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ABSTRACT: Studying the effects of small pre-structured seeds on
the crystallization transition in an undercooled monodisperse
Lennard-Jones fluid with transition interface path sampling
combined with molecular dynamics simulations, we analyze the
impact of the simultaneous presence of two seeds with various
structures. In the presence of seeds with face- and body-centered
cubic structures, we find that decreasing the seed-to-seed distance
enhances the probability of the crystalline clusters formed on one of
the seeds to grow beyond the critical size, thus, increasing the
crystal nucleation rates. In contrast, when seeds have an icosahedral structure, the crystalline clusters form mostly in the bulk.
The crystal nucleation rate, however, is also determined by the distance between the seeds with regular structure in which the
lattice spacing is equal to the bulk lattice constant, pointing to a heterogeneous crystal nucleation that occurs away from the
icosahedrally structured seeds. For slightly squeezed seeds, the effects of the presence of seeds with face- and body-centered cubic
structures are reduced in comparison to the regular seeds, and we do not see any effect of the presence of the second seed for
seeds with squeezed icosahedral structure.

■ INTRODUCTION

Understanding of the solidification of a liquid is significant for
the preparation, design, and processing of crystalline materials.1

The microscopic details of this transition, however, had been
concealed before the development of computer simulations and
experimental setups considering colloidal particles permitted a
direct visualization of the process.2−5 This development also
facilitated a systematic investigation of the transition kinetics by
the intentional manipulation of the boundary conditions.
Currently, particular attention is paid to the process of
heterogeneous crystallization either in the presence of container
walls or small impurities naturally appearing in most physical
systems, for example, ice nucleation on atmospheric dust
particles.6

Recent investigations of the crystallization on a spherical
impurity performed in colloidal systems7 and computer
simulations of hard spheres8 revealed that relatively small
impurities with a diameter below a certain value influence the
mechanism of the crystal nucleation but not its rate, while
larger impurities induce heterogeneous crystal nucleation with a
rate higher than the one of a homogeneous process. At the late
stages of the transition, however, the spherical impurity which
initially acted as a nucleation site may frustrate the growth
process of the crystals.9,10 Further studies analyzed the impacts
of planar11−14 and patterned surfaces15−26 indicating that, while
a flat substrate drastically reduces the free energy barrier to the
crystalline phase by favoring the formation of the initial
crystalline layer at the wall even at pre-transition conditions, the
effect of a rough substrate strongly depends on the
commensurability of the wall and crystal structures. Similarly,
pre-structured clusters, templates, and impurities of finite
size8,10,27−32 influence the transition to a degree which is

determined by the commensurability of the structures,
supersaturation, and the size of the additives. In a two-
dimensional system, the growth of the crystalline phase in the
presence of two seeds had been investigated within density
functional theory, revealing that the relative orientation of the
seeds is an additional factor that controls the properties of the
final phase.32

Here, we investigate the cooperative effects of two tiny seeds
with various structures and with varying and fixed relative
distances on the process of crystal nucleation. Previously, we
have found that single seeds with either body-centered cubic
(bcc) or face-centered cubic (fcc) structures influence the
transition pathways together with the crystal nucleation
rates.33−35 The extent of the effects depends on the structure
of the seeds but also on the degree of undercooling. Namely, a
regular seed (its lattice constant is equal to the bulk lattice
constant) with fcc structure produces a larger increase of the
crystal nucleation rate than a regular seed with bcc structure at
a moderate undercooling. At a stronger undercooling, this effect
is reversed and the largest crystal nucleation rate is obtained in
the presence of a regular bcc seed. In the case of a small lattice
mismatch between the seed and bulk crystal structures
(squeezed seeds) the effects are reduced. In contrast, when
the structure of the considered seed is incommensurate to the
bulk crystalline structure, in our case icosahedral (icos), the
crystal nucleation rate is not significantly affected by the
presence of the seeds. The crystals tend to nucleate somewhere
in the bulk but not in the vicinity of the seeds (this excluded
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volume is however too small to modify the reaction rate).
When the icosahedral seed is slightly squeezed, crystalline
clusters sometimes form also on the seed and, as it turns out,
reproduce the icosahedral structure of the seed, similarly to the
crystals forming on bcc and fcc seeds. As the crystals grow to
macroscopic dimensions, these structural effects disappear and
the structural composition of crystalline clusters formed by
homogeneous crystal nucleation is recovered.
From the classical point of view, seeds with structures

(partly) commensurate with the bulk crystalline structure are
expected to act as nucleation sites, and the reaction rate should
increase proportional to the number of these sites present in
the system. On the other hand, we have seen previously that
the presence of a regular icosahedral seed suppressed crystal
nucleation in the close vicinity of the seed.34 The volume
excluded for nucleation was relatively small, thus, although the
volume accessible for homogeneous crystal nucleation was
reduced, the reaction rate was not significantly modified. For
the current study, we hypothesized that a combination of the
increase of the excluded volume due to the presence of two
seeds and of the decrease of the total volume of the system
might allow us to trace the reduction of the crystal nucleation
rate caused by the presence of icosahedral seeds. The actual
simulations revealed though that the process of crystal
nucleation is more intricate and that the seeds of most of the
structures considered here interact in a nontrivial way during
the transition process. We find that crystal nucleation rates are
determined not only by the number and structure of the seeds
but also by the distance between them.

■ SIMULATION DETAILS
We perform molecular dynamics (MD) simulations of 30
systems of particles interacting via the truncated and shifted
Lennard-Jones (LJ) potential with a cutoff distance of rc = 2.5
(in LJ units, which we use throughout the paper). We integrate
the equations of motion at the constant pressure and constant
enthalpy (NpH ensemble36) with a time step of Δt = 0.01 and
the pressure set close to zero (p = 0.003257). The number of
particles and the enthalpy values (collected in Table 1) vary
between the systems. The seeds are modeled as a set of
particles connected by fixed bonds but are allowed to move
translationally and rotationally as a whole.37 We consider three
different types of the seeds. The icosahedral and fcc-structured
seeds contain 13 particles, while bcc seeds are made up of 15
particles. In each seed, there is one central particle and the
remainder is arranged around it to form the corresponding
structure (which includes the first neighbor shell for the fcc and
icosahedral seeds, while the bcc seed also contains parts of the
second shell). The distance between the central particle and the
particles in the first shell is either equal to the distance between
the neighbors on a regular lattice, that is, d = 1.09, or slightly
smaller, d = 1.0, resulting in seeds with squeezed structures.
There are two seeds of the same structure in every system

considered, and we model the change of seed concentration by
varying the number of freely moving particles, adjusting the
average volume of the simulation box accordingly. For
comparison and in order to ensure that our systems are large
enough to assume that finite-size effects are negligible, we also
simulate the homogeneous systems of three different sizes.
We prepare the initial configurations in several steps. First, a

very large system without seeds is equilibrated and undercooled
to the initial state by a periodic rescaling of the velocities of the
particles (NpT ensemble36,38). Then, we cut the obtained

configuration into simulation boxes with edge lengths of L =
18, 22, and 26 by removing particles outside of these boxes and
insert the seeds, simultaneously removing particles for which
the interaction energy with one of the seed particles is larger
than the largest interparticle interaction energy of the fluid
without seeds. The initial positions of the mobile seeds are
(0,0,0) and (L/2,0,0). In addition, for the largest box size and
two regular (d = 1.09) seeds, we fix the distance between the
seeds (and their relative orientation) at D = 9, 11, and 13, such
that the initial positions of the seeds with fixed distance are
(±D/2, 0, 0). Then, we prepare 100 realizations of each system
by randomizing the velocities of all particles in a given
configuration and again equilibrate (105 time steps) the
obtained sets at T = 0.525 (25% undercooling), computing
the average enthalpy per particle. The latter is used to set the
initial temperature in the actual simulations of crystal
nucleation in the NpH ensemble. The enthalpy values together
with the respective numbers of particles are collected in Table
1. There, and throughout the paper, we label the seeds with
squeezed structures by the subscript 1.0 and regular seeds by
the subscript 1.09. We also use the initial edge lengths of the
simulation boxes to refer to different system sizes as L18, L22,
and L26 and the fixed distances between the seeds to indicate
the corresponding systems as D9, D11, and D13.
In the main part of our simulations, we employ the transition

interface path sampling (TIS) technique to sample trajectories
connecting the undercooled liquid state to the crystalline
phase.39−41 In doing so, we use the number of particles in the
largest crystalline cluster, ns, to differentiate between the initial
and the final states of the transition, and to define interfaces
along the way from the initial to the final states. The crystalline
clusters are identified by means of the Steinhardt bond order
parameters42 within the scheme proposed by ten Wolde, Ruiz-
Montero, and Frenkel43 and with optimized crystallinity
threshold values.44

To increase the sampling efficiency, we set the positions of
the TIS interfaces such that the probability to reach the next
window is at least 10%. We also make sure that the border of

Table 1. Number of Particles and Enthalpy per Particle

L18 L22 L26

N, bcc1.0 4928 9118 15969
H/N, bcc1.0 −6.00267 −5.98958 −5.98286
N, bcc1.09 4922 9113 15961
H/N, bcc1.09 −6.00022 −5.98786 −5.98224
N, fcc1.0 4938 9125 15978
H/N, fcc1.0 −5.99879 −5.98741 −5.9818
N, fcc1.09 4930 9120 15970
H/N, fcc1.09 −5.998 −5.9869 −5.98144
N, icos1.0 4938 9127 15978
H/N, icos1.0 −5.99569 −5.9855 −5.9807
N, icos1.09 4931 9123 15972
H/N, icos1.09 −5.99193 −5.98402 −5.9799
N, no seed 4904 8430 16016
H/N, no seed −5.97391 −5.97363 −5.97361

D9 D11 D13

N, bcc1.09 15957 15962 15961
H/N, bcc1.09 −5.98273 −5.98283 −5.98292
N, fcc1.09 15968 15973 15968
H/N, fcc1.09 −5.98217 −5.9822 −5.98208
N, icos1.09 15970 15968 15970
H/N, icos1.09 −5.98052 −5.98036 −5.98036
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the initial state is easily reached on the time scale of a
straightforward MD simulation but, at the same time, the
system does not leave this state for too long periods of time.
Thus, the set of interfaces for systems with fcc-structured seeds
is nI

fcc = {25, 40, 60, 90, 130, 200} and nI
bcc = {25, 40, 60, 90,

130, 180, 240} for systems with bcc-structured seeds. The
borders of the initial state are n0

fcc = n0
bcc = 20. For homogeneous

systems and icosahedrally structured seeds, we place the
interfaces at nI

icos = nI
no seed = {15, 30, 50, 70, 110, 170, 250} and

the border of the initial state is n0
icos = n0

no seed = 10. The number
of attempted TIS moves, including 90% of shooting and 10% of
path reversal moves, is 104 for sampling and at least 103 for
equilibration. We set the time interval between two shooting
points along a trajectory to Δt = 0.1 and the magnitude of the
momentum change for shooting moves such as to obtain an
acceptance ratio of 20−40%.
The flux through the first interface is computed from a set of

straightforward MD simulations (105 time steps). Ensuring that
the system under consideration does not crystallize on the time
scale of these simulations, we obtain the value of the flux as the
number of times the system crosses the first TIS interface
coming directly from the border of the initial state per amount
of time the system spends below the first TIS interface in one
simulation.
Finally, the mechanism of the crystal nucleation is analyzed

on the sample of 100 transition paths, which we randomly
select out of the set of trajectories that reach the last TIS
interface and integrate them to the crystalline cluster size of ns
≥ 1000. In Figure 1, we show snapshots of crystalline clusters
found in the final configurations of this integration.

■ RESULTS AND DISCUSSION
Reaction Rates. Within TIS, the reaction rate J, that is, the

number of nucleation events per unit time and unit volume, is
computed as a product of the flux f first, from the initial state
(ns ≤ n0) through the first interface nfirst and the probability,
P(nlast|nfirst), to reach the final state of the reaction, given that
the system initially started at ns ≤ n0 and crossed the first
interface:

= |J
f

V
P n n( )first

last first (1)

where V is the average volume of the simulation box. Here, we
use the last TIS interface to mean the final state of the reaction,
which is justified by the fact that the position of this interface is
determined by the condition that the probability to continue to
the fully crystalline state from there becomes unity.

In Table 2, we summarize the values for the nucleation rates
computed for all systems considered. We also include the
average values for the flux through the first interface and the
volume of the box, computed in a straightforward MD

Figure 1. Snapshots of crystalline clusters formed on mobile fcc1.09, bcc1.09, and icos1.09 seeds (from left to right). Particles which do not belong to the
largest crystalline cluster are not shown. Seed particles are presented by red spheres. The configurations in which either one or both seeds belong to
the largest crystalline clusters (blue spheres) are characteristic for the seeds with cubic structure. Icosahedral seeds are usually not part of the
crystalline phase.

Table 2. Average Flux f first, Volume, V, and Nucleation Rate,
J, for All Systems. Values in Bold Indicate the Largest and
the Smallest Nucleation Rates

f first V J

bcc1.0
L26 0.164 ± 0.005 17505.9 ± 0.03 (1.8 ± 0.5) × 10−10

L22 0.172 ± 0.007 10005.2 ± 0.02 (5.7 ± 1.8) × 10−10

L18 0.222 ± 0.016 5417.92 ± 0.02 (5.3 ± 1.4) × 10−9

bcc1.09
L26 0.315 ± 0.011 17501.4 ± 0.03 (2.2 ± 0.8) × 10−9

L22 0.304 ± 0.008 10004.4 ± 0.02 (4.4 ± 1.6) × 10−9

L18 0.361 ± 0.017 5415.73 ± 0.02 (2.4 ± 0.6) × 10−8

D13 0.287 ± 0.007 17501.6 ± 0.03 (4.4 ± 1.5) × 10−10

D11 0.298 ± 0.007 17502.8 ± 0.03 (7.3 ± 2.3) × 10−10

D9 0.302 ± 0.008 17497.5 ± 0.03 (1.9 ± 0.5) × 10−9

fcc1.0
L26 0.050 ± 0.003 17512.3 ± 0.03 (1.7 ± 0.5) × 10−10

L22 0.051 ± 0.003 10009.6 ± 0.02 (2.5 ± 0.9) × 10−10

L18 0.049 ± 0.004 5425.55 ± 0.01 (1.4 ± 0.3) × 10−9

fcc1.09
L26 0.205 ± 0.007 17506.5 ± 0.03 (7.2 ± 1.7) × 10−9

L22 0.199 ± 0.006 10007.1 ± 0.02 (1.6 ± 0.5) × 10−8

L18 0.225 ± 0.007 5419.72 ± 0.02 (5.7 ± 1.6) × 10−8

D13 0.204 ± 0.006 17504.7 ± 0.03 (3.1 ± 0.8) × 10−9

D11 0.209 ± 0.007 17510.0 ± 0.03 (3.7 ± 1.1) × 10−9

D9 0.216 ± 0.006 17504.6 ± 0.06 (7.0 ± 2.1) × 10−9

icos1.0
L26 0.118 ± 0.002 17514.4 ± 0.03 (1.3 ± 0.4) × 10−11

L22 0.071 ± 0.002 10013.8 ± 0.02 (1.1 ± 0.4) × 10−11

L18 0.036 ± 0.001 5427.39 ± 0.02 (9.0 ± 3.5) × 10−12

icos1.09
L26 0.118 ± 0.002 17511.8 ± 0.03 (2.8 ± 0.9) × 10−11

L22 0.066 ± 0.002 10013.6 ± 0.02 (1.7 ± 0.6) × 10−11

L18 0.037 ± 0.002 5424.27 ± 0.02 (2.1 ± 0.8) × 10−11

D13 0.122 ± 0.003 17510.2 ± 0.03 (3.5 ± 1.0) × 10−11

D11 0.114 ± 0.002 17508.0 ± 0.03 (1.0 ± 0.3) × 10−11

D9 0.121 ± 0.002 17509.9 ± 0.03 (6.4 ± 2.5) × 10−12

no seed
L26 0.118 ± 0.002 17535.4 ± 0.03 (1.4 ± 0.4) × 10−11

L22 0.066 ± 0.002 9229.72 ± 0.02 (1.5 ± 0.6) × 10−11

L18 0.033 ± 0.001 4931.2 ± 0.02 (1.1 ± 0.3) × 10−11

The Journal of Physical Chemistry B Article

DOI: 10.1021/acs.jpcb.6b06510
J. Phys. Chem. B 2016, 120, 9230−9239

9232

http://dx.doi.org/10.1021/acs.jpcb.6b06510


simulation of the initial state. The evolution of the positive
reactive flux f firstP(ns|nfirst) and of the flux density f firstP(ns|nfirst)/
V with the increasing cluster size ns is presented in Figures 2
and 3, respectively. Shortly after the system has crossed the free
energy barrier which opposes the nucleation, this flux (density)
develops a plateau, the value of which is used to determine the
reaction rate.
As can be inferred from Table 2 and Figure 3, reaction rates

obtained in the presence of seeds with different structures vary

within about 4 orders of magnitude (the largest and the
smallest values of the crystal nucleation rate are indicated in
Table 2). The rates measured in the presence of icosahedral
seeds with different structures are similar to those of a
homogeneous system and lie in the lower range of the list. In
contrast, the presence of all seeds with cubic structure
significantly enhances crystal nucleation and the magnitude of
the effect is determined by the specific structure.

Figure 2. Reactive positive flux, f firstP(ns|nfirst), as a function of the size of the largest crystalline cluster, ns, converges to a plateau with the value of the
corresponding reaction rate constant (the respective rate is then obtained by dividing by the average volume of the initial phase). For mobile
squeezed (dashed lines, left column) and regular (dash-dotted lines, right column) seeds, the colors indicate the size of the box, increasing from
green (L18) through blue (L22) to red (L26). For seeds with fixed distance (solid lines, right column), colors stand for the distance between the
seeds, increasing in the same order from D9 (green) to D11 (blue) and D13 (red). Three homogeneous reference systems of different sizes (roughly
corresponding to the boxes with mobile seeds) are indicated by the dark solid lines in the left column, also increasing with the box size from dark
green (L18) through dark blue (L22) to dark red (L26). The statistical errors are indicated only for selected points.

Figure 3. Reactive positive flux density, f firstP(ns|nfirst)/V, as a function of the size of the largest crystalline cluster, ns, in the presence of bcc, fcc, and
icosahedral seeds. The inset in the bottom frame magnifies the region indicated by a square on the main plot. For mobile squeezed (dashed lines)
and regular (dash-dotted lines) seeds, the colors indicate the size of the box, increasing from green (L18) through blue (L22) to red (L26). For seeds
with fixed distance (solid lines), colors stand for the distance between the seeds, increasing in the same order from D9 (green) to D11 (blue) and
D13 (red). Three homogeneous reference systems of different sizes (as expected, the data collapses to a single line with the deviation for the smallest
box size attributed to the occurrence of minute finite size effects) are indicated by the dark solid lines, also increasing with the box size from dark
green (L18) through dark blue (L22) to dark red (L26). The statistical errors are indicated only for selected points.
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In addition to its dependence on the structure, the flux out of
the initial state is affected by the size of the simulation box. The
way in which it varies with the system size gives a hint at the
mechanism of the transition. For example, a constant (initial)
flux seen for varying box volume points at heterogeneous
crystal nucleation, where, for a constant number of seeds, the
probability of the formation of the crystalline cluster on the
seeds does not depend on the volume of the system. In
contrast, a constant (initial) flux density (i.e., the flux is
proportional to the volume) is a feature of homogeneous
crystal nucleation. In Table 3, we summarize the data for the

initial flux out of the initial state obtained in the presence of one
and two seeds of given structure. Overall, we indeed see an
occurrence of heterogeneous crystal nucleation in the presence
of cubic seeds and of homogeneous crystal nucleation in the
presence of icosahedral seeds. A closer look at the values
presented in Table 3 reveals, however, that there are also finite
size effects due to interactions between cubic seeds and, for
single seeds, due to a mixed occurrence of homogeneous and
heterogeneous crystal nucleation. The interaction between
cubic seeds is reflected in a moderate increase of the reactive
flux for the smallest system considered, while the occurrence of
homogeneous nucleation in the presence of a single seed can be
recognized in the increase of the flux values with the system
size.
The more pronounced effects caused by the presence of the

second seed can be seen in the evolution of the reactive flux
along the transition as seen in Figure 2. For regular seeds with
fixed seed-to-seed distances and moving cubic seeds, the
initially coinciding values of the reactive flux evolve differently
with the increasing cluster size. For moving icosahedral seeds,
the influence of the second seed is seen on the evolution of the

reactive flux density, which at the border of the initial state is
independent of the system volume and the structure of the
seeds, but deviates from the homogeneous flux density values
for larger crystalline clusters. These differences here are rather
small and we found that the comparison of the reactive fluxes
with those of homogeneous systems in matched volumes is
more conclusive on this issue. As demonstrated in Figure 2, the
presence of the second squeezed icosahedral seed is not
essential for the final value of the reaction rate. In contrast, the
evolution of the reactive flux in the presence of regular
icosahedral seeds coincides with the reactive fluxes found for
fixed seed-to-seed distances.
Evidently, the presence of cubic and icosahedral seeds has

quite different effects on the crystallization transition, thus, in
the following, we consider them separately.

Face- and Body-Centered Cubic Seeds. The presence of fcc
and bcc seeds enhances crystal nucleation, and the magnitude
of the effect is determined by the specific structure as well as by
the size of the system. As a whole, seeds with regular fcc
structure in the smallest volume cause the largest increase and
squeezed fcc seeds in the largest volume cause the smallest
increase of the crystal nucleation rate. For a given system size,
squeezed bcc seeds yield a larger enhancement of the
crystallization probability than squeezed fcc seeds, but the
effect of regular bcc seeds is smaller than the one of regular fcc
seeds. At the same time, the flux out of the initial state in the
presence of regular bcc seeds is larger than that in the presence
of regular fcc seeds. Furthermore, as can be inferred from Table
3, adding a second seed roughly doubles the initial flux. The
exact values, however, tend to slightly increase with the
decreasing simulation box size. There are two factors
contributing to this effect. First, two seeds present in the
smallest system apparently are so close to each other that the
presence of the second seed stabilizes the cluster nucleating on
the other seed. Second, the initial flux in the presence of a
single seed with cubic structure shows a minor increase for the
largest simulation box volume considered. Apparently, the
presence of a single seed in the smaller systems suppresses
homogeneous nucleation in the initial state, which becomes
more probable as the volume of the system increases. Certainly,
as we discuss next, the evolution of these small clusters
nucleating homogeneously to larger dimensions is less probable
than of those nucleated heterogeneously. Nevertheless, the
presence of a squeezed bcc seed in the largest simulated volume
and of a squeezed fcc seed in all systems produced an initial flux
density that was smaller than the homogeneous flux density
(see Supporting Information). In larger systems, the initial flux
density in the presence of two squeezed fcc seeds was smaller
than the one found in homogeneous systems. Most likely, these
are the effects of partial incommensurability of the seeds with
squeezed structure to the bulk crystalline structure, which is
also reflected and more pronounced in the tendency of the
clusters leaving the initial state to evolve to macroscopic
dimensions.
In a previous analysis of crystal nucleation on regular bcc and

fcc seeds,34 we concluded that the transition follows the
Ostwald’s step rule,45,46 which states that the evolution of a
system proceeds by the route of the smallest free energy
difference. That is, a metastable system may transform into its
final state through formation of an intermediate phase if the
free energy barrier separating the initial from the intermediate
state is lower than the one separating the initial from the final
thermodynamically most stable state. In LJ crystals, the

Table 3. Average Flux f first in the Presence of One and Two
Mobile Seeds in Systems of Different Sizes. The Last
Column Represents the Ratio of These Fluxes

f first
one seed f first

two seeds #2/#1

bcc1.0
L26 0.085 ± 0.003 0.164 ± 0.005 1.93
L22 0.082 ± 0.003 0.172 ± 0.007 2.10
L18 0.078 ± 0.003 0.222 ± 0.016 2.85
bcc1.09
L26 0.163 ± 0.006 0.315 ± 0.011 1.93
L22 0.144 ± 0.005 0.304 ± 0.008 2.11
L18 0.147 ± 0.005 0.361 ± 0.017 2.46
fcc1.0
L26 0.029 ± 0.002 0.050 ± 0.003 1.72
L22 0.022 ± 0.002 0.051 ± 0.003 2.32
L18 0.023 ± 0.002 0.049 ± 0.004 2.13
fcc1.09
L26 0.110 ± 0.005 0.205 ± 0.007 1.86
L22 0.095 ± 0.004 0.199 ± 0.006 2.09
L18 0.099 ± 0.005 0.225 ± 0.007 2.27
icos1.0
L26 0.121 ± 0.003 0.118 ± 0.002 0.98
L22 0.064 ± 0.002 0.071 ± 0.002 1.11
L18 0.036 ± 0.001 0.036 ± 0.001 1.00
icos1.09
L26 0.122 ± 0.002 0.118 ± 0.002 0.97
L22 0.068 ± 0.002 0.066 ± 0.002 0.97
L18 0.034 ± 0.001 0.037 ± 0.002 1.09
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intermediate phase corresponds to the bcc structure, while the
most stable phase has the fcc structure. Earlier studies of the
bulk transformation of an undercooled LJ fluid41,43,47 confirmed
that the crystallization indeed proceeds through the formation
of an intermediate bcc phase. From this point of view, the initial
reduction of the height of the free energy barrier due to the
presence of single seeds with regular bcc and fcc structures is
comparable (and even slightly larger for the bcc seed) but then
the crystalline clusters with bcc structure formed on the
corresponding seed still have to transform into the more stable
fcc structure, which is reflected in a decrease of the probability
to proceed to larger cluster sizes relative to the respective value
in the presence of an fcc seed. Here, we recover a similar
picture for a pair of regular seeds. In contrast, the presence of
squeezed fcc seeds decreases the height of the free energy
barrier less than the presence of squeezed bcc seeds, as can be
inferred from the flux values given in Table 2. Hence the final
crystal nucleation rate in the presence of squeezed bcc seeds is
larger than in the presence of squeezed fcc seeds, although
there is a relative drop in the reactive flux along the transition
for squeezed bcc seeds. This decrease is best seen in the largest
volume, where the final crystal nucleation rates in the presence
of squeezed bcc and fcc seeds are comparable. For smaller
volumes, we encountered the influence of the second seed,
which tends to stabilize the crystalline cluster formed on the
other seed when close to it. The last observation also applies to
other bcc and fcc seeds. That is, for a given structure, the
impact of the presence of the second seed depends on how
close they are to each other.
In general, for the two larger systems (L22 and L26), the

probability to grow to macroscopic dimensions depends on the
structure of the seeds and not on the volume of the simulation
box. (There is a small deviation for systems with the squeezed
bcc seeds, which is nevertheless within the error bars.) Also the
flux out of the initial state is the same for similar seed
structures, such that the frequency of the nucleating events is
essentially independent of the system size.
For the smaller system (L18), however, the presence of the

second seed increases both, the value of the flux through the
first interface as well as the probability to proceed to larger
cluster sizes after leaving the initial state. Thus, the overall
nucleation rate is influenced not only by the structure of the
seeds but also by the ability of the seeds to maintain a certain
separation between them, which follows from the analysis of
the distances between the seeds along transition trajectories
presented in the next section. Apparently, there is a certain
distance between the seeds, which is adopted in larger systems
when the seeds are allowed to move freely. In the smaller
system, where this distance roughly corresponds to half of the
simulation box edge, seeds are driven closer together
(“interacting” through periodic boundary conditions), which
increases the probability to include the second seed into the
crystalline cluster and hence proceed into the fully crystalline
state.
To extract the effect of the relative distance of the seeds, we

also studied crystal nucleation in the presence of seeds with
fixed relative distances (D9, D11, and D13). The overall system
size is comparable to L26 for the corresponding freely moving
seeds. The obtained nucleation rates are similar only for D9 and
smaller than those of mobile seeds for D11 and D13. The
values of the flux out of the initial state slightly increase with the
decreasing distance between the seeds, but are comparable
among themselves as well as with those of the L26 system.

Deducting the volume effects, we see that the reactive positive
flux in Figure 2 coincides with the values obtained in the two
larger systems L22 and L26 for the smallest distance between
the seeds (D9) and lies below them for D11 and D13. Here, we
refer to the results presented in the next section, which indicate
that the average distance between the mobile seeds in L26 (and
to some extend also in L22) is comparable with that in D9.
Thus, the distance D = 9, which we initially selected by chance,
and the corresponding reactive flux appear to be intrinsic for
the crystal nucleation in the presence of two cubic seeds. We
also note that a comparable reactive flux in the presence of fcc
seeds separated by a larger distance is an indication that the
crystalline clusters formed on one of the seeds grow beyond the
critical size when they reach the range of influence of the
second seed. For bcc seeds, this flux slightly depends on the
distance between the seeds (for clusters larger than a certain
size), thus, at the intermediate seed separation, the second seed
is close enough to influence the crystalline cluster (formed on
one of the seeds) in the vicinity of the free energy barrier.
Keeping in mind our previous observation34 that the critical
clusters in the presence of a regular bcc seed are on average
considerably larger than in the presence of a regular fcc seed,
we conclude that also in the presence of two seeds the critical
cluster size varies with the seed structure.

Icosahedral Seeds. The effect of icosahedral seeds on the
value of crystal nucleation rate is relatively small in comparison
to the impact of cubic seeds. In particular, as can be seen in
Figure 3 (exact values are provided in the Supporting
Information or can be worked out from Table 2), reactive
flux densities at the border of the initial state in the presence of
all icosahedral seeds considered correspond to the values of a
homogeneous system, actually indicating that the nucleation of
small crystallites proceeds homogeneously. Similarly, the flux
out of the initial state is not essentially changed by the presence
of single icosahedral seeds (Table 3). For single seeds with
regular icosahedral structure, one could imagine that the
density of the flux out of the initial state decreases with the
simulation box volume. Considering that there is a small
volume around the seed avoided by crystalline clusters, this is a
tendency which one would expect, but the effect is very small.
Nevertheless, the impact of the presence of the seeds

becomes noticeable as the reactive flux proceeds to larger
crystallites and influences the crystallization rate. Hence, the
rate obtained in the presence of icosahedral seeds separated by
D = 9, which is the smallest rate we have seen in our systems, is
approximately five times smaller than the rate measured for D =
13. Crystal nucleation rates without seeds and with other
icosahedral seeds lie inbetween. Thus, the presence of regular
icosahedral seeds with fixed seed-to-seed separation can slightly
increase but just as well decrease the crystal nucleation rate
compared to homogeneous crystal nucleation, depending on
the distance between the seeds. When seeds are allowed to
move, the modification of the reaction rates is more modest, yet
the values obtained in the presence of icosahedral seeds can
again be either larger (regular seeds) or smaller (squeezed
seeds) than the homogeneous rates.
A closer look at the evolution of the reactive fluxes with the

increasing cluster size presented in Figure 2, reveals that the
late stages of crystal nucleation are comparable to the
homogeneous systems only in the presence of squeezed
icosahedral seeds. Here, the values of the reactive fluxes
essentially reproduce those found in the homogeneous systems
at matching simulation box volumes. There is a slight (initial)
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decrease of the positive reactive flux, which finally saturates to
the homogeneous plateau. In a previous study,33 we found that,
from time to time, crystals form on a squeezed icosahedral seed,
which is also true for the current investigation (results not
shown but can be inferred from the Supporting Information).
There, we have also seen that the size of the critical clusters
formed on the squeezed icosahedral seed is smaller than of
those nucleated homogeneously. Thus, we associate the initial
decrease of the probability to grow to larger clusters sizes with
the possibility of formation of crystalline clusters on the seeds.
Aside from that, the reaction rates obtained in the process of
homogeneous and crystal nucleation in the presence of
squeezed icosahedral seeds are very close to each other.
In contrast, as demonstrated in Figure 2, the freely moving

regular seeds in three boxes of different size L18, L22, and L26
almost exactly reproduce the reactive fluxes obtained in the
larger box with fixed distances between the seeds, D9, D11, and
D13, respectively. The analysis of the transition paths presented
in the next section revealed that the average distance between
the mobile seeds in these systems is close to the respective fixed
distances in the larger system. Apparently, the reaction seen in
the presence of regular icosahedral seeds is heterogeneous, but
the crystals nucleate far away from the seeds. In addition, what
is particularly puzzling is the increase of the crystal nucleation
rates with increasing distance between the regular icosahedral
seeds. Considering the fact that a single icosahedral seed does
not modify the crystal nucleation rate, we have to assume that a
further increase of the seed-to-seed separation will result in a
reduction of the crystal nucleation rate.
Transition Path Analysis. The presence of pre-structured

seeds has an impact not only on the crystal nucleation rates, but

also modifies the transition scenario. To study the crystal-
lization mechanism in details, we selected 100 TIS trajectories
that reached the crystalline region in TIS simulations and
integrated them to crystalline cluster sizes of ns ≥ 1000. At
these sizes, the structural composition of the crystals becomes
similar to those nucleated in a homogeneous system.
We started by analyzing the structural composition of the

crystallizing clusters (Supporting Information), which essen-
tially resembles the composition found earlier for the
crystallization on single structured seeds.33,34 Because of the
slightly modified definition of crystallinity,44 however, we found
less particles identified as being in a bcc environment.
Apparently, the optimized thresholds clarify the picture of the
transition following the Ostwald’s step rule. Thus, in our case of
the undercooled LJ fluid, the formation of the fcc phase stable
in bulk is preceded by the formation of the metastable bcc
phase, which requires the crossing of a lower free energy barrier
and then transforms into the fcc phase. The heterogeneous
crystallization on bcc and fcc seeds results in the formation of
structures commensurate with the seed structures, but the
composition of bulk crystals is recovered as the nucleating
clusters grow. The crystalline clusters in the presence of
icosahedral seeds have a structure similar to crystals formed by
homogeneous crystallization, although there are indications to
the rare appearance of icosahedrally structured crystals formed
on the seeds with squeezed icosahedral structure, also seen
earlier.33

Comparatively more informative is the analysis of the relative
distances between the mobile seeds along the transition and the
separations between the seeds and the crystallizing cluster. The
distributions of the distances between the seeds are

Figure 4. Distribution of the distances between the central particles of the seeds color-coded according to their relative occurrence probability (as a
fraction of configurations in which a certain distance is measured) for a given cluster size ns. Red solid lines indicate the average values in the
respective system for a given cluster size, while the black dotted lines denote the average distance between the seeds in the initial state. Black solid
lines indicate the distances between the seeds of D = 9 for regular cubic seeds in L26 and L22, and of D = 13, D = 11, and D = 9 for regular
icosahedral seeds in L26, L22, and L18, respectively. To improve the statistics, the cluster sizes were sampled in steps of 20, and the distances were
sampled in steps of 0.5.
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summarized in Figure 4 for all types of the seeds, and we refer
to the Supporting Information for the results on the distances
between the seeds and the crystalline cluster. In the following,
we consider cubic seeds and seeds with icosahedral structure
separately.
Face- and Body-Centered Cubic Seeds. In general, crystals

tend to nucleate on one of the cubic seeds present in the
undercooled fluid, as can be inferred from the distribution of
the closest separations between the particles of the seeds and of
the crystalline cluster, which is presented in the Supporting
Information. In nearly all configurations along crystallizing
paths, we find that the crystalline clusters are in close contact
with one of the seeds. There are a few exceptions for small
clusters, but the distance between the crystal and the seed we
see in these cases is relatively small. In contrast, the probability
of the inclusion of the second seed into the crystal is not
definite and depends not only on the size of the system but also
on the structure of the seeds. Thus, both squeezed bcc seeds in
the smallest system (L18) belong to the crystal, if the size of the
crystal is large enough. For smaller crystals and other types of
seeds in this system, it is the most probable configuration. In
the larger systems (L22 and L26), the probability to find the
second seed outside of the small crystalline clusters is larger,
but the mean distance between the clusters and these seeds
decreases as the crystals grow and the fraction of configurations
in which the second seed is included into them increases.
These findings confirm our hypothesis that crystal nucleation

in the presence of two structured seeds is only indirectly
influenced by the presence of the second seed, which is
included into the crystallizing cluster only if, due to the size of
the system, the initial separation between the seeds is relatively
small.
The last observation raises the question whether there is a

typical separation assumed by the seeds in the course of the
transition, at which the crystallizing cluster formed on one of
the seeds is influenced by the second seed. As demonstrated in
Figure 4, we again have to differentiate between the smallest
L18 and the two larger systems L22 and L26. In the larger
systems, one finds configurations with all possible distances
between the seeds. The average separation, however, is
comparable for a given seed structure, which explains why
similar reactive fluxes occur in these systems. For regular seeds,
Figure 4 also indicates the separation of D = 9, which in the
systems with a fixed relative distance resulted in a reactive flux
that is comparable to the flux found in larger systems with
mobile seeds. Apparently, the average distance fluctuates very
close to this value in both L22 and L26 systems. In the smaller
system and particularly in the presence of bcc structures, on the
other hand, the seeds are closer to each other and the reactive
flux is increased.
Furthermore, Figure 4 also provides the average values of the

seed-to-seed separations found in the initial fluid state
(corresponding distributions can be found in the Supporting
Information). For all but one system (L22 with squeezed bcc
seeds, where they are equal) the mean distances between the
seeds in the transition paths are smaller than the corresponding
distances in the initial state, which indicates that a certain
fraction of the initial flux out of the initial state, with seed
separations below average, will be better suited for the
transition than the other.
Icosahedral Seeds. The mechanism of the crystallization

transition in the presence of icosahedral seeds is very different
from that in the presence of cubic seeds. The crystals nucleate

mainly in the bulk, although there are some configurations
along the transition paths in which the seed particles are in the
neighborhood of the cluster. (The optimized scheme used here
to find particles in the crystalline environment does not
recognize the particles of icosahedral seeds as solid.) For
squeezed seeds, there are also some trajectories, along which
the crystals form around one of the icosahedral seeds. On
average, however, the distance between the crystalline cluster
and the icosahedral seeds is rather large, although it decreases
as the cluster grows. Thus, at this stage of crystal nucleation, we
do not see any indication that a growing crystalline cluster
expels an incommensurate seed as seen in colloidal composite
materials,48 where foreign particles accumulated on the grain
boundaries of growing crystals. On the contrary, in the
presence of icosahedral seeds, we see that the average distance
between the seeds fluctuates around a value which increases
with the simulation box size. Thus, we cannot confirm that the
incommensurate seeds (if seen as foreign particles) tend to
cluster together. The average seed-to-seed distances during the
transition lie distinctly above the mean values of the initial state,
indicating that, in comparison to cubic seeds, a different
fraction of the initial reactive flux is important for a successful
transition in the presence of icosahedral seeds. Moreover, for
regular structures, the distance between the moving seeds is
close to D = 9 (in L18), D = 11 (in L22), and D = 13 (in L26),
which we used as fixed distances between the regular
icosahedral seeds (D9, D11, and D13). As we stated in the
previous section, these findings explain the equality of the
respective reactive fluxes, indicating that their value is
determined only by the distance between the seeds.

■ CONCLUSIONS
Pairs of tiny structured seeds influence the process of crystal
nucleation in an undercooled LJ fluid in essentially two ways.
First, they may serve as nucleation sites for heterogeneous
crystallization, if their structure is (at least partly) commensu-
rate with the bulk crystalline structure. Second, they influence
the probability of the crystalline clusters to grow to macro-
scopic dimensions. The effects that the presence of seeds has
on the crystallization largely depend on the structure of the
seeds and on the distance between the seeds.
In the early nucleation stages, bcc and fcc seeds enhance the

formation of the crystalline clusters, for which the seeds act as
nucleation sites for heterogeneous crystallization. In the two
larger systems considered, the positive reactive flux out of the
initial state is independent of the volume of the simulation box,
which is a sign of heterogeneous nucleation. In the smaller
system, where the seeds are closer to each other, this initial flux
is slightly increased. We recover the expected linear depend-
ence of the reactive flux on the number of nucleation sites only
partially, since in the presence of single seeds in the larger
systems both homogeneous and heterogeneous crystal
nucleation contribute to the flux out of the initial state. We
also found that the presence of single squeezed seeds with cubic
structure may effectively suppress the initial flux density relative
to the homogeneous case. The effect is relatively small and
vanishes as the transition proceeds, since the probability of the
pathways contributing to the fraction of the flux associated with
heterogeneous crystal nucleation to evolve to the fully
crystalline states is higher than the corresponding probability
of the pathways in which crystals formed homogeneously. The
presence of icosahedral seeds, on the other hand, does not
change the reactive flux out of the initial state, as already seen
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for single icosahedral seeds, and one recovers the flux values of
homogeneous crystal nucleation also in the presence of two
seeds. If these icosahedral seeds have a regular lattice spacing,
crystalline clusters do not form on these seeds but the avoided
volume is relatively small such that the value of the flux is not
substantially altered by this fact. In the presence of slightly
squeezed icosahedral seeds, the crystals nucleate also mainly in
the bulk, but there is a finite probability that the crystal forms
near one of the seeds.
As small nucleated crystallites evolve to larger sizes, the

presence of the second seed modifies the probability of these
cluster to grow to macroscopic dimensions. Hence, crystal
nucleation rates are determined by the impact of the second
seed for all but the slightly squeezed icosahedral seeds. We
found that the effect depends on the distance between the
seeds. Both bcc and fcc seeds, if allowed to move and provided
enough space, assume a certain distance between them, which
results in a similar evolution of the reactive flux. If a smaller or
larger distance is imposed on the separation between the seeds,
the flux is either increased or decreased, respectively. For
regular icosahedral seeds, the average seed-to-seed separation of
freely moving seeds along the transition pathways increases
with the system size. Contrary to the case of cubic seeds, the
increase of the fixed distance between regular icosahedral seeds
results in an increase of the crystal nucleation rate.
In summary, nucleation rates computed here for systems

containing seeds of different structures indicate that the
classical picture of foreign particles simply offering sites for
heterogeneous nucleation applies only in the low density limit.
As soon as the seeds are close enough to each other, they
influence not only the initial nucleation probability but also the
probability of the evolution of the crystallite to macroscopic
dimensions. Even in the presence of regular icosahedral seeds,
which do not trigger heterogeneous nucleation, the nucleation
rate is nevertheless affected by the seeds. In contrast to the case
of cubic seeds, however, we could not localize a special seed-to-
seed separation which is assumed by the seeds in the course of
the transition. Moreover, the nucleation rate associated with the
largest distance between the seeds lies above the homogeneous
rate. Thus, a further increase of the distance between the seeds
should eventually lead to a turnover and subsequent decrease of
the crystal nucleation rate, since the presence of a single seed
does not modify the homogeneous crystal nucleation rate.
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Crystallization seeds favour crystallization only during initial growth.
Nat. Commun. 2015, 6, 7110.
(11) Dijkstra, M. Capillary Freezing or Complete Wetting of Hard
Spheres in a Planar Hard Slit? Phys. Rev. Lett. 2004, 93, 108303.
(12) Page, A. J.; Sear, R. P. Freezing in the bulk controlled by
prefreezing at a surface. Phys. Rev. E 2009, 80, 031605.
(13) Hedges, L. O.; Whitelam, S. Patterning a surface so as to speed
nucleation from solution. Soft Matter 2012, 8, 8624−8635.
(14) Sandomirski, K.; Walta, S.; Dubbert, J.; Allahyarov, E.; Schofield,
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