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A B S T R A C T   

In this work, the quasi-3D hyperbolic shear deformation theory (quasi-3D HSDT) is utilized to 
examine the dynamics of thick rectangular plates reinforced with rectangular nanofillers known 
as graphene nanoplatelets (GNPs). Agglomeration of the GNPs is incorporated and the mechanical 
characteristics like shear, elastic, and bulk moduli, Poisson’s ratio, and density are analysed ac
cording to the mixture along with the Eshelby-Mori-Tanaka approach. Hamilton’s principle is 
hired to derive the solving equations, the Navier approach is hired to present an analytical so
lution in the spatial domain, and the Newmark method is hired to provide an approximate so
lution in the time domain. The relevance of the dynamic response and the natural frequencies of 
the plate on several parameters are explored such as dispersion pattern and the GNPs percentage 
and agglomeration parameters. It is discovered that for a specific GNPs percentage, growth in the 
amount of agglomerated GNPs leads to lower natural frequencies and higher dynamic deflection. 
Meanwhile, for a specific mass fraction of the agglomerated GNPs, growth in the volume of 
clusters brings about higher natural frequencies and lower dynamic deflection.   

1. Introduction 

Because of the unique electrical and thermo-mechanical properties, nanofillers (carbon nanotubes (CNTs) and graphene nano
platelets (GNPs)) could be applied as reinforcement in polymer-based structures known as nanocomposites [1,2]. In comparison with a 
CNT, a GNP benefits from an extended surface area and more powerful bonding with the polymer, thus, in the same mass fraction, 
using GNPs brings about better mechanical characteristics such as higher fracture toughness, higher elastic modulus, higher tensile 
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strength, and also better fatigue behavior [3]. The nanocomposites enriched with GNPs have been widely utilized in different in
dustries [4–6]. In recent years, a considerable number of works are published to explore the impacts of GNPs on the mechanical action 
of nanocomposites. In two similar papers, Song et al. [7,8] explored the bending, buckling, and vibrational actionof a plate enriched 
with GNPs. They discussed the impacts of the dispersion pattern, dimensions, and GNPs percentage on the dynamic and static de
flections, natural frequencies, and buckling loads of such a structure. Barati and Zenkour [9] explored the free vibration of a porous 
nanocomposite cylindrical shell enriched with GNPs. They examined the relevance of the natural frequencies on the dimensions and 
dispersion pattern of the GNPs. It was shown in Refs. [7–9] that when a small amount of GNPs are subjoined to the polymer, the 
mechanical characteristics of the structures are dramatically improved which includes reductions in the dynamic and static deflections 
and growth in the natural frequencies and buckling loads. The size-dependent nonlinear mechanical postbuckling analysis of a porous 
microplate enriched with GNPs was verified by Sahmani et al. [10]. They reported an improvement in the postbuckling characteristics 
of such a structure by growing the GNPs mass fraction. Li et al. [11] explored the nonlinear dynamic buckling and free vibration 
analyses of a sandwich plate with a porous core and two face sheets enriched with GNPs. They showed that subjoining GNPs 
dramatically improves the dynamic stability of like a plate. Wang et al. [12] explored the torsional buckling analysis of a 
GNP-reinforced cylindrical shell with a cut-out. It was observed by them that utilizing a higher number of layers reduces the stress 
gradient among the layers. The nonlinear dynamic analysis of a plate enriched with GNPs was examined by Gholami and Ansari [13]. 
They provided dynamic response curves to discover the relevance of the dynamic deflection on the dimensions and GNPs percentage. 
Safarpour et al. [14] demonstrated semi-analytical solutions for the vibration and static bending analyses of GNP-reinforced cylindrical 
and conical shells. They explored the relevance of the static deflection and the natural frequencies on the mass fraction and dispersion 
pattern of the GNPs. Incorporating temperature-dependent mechanical and thermal properties, Qaderi et al. [15] explored the free 
vibration behavior of a GNP-reinforced plate in a thermal environment. It was discovered by them that when a small amount of GNPs is 
added to the plate, the natural frequencies experience a considerable enhance. Saidi et al. [16] explored the aeroelastic stability 
analysis of a porous plate enriched with GNPs. It was observed by them that distributing more GNPs close to the surfaces of the plate 
brings about more expanded flutter boundaries. 

The free vibration analysis of a cylindrical microshell enriched with GNPs was analyzed by Wang et al. [17]. They explored the 
relevance of the natural frequencies on the dimensions, mass fraction, and dispersion pattern of the GNPs. Wang et al. [18] explored 
the nonlinear vibration analysis of a metal foam cylindrical shell enriched by GNPs. It was shown that the mass fraction, dispersion 
pattern, and geometrical characteristics of the GNPs play significant roles in determining the nonlinear natural frequencies. Afshari 
[19,20] obtained the natural frequencies of spinning and non-rotating conical shells enriched with GNPs. It was observed by him that 
distributing the GNPs close to the inner surface of the shell brings about greater natural frequencies. Al-Furjan et al. [21] explored the 
low-velocity impact response of a sandwich truncated conical shell with a GNP-reinforced core and magnetostrictive face sheets. They 
discussed the impacts of the percentage and dispersion pattern of GNPs on the low-velocity impact properties of the shell. Arefi and 
Adab [22] examined the forced and free vibration and static bending analyses of a microplate enriched with GNPs. They discussed the 
impacts of the percentage and dispersion pattern of GNPs on the static and dynamic deflections and the natural frequencies of such a 
microplate. The aeroelastic stability characteristics of a laminated polymer/GNP/fiber composite conical-conical shell were explored 
by Nasution et al. [23]. Their results affirmed that growth in the GNPs mass fraction or glass fibers provides higher natural frequencies 
and more expanded flutter boundaries. Afshari and Adab [24] presented size-dependent analyses on the buckling and free vibrational 
behaviors of a thick microplate enriched with GNPs. They discovered that to raise the natural frequencies and buckling loads of such a 
structure, the square-shaped GNPs with fewer layers should be utilized. Adab et al. [25,26] examined the free vibration analysis of a 
conical shell in micro size including a porous core and two inner and outer layers enriched with GNPs. It was concluded by them that 
such a sandwich structure benefits from low weight and high stiffness. Fang et al. [27] examined the free vibration and thermal 
buckling characteristics of a rotating FG porous metal-matrix microplate enriched with GNPs. They examined the influences of rotation 
on the enriching effects of the GNPs. Sarafraz et al. [28,29] examined the free vibration, aeroelastic stability, and buckling analyses of a 
sandwich plate with an auxetic re-entrant honeycomb core and three-phase nanocomposite face sheets. They studied the relevance of 
the buckling loads, natural frequencies, and critical aerodynamic pressure of such a sandwich plate on the mass fractions of the GNPs 
and the fibers in the face sheets. Wang and Zhang [30] studied the temperature-dependent thermal buckling and postbuckling analyses 
of a porous nanocomposite beam enriched with GNPs. They investigated the temperature-relevance of mechanical and thermal 
properties on the thermal stability characteristics of such a beam. By considering temperature-dependent thermal and mechanical 
properties, Zhang et al. [31] explored the thermo-mechanical responses of porous FG GNP-reinforced cylindrical panels exposed to 
blast pressure. They focused on the impacts of the GNPs percentage and porosity parameters on the thermo-mechanical characteristics 
of such a panel. 

Due to the low flexural rigidity of the nanofillers, the GNPs and CNTs tend to congregate together as a cluster which is called 
agglomeration. This inevitable phenomenon is not considered in the above-mentioned works. The relevance of the mechanical 
characteristics of nanocomposites enriched with CNTs on the CNTs agglomeration has been widely investigated by authors [32–41]. 
But there are few published papers related to the mechanical analysis of the structures reinforced with the agglomerated GNPs 
[42–45]. In the presented work, the forced and free vibration characteristics of thick plates enriched with GNPs are investigated by 
incorporating the GNPs agglomeration. The relevance of the natural frequencies and dynamic deflection on several parameters are 
explored and discussed such as the percentage and dispersion pattern of GNPs, and agglomeration parameters. Due to utilizing linear 
strain-displacement relations in the mathematical modeling of the plate and using the Navier method to provide an exact solution for 
the governing equations, the results of this work are limited to the free and forced vibration analyses of the simply supported plates 
with small deformations. 
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2. Geometry of the problem and effective mechanical properties 

Based on Fig. 1, a rectangular plate exposed to the scattered load q is considered with geometrical properties including length b, 
width a, and uniform thickness h. The plate is enriched with GNPs which are dispersed within the polymeric matrix according to the 
various dispersion patterns depicted in Fig. 2 including the following patterns: 

UD (uniform dispersion): In this pattern, the GNPs volume fraction is constant within the polymeric matrix. 
FG-V: In this pattern, the GNPs volume fraction varies linearly from zero at the bottom surface to the maximum value at the top 

surface. 
FG-O: In this pattern, the GNPs volume fraction varies linearly from zero at both surfaces to the maximum value at the middle 

surface. 
FG-X: In this pattern, the GNPs volume fraction varies linearly from zero at the middle surface to the maximum value at both 

surfaces. 
For these GNPs dispersion patterns, the GNPs volume fraction (Fr) is given below [24]: 

UD: Fr(z) = F*
r ,

FG − V: Fr(z) = F*
r

(
1 + 2

z
h

)
,

FG − O: Fr(z) = 2F*
r

(

1 − 2
|z|
h

)

,

FG − X: Fr(z) = 4F*
r
|z|
h
,

(1) 

F*
r is the total volume fraction of GNPs that is dependent on the GNPs mass fraction reinforcements (Wr) as [24] 

F*
r =

Wr

Wr +
ρr
ρm
(1 − Wr)

, (2)  

where ρ stands for the density, the subscript r refers to the GNP reinforcements, and the subscript m stands for the matrix. Eq. (1) is 
regulated to bring about the same total GNPs volume fraction for all dispersion patterns to provide a fair comparison between them. 

As described in the rule of mixture, the density of the plate is calculated as follows: 

ρ=Frρr + Fmρm, (3)  

where the volume fraction of the matrix is stated in the relation below: 

Fm = 1 − Fr. (4) 

Due to the low flexural rigidity of the nanoparticles (CNTs and GNPs), they tend to cluster which is called agglomeration which 
attenuates the enriching effects of nanoparticles [46,47]. As can be seen in Fig. 1, a certain value of the GNPs appears in the cluster 
form and the other GNPs scatter within the polymeric matrix. For this case, the equivalent elastic constants such as elastic, bulk, and 
shear moduli, and Poisson’s ratio can be estimated via the Eshelby-Mori-Tanaka approach [48,49]. To incorporate the influence of the 
GNPs agglomeration in the presented model, a two-parameter model presented by Shi et al. [50] is hired. As stated in this model, the 
GNPs agglomeration is expressed utilizing the following dimensionless parameters: 

μ =
Vcluster

V
, η =

Vin
r

Vr
, (5) 

in which V refers to the volume of the plate, Vcluster stands for the volume of the clusters, Vr represents the volume of the GNP 
reinforcements, and Vr

in indicates the volume of agglomerated GNPs. 
For an isotropic material, the Poisson’s ratio (ν) and the elastic modulus (E) are demonstrated in terms of bulk (K) and shear (G) 

Fig. 1. A rectangular thick plate reinforced with agglomerated GNPs.  
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moduli as the relations which is demonstrated: 

ν =
3K − 2G
6K + 2G

, E =
9KG

3K + G
, (6) 

in which bulk and shear are computed as follows [42]: 

K = Kout

⎡

⎢
⎢
⎣1 +

μ
(Kin

Kout
− 1

)

1 +
1 − μ

3
1 + νout

1 − νout

(
Kin

Kout
− 1

)

⎤

⎥
⎥
⎦, G = Gout

⎡

⎢
⎢
⎣1 +

μ
(Gin

Gout
− 1

)

1 +
2(1 − μ)

15
4 − 5νout

1 − νout

(
Gin

Gout
− 1

)

⎤

⎥
⎥
⎦, (7) 

where the subscripts “out” and “in” sequentially describe the outside and inside of the clusters and [42]. 

νout =
3Kout − 2Gout

6Kout + 2Gout
, Kin = Km +

Frη(δr − 3Kmαr)

3[μ + η(αr − 1)Fr ]
, Gin = Gm +

Frη(ηr − 2Gmβr)

2[μ + η(βr − 1)Fr]
,

Kout = Km +
Fr(1 − η)(δr − 3Kmαr)

3[1 − μ + (αr − 1)(1 − η)Fr]
, Gout = Gm +

Fr(1 − η)(ηr − 2Gmβr)

2[1 − μ + (βr − 1)(1 − η)Fr ]
,

(8) 

in which the bulk and shear moduli of the polymeric matrix are presented as follows: 

Km =
Em

3 − 6νm
, Gm =

Em

2 + 2νm
, (9) 

in which [42]. 

αr =
3Km + 2nr − 2lr

3nr
, βr =

4Gm + 7nr + 2lr

15nr
−

2Gm

5pr
,

ηr =
2
15

(

kr + 6mr + 8Gm −
l2
r + 2Gmlr

nr

)

, δr =
3Km(nr + 2lr) + 4

(
krnr − l2

r

)

3nr
,

(10)  

where the five constants (pr, nr, mr, lr, kr) are called Hill’s elastic moduli. These constants are related to the GNPs and are presented in 
Table 1 along with the density of the GNPs. 

3. Displacement, strain, and stress 

As a common basic assumption in the classical plate theory (CPT), the first-order and third-order shear deformation theories (FSDT 
and TSDT), and other higher-order shear deformation theories, it is supposed that the thickness of the plate remains constant during 
deformation. This assumption is acceptable for thin to moderately thick plates but brings about low precision for thick plates. To 
improve the precision of the model for hick plates, quasi-3D shear deformation theories have been proposed in recent years. In such 

Fig. 2. GNPs dispersion patterns.  

Table 1 
Mechanical properties of the GNPs [3,42].  

pr nr mr lr kr ρr 

102000 GPa 102000 GPa 369 GPa 6.8 GPa 850 GPa 1060 kg/m3  
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plate theories, the thickness stretching is incorporated along with shear deformations which improves the precision of the results, 
especially for thick plates. 

As stated the in the quasi-3D HSDT, the displacement field can be considered as follows [51]: 

{
u1(t, z, y, x)

u2(t, z, y, x)

}

=

{
u(t, y, x)

v(t, y, x)

}

− z

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂wb

∂x
∂wb

∂y

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

− ψ(z)

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂ws

∂x
∂ws

∂y

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

,

u3(t, z, y, x) = ws(t, y, x) + wb(t, y, x) + s(z)φz(t, y, x),

(11) 

u1, u2, and u3 sequentially refer to the components of displacement along x, y, and z directions, u, v, φz, ws, and wb are unknown 
functions, and the relations below are presented for functions ψ(z) and s(z): 

ψ(z) = h
{[

1 + cosh
(

1
2

)]
z
h
− sinh

(z
h

)}

, s(z) = 1 −
dψ
dz

= cosh
(z

h

)
− cosh

(
1
2

)

. (12) 

The components of strain are presented as the relations below: 

εx =
∂u1

∂x
=

∂u
∂x

− z
∂2wb

∂x2 − ψ ∂2ws

∂x2 , εy =
∂u2

∂y
=

∂v
∂y

− z
∂2wb

∂y2 − ψ ∂2ws

∂y2 ,

εz =
∂u3

∂z
=

ds
dz

φz, γyz =
∂u2

∂z
+

∂u3

∂y
= s

(
∂ws

∂y
+

∂φz

∂y

)

,

γxz =
∂u1

∂z
+

∂u3

∂x
= s

(
∂ws

∂x
+

∂φz

∂x

)

, γxy =
∂u1

∂y
+

∂u2

∂x
=

∂u
∂y

+
∂v
∂x

− 2z
∂2wb

∂x∂y
− 2ψ ∂2ws

∂x∂y
,

(13) 

and the stress tensor can be stated as 
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

σx
σy
σz
σyz
σxz
σxy

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

εx
εy
εz
γyz
γxz
γxy

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

, (14) 

where 

Cij =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1 − ν
1 + ν

0.5E
0.5 − ν, i = j = 1, 2, 3.

0.5E
1 + ν, i = j = 4, 5, 6.

ν
1 + ν

0.5E
0.5 − ν, i ∕= j.

(15) 

As observed in Eq. (13), εzz∕=0 which indicates the thickness stretching in the quasi-3D HSDT. 

4. Governing equations 

The governing equations can be obtained utilizing the following relation called Hamilton’s principle: 

∫t2

t1

(δW + δT − δU)dt = 0 (16)  

where T refers to kinematic energy, U represents strain energy, and W means the work done by non-conservative loads. δ denotes the 
well-known variational operator, and t1 and t2 are two arbitrary moments. 

The following equation presents the strain energy: 

U = 0.5
∫∫∫

V

(
εxσx + εyσy + εzσz + γxyσxy + γxzσxz + γyzσyz

)
dV, (17) 

which brings about the following relation of the variation of the strain energy: 

δU =

∫∫∫

V

(
δεxσx + δεyσy + δεzσz + δγxyσxy + δγxzσxz + δγyzσyz

)
dV, (18) 
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and 

∫∫∫

V

()dV =

∫∫

S

∫
h
2

− h
2

()dzdS, (19) 

in which S refers to the area of the plate in the x-y plane (dS = dxdy). 
Based on Eqs. (13) and (19), Eq. (18) can be represented in the relation below: 

δU =

∫∫

S

(

Nx
∂δu
∂x

− Mx
∂2δwb

∂x2 − Px
∂2δws

∂x2 + Ny
∂δv
∂y

− My
∂2δwb

∂y2 − Py
∂2δws

∂y2 + Rzδφz + Nxy
∂δu
∂y

+Nxy
∂δv
∂x

− 2Mxy
∂2δwb

∂x∂y
− 2Pxy

∂2δws

∂x∂y
+ Qxz

∂δws

∂x
+ Qxz

∂δφz

∂x
+ Qyz

∂δws

∂y
+ Qyz

∂δφz

∂y

)

dS,

(20) 

where 

⎧
⎪⎪⎨

⎪⎪⎩

Nx

Ny

Nxy

⎫
⎪⎪⎬

⎪⎪⎭

=

∫

h
2

−
h
2

⎧
⎪⎪⎨

⎪⎪⎩

σx

σy

σxy

⎫
⎪⎪⎬

⎪⎪⎭

dz,

⎧
⎪⎪⎨

⎪⎪⎩

Mx

My

Mxy

⎫
⎪⎪⎬

⎪⎪⎭

=

∫

h
2

−
h
2

z

⎧
⎪⎪⎨

⎪⎪⎩

σx

σy

σxy

⎫
⎪⎪⎬

⎪⎪⎭

dz,

⎧
⎪⎪⎨

⎪⎪⎩

Px

Py

Pxy

⎫
⎪⎪⎬

⎪⎪⎭

=

∫

h
2

−
h
2

ψ(z)

⎧
⎪⎪⎨

⎪⎪⎩

σx

σy

σxy

⎫
⎪⎪⎬

⎪⎪⎭

dz,

{
Qxz

Qyz

}

=

∫

h
2

−
h
2

g(z)

{
σxz

σyz

}

dz, Rz =

∫

h
2

−
h
2

dg(z)
dz

σzdz.

(21) 

In conjunction with Eqs. (13) and (14), Eq. (21) can be represented as below: 

Nx = A1
∂u
∂x

− A2
∂2wb

∂x2 − A3
∂2ws

∂x2 + B1
∂v
∂y

− B2
∂2wb

∂y2 − B3
∂2ws

∂y2 + D1φz,

Ny = B1
∂u
∂x

− B2
∂2wb

∂x2 − B3
∂2ws

∂x2 + G1
∂v
∂y

− G2
∂2wb

∂y2 − G3
∂2ws

∂y2 + J1φz,

Nxy = H1
∂u
∂y

+ H1
∂v
∂x

− 2H2
∂2wb

∂x∂y
− 2H3

∂2ws

∂x∂y
,

Mx = A2
∂u
∂x

− A4
∂2wb

∂x2 − A5
∂2ws

∂x2 + B2
∂v
∂y

− B4
∂2wb

∂y2 − B5
∂2ws

∂y2 + D2φz,

My = B2
∂u
∂x

− B4
∂2wb

∂x2 − B5
∂2ws

∂x2 + G2
∂v
∂y

− G4
∂2wb

∂y2 − G5
∂2ws

∂y2 + J2φz,

Mxy = H2
∂u
∂y

+ H2
∂v
∂x

− 2H4
∂2wb

∂x∂y
− 2H5

∂2ws

∂x∂y
,

Px = A3
∂u
∂x

− A5
∂2wb

∂x2 − A6
∂2ws

∂x2 + B3
∂v
∂y

− B5
∂2wb

∂y2 − B6
∂2ws

∂y2 + D3φz,

Py = B3
∂u
∂x

− B5
∂2wb

∂x2 − B6
∂2ws

∂x2 + G3
∂v
∂y

− G5
∂2wb

∂y2 − G6
∂2ws

∂y2 + J3φz,

Pxy = H3
∂u
∂y

+ H3
∂v
∂x

− 2H5
∂2wb

∂x∂y
− 2H6

∂2ws

∂x∂y
,

Qxz = K2

(
∂ws

∂x
+

∂φz

∂x

)

, Qyz = K1

(
∂ws

∂y
+

∂φz

∂y

)

,

Rz = D1
∂u
∂x

− D2
∂2wb

∂x2 − D3
∂2ws

∂x2 + J1
∂v
∂y

− J2
∂2wb

∂y2 − J3
∂2ws

∂y2 + L1φz,

(22) 

in which 
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A1

A2

A3

A4

A5

A6

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

∫

h
2

−
h
2

C11(z)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

z

ψ(z)

z2

zψ(z)

ψ2(z)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

dz,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B1

B2

B3

B4

B5

B6

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

∫

h
2

−
h
2

C12(z)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

z

ψ(z)

z2

zψ(z)

ψ2(z)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

dz,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G1

G2

G3

G4

G5

G6

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

∫

h
2

−
h
2

C22(z)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

z

ψ(z)

z2

zψ(z)

ψ2(z)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

dz,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H1

H2

H3

H4

H5

H6

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

∫

h
2

−
h
2

C66(z)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

z

ψ(z)

z2

zψ(z)

ψ2(z)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

dz,

⎧
⎪⎪⎨

⎪⎪⎩

D1

D2

D3

⎫
⎪⎪⎬

⎪⎪⎭

=

∫

h
2

−
h
2

C13(z)
ds
dz

⎧
⎪⎪⎨

⎪⎪⎩

1

z

ψ(z)

⎫
⎪⎪⎬

⎪⎪⎭

dz,

⎧
⎪⎪⎨

⎪⎪⎩

J1

J2

J3

⎫
⎪⎪⎬

⎪⎪⎭

=

∫

h
2

−
h
2

C23(z)
ds
dz

⎧
⎪⎪⎨

⎪⎪⎩

1

z

ψ(z)

⎫
⎪⎪⎬

⎪⎪⎭

dz,

{
K1

K2

}

=

∫

h
2

−
h
2

{
C44(z)

C55(z)

}

s2(z)dz, L1 =

∫

h
2

−
h
2

C33(z)
(

ds
dz

)2

dz.

(23) 

The following equation provides the kinetic energy: 

T = 0.5
∫∫∫

V

ρ
[(

∂u1

∂t

)2

+

(
∂u2

∂t

)2

+

(
∂u3

∂t

)2
]

dV, (24)  

which brings about the following relation: 

δT =

∫∫∫

V

ρ
(

∂u1

∂t
∂δu1

∂t
+

∂u2

∂t
∂δu2

∂t
+

∂u3

∂t
∂δu3

∂t

)

dV. (25) 

By considering Eqs. (11) and (19), the relation below is achieved: 

δT =

∫∫

S

(

I0
∂u
∂t

∂δu
∂t

+ I2
∂2wb

∂t∂x
∂2δwb

∂t∂x
+ I5

∂2ws

∂t∂x
∂2δws

∂t∂x
− I1

∂δu
∂t

∂2wb

∂t∂x
− I1

∂u
∂t

∂2δwb

∂t∂x
− I3

∂δu
∂t

∂2ws

∂t∂x
− I3

∂u
∂t

∂2δws

∂t∂x
+ I4

∂2δwb

∂t∂x
∂2ws

∂t∂x

+I4
∂2wb

∂t∂x
∂2δws

∂t∂x
+ I0

∂v
∂t

∂δv
∂t

+ I2
∂2wb

∂t∂y
∂2δwb

∂t∂y
+ I5

∂2ws

∂t∂y
∂2δws

∂t∂y
− I1

∂δv
∂t

∂2wb

∂t∂y
− I1

∂v
∂t

∂2δwb

∂t∂y
− I3

∂δv
∂t

∂2ws

∂t∂y
− I3

∂v
∂t

∂2δws

∂t∂y

+I4
∂2δwb

∂t∂y
∂2ws

∂t∂y
+ I4

∂2wb

∂t∂y
∂2δws

∂t∂y
+ I0

∂wb

∂t
∂δwb

∂t
+ I0

∂ws

∂t
∂δws

∂t
+ I7

∂φz

∂t
∂δφz

∂t

+I0
∂δwb

∂t
∂ws

∂t
+ I0

∂wb

∂t
∂δws

∂t
+ I6

∂δwb

∂t
∂φz

∂t
+ I6

∂wb

∂t
∂δφz

∂t
+ I6

∂δws

∂t
∂φz

∂t
+ I6

∂ws

∂t
∂δφz

∂t

)

dS,

(26) 

where 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

I0
I1
I2
I3
I4
I5
I6
I7

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

∫
h
2

− h
2

ρ(z)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
z
z2

ψ(z)
zψ(z)
ψ2(z)
s(z)
s2(z)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

dz, (27) 

The following relation shows the study carried out by non-conservative external load q scattered on the top surface of the plate: 
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W =

∫∫

S

q(x, y, t)u3|z=h
2
dS=

∫∫

S

q(x, y, t)(wb +ws)dS, (28) 

which brings about the following relation: 

δW =

∫∫

S

q(x, y, t)(δwb + δws)dS. (29) 

Substituting Eqs. (20), (26) and (29) into Eq. (16) brings about the relations below as the governing equations: 

− I0
∂2u
∂t2 + I1

∂3wb

∂t2∂x
+ I3

∂3ws

∂t2∂x
+

∂Nx

∂x
+

∂Nxy

∂y
= 0,

− I0
∂2v
∂t2 + I1

∂3wb

∂t2∂y
+ I3

∂3ws

∂t2∂y
+

∂Ny

∂y
+

∂Nxy

∂x
= 0,

− I1
∂3u

∂t2∂x
− I1

∂3v
∂t2∂y

+ I2
∂4wb

∂t2∂x2 + I2
∂4wb

∂t2∂y2 − I0
∂2wb

∂t2 + I4
∂4ws

∂t2∂x2

+I4
∂4ws

∂t2∂y2 − I0
∂2ws

∂t2 − I6
∂2φz

∂t2 +
∂2Mx

∂x2 +
∂2My

∂y2 + 2
∂2Mxy

∂x∂y
= − q,

− I3
∂3u

∂t2∂x
− I3

∂3v
∂t2∂y

+ I4
∂4wb

∂t2∂x2 + I4
∂4wb

∂t2∂y2 − I0
∂2wb

∂t2 + I5
∂4ws

∂t2∂x2 + I5
∂4ws

∂t2∂y2

− I0
∂2ws

∂t2 − I6
∂2φz

∂t2 +
∂2Px

∂x2 +
∂2Py

∂y2 + 2
∂2Pxy

∂x∂y
+

∂Qxz

∂x
+

∂Qyz

∂y
= − q,

− I6
∂2wb

∂t2 − I6
∂2ws

∂t2 − I7
∂2φz

∂t2 − Rz +
∂Qxz

∂x
+

∂Qyz

∂y
= 0,

(30)  

5. Solution 

An exaction solution is performed here for the governing equation (30) utilizing the Navier method. By substituting Eq. (22) into 
Eq. (30), selecting the following series-based solution for a simply supported plate: 

u(t, y, x) =
∑∞

n=1

∑∞

m=1
sin(βy)cos(αx)Umn(t),

v(t, y, x) =
∑∞

n=1

∑∞

m=1
cos(βy)sin(αx)Vmn(t),

⎧
⎪⎪⎨

⎪⎪⎩

wb(t, y, x)

ws(t, y, x)

φz(t, y, x)

⎫
⎪⎪⎬

⎪⎪⎭

=
∑∞

n=1

∑∞

m=1
sin(βy)sin(αx)

⎧
⎪⎪⎨

⎪⎪⎩

Wbmn(t)

Wsmn(t)

φzmn(t)

⎫
⎪⎪⎬

⎪⎪⎭

, (31) 

in which 

α =
mπ
a

, β =
nπ
b
, (32) 

and considering the following Fourier sinusoidal expansion for the external load q: 

q(t, y, x)=
∑∞

n=1

∑∞

m=1
sin(βy)sin(αx)qmn(t), (33) 

in which 

qmn(t)=
4
ab

∫a

0

∫b

0

sin(βy)sin(αx)q(t, x, y)dxdy, (34) 

The following equation can be achieved: 

[M]

{
d2s
dt2

}

+ [K]{s}={f (t)}, (35) 

where 
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{s} =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Umn

Vmn

Wbmn

Wsmn

φzmn

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

, {f} =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0

0
− qmn

− qmn

0

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

, (36) 

and Kij = Kji and Mij = Mji are defined as follows: 

M11 = − I0, M22 = − I0, M34 = −
[
I0 + I4

(
α2 + β2)],

M12 = 0, M23 = I1β, M35 = − I6,

M13 = I1α, M24 = I3β, M44 = −
[
I0 + I5

(
α2 + β2)],

M14 = I3α, M25 = 0, M45 = − I6,

M15 = 0, M33 = −
[
I0 + I2

(
α2 + β2)], M55 = − I7,

K11 = − A1α2 − H1β2, K12 = − B1αβ − H1αβ, K13 = A2α3 + B2αβ2 + 2H2αβ2,

K14 = A3α3 + B3αβ2 + 2H3αβ2, K15 = D1α, K22 = − G1β2 − H1α2,

K23 = B2α2β + G2β3 + 2H2α2β, K24 = B3α2β + G3β3 + 2H3α2β, K25 = J1β,

K33 = −
[
A4α4 + 2(B4 + 2H4)α2β2 + G4β4], K34 = −

[
A5α4 + 2(B5 + 2H5)α2β2 + G5β4],

K35 = −
(
D2α2 + J2β2), K44 = −

[
A6α4 + 2(B6 + 2H6)α2β2 + K2α2 + G6β4 + K1β2],

K45 = −
[
(D3 + K2)α2 + (J3 + K1)β2], K55 = −

(
K2α2 + K1β2 + L1

)
,

(37) 

In the forced vibration study of the rectangular plate exposed to an arbitrary external load q, Eq. (35) is solved approximately via 
the Newmark method [52]. In the free vibration analysis, by considering q = 0 (which brings about f = 0), and selecting the following 
solution: 

{s(t)}={s0}eiωt, (38) 

ω refers to the natural frequency, one can find the eigenvalue equation below: 

[K]{s0}=ω2[M]{s0}. (39) 

For each pair of m and n, the solution of the eigenvalue equation (39) brings about the natural frequencies (ωmn). 

6. Numerical investigations and discussions 

Numerical finding are demonstrated and discussed here to discover the impacts of different parameters on the dynamic charac
teristics of the plate including the dynamic deflection and the natural frequencies. 

Other than the cases specifically mentioned, a rectangular plate of h = 10 cm, a/h = 10, and b/h = 20 is chosen. Epoxy (ρm = 1200 
kg/m3, Em = 3 GPa, νm = 0.34) is selected as the matrix which is reinforced with GNPs (check Table 1) with Wr = 0.01, scattered 
according to the FG-X dispersion pattern, with the agglomeration parameters (η,μ)=(0.8,0.2). In the forced vibration analysis, a 
concentrated load as q = 106exp(-0.2t)sin(t) N is utilized on the center point of the plate (xq,yq)=(a/2,b/2). The dimensionless forms of 
the dynamic deflection and the natural frequencies are defined as follows: 

Fig. 3. Convergence analysis.  
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λmn = ωmna
̅̅̅̅̅̅
ρm

Em

√

, w* =
1
h

w
(

a
2
,
b
2
, t
)

. (40) 

It is noteworthy that in the forced vibration analysis, the parameters in the solution provided via the Newmark method are chosen 
to make it stable for any values of the time step [52]. To provide accurate results, the time step is considered as Δt = 0.1 s and the 
solution is performed for 0 ≤ t ≤ 10 s. Also, the initial conditions (the deformation and velocity of the plate at the time that the load q is 
applied) are considered zero. 

6.1. Convergence 

In practice, the truncated series in the Navier solution (Eq. (31) and (33)) should be employed (m = 1,2,3, …,M and n = 1,2,3, …,N). 
To determine the required values of M and N, the dimensionless dynamic deflection of the plate is shown in Fig. 3 for M = N = 1,3,5,7. 
As demonstarted, the employed Navier solution converges quickly and hereafter the dimensionless dynamic deflection is reported for 
M = N = 5. 

6.2. Verification 

To investigate the precision and verification of the presented model, assume a square plate of h/a = 0.1 and b = a = 0.45 m enriched 
with GNPs. By neglecting the GNPs agglomeration (μ = η = 1), Poisson’s ratio is predicted using the rule of mixture as the relation 
below: 

ν=Frνr + Fmνm, (41) 

in which νr = 0.186 refers to Poisson’s ratio of the GNP reinforcements. The elastic modulus is estimated via Halpin-Tsai as the 
relation below [53]: 

E=

[
3(1 + ξLηLFr)

1 − ηLFr
+

5(1 + ξwηwFr)

1 − ηwFr

]
Em

8
, (42) 

in which 

ξL =
2lr

hr
, ξw =

2wr

hr
, ηL =

η − 1
η + ξL

, ηw =
η − 1
η + ξw

, η =
Er

Em
, (43) 

in which Er = 1010 GPa refers to the elastic modulus of the GNP reinforcements and hr = 1.5 nm, wr = 1.5 μm, and lr = 2.5 μm 
sequentially indicate the thickness, width, and length of the GNPs. For different dispersion patterns of the GNPs and some selected 
vibrational modes, the dimensionless frequency parameters are listed in Table 2 alongside those demonstrated by Song et al. [7] and 
Afshari and Adab [24]. The results presented in Table 2 are in an acceptable agreement that affirms the precision of the introduced 
model. It is noteworthy that the small discrepancy between the results reported in Ref. [7] and those obtained in the presented work 
and Ref. [24] is generated by the differences between the used plate theories. In Ref. [7], the FSDT is utilized, but more accurate 
theories are employed in the current work and Ref. [24] which respectively are the quasi-3D HSDT and the quasi-3D sinusoidal shear 
deformation theory (quasi-3D SSDT). 

Table 2 shows that for UD and FG-V, the natural frequencies presented in Ref. [7] are lower than those reported in the present work 
and Ref. [24], for FG-O, the natural frequencies demonstrated by Ref. [7] are greater than those reported in the present work and 

Table 2 
The dimensionless frequency parameters of a plate enriched with GNPs with no agglomeration.  

(m,n)  Theory UD FG-V FG-O FG-X 

(1,1) Present Quasi-3D HSDT 0.1218 0.1125 0.0968 0.1401 
Afshari and Adab [24] Quasi-3D SSDT 0.1222 0.1127 0.0971 0.1402 
Song et al. [7] FSDT 0.1216 0.1118 0.1020 0.1378 

(2,1) Present Quasi-3D HSDT 0.2907 0.2694 0.2350 0.3254 
Afshari and Adab [24] Quasi-3D SSDT 0.2916 0.2701 0.2357 0.3253 
Song et al. [7] FSDT 0.2895 0.2673 0.2456 0.3249 

(2,2) Present Quasi-3D HSDT 0.4461 0.4148 0.3660 0.4890 
Afshari and Adab [24] Quasi-3D SSDT 0.4477 0.4160 0.3671 0.4885 
Song et al. [7] FSDT 0.4436 0.4110 0.3796 0.4939 

(3,1) Present Quasi-3D HSDT 0.5436 0.5065 0.4497 0.5889 
Afshari and Adab [24] Quasi-3D SSDT 0.5456 0.5080 0.4513 0.5881 
Song et al. [7] FSDT 0.5400 0.5013 0.4645 0.5984 

(3,2) Present Quasi-3D HSDT 0.6822 0.6372 0.5708 0.7279 
Afshari and Adab [24] Quasi-3D SSDT 0.6849 0.6393 0.5728 0.7266 
Song et al. [7] FSDT 0.6767 0.6299 0.5860 0.7454 

(3,3) Present Quasi-3D HSDT 0.8961 0.8400 0.7617 0.9369 
Afshari and Adab [24] Quasi-3D SSDT 0.8999 0.8430 0.7645 0.9374 
Song et al. [7] FSDT 0.8869 0.8287 0.7755 0.9690  
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Ref. [24], and for FG-X, the natural frequencies provided by Ref. [7] are either lower or higher than those reported in the present work 
and Ref. [24]. To explain these discrepancies, it should be noticed that both stiffness and inertia of the plate (Eq. (23) and (27)) are 
affected by the employed plate theory. Thus, depending on the dispersion pattern of the GNPs, the natural frequencies estimated via 
quasi-3D shear deformation theories may be either lower or higher than those estimated via the FSDT. 

For a plate with the FG-O dispersion pattern of the GNPs and subjected to the following uniformly scattered triangular pulse: 

q(x, y, t)=

⎧
⎨

⎩

0.5
(

1 −
t

0.01

)
MPa 0 ≤ t ≤ 0.01 s

0 t > 0.01 s
, (44) 

the dimensionless dynamic deflection is depicted in Fig. 4 a for two selected values of the GNPs percentage, and Fig. 4 b shows the 
corresponding result presented by Song et al. [7]. A comparison between these figures reveals the high precision of the illustrated work 
and the small discrepancy can be elucidated by the difference between the hired plate theories which are discussed in the free vibration 
analysis in Table 2. 

6.3. Parametric examination 

The impacts of the GNPs percentage on the dimensionless frequency parameters and dimensionless dynamic response of the plate 
are shown in Fig. 5a and 5b. Compared to the polymeric matrix, GNPs have lower density and higher shear and elastic moduli. Thus, 
adding GNPs to the matrix brings about higher extensional, shear, and flexural rigidities and lower mass inertia. As a result of these 
improvements, the dimensionless frequency parameters increase in all vibrational modes, and the dimensionless dynamic deflection 
diminishes by increasing the GNPs mass fraction. 

Fig. 5 shows that by subjoining more and more GNPs to the polymeric matrix, their enriching effects and the percentage of 
improvement in the dynamic characteristics of the plate gradually decrease. Thus, due to the high price of GNPs, it is not an optimum 
design to use large amounts of them. 

Fig. 4. The dimensionless dynamic deflection of a plate enriched with GNPs with no agglomeration.  

Fig. 5. The impacts of the GNPs percentage on (a) the dimensionless frequency parameters and (b) the dimensionless dynamic deflection.  
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Table 3 and Fig. 6 are demonstrated to discover the impacts of the dispersion pattern of the GNPs on the dimensionless frequency 
parameters and the dimensionless dynamic deflection. It can be declared that the lowest dimensionless frequency parameters and the 
highest dimensionless dynamic deflection belong to the FG-O dispersion pattern, and the highest dimensionless frequency parameters 
and the lowest dimensionless dynamic deflection belong to the FG-X dispersion pattern. Thus, to attain the highest enriching effects of 
the GNPs, it is more beneficial to dispense the majority of them near the surfaces (z = ±0.5h). Eq. (23) can be utilized to explain this 
improvement. As stated in this relation, growth in the elastic coefficients C11 and C22 at the surfaces of the plate leads to a higher 
flexural rigidity (coefficients A4 and G4). Thus, dispensing GNPs near the surfaces creates higher flexural rigidity which leads to higher 
natural frequencies and lower dynamic deflection. 

Fig. 7a-8b are presented to examine the relevance of the dimensionless frequency parameters and the dimensionless dynamic 
deflection on the agglomeration parameters η and μ. Fig. 7a and 7 b reveals that growth in the agglomeration parameter η brings about 
lower dimensionless frequency parameters and a higher dimensionless dynamic deflection. As stated in Eq. (5) and Fig. 7a and 7b, it 
can be stated that when the amount of GNPs diminishes in the scattered regions and grows inside the clusters, their enriching effect is 
debilitated. The main reason for this deterioration is reductions in elastic and shear moduli of the GNP-reinforced polymer which 
reduce the extensional, shear, and flexural rigidities of the plate. 

As observed in Fig. 8a and 8 b, growth in the agglomeration parameter μ brings about an enhancement in the dimensionless 

Fig. 6. The impact of the dispersion pattern of the GNPs on the dimensionless dynamic deflection.  

Table 3 
The influence of the dispersion pattern of the GNPs on the dimensionless frequency parameters.   

(m,n)  

(1,1) (1,2) (2,1) (2,2) 

UD 0.0520 0.0821 0.1686 0.1962 
FG-V 0.0502 0.0795 0.1633 0.1901 
FG-O 0.0462 0.0732 0.1514 0.1765 
FG-X 0.0562 0.0884 0.1798 0.2086  

Fig. 7. The impact of agglomeration parameter η on (a) the dimensionless frequency parameters and (b) the dimensionless dynamic deflection.  
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frequency parameters and a decrease in the dimensionless dynamic deflection. As stated in Eq. (5) and Fig. 8a and 8b, when the volume 
of each cluster increases, the compaction of aggregated GNPs decreases which declines the weakening impact of aggregation. The 
intensity of the agglomeration decreases by growing the agglomeration parameter μ. It raises the elastic and shear moduli of the GNP- 
reinforced polymer which brings about higher extensional, shear, and flexural rigidities of the plate. 

7. Conclusions 

The quasi-3D HSDT was employed and the vibration analyses of thick plates enriched with GNPs were examined. The agglom
eration of the GNPs was incorporated and the mechanical characteristics were calculated via the Eshelby-Mori-Tanaka approach and 
the rule of mixture. An exact solution was provided via the Navier method. The most important findings of the presented work are 
listed in the statements below:  

• Growth in the GNPs percentage brings about higher natural frequencies and a lower dynamic deflection.  
• To attain the highest enriching effects of the GNPs, it is more beneficial to dispense the majority of them near the surfaces of the 

plate.  
• For a specific GNPs percentage, growth in the amount of agglomerated GNPs brings about lower natural frequencies and higher 

dynamic deflection.  
• For a specific mass fraction of the agglomerated GNPs, growth in the volume of the clusters brings about higher natural frequencies 

and lower dynamic deflection. 
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