0 R N M
Pe T gome Yo w2,
0= (Equation 28) L 1 WP
Wpe 2 2 Q ewbe
u 1_ Whpce T Wced l Wpe
Z = k2% Wpe Q?
Wpe
Substituting Equations 27 and 28 into Equations 20, 22, and . C? Z2\ & .
25,We obtained + i Q % 5 g(l)be (Equat|0n 32)
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o ( Wced )2
A12 = 70wbe(Q — Z) (1 +

U1230z) Wpe €0
- 2 2 —Wpe
|:1 ( Wce ) :| C Weeo €
Yowpe(Q — 2)
(wbce + wceO) 2
Wpe 2 wge =)
- 2 —Wpe
1 Wpee + Ween Wpe (wbce +wce0) e
(,ObeQ
Wce0
, Yowpe (Q — Z) Z wpe €
- —Wpe
|:1 ( Wce0 ) :| Q weeo €
YoWbe (Q - Z)
+i C2 22 &
— —w
w2, Qe *
(Equation 33)
Z 1 1 €0
Ay = —i—= 2o
21 Qv(Q - 2) [1 B ($>g} PR
Yowpe (Q — Z)
Weeo Z( 1 )2
+ —
wpe Q\7o(Q — Z) {1 B ( Weeo ) ]
yowbe @Q-Zz
2
& wpe
x —
e Wpe +

Wpe ((l)bce + wceo) o? (wbce + wceo) 2
Wpe

2 2 72
Wpce + Weeo | €0 C V4 80
X | ——————— | —wpe +i——
Wpe b02 Q e

1 €

Wce0 )2:| e
Yowpe(Q — Z)
(Equation 34)

(Yowb:zgo Z))z{1 B (

u
po - (1G22 ) e
2 ¢ o)y - 2z7 Y0(Q - 2)
N 1 o L [(Z 4 U
|:1 ( Weeo )2:| ewbe Q CZ
Yowpe(Q — Z)

( Wced )2
x Z + E:| Wpe 'yowbe(Q — Z) 670 .
@-2 wmb_c Ve )jee
Yowbe(Q — Z)
1 w2, &
- 2 wge gowbe
al1 - l(wceo +wbce) be
Q? Wpe
2 Z2
+ I|:Q — 02 — @wbe
Uge, Q| €

(Equation 35)
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Figure 2. Dispersion curve under different magnetic field (pertur-
bational method)

Figure 2 shows the dispersion curves obtained using perturbation method under
different magnetic fields. Figure 2 shows that as the magnetic field increases,
the radiation frequency and bandwidth of electromagnetic waves decrease
accordingly.

By substituting Equations 32, 33, 34, and 35 into Equation 26,
the dispersion relationship of microwave radiation generated by
the interaction between the electron beam and the plasma under
radial magnetization is obtained. Figure 2 shows the dispersion
curves under the conditions of an electron beam velocity of
1*10® m/s, a plasma density of 5x10'®m~3, an electron beam elec-
tron density of 5*10""m 2 and the transverse magnetic fields of
0.1T, 0.001T, and 0.0001T. The red area in the figure coincides
with the blue and green areas, and the blue area coincides with
the green area. Figure 2 shows that as the magnetic field increases,
the radiation frequency and bandwidth of electromagnetic waves
decrease accordingly. Figure 3 shows the dispersion curves under
the conditions of a transverse magnetic field of 0.0001T, an elec-
tron beam velocity of 1*108 m/s, an electron beam electron density
of 510'"m~3, and plasma density of 3*10'®m~2, 5*10'®m~2, and
7*10"8m 3, respectively. Figure 4 shows the dispersion curves un-
der the conditions of a transverse magnetic field of 0.0001T, an
electron beam velocity of 1*108 m/s, a plasma density of
8*10""m3, and an electron beam electron density of 5*10"m—2
1*10""m 2, and 5*10"®m 3, respectively. The closer the electron
beam electron density is to the plasma density, the larger the
plasma radiation bandwidth. Figure 4 also indicates that when
the electron density of the electron beam is low, the dispersion
curve of radiation appears in a low-frequency region.

Figure 5 shows the dispersion curves under the conditions of a
transverse magnetic field of 0.0001T, plasma density of
3*10"®m~3, electron beam electron density of 510'’m~3, and
electron beam velocities of 1*10” m/s, 510" m/s, 1*10% m/s,
respectively. As the electron beam velocity increases, the radia-
tion frequency, high-frequency region, and low-frequency re-
gion’s radiation bandwidth all correspondingly increase.

The dispersion relationship derived using perturbation method is
obtained under infinite plasma conditions, and this method cannot
consider the boundary condition problem between plasma and

iScience 27, 111031, December 20, 2024 5
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Figure 3. Dispersion curve under different plasma electron densities
(perturbational method)
Figure 3 shows the dispersion curves obtained using perturbation method at
different plasma densities.

electron beam. In order to further obtain a more accurate disper-
sion relationship under the interaction between electron beam
and transverse magnetized plasma, the field matching method is
used to solve it.

Deduction of dispersion relationship-field-matching
method

In the process of using field matching method to solve, consid-
ering the y-direction boundary conditions of plasma and electron
beam, the disturbance quantity are transformed into the following
form: fy xexp(ikz — iwt). Solve Equations 4 and 5, we obtained

k.n Npo AU,
PO :'p0 OUpy -
Nyt = ——Up, — [— —= Equation 36
P » pz w ay ( q )
iwmg eB;
Uy, = eE,, — ek,
T eB? — w?m2 T e2B? — wPm2 ™
(Equation 37)
eB; iwme
Uy, = eE,, + eE,
T e2B? — wPm2 T e?B? — w2m2 T ™

(Equation 38)

Comparing the real and imaginary parts in Equations 37 and 38.
Regarding the observations made in the experiment, there are w >
wpe = wpe. When the electron beam speed is 0.6C, the electron
beam radius R is 7cm, and the electron beam current is 7kA, the

oo — 62“°cyR\/nb =0.1, 80 w > wce. From the analysis results

Whe 4me

of perturbation method, it is found that the larger the transverse
magnetic field, the less obvious the electromagnetic wave radia-
tion. Therefore, the applied transverse magnetic field is smaller,
and the cyclotron frequency generated by the applied magnetic
field and the magnetic field caused by the electron beam is
much lower than the microwave radiation frequency.

6 iScience 27, 111031, December 20, 2024
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Blue—5*10"%m=
12 Green—1*10"7m™ 1
Red—5*10"7m™

Figure 4. Dispersion curve under different electron beam electron
densities (perturbational method)

Figure 4 shows the dispersion curves obtained using perturbation method at
different electron beam electron densities. The closer the electron beam electron
density is to the plasma density, the larger the plasma radiation bandwidth.

iwmg £
e2B2 — w2m2  F? .
TE WM _ “ tane (Equation 39)
eB; eE, Wee
e2B? — w?Pm2 ™
e

# is the radiation angle of electromagnetic waves. In the experi-
ment, it was measured that 6 is 43°-48°, tan = 1. Therefore, the
plasma velocity disturbance only needs to retain the imaginary
part. Using Equation 10, we obtained

14 T T T T T

Red—5*10"m/s
12 F Green—1*10%m/s 4
Yello—2*108m/s

12 14 16 18 20

Figure 5. Dispersion curve under different electron beam velocity
(perturbational method)

Figure 5 shows the dispersion curves obtained using perturbation method at
different electron beam velocity. As the electron beam velocity increases, the
radiation frequency, high-frequency region, and low-frequency region’s radi-
ation bandwidth all correspondingly increase.
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iewm, .
Jpy = — menﬂ,oﬁw (Equation 40)
o = e enpoEr (Equation 41)

e2B? — w?m?

Solve Equations 6 and 16, we obtained

_ My . Npo OUby .
Npy = . kubozkzubZ /7(1) . —ay (Equation 42)
2 2
Upy = G Eby + C1BOX ( + ung>Ez
[1+C383,] [1+C383,) ¢
C1Upo, B,
X
[1 +C§B§X}
(Equation 43)
Uy = _ & (‘I + u‘2°°Z)EZ __CiBor _ Eby
[1+C383,] ¢ [1+C38z,)
_ CfubOzBOX B,
X

[1 + chgX}
(Equation 44)

The relationship in the electromagnetic field is as follows:

et
y (Equation 45)
= By =By = (o2 _ 9ty
TP = ey T az
We obtained

[1ecz] o [1+co83)
2 2
; [1?08305%] (1 N “égz)Ebz + % ﬁiil?;x] agfz
(Equation 46)

Upz = 76‘1 (1 + U?’QZ)Ebz
[1+C383,] c
+ [’E C?”bOZBOX B CfBOX :| E,
o [1+c3B3] [1+cB3]]
1 C$Ub0z50x 0Es,

(Equation 47)

According to the aforementioned analysis, when the external
magnetic field is weak, Equations 1 and 2 are approximately in
the following form :

¢? CellPress
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Cy k;  Ciupo: 1 Cilpoy 0Ep,
Yoy = 2p2 | © 22 by+@ 2op2 | dy
[1 +C2 BOX} [1 +C2 BOX} [1 +C2 BOX]

(Equation 48)

2
Upy = _ G (1 + ung)EbZ (Equation 49)

[1+C383] ¢

Using Equation 10, we obtained

E, °E
Joz = CoEp, + Csaa% + C4aa sz (Equation 50)
E,
Jpy = CsEpy + csaa—;z (Equation 51)
Where
KzUpoz enpoCy u?
Cz:{_‘]_wkuboj[ 252 1+C_gz
14C383]
_ ; ©Ubozlso C; k;  CiUpo,
C:‘S_Iw—ku 2p2 | o 2 @2
b0z [1 +C1BOX] [1 +C1BOX]
C, = eUpo:Mbo 1 Cilpo:
. = -
© = Kooz © [1.4.C33, |
Cs = —enpCy (1 _ szbOZ)
[1+C383,] ©
Co = i% enpoCy
o [1+C583]
(Equation 52)
Using Equations 8 and 9, obtain the wave equation for
the field:
w2
—Vx(VXE)+ @E = — jwuyd (Equation 53)

Equation 53 can be decomposed into two directions of y and z.

2
e o, - (1)

az\ oy e (Equation 54)

9E. 9y
ay 0z

2 E,
(()E27’,w#0J: a(az

e ) (Equation 55)

Bring Equation 40 into Equation 54, we obtain

EwhioMe

(o o 0E,;
k, C2  k, e2B? — w?2m?2

€Ny + kz>Epy = W
(Equation 56)

Bring Equation 41 into Equation 55, and using Equation 56, we
obtain

iScience 27, 111031, December 20, 2024 7
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OPE,, B (w_z ew? oM

2 _
2 \C T @B — wpme et "z)EPZ =0

(Equation 57)
Solve Equation 57

E,, = fi exp(py) + f> exp(—py) (Equation 58)

Where
2 o

2
P* =zt o KoMe €Ny + k2 (Equation 59)
e

e2B? — w?m;
Bring Equation 58 into Equation 56, we obtain

E,, = C:fi exp(py) — C:f, exp(—py) (Equation 60)
Where

p

C; = (Equation 61)

o w o ewioMe
i| — =+— —5=5——>—€Nw +k
<kz C? k,eB? — w2m2 P ¢

Bring Equation 51 into Equation 54, we obtain

2

»°
ot iwpCs + k2

T ik, +iwpeCe

_ aEbz

Eyy = W (Equation 62)

Bring Equation 50 into Equation 55, and using Equation 62,we
obtain

Eby = g1 exp(qy) + g2 exp(—qy) (Equation 63)

Where
2
2 %kuOCg (Equation 64)
q- = quation
(w,“oczs +Ke) (Kz + 01oCo) +iwpCa — 1

w P
ot iwugCs + k2

Bring Equation 63 into Equation 62, we obtain

Ep, = Cgg1 exp(qy) — Csg2 exp(—qy)  (Equation 65)

Where

w?
_ _ce
Co = = ke iomaCo)

+iwugCs +k2
(Equation 66)

Using the boundary conditions of electromagnetic field, the
dispersion relation between electron beam and plasma with a
transverse magnetic field can be obtained. At the boundary be-
tween electron beam and plasma, y = yo we obtain

Bpx = Bpx (Equation 67)

By, — sz = pr + be (Equation 68)

8 iScience 27, 111031, December 20, 2024
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Ebz = Epz

/D~ds: /6pdV: fe/mdv

Using equation

(Equation 69)

(Equation 70)

X y z
yxE= |9 9 9|._ ("Ez,@)é
ax dy 9z ay 0z
0 E E
d

(Equation 71)
Simultaneous Equation 58, 60, 63, 65 and 71, We obtain
B, =0 (Equation 72)

. 1 .
[Ceq — ikzlg: exp(ay) + 7~ [Ceq — ik:]g2 exp(—qy)
(Equation 73)

1
iw

1 _ 1 .
Box = 7-Ip — ik:Crlfy exp(py) — -~ [p — ik:Crlf2 exp(—py)
(Equation 74)

Using Equation 67, we obtained

[Ceq — ikz]g1 exp(ayoe) + [Csq — ik;]g2 eXp(—qyo)
— [p — ik,C7)fy exp(pyo) + [p — ik,C7)fo exp(—pyo) = 0
(Equation 75)

Using Equations 40, 51, 60, 63, 65, 68 and 72, we obtained

ie2wmenpoCy

i€2wmenpoCy
—f, & WMellpot7.
eB? — w?m?

2B — wPm? exp(—pyo)

exp(pyo) + f2

+01[Cs + CsCeqlexp(ayo) + 92(Cs
+ CeCsqlexp(—qys) = 0 (Equation 76)
Using Equations 58 65 and 69, we obtained
fi exp(pyo) + f2 exp(—pyo) — Csgr exp(qyo)
+ Cggoexp(—qyo) = 0 (Equation 77)

The perturbation density n4 (Equation 70) is the sum of pertur-
bation densities ny1 and np¢1 on both sides outside the electron
beam and inside the electron beam, ny = npy + npy, using
Equations 36 and 42

, Npo dup; . Npo OUpy Npo Uy,
n=—ji——— — = — =
w — Kupy, 0z © — Kupo, 0y w 0z
_ Mo Wy
w oy

(Equation 78)
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When y —y; bring Equation 78 into Equation 70, we obtain
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Ep —Epy =i Upz + i L = .
by Py Iso(w - kubol)db * Iso(a) - kuboZ)be 831 dsx dssz Az 0 (Equation 81)
) en 841 Qa2 43 Ass
+ l?g)upZ + /?’C’jupy
(Equation 79) Where
a4 = — — ik,C/le
Using Equations 37, 38, 48, 49, 60, 63, and 79. we obtained "z b O rlexp(pyo) .
an [UD ik, 7%@(9( PYo) (Equation 82)
aiz = [Csq — ik;]exp(qyo)
P C; {(1 . @) Cot 14 a1 = [Csq — ik;]exp(—qyo)
6‘0(0.) — kubgz) [1 +C$ng} C
ie?wmgnyC
asy = — %GXD(PYO)
e’Bf — w?m
Uboz bozKz ; €Npo ¢
o O = | T pgeelave) TR ie? wMmanpoCr
ag = mexp(fpyo) (Equation 83)
2 ass = [Cs + CsCgqlex
c, {_ <1 . %)Ca L1 B 28 = [Cs + CsCsqlexp(qyo)
[1 +C$ng] w az = [Cs + CsCeqlexp(—qyo)
KUpoz € 81 = OXp(pyo)
-2 } - 1}92 exp(—qyo) + {07 m LR 82 = exp(~ o) (Equation 84)
azgs = — Cg exp(qyo)
ags = Cg exp(—qyo)
eMeNpo e
m}ﬂ exp(pyo)— {C7 + [1 - C7]%
e  emen
aur=for - 1402 2 _ewpi,
e emn
ap = — {c, +[1 - cy]gethz — Z"zmg}em(pyo)

€Npo Cq
asz = |
80((;,) — kUbOz) [1 +C$B(2)X

eNpo Ci uzs,
2

EIER - (1
a4 { eo(a) — kubOz) [1 +C$B(2)X] [ ( * C

€MeNpo

282 — w2m? }fz exp(—pyo) = 0 (Equation 80)
t e

Equations 75, 76, 77, and 80 constitute the boundary condi-
tions for the interaction between an electron beam and a trans-
verse magnetized plasma. To make the system of equations

have non-zero solutions, the coefficient determinant is required
to be 0, as follows

Yhoe Ustz o Ubocks
][<1+02)Cg+1+ Csq "

)Ca + 1+ UbOZC8q
w

(Equation 85)

w

-1 }exp(qyo)

K,Upoz
- —"0} - 1}exp(— o)
w

Equation 81 is the dispersion relationship between the elec-
tron beam and the transverse magnetized plasma microwave ra-
diation obtained under the field matching method. Figure 6
shows the dispersion curves generated under the conditions of
plasma density of 1 x 10'>m~3, electron beam density of 1.2 x
10"m~3, electron beam velocity of 2 x 108m/s, and transverse
magnetic field of Boy = 0.37,0.17, 0.05T, 0.00001T, respec-
tively. The white part in the Figure 6 represents the radiation
area. When the transverse magnetic field is strong (Figure 6A),
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the dispersion curve only occurs inside the plasma (to the left of
the blue line). As the magnetic field weakens, the radiation band-
width gradually increases (the width of the white area). Figure 7
shows the dispersion curves generated under the conditions of
plasma density of 1 x 10'm~3, transverse magnetic field of
Box = 0.0001T, electron beam velocity of 2 x 108m/s, and elec-
tron beam density of npy = 0.4x10"*m=3,1.2x10" m~3,2.0x
10™m—3,2.8x10"*m~3 respectively. As the electron beam den-
sity approaches the plasma density, the radiation bandwidth
significantly increases and the radiation frequency also in-
creases according. Figure 8 shows the dispersion curves gener-
ated under the conditions of plasma density of 1 x 10'm~3,
transverse magnetic field of 0.00001T ,electron beam density
of npg = 1.2x10"™m~3 and electron beam velocity of upg, =
0.1x 108m/s, 0.5x 108m/s, 1.0x 10®m/s, 1.5x 10%8m/s,
respectively. As the electron beam density approaches the
plasma density, the radiation bandwidth significantly increases
and the radiation frequency also increases accordingly, but the
change is not significant. As the electron beam velocity in-
creases, the radiation frequency significantly increases, and
the radiation bandwidth increases more significantly in the low-
frequency region.

Comparison of simulation analysis results

The dispersion relationship is obtained through a set of mag-
netohydrodynamic equations. The interaction between elec-
tron beam and plasma is considered as two types of plasma
interaction, and its mathematical model is composed of two
sets of magnetohydrodynamic equations combined with Max-
well’s equations (Equations 4, 5, 6, 7, 8, 9, and 10). In the
aforementioned equation system, np,up,np,up,E,B,J is the

10 iScience 27, 111031, December 20, 2024
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Figure 6. Dispersion curve under different
magnetic field (field-matching method)
Dispersion curve obtained using field matching
method under different magnetic field (white part
and plasma density of 1 x 10'® m~3, electron
beam density of 1.2 x 10 m~3, electron beam
velocity of 2 x 108 m/s).

(A) 0.3T.

(8) 0.1T.

(C) 0.05T.

(D) 0.00001T.

100 120 140 160 180 200
k

01T

solving variable. The number of variables
solved is equal to the number of equa-
tions. If simulation is used, the results ob-
tained are the changes of each variable
over time and space.

In order to further verify the correctness
of the theoretical results, this paper uses
MATLAB software to directly perform nu-
merical calculations on the aforemen-
tioned equation system, and then com-
pares the numerical calculation results
with the theoretical derivation results.

Figure 9 shows the variation curve of
the electric field over time under the con-
ditions of electron beam velocity of 0.5C, electron beam den-
sity of 10'®cm~3, magnetic field of 1mT, position of 0.05m,
and plasma electron density of 1*10'®cm™3, 5*10"%cm—3,
and 10*10"%m™3, respectively. As the plasma density in-
creases, the radiation frequency of the electric field also in-
creases accordingly (The plasma densities are 1*10'cm ™3,
5*10"%cm~3, and 10*10'°cm2 respectively, and the corre-
sponding radiation frequency are 0.6 GHz, 1.01 GHz, and
1.47GHz), and the initial oscillation time of the plasma is
delayed backwards with the increase of plasma density
(The plasma densities are 1*10'®cm~3, 5*10'%cm~3, and
10*10"%cm~2 respectively, and the corresponding electric field
onset oscillation times are 8.2 ns, 12.6 ns, and 14.8 ns). This
indicates that under the condition of constant electron beam
current, higher density plasma requires a longer time to excite
the instability in the plasma. Figures 10 and 11 show the ef-
fects of different electron beam current densities on the radi-
ation electric field. Figure 10 shows the variation curve of the
electric field over time under the conditions of electron beam
velocity of 0.5C, plasma electron density of 10*10'®cm™3,
magnetic field of 1ImT, position of 0.05m, and electron beam
density of 1*10%m™3, 5*10"°cm™3, and 10*10'®%cm~3,
respectively. Figure 11 shows the variation curve of the elec-
tric field over time under the conditions of plasma electron
density of 10*10'®cm~2, magnetic field of 1mT, position of
0.05 m, electron beam density of 1010'®cm~2, and electron
beam velocity of 0.5C, 0.6C, and 0.7C, respectively. Due to
the interaction between the electron beam and the plasma,
the electron beam converts some of its energy into the energy
of electromagnetic waves. Therefore, an increase in the elec-
tron beam current (increasing the electron density or speed of



iScience

5 10" 5410

0 20 40

0.410"m

5 %1010

2.0110"m™

the electron beam) not only increases the radiation frequency
of the electric field but also increases the radiation intensity of
the electric field (In Figure 10, electron beam density are
1*10"%cm™3, 5*10"%m™3, and 10*10'®cm~2, respectively,
and the corresponding radiation frequency are 1.47 GHz,
3.1 GHz, and 6.2 GHz; in Figure 11, electron beam velocity
are 0.5C, 0.6C, and 0.7C, respectively, and the corresponding
radiation frequency are 1.47 GHz, 2.94 GHz, and 4.16 GHz). At
the same time, the larger the electron beam current, the easier
it is to excite electron oscillations in the plasma, resulting in a
shorter initial oscillation time (In Figure 10, electron beam den-
sity are 1*10"%cm~3, 5*10'®cm3, and 10*10"%cm~3, respec-
tively, and the corresponding electric field onset oscillation
times are 14.8 ns, 12.61 ns, and 10.1 ns; in the Figure 11,
electron beam velocity are 0.5C, 0.6C, and 0.7C, respectively,
and the corresponding electric field onset oscillation times are
14.8 ns, 12.02 ns, and 9.2 ns). Figure 12 shows the variation
curve of the electric field over time under the conditions of
electron beam velocity of 0.5C, plasma electron density of
1*10"®cm ™3, electron beam density of 1*10'%cm~2, position
of 0.05 m, and magnetic field of 1mT, 30mT, and 60mT,
respectively. As the transverse magnetic field increases, the
radiation frequency significantly increases (magnetic field are
1mT, 30mT, and 60mT, respectively, and the corresponding
radiation frequency are 0.6 GHz, 1.31 GHz, and 5.56 GHz),
but the initial oscillation time of the electric field is delayed
(magnetic field are 1mT, 30mT, and 60mT, respectively, and
the corresponding electric field onset oscillation times are
8.2 ns, 9.4 ns, and 11.1 ns) and the amplitude of the electric
field is relatively weakened. When the electron beam passes
through the plasma, the transverse magnetic field suppresses

k
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Figure 7. Dispersion curve under different
electron beam densities (field-matching
method)

Dispersion curve obtained using field matching
method under different electron beam densities
(plasma density of 1 x 10" m™3, transverse
magnetic field of B,x = 0.0001T, electron beam
velocity of 2 x 108 m/s).

(A) 0.4 x 10" m~3,

(B)1.2 x 10" m=2.

(©)2.0 x 10" m~3.

(D)2.8 x 10" m~3.

60 80 100

1.210"m3

the oscillation between electrons, slows down the initial
oscillation time of the electric field, and suppresses the prop-
agation of electromagnetic waves. However, due to the in-
crease in electron rotation frequency in the magnetic field,
the overall radiation frequency of electromagnetic waves in-
creases (this will be determined in subsequent analysis).
This is consistent with the results in Figure 6 (as the magnetic
field increases, the radiation frequency also increases but the
radiation region [on the right side of the speed of light]
narrows).

Result analysis and discussion

The second and third parts of this article provides a strict expres-
sion for the dispersion relationship (Equations 26 and 81 in the
article), which not only considers the perturbations of plasma
electron density and velocity but also the perturbations of elec-
tron beam electron density and velocity, making the dispersion
relationship extremely complex and unable to further analyze
the influence of various physical quantities on the dispersion
relationship.

In early research, only the momentum conservation equation
of plasma and Maxwell’s equation (Equations 5, 8, 9, and 10)
were usually considered. In order to further analyze the influence
of various physical quantities on the dispersion relationship, a
simple derivation of the dispersion relationship was carried out
through Equations 5and 7, 8, 9, and 10 (ignoring the perturbation
of electron beam and plasma density, assuming that electron
beam and plasma density are constant, i.e., ignoring Equations
4 and 6). Under the aforementioned conditions, a simple disper-
sion curve was derived (the derivation process is included in the
appendix).
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Figure 8. Dispersion curve under different
electron beam velocity (field-matching
method)

Dispersion curve obtained using field matching
method under different electron beam velocity
(plasma density of 1 x 10" m~3, transverse
magnetic field of 0.000017, electron beam density
of npo = 1.2 x 10" m~3).

(A) 0.1 x 10°m/s.

(B) 0.5 x 10%my/s.

(C) 1.0 x 108m/s.

(D) 1.5 x 10%m/s.
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k
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Where

n= %(Plasma refractive index).When n = o, the resonance
point of the frequency can be determined, and the denominator
is equal to zero, we obtain

_ _ 2
WH = Wee OF Wiy, = 1/ W2, + W5, + wge

wy1wy2 determines the upper limit of electromagnetic wave
radiation frequency. From Equation 87, it can be seen that
increasing the magnetic field intensity, electron beam density,
or plasma density can all increase the radiation frequency. By
increasing the magnetic field intensity, wy, — wy1 becomes
relatively narrow (This conclusion is consistent with the
conclusion in Figure 6), and increasing the plasma density
and electron beam density can improve the radiation band-
width. (This conclusion is consistent with the conclusion in
Figure 7)

(Equation 87)
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(Equation 86)

Applying a transverse magnetic field in a plasma not only
magnetizes the plasma itself but also changes the trajectory
of the electron beam. When the electron beam enters the
plasma, it moves around the transverse magnetic field lines.
On the one hand, this motion (swirling around magnetic field
lines) constrains the range of motion of the electron beam in
the plasma, reducing the interaction with the plasma in the
z-direction. Therefore, the transverse magnetic field makes it
difficult for electromagnetic waves to radiate from inside the
plasma, as shown in Figures 2 and 6. On the other hand,
the electron beam moves around the magnetic field lines,
increasing the interaction time between the electron beam
and the local plasma, making the interaction between the
electron beam and the local plasma more complete. The elec-
tron beam also converts its own energy into microwaves more
fully. Therefore, when the magnetic field is strong, its radiation
frequency also increases accordingly, as shown in Figure 6.
As the speed of the electron beam increases, the radius of
the transverse magnetic field lines around the electron
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Figure 9. The variation curve of electric field over time (Different
plasma electron densities)

Simulation analysis of electric field strength under different plasma densities.
As the plasma density increases, the radiation frequency of the electric field
also increases accordingly, and the initial oscillation time of the plasma is
delayed backwards with the increase of plasma density

increases, the interaction range between the electron beam
and the plasma increases, and the radiation bandwidth and
frequency also increase accordingly, as shown in Figures 5
and 8.

Conclusion

This article establishes a mathematical model for the interaction
between electron beams and plasma and derives the dispersion
relationship of electron beam plasma radiation in a transverse
magnetic field. During the process of high-energy electron beams
passing through plasma, they are affected by a transverse mag-
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Figure 10. The variation curve of electric field over time (Different
electron beam electron densities)

Simulation analysis of electric field strength under different electron beam
electron densities.
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Figure 11. The variation curve of electric field over time (Different
electron beam electron velocities)

Simulation analysis of electric field strength under different electron beam
electron velocities. As increase in the electron beam current (increasing the
electron density or speed of the electron beam) not only increases the radiation
frequency of the electric field, but also increases the radiation intensity of the
electric field.

netic field, which changes the direction of electron beam motion
and causes electrons to move around magnetic field lines. There-
fore, the generated radiation frequency and z-direction wave vec-
tor k are not only affected by the electron beam and plasma den-
sity but also by the transverse magnetic field. As the magnetic
field increases, the radiation frequency increases but the radiation
bandwidth correspondingly decreases. Increasing the electron
beam velocity, electron density, or plasma density can increase
the radiation frequency and bandwidth.
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Figure 12. The variation curve of electric field over time (Different
transverse magnetic fields)

Simulation analysis of electric field strength under different transverse mag-
netic fields. As the magnetic field increases, the radiation frequency also in-
creases.
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au, - =
MeNpo—2 + enpo(Ey + Ups X By ) = 0

g (Equation 88)

’Yome{% + Ub'V}ub + %eE'ub = — e(E + up X B) (Equation 89)
VX E; = — % (Equation 90)
- = .
V X By = pgds + Z o (Equation 100)
Ji = — eNpolpr — eNpolp (Equation 101)

14 iScience 27, 111031, December 20, 2024

iScience

Equation 90 Left

VxE - (aE1z _ @)} + (@ — 6E‘Z>}7 +0 (Equation 102)

ay 0z 0z X
Using
oE: . oE: .
a}:z = ik,E; and FW = ik,E4y s0

;y.;J,.;Wr)

v x Er = (ikEr, — iszw)ei( (Equation 103)

Equation 90 Right

% _ 7in1ei(ky»y+k,<z—mt)

(Equation 104)
So

kyEiz — k:Ey = wBs (Equation 105)
Using

N ,(:y.ym;,m)
up = ue/(ky yrkaez t) = (¥ i) (Equation 106)

Equation 88, we obtain

3 N i ;y-fwil-?fmt) + enpolp X By = 0
—iwMeNpollp + €Npo (Eyyy + E1zz)e( °

(Equation 107)
Solving Equation 107

—iwMeUpy, + €Eyy, + eup,Bo =0 (Equation 108)

—iwMmeUp, + €Ey; — eup By =0 (Equation 109)
Using Equation 89 , we obtain
YoMed — i + Up 9 (Upz + Uby) +u‘2’°ZeE
o'fle Ozaz bz y 02 Z

+e(E, + E; — upyBo + Up:Bo) = 0 (Equation 110)

Solving Equation 110

2
. . u
YoMe( — iw + ikUpoz )Upz + ((ng + 1>eEZ —euyBy =0

(Equation 111)

YoMe( — iw + iKUpoz)Uby + €E, + eup,By = 0 (Equation 112)

Equation 100, Left

0B 0B _ ikBiy — ik,BiZ

VXszazy dy

(Equation 113)

Equation 100, Right

_ _ _ i _ _
—eNpopto (Upy Y + UpzZ) — €Npoptg(Upy Y + UpzZ) — C—(‘;(Eu,y + Ey,z)

(Equation 114)

We obtain

. iw
ik,Bix = — eNpopoUpy — €NpoloUpy — _EW

Ie7 (Equation 115)
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Where

i iw .
ikyBix = enpofigUp; + €NpoftoUp, + §E1Z (Equation 116)

Using Equations 108 and 109

oy = -1 — (%)2 % EB%UY - {1 E“)w)g] (%)22_1:
w w
, E E.
Up, = — 1 Ewce) (u;)e B1: |:1 (1%)2] (%)25_1;,
v ) (Equation 117)

Where
e = B0 (Equation 118)
Mme
Using Equations 111 and 112
iwee ( Wee ) (ub02+ 1)
_ Yo(KeUbor — ) E, Yo (Kelpoz — ) c? E,
Uby = 2 B, 2 B,
-G ” - GEe=)] T
Yo(KzUpoy — w) Yo(KeUboz — @)
e (uboz . 1> ( e >2
Uy = Yo(KeUpo, — w) \ C? E Yo(KzUpoz — w) E,
b = 2B, " 7B,
[~ G ]” [~ Geee=a) ™
'Yo(kzub()z - w) 70(kzubuz - w)
(Equation 119)
Introducing Equation 105 into Equations 115 and 116
. (kK k. iw
ik, (ZyEu - BzEw) =~ @Npokolpy — ENMbofigUny — ~pEry
(Equation 120)

. (K k.
i (2 - 6,

Introducing Equations 117, 119 into Equation 120

2
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w w [1 B (%) } C? w
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w2, 1 wee\2E1; iw
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Introducing Equation 117, 119 into Equation 121
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(Equation 123)
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Simplification Equation 122
i
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(Equation 124)
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Simplification Equation 124

(Equation 125)
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If Equations 125 and 126 have solutions, then the coefficient determinant is 0.

We obtain
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STARXxMETHODS

KEY RESOURCES TABLE

REAGENT or RESOURCE SOURCE IDENTIFIER

Software and algorithms

MATLAB R2020b : Draw a graph of the The MathWorks RRID:SCR_001622
derivation results using MATLAB software

EXPERIMENTAL MODEL AND STUDY PARTICIPANT DETAILS
The research in this article is focused on the theoretical and physical aspects of plasma, without any experimental content.
METHOD DETAILS

This article uses a total of three methods to derive the dispersion relationship, and the derivation process has been detailed in the
article. Interested readers can derive it based on the calculation process in the article. The perturbation method considers the disper-
sion relationship between an electron beam and a plasma under infinite conditions; The field matching method considers the bound-
ary conditions of various fields between the electron beam and plasma. Both of these methods assume that the physical quantity is
composed of an invariant constant and a small variable. Each small variable is transformed using Fourier transform, while ignoring
high-order small variables, and transformed into a linear equation system of wave-number and frequency. By solving the above alge-
braic equation, the expression of wave-number and frequency is obtained. Simulation analysis is obtained through the most basic
numerical calculations. During the solving process, it is only to verify the correctness of the theoretical derivation above, fix the po-
sition of electromagnetic wave radiation, and solve the relationship between the variables of the equation system and time.
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