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A B S T R A C T   

Mixed convection in dissipative entropy optimized stagnation point flow of nanomaterial towards 
stretching Riga sheet is addressed. Brownian and thermophoresis diffusions for nanomaterial are 
accounted. Constitutive relations for Jeffrey material are utilized. Non-similar solutions for the 
governing differential systems are developed. OHAM is employed for the convergent series so-
lutions development. Outcomes of pertinent variables on flow quantities of interest are graphi-
cally organized. Finally the concluding remarks are arranged.   

1. Introduction 

Materials subject to rheological characteristics are now acknowledged very useful in the industrial processes. Diverse character-
istics of several materials lead to many models with rheological characteristics. Jeffrey liquid is one of such materials exhibiting both 
relaxation and retardation times. Attention to Jeffrey liquid has been focused in the past. For instance Hayat and Mustafa [1] examined 
radiative flow of Jeffrey liquid. Nadeem et al. [2] have studied unsteady oscillatory flow of Jeffery fluid with stagnation point. Hayat 
et al. [3] addressed flow in presence of heat source and porous space. Shehzad et al. [4] addressed Joule heating impact in flow of 
Jeffrey nanomaterial. Khan [5] discussed unsteady free convection flow of Jeffrey material. Forced convection flow of Jeffrey liquid is 
explored by Dalir [6] Idowu et al. [7] examined MHD chemically reactive flow of Jeffrey liquid. 

Flow subject to entropy generation is motivated by the recent researchers. In fact the development in research has found the point 
that even if energy being preserved but the quality of energy will be lost when it is entropy generated. Entropy generation is very 
important in the process for the conversion of heat transportation, solar and storage thermal power, solar collectors, heat exchanger, 
chemical vapor deposition devices etc. Bejan [8] made fundamental contribution in this direction. Dissipation and entropy generation 
in Cross fluid flow are addressed by Khan and Ali [9] Entropy in MHD peristaltic flow of nanomaterial is due to Rashidi et al. [10]. Ali 
et al. [11] studied entropy generation in flow of Cross nanofluid. Electrosmotic flow with entropy is discussed by Ranjit and Shit [12]. 
Further information on the topic can be mentioned in Refs. [13–17]. 

This communication aims for mixed convective stagnation point flow by a Riga sheet with dissipation. Entropy generation is also 
explored. Nanofluid model with Brownian movement and thermophoresis is chosen. Rheological features for Jeffrey fluid are 
considered. Non-similar solutions to nonlinear problems are constructed. The solutions are analyzed for emerging sundry parameters. 
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2. Modelling 

Two-dimensional flow of Jeffrey liquid due to Riga stretching surface is addressed. Brownian and thermophoresis diffusions are 
present. The sheet is stretching along (x − axis) with velocity (uw = ax) where a > 0 being stretching rate. Here (ue = cx) denotes 
velocity away from the surface, Tw surface temperature and T∞ ambient temperature. Under such considerations the governing ex-
pressions are [1–6] 

∂u
∂x

= −
∂v
∂y

(1)  

Nomenclature 

u,v x, y Velocity components 
J,q Mass flux, Heat flux 
T,C Temperature, Concentration 
Tw,Cw Surface Temperature, Surface Concentration 
T∞,C∞ Ambient Temperature, Ambient Concentration 
U∞ Ambient velocity 
A First Rivilin Erickson Tensor 
a, c Rate Constants 
kf Thermal conductivity 
νf Viscosity 
Jo Current Density 
g Gravity 
λ1 Ratio of Relaxation and Retardation Times 
λ2 Mixed Convection Parameter 
λ3 Buoyancy Ratio Parameter 
λ4 Retardation time 
λ6 Diffusion Parameter 
S Parameter for Ratio of Rates 
DB,DT (Brownian motion, Thermopherotic Diffusion) Coefficients 
αf Thermal Diffusivity 
M Modified Hartmman Number 

τ
(

=
(ρCp)p
(ρCf )f

)

Heat Capacity Ratio 

ψ Stream Function 
(ρC)f Heat Capacity of Fluid 
β Deborah Number 
Pr Prandtl Number 
Ec Eckert Number 
Sc Schmidt Number 
Br Brikmann Number 
Re Reynold Number 
τxy Wall Shear Stress 
qw Heat Flux at Wall 
qm Surface Mass Flux 
f′, t,J Dimensionless Velocity, Temperature, Concentration 
γ3 Concentration Difference Parameter 
Ω Temperature Difference Parameter 
Ns Entropy Generation 
Cf Coefficient of skin Friction 
Nu Nusselt Number 
Sh Sherwood Number 
B Non-Dimensional Parameter 
δ Heat Generation Parameter 
βt Material Parameter 
R,D Gas constant, Diffusion Coefficient  
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ρ
(

u
∂u
∂x

+ v
∂u
∂y

)

=
μ

1 + λ1

(
∂2u
∂y2 + λ4

(
∂u
∂y

∂2u
∂x∂y

+ u
∂3u

∂x∂y2 −
∂u
∂x

∂2u
∂y2 + v

∂3u
∂y3

))

+ρU∞
∂U∞

∂x
+

πJoQo

8
exp
(

−
π
a1

y
)

+ ρgβt(T − T∞)+ ρgβc(C − C∞)

} (2)  

v
∂T
∂y

+ u
∂T
∂x

=
k

ρcp

∂2T
∂y2 +

υ
cp(1 + λ1)

{(
∂u
∂y

)2

+ λ4

(

v
∂u
∂y

∂2u
∂y2 + u

∂u
∂y

∂2u
∂x∂y

)}

+
ρcp

ρcf

(

DB
∂T
∂y

∂C
∂y

+
DT

T∞

(
∂T
∂y

)2
)} (3)  

v
∂C
∂y

+ u
∂C
∂x

=
DT

T∞

∂2T
∂y2 + DB

∂2C
∂y2 (4) 

The relevant boundary conditions are 

u = uw = ax, v = 0, T = Tw,C = Cw at y = 0
u→U∞ = cx,T→T∞,C→C∞ as y→∞

}

. (5)  

3. Non-similar solutions 

By considering transformations 

u = cxf ′(ξ, η), v = −
̅̅̅̅̅
cν

√
(

f + ξ
∂f
∂ξ

)

, η =

̅̅̅
c
ν

√

y,

Ψ =
̅̅̅̅̅
aν

√
xf ′(ξ, η),C =

T − T∞

Tw − T∞
, J =

C − C∞

Cw − C∞
, ξ =

x
L

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(6)  

we arrive at 

f‴ + β
(
f″2 − ff iv)+(1+ λ1)

(
ff ″ − f ′2)+

M
ξ
(1+ λ1)exp(− Bη)+ (1+ λ1)S2

+
λ2(1 + λ1)

ξ
t+

λ3(1 + λ1)

ξ
J =(1+ λ1)(ξf ∗′

− ξf ″f ∗)+ β
(
ξf‴f ∗′

− ξff ∗‴
+ ξf ivf ∗

)
} (7)  

1
Pr

t″+ t′f +
(Ec) ξ2

1 + λ1
∗
[
f ″2 + β

(
f ′f ″2 − ff ″f‴)]+NBt′J′ +Ntt′2 = ξf ′t∗ − t′ξf ∗

−
(Ec) (β) ξ3

1 + λ1
(f ′f ″f ″∗ − f ″f‴f ∗)

} (8)  

J″+(Sc)fJ′+
Nt

NB
t″=(Sc)ξ(f ′J∗ − J′f ∗) (9)  

f ′(0) = 1, f ′(∞) = S, f (0) = − ξ
∂f
∂ξ

t(0) = 1, t(∞) = 0

J(0) = 1, J(∞) = 0

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(10)  

3.1. First order of truncation 

In first order of truncation, the terms including ∂(.)∂ξ are assumed very small and may be approximated by zero. Hence one can write 

f‴ + (1 + λ1)
(
f f ″ − f ′2)+ β

(
f ″2 − f f iv)+ (1 + λ1)S2+

M
ξ
(1 + λ1)exp(− Bη) + λ2

ξ
(1 + λ1)t +

λ3

ξ
(1 + λ1)J = 0

⎫
⎪⎬

⎪⎭
(11)  

1
Pr

t″+ t’f +
(Ec) ξ2

1 + λ1

(
f ′f ″2 − ff ″f‴)+NBt’J’+Ntt′

2
= 0 (12)  

J″+(Sc)fJ′+
Nt

NB
t″= 0 (13) 
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f ′(0) = 1, f ′(∞) = S, f ′(0) = 0
t(0) = 1, t(∞) = 0
J(0) = 1, J(∞) = 0

(14)  

3.2. Second order of truncation 

We here write 

f ∗ =
∂f
∂ξ
, t∗ =

∂t
∂ξ
, J∗ =

∂J
∂ξ

, (15)  

and express that 

f‴ +(1+ λ1)(ff ∗
″
+ f ″f ∗ − 2f ′f ∗′

)+ β
(
2f″f ∗″

− ff iv∗ − f ivf ∗
)

−
M
ξ2 (1+ λ1)exp(− Bη) − λ2

ξ2 (1+ λ1)t +
λ2

ξ
(1+ λ1)t∗ −

λ3

ξ2 (1+ λ1)J

+
λ3

ξ
(1+ λ1)J∗ = (1+ λ1)(f ′f ∗′

− f ∗f″ − ξf ∗″f ∗)+ β
(

f‴f ∗′
+ ξf ∗‴f ∗′

− ff ∗
‴
− ξf ∗f ∗

‴
+ f ivf ∗ + ξf ∗ivf ∗

}

(16)  

1
Pr

t∗″
+ f t∗′

+ f ∗′t′ + 2ξ
Ec

1 + λ1

[

f ″2 + β
(
f ′f″2 − f f ″f‴)

]

+
Ecξ2

1 + λ1

[

2f″f ∗″
+ β
(
2f ′f″f ∗″

+ f ″2f ∗′
− f ∗f ″f‴ − f f ∗″f‴ − f f ″f ∗‴)]

+NBt∗
′
J′ + NBt′J∗′

+ 2Ntt′t′∗ = f ′t∗
′
+ ξf ∗

′
t∗ − ξt∗

′
f ∗ − t′f ∗ −

βEcξ3

1 + λ1

(

f ∗
′
f ″f ∗

″
+ f ′f ∗

″2 − f ∗
″
f‴f ∗ − f″f ∗

‴
f ∗
)

−
3βEcξ2

1 + λ1
(f ′f ″f ∗

″
− f″f‴f ∗) }

(17)  

J∗″
+ ScJ∗′f + Scf ∗J′+

Nt

NB
t∗″

= Sc(f ′J∗ − J′f ∗ + ξ(f ∗′J∗ − J∗′f ∗))
}

(18)  

f ∗′
(0) = 0, f ∗

′
(∞) = 0, f ∗

′
(0) = 0

t∗(0) = 0, t∗(∞) = 0

J∗(0) = 0, J∗(∞) = 0

} (19)  

4. Physical quantities 

The following definitions for skin friction coefficient (Cf ) and local Nusselt and Sherwood numbers hold 

Cf =
τw

ρu2
w
,Nux =

xqw

k(Tw − T∞)
, Shx =

xcw

DB(Cw − C∞)
(20)  

where the wall shear stress (τw), heat flux (qw) and mass flux (cw) have been expressed by 

τw =
μ

1 + λ1

(
∂u
∂y

+ λ4

(

u
∂2u
∂x∂y

+ v
∂2u
∂y2

))

y=0

qw = − k
(

∂T
∂y

)

y=0
, cw = − DB

(
∂C
∂y

)

y=0

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(21) 

Dimensionless forms of (Cf ), (Nux) and (Shx) are given below 

(
Cf
)
(Re)1/2

=
1

1 + λ1

(

f ″(0)+ β
(

f ′(0) f″(0) − f (0) f‴(0)+ ξf ′(0)
∂f ″

∂ξ
− ξf‴(0)

∂f
∂ξ

))

(22)  

(Re)− 1/2Nux = − ξt′(0) (23)  

(Re)− 1/2Shx = − ξJ′(0). (24)  

5. Entropy generation 

By definition one has [17]. 
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Ns =
sgen(
sgen
) (25)  

Sgen =
k

T2
∞

(
∂T
∂y

)2

+
μ

T∞(1 + λ1)

[(
∂u
∂y

)2

+ λ2

(

u
∂u
∂y

∂2u
∂x∂y

+ v
∂u
∂y

∂2u
∂y2

)]

+
RD
T∞

(
∂T
∂y

∂C
∂y

)

+
RD
C∞

(
∂C
∂y

)2
} (26)  

(
Sgen
)

o =
k(ΔT)2

ξ2L2T2
∞

(27)  

above expressions yield 

Ns =Reξ2t′2 +
BrReξ4

Ω(1 + λ1)

[
f ″2 + β(f ′f″ − ff ″f‴ + f ′f ″f ∗

″
− f ″f‴f ∗)

]

+
Reλ6γ3

Ω
t′J′ +Reλ6γ3J′2

}

.

(28) 

Dimensionless parameters are 

β = λ4c, S =
a
c
,M =

πJoQo

8ρc2L
,B =

π
a1

̅̅̅
ν
c

√

, λ2 =
gβt(Tw − T∞)

c2L
,

λ3 =
gβc(Cw − C∞)

c2L
, Pr =

νρcp

k
,Ec =

c2L2

cρ(Tw − T∞)
,NB =

τDB(Cw − C∞)

ν ,

Nt =
τDT(Tw − T∞)

νT∞
, Sc =

ν
DB

, λ6 =
RD(Cw − C∞)

k
, γ3 =

ΔC
C∞

,

Re =
cL2

ν ,Br =
μc2L2

kΔT
,Ω =

ΔT
T∞

,

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(29)  

6. Solutions by OHAM 

For optimal homotopy analysis method (OHAM) the linear operators and initial approximations may be expressed as follows: 

f0(ξ) = (Sξ) + (1 − S)
(
1 − e− ξ),

θ0(ξ) = e− ξ,

j0(ξ) = e− ξ,

(30)  

Lf (f )= f‴ − f ′,Lt(t) = t″ − t,LJ(J) = J″ − J (31) 

Properties satisfied by the operators are 

Lf
[
A1 +A2eξ +Ae− ξ]= 0 (32)  

Lt
[
A4eξ +A5e− ξ]= 0 (33)  

LJ
[
A6eξ +A7e− ξ]= 0 (34)  

in which Ai(i= 1 − 7) are the constants. Average squared residual errors are [18–24]. 

εJ
k∗
(
hf
)
=

1
N + 1

∑N

j=0

[
∑k∗

i=0
(fi)ξ=jΠη,

]2

(35) 

Table: 1 
Individual average squared residual errors.  

k∗ εf
k∗

εt
k∗ εJ

k∗

2 0.0462563 0.012580 0.1475 
6 0.0393521 0.00236675 0.0172569 
10 0.0326185 0.000245317 0.0055238 
14 0.0295632 0.0000456789 0.00114646 
16 0.0282456 0.000056883 0.00053328  
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Fig. 1. Behaviour of λ1 on f′(ξ).  

Fig. 2. Behaviour of λ2 on f′(ξ).  

Fig. 3. Behaviour of λ3 on f′(ξ).  
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Fig. 4. Behaviour of S on f′(ξ).  

Fig. 5. Behaviour of M on f′(ξ).  

Fig. 6. Behaviour of β on f′(ξ).  
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εJ
k∗
(
hf , ht, hJ

)
=

1
N + 1

∑N

j=0

[
∑k∗

i=0
(fi)ξ=jΠη,

∑k∗

i=0
(ti)ξ=jΠη,

∑k∗

i=0
(Ji)ξ=jΠη

]2

(36)  

εJ
k∗
(
hf , ht, hJ

)
=

1
N + 1

∑N

j− 0

[
∑k∗

i=0
(fi)ξ=jΠη,

∑k∗

i=0
(ti)ξ=jΠη,

∑k∗

i=0
(Ji)ξ=jΠη

]2

(37)  

subject to total squared residual error 

εt∗
k∗ = εf

k∗ + εt
k∗ + εJ

k∗, (38)  

with convergence control variables hf = − 1.23589, hθ = − 0.623586, hg = − 1.452368 and εt∗
k∗ = 0.0568521.Table 1 elucidates such 

residual. The values in errors reduce for higher order approximation. 

7. Discussion 

Fig. 1 shows velocity against (λ1). Here velocity against (λ1) is reduced. Retardation time has an inverse relationship with (λ1). 
Fig. 2 highlights velocity impact for (λ2).The fluid velocity is seen to rise for increasing (λ2). Characteristic of velocity against buoyancy 
parameter (λ3) has been shown through Fig. 3. The velocity versus (λ3) enhances. Fig. 4 indicates outcome of (S) on f′(ξ). Velocity 
enhances as the ratio parameter highers. Fig. 5 illustrates velocity for modified Hartmann number (M). Higher (M) reduce the velocity. 
Behavior of (β) on f′(ξ) has been clarified in Fig. 6. Velocity through this sketch is enhanced when (β) highers. Fig. 7 displays the 
temperature through (Pr). It is evident that when Prandtl number rises then fluid temperature reduces. Fig. 8 shows variation in 

Fig. 7. Behaviour of Pr on t(ξ).  

Fig. 8. Behaviour of Ec on t(ξ).  

T. Hayat et al.                                                                                                                                                                                                          



Heliyon 9 (2023) e18603

9

Fig. 9. Behaviour of Nt on t(ξ).  

Fig. 10. Behaviour of Nb on t(ξ).  

Fig. 11. Behaviour of Nb on J(ξ).  
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Fig. 12. Behaviour of Nt on J(ξ).  

Fig. 13. Behaviour of Sc on J(ξ).  

Fig. 14. Behaviour of Br on Ns(ξ).  
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temperature for Eckert number (Ec). As expected a rise in temperature is observed for higher (Ec). Temperature for thermophoresis 
parameter (Nt) is depicted in Fig. 9. Infact nanoparticles move from a hot region to cool zone and therefore temperature enhances. 
Temperature variation versus Brownian motion parameter (Nb) can be seen in Fig. 10. Higher temperature is noticed with increasing 
(Nb). Fig. 11 showed a significant reduction in concentration when the Brownian motion parameter (Nb) increases. Distribution of 
concentration versus (Nt) is sketched in Fig. 12. Higher value of parameter (Nt) yield stronger concentration. Fig. 13 plotted con-
centration for Schmidt number (Sc). Brownian diffusion coefficient and Schmidt number have inverse relationship. Concentration 
layer thickness is thinner and wall concentration gradient is higher for larger Schmidt number (Sc). Entropy generating rate (Ns) for 
varying (Br) is shown in Fig. 14. For higher values of (Br) the entropy enhances. (Ns) against Reynolds number (Re) is given in Fig. 15. 
It can be shown that high Reynolds number causes increase in entropy generation rate. Effect of concentration difference parameter 
(γ3) on (Ns) is described in Fig. 16. Larger values of (γ3) enhance entropy generation rate (Ns). Fig. 17 plots temperature difference 
parameter (Ω) on (Ns). Higher level of disorderedness result in reduction of (Ns) against (λ6) in Fig. 18. Here entropy rate increases with 
higher values of (λ6). 

8. Concluding remarks 

The worth mentioning points are given below.  

F0B7 Opposite trend of velocity for λ1 is noticed when compared with λ2 and λ3.  
F0B7 Velocity for M and S has opposite scenario. 

Fig. 15. Behaviour of Re on Ns(ξ).  

Fig. 16. Behaviour of γ3 on Ns(ξ).  
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F0B7 Temperature t(ξ) is reduced for Prandtl number (Pr) while opposite holds for Eckert number (Ec).  
F0B7 Concentration J(ξ) is increased against (NB) and (Nt) while reverse holds for (Sc).  
F0B7 Local Reynolds number (Re) and (γ3) enhance (Ns(ξ)). 
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Fig. 17. Behaviour of Ω on Ns(ξ).  

Fig. 18. Behaviour of λ6 on Ns(ξ).  
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