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Abstract

A spatiotemporal epidemic model with nonlinear incidence rate and Neumann boundary con-
ditions is investigated. On the basis of the analysis of eigenvalues of the eigenpolynomial,
we derive the conditions of the existence of Hopf bifurcation in one dimension space. By uti-
lizing the normal form theory and the center manifold theorem of partial functional differential
equations (PFDs), the properties of bifurcating periodic solutions are analyzed. Moreover,
according to numerical simulations, it is found that the periodic solutions can emerge in
delayed epidemic model with spatial diffusion, which is consistent with our theoretical results.
The obtained results may provide a new viewpoint for the recurrent outbreak of disease.

Introduction

Currently, new infectious diseases continuously emerge, and existing diseases recurrently out-
break [1-9]. Ebola virus was firstly discovered in 1976, which began to outbreak in Guinea in
February 2014, then spread to West Africa. It caused serious death and social panic. After the
outbreak of 2014, Ebola once again emerged in Guinea in March 2016 [10-12]. These diseases
have brought a great threat to the public health. In order to provide some suggestions for the
prevention and control of the disease, it is necessary to establish rational mathematics model
based on infectious mechanism of disease, the route of transmission, and the symptoms of the
infected individuals. In particular, the incidence rate describes the number of new infections
per unit time, which largely reflects the transmission mechanism of the disease [13-17]. For
example, Capasso et al. proposed saturated incidence rate SSI/(1 + kI) to model the cholera epi-
demics in Bari in 1973, which reflects the psychological effect or the inhibition effect [18]. By
taking appropriate preventive measures, May and Anderson gave nonlinear incidence rate
B(SI/(1 + aS)) [19]. Therefore, some reasonable suggestions can be provided for the prevention
and effective control of infectious diseases.

It takes an individual a period of time to show the corresponding symptoms based on the
infectious mechanism of disease, after an individual is infected disease, such as, dengue, rabies,
cholera and so on [20-27]. Therefore, time delay describing the incubation period of disease is a
significant quantity. In fact, these potentially asymptomatic individuals (incubation individuals)
may promote the wide spread of disease [28, 29]. Thus, it is necessary for us to introduce time
delay in the epidemic models.
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Because of all the species living in the space environment, and they could diffuse the sur-
rounding area. The individual diffusion in space has an effect on the disease contagion. For
example, Zhang et al. indicated that dog movement led to the traveling wave of dog and
human rabies and had a large influence on the minimal wave speed [30]. However, previous
works on epidemic models did not account for the spatial diffusion factors. McCluskey proved
that the endemic equilibrium was globally asymptotically stable whenever it existed for an SIR
epidemic model with delay and nonlinear incidence rate [31]. A delayed predator-prey system
with disease in the prey was investigated by Han et al., they considered the existence of Hopf
bifurcation with time delay in terms of degree 2 [32]. Hence, it is more suitable for us to con-
sider time delay and spatial factor in epidemic model.

This paper is organized as below. In Section II, the eigenpolynomials of spatiotemporal epi-
demic model with nonlinear incidence rate are given, we further analyze the existence of Hopf
bifurcation for two cases. In Section III, by using the normal form theory and the center mani-
fold theorem, some properties of Hopf bifurcation are showed. In Section IV, on the basis of
numerical simulations, we show that the epidemics will display recurrent behavior if time delay
exceeds a critical point. Finally, some conclusions are obtained.

Materials and Methods
Existence of Hopf bifurcation

We consider a SI epidemic model with nonlinear incidence rate SSI? with p > 0, g > 0. This

form of nonlinear incidence rate was firstly proposed by Liu et al., and exhibited qualitatively dif-
ferent dynamical behaviors [33, 34]. Therefore, it is helpful to interpret some complex epidemic
phenomena. In this paper, let p = 1 and g = 2. Since the time delay describing incubation period of
transmission process widely exists in most epidemiological models [35-37], thus we need to intro-
duce the time delay into the infected population. Furthermore, we consider Neumann boundary
conditions. Consequently, the following system with Neumann boundary conditions is given:

%: A—ﬁS(x, f)(I(X,f—f))Q _ds(x7 t)+d1V28(x, t),
8I(axt, D St )Tkt — 7)) — e+ d)S(x. ) + V(. 0), 8> 0,5 € (0,7),
(1)
aS(x,t)|  0I(x,t) B
o e m

S(x,t) = @ (x,8) > 0,I(x,t) = ¢y(x,t) >0, (x,t) € [0,7] x [-71,0],

where S(x, t) represents the number of the susceptible at location x and time ¢, I(x, ) the number
of the infectious at location x and time t, A represents the recruitment rate of the susceptible, d
and y are natural death rate and the disease-related death rate due to the infected, respectively. d,

. . . . . 92
and d, are diffusion coefficients. x represents the one dimensional space, and V* = 2~ denotes

_ 0}
x=0,m

the usual Laplacian operator.
Assuming ¢ = (¢, ¢2)” € p = C([-1,0], X), 7> 0 and X is defined as

0S(x, )
0x

OI(x,t)
0x

x=0,7

X = {(S(x, £),1(x,1))" : S(x,t),1(x,t) € W**(0, );

with the inner product (-, -).
System (1) without diffusion and delay corresponds to the following system:
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ds(t
B _ A s )’ - aseo),
dl(¢) )
S = B - e+ i),
The system (2) has three equilibria, E° (4, 0), the saddle
g (AB+ VAR — AdPp — 8d2 B — AdPu? , 2d(d + ) |
2dp AP+ AP — AdP — 8d*Pu — 4dPu?
and the stable node E*(S*, I'*), where
o _AB— VAP —Ad'f — sd P — Adpy
N 2dp ’
. 2d(d + p)
AP — VAP — 4B — 8 pu — AdPp*
Based on the biological meaning, E' and E* are satisfied the following conditions [38]:
(A1) A%B > 4d(d+ ).
LetS =S — 8,1 =1 — I, then system (1) can be transformed into:
98 e . -
i A—BES+S)I(t—1)+TI) —d(S+S) +4d, VS,
o (3)
I - - - _
5= BE+SHAE—7)+ I — (u+d)(T+1I) + d,VT.
One can define
SOGLI(t—1) =A—-BS+8)I(t—7) +1') —d(S +5),
SOSLI(t 1) =S +8)I(t =) + ') = (u+d) (I +1I),
andfori, j,1=0,1,2,...,1let
i+l (1) i+t (2)
£y 01 (o,o,o),i+j+zz1,ﬁ;f>—L(o,o,o),i+j+zz1.

" 9SOLI (1 — 1) T 9S9DT(t — 1)

In the phase space p = C([-7,0];X), the abstract differential equation of the system (3) is

di—gt):DAU(t) +L(U,) + F(U,), (4)

d 0

where U = (ula uz)Tvg(x? t) = ul(x7 t)aj(x7 t) = u?(xa t)’D = ( 0 d

> . Weset U(0) =

U(t+0),¢ = (¢1, ¢2)" € g, $(0) = U,(H), and 0 € [, 0].
Let L: p — X and F: p — X are given by

<a11¢1(0) + a1,0,(0) + a,30,(—7) )

5, %,(0) + a9y 9, (0) + ay30,(—7)

L(p) =
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where an :fl(olg (07 0, 0) = _B(I*>2 —d, Ao :fo(llg (0707 0) =0,a, :_fz)((Jll)(()?O?O) =

_2/))5*[*7‘121 :fl(oQg(QOa 0) = ﬁ(l*)Z’aQZ :fong(a 0, 0) = _(d + :u)vazs :ﬁJ(OQl)(O’OvO) =
248 I*, and

1 .
> i (0,0,006](0)6,(0) (1)
i+j+1>2 ! J
F(6) = o ,
Z | i |f;]l (O’ 07 0)(72511 (O)d)l?(o)qsl?(ir)
1+j+l>2
where £{1)(0,0,0) = —2BI", £)(0,0,0) = =285, £12(0,0,0) = 28I, £)(0,0,0) = 25",
£i2(0,0,0) = =24, £i(0,0,0) = 26.
The linearized part of system (4) is given by
du(t)

i DAU(t) + L(U,), (5)

then we set U(t) = ye*', and y = (31, )", hence the characteristic equation is

azy

Ay — D82

L(e"y) =0, (6)

whereyedom( ;) and y # 0, dom( ;) € X

On the basis of the Laplacian operator in the bound domain, % on X have eigenvalues —k”

. coskx ) 0
with the corresponding eigenfunctions f§;, = B = ,k€Ny=1{0,1,2.. .},
0 coskx

namely, a basis of the phase space X is {;, f: } -, Thus, for ¥y € X, y can be expanded as Fou-
rier series in the following form:

y:iyg(ﬁk>7 and Yk: (O’vﬁl)) (7)
=\ B 0, B0)

Furthermore, through simple computations, we have

[ (2)- )
L{o"| = L(¢) , kEN,. (8)
B B

From the above Eqgs (7) and (8), Eq (6) can be written as

SN ) ay ‘113@_21 ﬁ;i
> Y{ |20, + Dk — ~ L] =0 ©)
Ay Oy + dye ™ B

k=0
then the eigenpolynomial associated with A of system (1) is given by:

2 +[(d, + d,)k* — a,, — a,, — ‘12367/&];L +d,dk!
—(dyay, +dyay, + daye K 4 ay,a5, + (4,855 — a0, )6 = 0,

where ay, = —B(I*)*~d, ay3 = —28S* I*, a5 = BUI*)?, ay, = —(d+), ays = 2S* I*, then ay;
ax3—a13 a1 < 0 can be derived.
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Considering k = 0, the eigenpolynomial Eq (10) becomes
22—y, 4 gy + A€ )0 ay,85 + (0,855 — A58, )€ = 0. (11)
By replacing A with iw(w > 0) in Eq (11), then

(iW)2 —(ay +ay, + aQSefiWT)iw + a8, + (4,85 — amam)gng

—w’ — [ay, + Gy + ayy(coswt — isinwt)]iw + a,,ay, + (a,,ay; — a,3a,, ) (coswt — isinwt) = 0,

Through separating the real and imaginary parts of above equations, the following equa-
tions are obtained:
W 4 a0y = ApWSINWT — (a,,0y; — G50, )COSWT,
(12)
—(ay + Gg)W = Ay, wcoswt + (a,,dy, — a,,d,,)sinwt.

Further, by squaring and adding the two parts of Eq (12), we get
w'+Bw' +C =0, (13)

2 — 52 42 2 ;
5 C = a3 a5, — (a,,ay — a,3a,,)” > 0. Thus we give

, -B+VBE—4C , -B-VB-4C
w=—

2 o= 2 ’

— 2 2
where B =aj, +a;, — a

if the formula B < 0, and B*> — 4C > 0 then w?* > 0 and #? > 0 can hold simultaneously. More-
over,the corresponding condition is

(A2) B(I')* 4+ d — V3(d + n) < 0,

(A3)  BY(I")°  + 4dBP(I")° — 2B°(2d> + 10du + 51°)(I)’
— 4dB(4d® + 10du + 5u*)(I') + (4 + 6dp + 3p2)* > 0,

therefore, Eq (11) has two groups of simple imaginary roots +iwg, iw,,.

In the following part, we take into account the imaginary roots +iw, the other one is
similar.

From Eq (12), we can obtain

2
(Agy@55 + @130, )W, + a1, a5, (a,, 855 — a13a,))
p
2 12 _
al,wi + (4,89, — a,3a,,)

Wo[“n%z“z:ﬁ — aQ:;Wg - (‘111 + a22>(a11a23 - als“m)] = Q(w,)
= 0

2
2 12 _
aj,wi + (4,05 — a,3a,,)

cos(w,T) = —

= P(w,),

sin(w,t) =

Moreover, some simple derivations show that

1
;(arccos(P(wo)) + 2jm), when Q(w,) >0,
T=9 4
— (21 — arccos(P(w,)) + 2jn), when Q(w,) <0,j=0,1,2,...
o

A1) = a(7) + iw(7) is the root of Eq (11) near 7, which satisfies a(7)) = 0 and w(t)) = W
wherej=0,1,2,....
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Next, taking the derivative with respect to 7 on two sides of Eq (11), then we derive

. dA

L dA
22 —(ay, +ay, + 32337M)} - v

dt

+layh — (a8, — (113(121)}2@‘21 =0.

+ [%3’1 —(ay,ay — a13a21)]‘ce

By the above expression, one can derive

1 —it ] —T
Re (Q) _ Re{ 22— (@), + Ay + aye™) [ay;7 — (4,055 — a,3,)]7e }

dr =t [—ayA + (8,855 — a138y)] A€ [—ayd + (a),8y5 — ay3a,))]2e7 " | _ A

{Me;”I — (a6 + a,e”™ + ayy) r}
= Re
(=l + (a,8y — ay3a,)]4 2 =0

o QWS[(allaQS — G150, )COSWT — dogW,SINW,T| — ag'swg
- 27 .
[agzwg + (anaz:s - a13a21) ]W(z)

+

—(ay, + ay) W@y Wycosw,T + (a,,dy; — 134, )sinw, 1] }
T

P o
[a3,wd + (a),ay; — a,30,,) WS =
[2w] + a}, + a3, — aj]w)
. - 279
wilaz, w2 + (ay,ay5 — a13a5,)°]
2w? + B
= 2 14,2 3 5> 0’
ad, w3 + (4,85 — a,30,,)

B2 —4C

= 5 > 0.
asywi + (1,055 — a13a,,)

d[ j
l.S deduced.

Theorem 2.1 If (A1), (A2) and (A3) are all satisfied, system (1) without diffusion experi-
ences a spatially homogeneous Hopf bifurcation at equilibrium E* = (S*, I*) when t = 7/, and
period solution will appear.

Lemma 2.1 (S1) If there is a certain ko € N={1, 2, .. .} such that

So the transversality condition

dlkoé - (dzan + d1a22 + d1a23)k§ + a0 + (“11‘123 - alSaQI) < 0’ (14)

then Eq (10) has a pair purely imaginary roots +iwy , and

V2 [
Wk(] = 7 _Bk() + Bi(] — 4Ck0' (15)

Proof: If we assume k = kg € N, and A = iw(w > 0) be a root of Eq (10). By inserting iw
(w > 0) into Eq (10) and using the same method as before, then Eq (10) can be translated into:

w!' + Bw? + C = 0, (16)
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where B = (d? + d2)k' — 2d,a, k> — 2d,a,,k* + a>, + a2, — a%,, C=[d, d, k*~d, a,, K’~d, a,3
K+ay; ass)*—[dy ary K*—(a11 aza—ay az1)]% for Yk € N. Besides, we set C = C; x C,, where

C, =dd k' — (d,a,, +d,ay — da,)K* + ay,a,, — (a,,4,5 — a,3,,),
Cz = d1d2k4 - (dzau + d16122 + d1a23)k2 + a1109 + (anaz:s - a13a21)‘

Further, we can deduce

g —BEVE —4C V232—4C. (17)

It is clear that C,(k) > 0 for Vk € N, according to assumption (S1), C(k,) < 0 is given, then

2
we get w > 0,
V2
Wy, = - —B;, + 4 /Bﬁ0 — 4Ck0.

Lemma 2.1 shows that the critical value of bifurcation parameter 7 can be found. Similar to
the method for the case of k = 0,

d%dzazskg + [—d1d2(2a11a23 —a,3a,) — d%“m“z&]kg

2
agswio + [dy a5,k — (a,,855 — a,30,,)]

cos(w, 7) =

dz [an (anazg - “13%1) + a23wz0]kg + dl 322(26111“23 - a13a21)k3

) 3
aéswio + [dyay,k5 — (a),055 — a,30,,)]

2 2
=009y (a, 095 — A13ay,) — 1305 Wiy — AlozWi

5 o 5 2 = X(Wko)v
as,wi, + [d, g,k — (a),055 — a,30,,)]

2 4 2
_dlazswkako + [d,(2a,,a55 — ay30,,) — d2a13a21]wk0k0

sin(w, 1) = — 5 5
assWi, + (d, sk — ()15 — aj3a,,)]

3
—(a,,ay — “13“21)“11Wk0 T A309, Qg Wy — Az Wy v
2 - (Wk0)7

agwi, + [diayks — (a0, — a,a,,)]
then we get

1
o (arccos(X(wy ) + 2jm), when Y (w, ) >0,
. ko
T]k(] = 1
— (21 — arccos(X(wy, ) + 2jm), when Y(w, ) <0,j=0,1,2,..

w %o

Let A(7) = a(7) + iw(7) be the root of (10) near rfm which satisfies oz(ri“) = 0and w(r’,'(o) =W,

wherej=0,1,2,....
Lemma 2.2 If condition (S1) is established, then the transversality condition

{R(ﬂ>} >0
dt ’:lj/.c

0

is derived.

The proof can be found in S1 File.

Theorem 2.2 In the presence of space, if the conditions (A1) and (S1) are satisfied, then system
(1) undergoes a Hopf bifurcation at E* = (§*, I*) when t = rﬁo, and period solution will emerge.
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Results
The properties of Hopf bifurcating period solutions

The above section gives the conditions of the existence of Hopf bifurcation for two cases. In
this section, we investigate properties of these bifurcating periodic solutions from the positive
constant steady state E*(S*, I') of system (1) by employing the normal form theory and the
center manifold theorem of partial functional differential equations (PFDEs) [39-42], these
properties include the direction, stability and period. It’s simple for mathematical calculation
tomarkt, = t,(k = 0,k,;j = 0,1,2,...).

Let S(t,x) = S(tt,x), 1(t,x) = I(tt, x), then system (3) can be expressed as

dS(x, t 9”8 (x, t . R
% = 1d, 8(x? ) + t[a, S(x,t) + aI(x,t —1)]
L o Sl iy )]
+ T-+-Z Wﬁ]l (07 0, O)S (.X, l’)I](.X, t)p(x7 t— 1);
i+j+1>2
(18)
Ol (x, t O°I(x,t . . .
E?t ) = rdQ% + [y, S(x, t) + agI(x, 1) + ayI(x,t — 1)]
L o S ix O (x. O
+ r*Z W 3 (0,0,0)8 (x, )P (x, t) [ (x,t — 1).
i+j+1>2
In the space p = C([-1,0], X),letr=7.+ o (¢ € R),
U= (u,u,)",S(x, t) = u,(x,t),1(x,t) = u,(x, ), then system (18) can be rewritten as:
A0 _ < DAV(0) + L(x)U, + F(U, 2). (19)
Let ¢ = (¢1, ¢2)T € p, U(0) = U(t+0), and ¢(0) = UL0) for 0 € [-1, 0]. Defining L(b)(-):
Rxp—X(bist,ora)and F: p x R — X as
a,¢,(0) + a;;6,(—1)
L(b)(¢) = b ,
Ay 91 (0) + a3,6,(0) + ay,0,(—1)
and
F(¢,2) = aDA(0) + L(x)(9) + f(¢,2),
where
) 0V 0V (—
Z i'j'l' ijl (07 0’ 0)¢1(0>¢IZ<0)¢2( 1)
o, !
fom)=(+a)| -
> i (0,0,0)6,(0)8,(0)6(~1)
e
Next, the linear part of the system (19) is given by
U(t) = t.DAU(t) + L(z,)U,. (20)

From the conclusions of section II, an equilibrium of the system (20) is the origin, the corre-
sponding characteristic equation of the system (20) at origin has two pairs of purely imaginary
eigenvalues +iw, 7., £iw, 7, for k = 0, and only a pair of purely imaginary eigenvalues iwy 7,
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for k € N. We account for purely imaginary eigenvalues +iw, 7, for the case k = 0, and set Ay =
{iwg 7o, —iwg 7}, (kK =0, ko).
Considering the ordinary functional differential equation:

X(t) = —. DX (t) + L(x,)(X)). (21)

For ¢ € C([-1, 0], X), according to the Riesz representation theorem, there is a 2 x 2 matrix
function n(6, 7.)(-1 < 6 < 0), then we have [40]

~2DKG(0) + L(x)(@) = [ din(0.2)}o(0) (22)
where
—d kK> +a,, 0
T, ( ) , 0=0,
Ay _dsz + Ay
n(0,t,) = 0, 0 e (-1,0), (23)

0 —ay
T, , 0=-1.
0 —ay

For ¢ € C([-1, 0], X), defining semigroup induced by the solution of the linear eq (20), and
the infinitesimal generator A(7.) of the semigroup is

d9(0) 0 [-1,0),

A(r)o(0) = (24)

do
0
Q/@mamwm,e:o

For y € C([0, 1], X), the formal adjoint operators of A(7,) is A*(z.) which denotes [43]

_dlﬁ(s) s € (0,1],

3

ds
AwE =]
/4 dn(s, )y (-s), s=0.

Here, the bilinear pairing form associated A(z.) with A*(7,) is

o) =v000) - [ [ w005 )00

a3

=wwwm»—n/fwé+w< )¢@Mé

0
0 —ay

On the basis of the discussion of section II, A(7.) has a pair purely imaginary eigenvalues
+iwy. 7., which are also eigenvalues of A*(7.). Furthermore, the generalized eigenspaces of A(z,)
and A*(7.) associated with A, are the center subspaces P and P, respectively. P* is the adjoint
space of P and dimP = dimP* =2 [42].

By some computations, the following Lemma is directly given:
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Lemma 2.3 A basis of P with Ay is

q,(0) = "(1,8)", 9,(0) =¢,(0), —1<0<0

and a basis of P* with A, is

q;(s) = (Lple™,  gy(s) = q;(s), 0<s<1,

where

5:(iwk+d1k2_an) n:(iwk+d1k2_an)

a13efiwkrf asy . (27)

® = (O, D) and " = (@}, d;)" are obtained by separating the real and imaginary parts of

q:1(0) and g:(s), respectively. Obviously, ® is the basis of P, ®* is the basis of P*, and

Re{e™+%} cosw,t,0
<Re{éeiwktcﬂ}> = | (dk* —a,)coswt (0 +1) — wsinw T (0+1) |

a3

Im e} sinw, 7 0
@,(0) = A = | (dk* —a,))sinw, 7, (0 + 1) + wcosw, T, (0 + 1)
Im{éelwkrcﬁ} .
13

Re{efiwktcs} T COSW, T S !
®y(s) = <R (e :}> = | wsinw,ts + (d,k* —a,)cosw,t.s |
e{ne e
Ay
Im{e—iwkr[s} T SianTCS !
Dy(s) == <I ( _iwk”}> = | wcosw, s — (dk* — a,,)sinw,T.s
m{ne Vit
Ay
According to the bilinear pairing form Eq (26), we can compute:
2 .
@.0)=1 + (d,K* — a,,) cosw,t, — w,(d, K — a,,)sinw,,
v 41309
1 ) ) 2 sin2w, T,
+§TC [a13a21(d1k —ay,)+ a23(d1k —ay) ] 1+ kac
1 . 2 1 sin2w,t,
5%l (sinw,t.)” — §Tca2swz <1 - Tké) )

@) = (BF = an)sinng +w(@dk = a,)cosmr,
1 2) —

1309,
) .
apw(dk* —a,) 1 L+ sin2w, T,
Tc 2 Tcwk 2
a,309; Wi T,

. a4, (d k> —a,,) + ayy [Wli + (d,k* — an)Q] (SianTE)Q

c

1399 2wit,
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w(d,k* — a,,)cosw, T, — wisinw,T,

QD) =
(0 a,349;
o dk— 1 in2
QE&E&LL___EEQ—~—QM%(1__ﬂn M@g)
1309 2 2w,
2 . 2

o B (K — ay,) — ay[wi + (diK* — a,))] (sinw,z,)

C A3y 2wt
(D}, ®,) = we(d,k* — a,,)sinw,T, + (wk)2coswkrc

a13a21

1 f1 f > o
574 — (sinw,z)” + 22 (1 4 2D
2 T a0y, 2w,T,

c

2 .
_'_ET 130y (diK° — a,,) — ay(d k* —a,)) 1— sin2w, 7,
2° 1309, 2wt )

Next, we construct a new basis ¥ for P*, where ¥ = (¥, ¥,)” = (®*, ®) ' ®* and
(D", @) = (D, D,), (1,4 = 1,2). (¥, D) = I, needs to be satisfied. In addition, f, = (B, f),

) coskx ) 0
where f§, = 0 B = . .For c = (¢}, c,) € C([-1, 0], X), we define
coskx

1 2
c fi=cf + b
On the basis of the theory of decomposition of the phase space, we have p = Pcngp + Py,
where Pcng is the center subspace of linear Eq (20),

PCN@((ﬁ) = (D(\Pa <¢Jﬁ<>) 'ﬁﬁ ¢ € p, (28)

and P,p is the complement subspace of Pcygp.
Since the infinitesimal generator A(7.) is induced by the solution of Eq (20), then Eq (18)
can be translated into:

U, = A(t)U, + X,F(U,,2), (29)

t

0, 0c[-1,0),
where X, (0) =
I 6=0.

According to the phase space decomposition p = Pcyg + Py and Eq (28), the solution of
Eq (19) is written as

)

<xﬂﬂ>
Uu=92 'fk+h(x17x27a)7 (30)

x,(t)

X, (t
where ( IE ; ) = (¥, (U, f.)), and h(x, x5, @) € Pyp, h(0,0,0) = 0, Dh(0,0,0) = 0. Moreover,
X, (t

the solution of Eq (19) on center manifold is

<xdﬂ>
U=0=0 f + h(x;, %,,0). (31)

x%,(t)
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Let z = x; — ix, P(0) = (¥,(0), ¥5(0))”, and g, = @, + i®,, thus

zZ+z
x,(t) 2 1 _
(D< > ﬁ< = ((DU(DZ) . _ fk = §(q12+ﬁz) f;c (32)
x,(t i(z—2)
2

By using the previous variable substitution, Eq (31) can be transformed into:

Ut = (qlz + EE) fk + W(Z’E), (33)

N | —

where W(z,z) = h(2Z, =9 0), and setting

2

z? z?
W(z,z) = Wyy—+ W, 22 + WOQE

05 + ... (34)

According to the conclusions of Ref. [42], z satisties

:=iwrz+g(z7), (35)
where
8(z,2) = (¥,(0) = 1¥,(0))(F(U,, 0),£) = (¥,(0) = 1¥,(0)){f(U,, 0), £), (36)
and setting
g(z,z) = gzog + 812Z + g %2 + & ZZ; . (37)

From f(¢, a) and Eq (31), it is easy to compute

R AR T
<f( Un O>>ﬁ<> = % ) . —/ (COSkx)de . %
sfilee v+ filete oo |
o [ Sl (€€ o) 4 finE\ g g s
+-- ~—/ (coskx)"dx - zz
£ iwgt —iwT, =z v
1(021>(ée K 4 Ce k‘) Jrfo(022)§§ 0
2ﬁ<(il)zeiwkrc _‘_ﬁ](olgE?einkrc 1 —9

T " z
—&-ZC- B B -f/ (coskx)?’dx~5
st 4 e ) T
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1
,f101<( D(=1)+= 5 wi(— 1)) - coskx, coskx>
) 1 _ .
-+ < (Wﬂ) (0)Ee e + 3 Wé(l))(O)fe‘W““) - coskx, coskx>
) 1 . _
Jan((12)< (Wﬁ) (—1)&e e + 3 W;ﬁ)(—l)fe‘w“f) - coskx, coskx>

+ %fl((g ((2EE + e ) cos’kx, coskx)

+7 zz
c 1 2 5
fun (—1) += 5 W2o (=1) ) - coskx, coskx
. 1 _ .
+f) < (Wﬁ) (0)&Ee e + 3 Wéé)(O)fe‘Wf) - coskx, coskx>
. 1 _
Jrf(1(($2)< (Wﬁ) (—1)&e ™ + 3 Wé?(l)fe””k’c) - coskx, coskx>
f102<(2éf + &%) cos®kex, coskx)
where

Yy

<W.(.’”>( coskx / W,] x)coskxdx,

andi,j=0,1,2,...,m=1,2.
Let (y1, ¥,) = ¥,-i'¥',, then we can obtain

0, k €N,

8o =

‘C —iwT, —2iwg T, —iwy T, —2iwy T
F e ™+ fin&e ™, + (2fiile ™™ + fine ™), k=0,

0, keN,

LA e 4 ) + AMEE, + [ Ee™ + Ee %) + fineEln}, k=0,

802 = &>
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1
1([}1)< (Wﬁ)(—l) + 3 Wg?(—l)) - coskx, coskx>

. 1 —
+f1(81)< (Wﬂ) (0)&e e + 5 wi (0)€elwk“> - coskx, coskx>

. 1 _
+ﬁ)(|}z)< (Wf?(—l)fe‘wk’f + 5 wi) (—l)éelw’”f) - coskx, coskx>

1 — 5 o .
+ §f1(012) ((2E€ + &™) cos’kx, coskx)
; 1
fiol < (Wﬁ) (-1)+ 5 Wz(g)(—l)) - coskx, coskx>

) 1 — .
+f) < (Wﬁ)(o)ﬁe_‘wk“ + 3 Wéé)(O)ée‘WC) - coskx, coskx>
+1, v, ke {0N}.

5 . 1 _
—I—fo((?z)< (Wg>(—1)§€‘wm + 3 Wég)(—l)ﬁe‘wk’f) - coskx, coskx>

+ %fl(()?; ((2EE + e ™) cos’kx, coskx)

Since the expression of g»; containing Wyo(6) and W;,(0) for 8 € [-1, 0], it is necessary to
compute them. From Eq (34), we can derive

W(z,Z) = Wyzz + W,,2Z + Wy, 2Z + W27 + ..., (38)
z? z?
At )W = A(TC)WZOE +A(t,) Wy 2z +A(Tc)W02§- (39)
Meanwhile, from the conclusion of literature [42],
W = A(t)W + H(z,2), (40)

where

z? Z2

H(Z7E) = H20§ +H,zz + Hm%"" e XJ(UmO) - (D(‘R <X0f(U:a 0)7fk>) feo (41)

with H;; € P*,4,j=0,1,2.. ..
Therefore, from Eqgs (35) and (37)-(41), the following form can be given by:
{ (2iw,t, — A(r,)) W,y = Hy,

_A('Cc) Wy, =H,.

(42)

Because A(7.) has only two eigenvalues +iwy 7., Eq (42) has unique solution Wj; in the fol-
lowing form:

Wy, = (2iwm, — A(Tc))_leoa (43)

-1
W, =—A(t) H,.

c
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From Eq (41), for-1 <6< 0,

H(zZ) = —00)2(0)((U.0).1) .
:—(%”**%”)q““‘q*”)mawxwxm>«ﬂmxmﬁwﬂ

2 ’ 2i

2

(0.(0) + 4:(0)85) £, = 5~ (q1(9)gn +a,(0)g1,) - fizZ + ...

1\3\»—1

Thus, for -1 <0<0,

0, keN,
Hzo(g) = 1 (44)
_§<‘11(9)g20+q2( )20) - fon k=0,

0, k€N,
H“(H) = 1 B (45)
D) (,(0)g, + .0)g,) - fy» k=0.

For0=0,H(z,z)(0) = f(U,,0) — ®(¥, (f(U,,0),£.)) - f» we have

(1) 71W T ) IW.T,
- 21 Ge™ M Jrfonzf 2wt ,
Zc - (coskx)”, k€N,
2 (2)6 —iwg T, (2) 62 —2iwg T,
fince + foeC'e

1 —iw,T 1 —2iwT,
2][1(01)55 ke —|-ﬁ)(03§26 2wte

@ 0)g + 4.08) i k=0,

]

2f1 lée—lwkr +f 2 —QLWkIC

e Ry AN
- (coskx)?, keN,

[

101 (éelwm + Cem) Jrfo

101(éelwkff + Le i) Jrfﬂ 1
- 5(‘11(0)&1 +4,(0)g,) - fo, k=0.

]

fiod (Eevee 4 gemmwe) + fiiEE
Based on the definition of infinitesimal generator A(7.), then Eq (42) is transformed into

. ) 1

Wy (0) = 2iw,t Wy (0) + 3 (0:(0)g + 9,(0)852) - fo (48)

and-1<60<0.
From ¢,(0) = ql(O)eiwkT“e, -1<6<0,wehave

1[ig ig, .
W. (0) == 20 0 02 0 . C 2iwy 7.0 49
a0) =5 [ 22 (0) + 302 0,(0)] -fi+ G, (49)
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further we obtain

Wy (0), k €N,
C =

Wal0) =5 |520.0) + 320 £ k=0,

WT, 3wt

For k=0, 0 =0, in the light of the definition of A(z.) and Eq (49), the first Eq of Eq (42)
becomes

2iw, L(f%%mw%%ﬂ )4+

3w, T,
1850 1g02 )
axz[( e 10) i)
lg iwgT,
s En) e
)

2f 71wkrf +f ‘C’Z —2iwg T,

T, 101 1 _

= o B = 5(20:(0)g + 9:(0)85z) - i
2]:101 ée_lwkrf +ﬁ)02£ e_Z‘Wch

So we can derive
2](1 156—114/,{1[ +f<1) —2iwg T,

2 —iwg T, 2 —2iwg T,
2f1(01)ée ke +fo(02)52e 2hte

& .
2iw,7.C, — 1.D=—C, — L(z)(C, ") = <

p TZ (coskx)®. (51)

From Eq (51), the formula of C; can be derived

-1

1 /2w, +d K —a, —a, e
C = 1 ) Jis (52)
—ay, 2iw, + d,k* — ayy — aye
where
e
Ji = (coskx)”.
Qfl()l ieflwkrC +f 21Wk’EC

For —1 < 6 < 0, similar to the above case, W,;(6) can be obtained

. 1
W”(Q) 5(% (0)g11 + %( )gn) ﬁ)a (53)
1 /—ig g,
0) == —22q,(0) + 2L ¢q,(0) ) - 54
Wa(0) =5 (S2a0) + 22 a0)) £+ G, (54)
further we derive

1 dik* —ay, e -

CZ = Z . ]27 (55)
—ay d,k* — ayy — ay,
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where

1((}1) (Eeiwkrf + e ) +]%%2) & 2
J, = _ | (coskx)".
0 (Zemee o) + i) €8

Through the above calculations of W,((6) and W1;(6), we obtain the expression of g,;. Con-
sequently, in order to determine the properties of Hopf bifurcating period solutions at the criti-
cal value 7., we can compute the following values:

i 1 1
51(0) =5 (gzogn - 2|g11|2 - § go2|2) + Egzla

2w,
o Rel0)
T TR (@) (56)
ﬁQ = 2Re(cl (O )7
T, = — o (e, (0) + s Im(7 ().

Y2 > 0 (p, < 0) determines the direction of the Hopf bifurcation is supercritical (7 > 7,)
(subcritical (7 < 7.)); if B, < 0 (B, > 0) indicates that the bifurcating period solutions on center
manifold are asymptotically stable (unstable); furthermore, T, can determine the period of the
bifurcating period solutions, namely, T, < 0 (T, > 0) represents the decrease (increase) of the
period.

Numerical results

Compared with the theoretical analyses, we perform a series of extensive numerical simulations
of the spatiotemporal epidemic model with nonlinear incidence rate in one-dimensional space,
and investigate the incubation period how to affect the spread of epidemics. We solve the
numerical solutions of system (1) by using Matlab. The reaction-diffusion system is solved in a
discrete domain with N, x N, lattice sites. The Laplacian describing diffusion is approximated
by using finite differences, and we also discretize the time evolution.

Incasek=0,wesetd, =6,d,=1,A=1,8=32,u=18,d=1, the equilibrium is E* = (§*, I*)
= (0.43, 0.20). By some calculations, 7) = 1.33, ¢;(0) = —9.81 + 22.15i are obtained. Through the
formulae of properties of Hopf bifurcating period solutions in section III, we get 4, > 0, 5, < 0
and T, > 0. These parameter values shows E* is asymptotically stable for 0 < 7 < 7. With the
increase of 7, E* loses its stability and Hopf bifurcation occurs at critical point 7, these bifurcat-
ing period solutions are stable, the direction of bifurcation is forward and the period increases,
which are presented in Fig 1.

Incase k=1, settingd; =6,d, =1, A=1, =32, u=1.8,d = 1, then the equilibrium is
E* = (S, I") = (0.43, 0.20). Furthermore, by using the formulae derived in section III, we com-
pute 70 = 0.45, ¢;(0) = 2.30 x 10% - 7.55 x 10%i. By computing the formulae (58), 4, > 0,3, <0
and T, < 0 are obtained, which indicates that these bifurcating period solutions are stable, the
direction of Hopf bifurcation is forward, and the period decreases. These phenomena are
showed in Fig 2.

Discussion

In this study, the characteristic equation at the positive constant steady state E*(S*, I*) is
derived. In order to study the influence of incubation period on epidemic transmission, we
choose time delay 7 as a bifurcation parameter. Moreover, we get the two classes conditions of
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@. PLOS | ONE Hopf Bifurcation of an Epidemic Model

o2,
% .

= 0205; | o b o
¢ o
z g
2 g -
2 02 @
E

0.195

i i o L T
) i T T N ] Istance x £ 3 P . L - - .

s bre g o i o L ¢
110 @ 70 50 30 10 -0 -30 50 0 SoMso 170 150 130 110 % 70 50 30

—4—-—“ S T p— '._ T
150 130

(a) "o 1 Timet (b) Time

Fig 1. Hopf bifurcation with k = 0. (a) The constant steady state E* is asymptotically stable for 7= 1.2 with initial conditions S(x, t) = 0.42, I(x, t) = 0.20,
(x, t) € [0, m] x [-1.2, O]; (b) The bifurcating periodic solutions are asymptotically stable for = = 1.6 with initial conditions S(x, f) = 0.42, /(x, t) = 0.20, (x, t) €
[0, 7] x [-1.6, O].

Distance x :

doi:10.1371/journal.pone.0157367.g001

the existence of Hopf bifurcation: one is the absence of diffusion k = 0, the other is the presence
of diffusion k = k, € N. With increasing of parameter 7, the stability of positive constant steady
state E*(S*, I*) will change, and Hopf bifurcation will concurrently occur in system (1) at the
critical point 7.(t), or 1';;0 ). In the following, we obtain the properties of bifurcating period solu-
tions including direction, stability and period by utilizing the normal formal theory and the
center manifold theorem of partial functional differential equations (PFDs).

It should be noted that spatial pattern may be found in epidemic model (1). Based on pat-
tern dynamics of model (1), one can obtain the pattern structures in different parameters space
[44, 45]. In this case, we can reveal the distributions of disease with high density or low density
and thus provide useful control measures to eliminate the disease.

0.216 '
0.21 -
20205 : 5 - 2 4
" ‘_ 4 £
i r -
g 0.2 | 3 3 ]x 3
5 : : | 3 |
2 b [2
0.195 — JL i
[ i
045 7 T T T T T "o  Distancex T 1 T g Distancex
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(a) Time ( })) Time t

Fig 2. Hopf bifurcation with k = 1. (a) When 7 = 0.3, the constant steady state E* is asymptotically stable with initial conditions S(x, t) = 0.42, I(x, t) =
0.20, (x, t) € [0, m] x [-0.3, 0]; (b) When 7 = 1.5, the bifurcating periodic solutions are asymptotically stable with initial conditions S(x, t) = 0.42, /(x, t) =
0.20, (x, t) € [0, m] x [-1.5, 0].

doi:10.1371/journal.pone.0157367.9g002
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Conclusion

The numerical results validate our theoretical findings, which show that the length of the incu-
bation period have significant impacts on epidemic transmission. The biennial outbreaks of
measles is the signature of an endemic infectious disease, which becomes non-endemic if there
were a minor increase in infectivity or a decrease in the length of the incubation period [15].
Based on this paper, we provide a possible mechanism to explain the recurrent outbreak of
disease.

Supporting Information

S1 Fig. Hopf bifurcation with k = 0. (a) The constant steady state E* is asymptotically stable for
7= 1.2 with initial conditions S(x, t) = 0.42, I(x, t) = 0.20, (x, t) € [0, ] x [-1.2, 0]; (b) The bifur-
cating periodic solutions are asymptotically stable for 7 = 1.6 with initial conditions S(x, f) = 0.42,
I(x, t) = 0.20, (x, t) € [0, ] x [-1.6,0].

(EPS)

S2 Fig. Hopf bifurcation with k = 1. (a) When 7 = 0.3, the constant steady state E* is asymp-
totically stable with initial conditions S(x, t) = 0.42, I(x, t) = 0.20, (x, t) € [0, ] x [-0.3, 0]; (b)
When 7 = 1.5, the bifurcating periodic solutions are asymptotically stable with initial condi-
tions S(x, £) = 0.42, I(x, t) = 0.20, (x, t) € [0, 7] x [-1.5, 0].

(EPS)

S1 File. Transversality condition. The relationship between real part of eigenvalues and time
delay.
(PDF)
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