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ARTICLE INFO ABSTRACT

Keywords: This paper contributes to the existing literature on variance estimators by utilizing supplementary

Variance information. The variance estimation problem of a finite population is a significant matter as

gptu’;lum sometimes, it is tough to control the variation. For this purpose, an optimum family of expo-

E?gfi:gemary nential variance estimators is suggested under simple random sampling. Moreover, different
y

specific members of the proposed estimators are identified by incorporating various known
characteristics of the supplementary variable in the suggested generalized class of estimators. The
derivations for the expressions of bias as well as mean square error (MSE) of the proposed esti-
mators are conducted. The suggested family of estimators is studied in different situations by
using sets of real data and simulation studies for their performance. To evaluate the efficiency of
the suggested estimators, R software is used for the analysis. The study compares the performance
of the proposed estimators against the traditional estimators. The theoretical and numerical
comparisons show that the estimators suggested in the study are superior in efficiency as
compared to the existing estimators.

Mean square error

1. Introduction

Practically, it is not easy to obtain complete information about a population. Therefore, conclusions are based on sample data for
the whole population. A sampling survey is carried out to gain maximum information for the population characteristics to improve the
efficiency of the estimators in a study in minimum time, cost and less human effort [1]. It is very often that in numerous populations,
variation or extreme observations are present and by excluding such important information, the estimates of the population param-
eters lead to misleading. As a result, the estimates will be overestimated or underestimated. Variance estimation plays a significant role
as naturally two objects in any category are not the same. In daily activities, variation exists everywhere. Several examples are present
in our daily life i.e. blood pressure, temperature, customers’ reaction regarding products and fuel prices, etc. For the estimation of the
variance of a finite population, many researchers used the sample variance in survey sampling. Ref. [2] proposed variance estimators
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under different sampling techniques of the finite population.

It frequently happens that using an auxiliary variable in a sampling survey is always found to be helpful. Such variable has some
kind of strong negative or positive correlation with the study variable, which increase the efficiency of the estimates. Utilizing such
information, many methods in sampling surveys are presently used for the variance estimation of the population. To increase the
estimators’ efficiency for the variance estimation of a population, the use of supplementary variable was initiated [3]. When estimating
the parameters of the population such as variance, mean or total, different estimators are used by several authors. These estimators
include regression, ratio, exponential and product, etc. and are utilized under different sampling designs using supplementary in-
formation [4]. The methods of auxiliary information describe certain estimation techniques that are very suitable in minimizing the
variance of the estimators. Subsequently, using supplementary variables, many researchers have developed a variety of variance
estimators for the population. Ref. [5] developed ratio and regression estimators for population variance utilizing supplementary
information.

Using known parameters of the supplementary variable, several estimators are developed. These parameters values comprise
variance, coefficient of variation and kurtosis etc. Incorporating the known characteristics of the supplementary variable, different
ratio-type exponential-type estimators were proposed by Refs. [6,7], and several ratio estimators were proposed by Ref. [8]. Using
different situations and sampling techniques, a number of authors put their efforts into using auxiliary information, so that their
estimation methods become more fruitful; for details see Refs. [9-14].

In the present study, the researchers suggest an improved family of estimators for the variance of a population using the known
parameters of the supplementary variable such as coefficient of variation, quartile deviation, quartiles and median. The bias and MSE
of the recommended optimum estimators are derived up to the first order of approximation. Based on theoretical and numerical
comparisons, the applications of the proposed family estimator are elaborated. Therefore, the suggested novel estimators have the
potential to be helpful in a variety of applications and it offer a fresh and significant contribution regarding the estimation of pop-
ulation variance.

Notations

Let a finite population w = {w1, w2, ws, ..., wn } of N identifiable elements. Suppose Y and X denotes the study and auxiliary variables
respectively. From the population of  elements, a sample of size n elements are selected without replacement. Lety =1 5% | y; and
x =131 x; shows the means of the sample observations corresponding to the true means (Y, X) where y; and x; shows the values of

the study and auxiliary variables. The unbiased estimators of Sy = {/55 Z{i i - 17)2 and Sy = \/x1 Zfi 1 (% —X)? are sy =
Vi St i - )7)2 and sy = /=15 S0, (x; — X)? respectively. The coefficient of variations is denoted by C, = S’:}{ and C, = % for Y and

X respectively. Where Sy and Sx denotes the population standard deviations for study and auxiliary variable respectively while sy and
sx are the sample standard deviations for sample for study and auxiliary variable respectively.

Let p,, be the population correlation coefficient between the study variable and the auxiliary variable.

To obtain the bias and MSE of the proposed estimators, the following error terms are used:

57 =5%(1+e),52=S2(1+e:), Where E(eo) =E(e1) =0,

E(eﬁ) =7(Aa0 — 1),E(ef) =7(Aoa — 1), E(eoer) =y(Aaz — 1)#:%

N
L Y=Y (X-X)T X * . .
Also A5 = ,/2'};2, s = L NI ) Apo = (A22 — 1),494 = (doa — 1), 44 = (Aa0 — 1) a0 = Pa(y)» 404 = Po(x) Shows the coefficient of

20 02

kurtosis of the population [15-17].

2. Literature review

(1) The traditional variance estimator is given in equation (1) as:
Vo= 5}2, (1)
The variance of v, is given in equation (2) as:

Var(vo) =rS) % 2)

(2) The classical regression estimator vj,; proposed by Isaki [5] is provided in equation (3) as:

Va1 =S5 + b(sg,s,%) (S2-52) 3

$205y . . . .
25 is the sample regression coefficient.
X404

where b(sg,sz) =
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In equation (4), the MSE of vj is given as:

MSE(Visa1) = 7Sy450(1 — p?)

Where p* = —22__:
P = Vi

(3) The [18] suggested a ratio-type estimator vyg, defined in equation (5):

S2 + Aoa
2
X

The bias of the estimator vys is defined in equation (6) as:
Bias(vus) = rS780 (80404 — 452)
The MSE of the estimator vys is given in equation (7):

MSE(vys) = 1Sy (A0 + 8ohoa — 280425)

SZ
where gy =
& 2-+o04

(4) The [6] proposed the following ratio estimators vkcj(j= 1,2, 3) given in equations (8)-(10):

e 2 S +Cy
Ao
X

5 (%04S% + Cx
Veke2=S, |75~
Y 1045)2( + Cx

5 (CxS%+ 204
Vekes=S,| =5
Y\ Cxs2 + Aos

The bias of v is given in equation (11):
Bias (Vi) = Vsigj (&"184 - /1;2)
The MSE of vy is given in equation (12):

MSE (Vi) = ;/S; (’120 +gjz Aos — 2ng*22>

where

s2 104S? C,S?
=2 &2 = 2 ,83 = 2
S§2+Cy 20452 + Cx CxS2 + Ao4

&1
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7
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9)

10)
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12)

(5) The [19] also suggested the following modified ratio-type estimator vy, for variance and is given in equation (13):

2 (5)2(/104 + M,Z()
=S\ 2 e
SX/104 + Mg
The expression for bias vy, is defined in equation (14):
. 1—fea,. A
Bias(vu,) = n 53/104(# <(P - ﬂgj)

The MSE of the estimator vy, is given in equation (15):

1—feal,- ) A
MSE(vy,) = . S, [/140 + Ao, ((p - 2/&)}
Where f = £, shows the sampling fraction and ¢ = (z%ﬁvﬂ)
049 X

(6) The [20] defined a ratio-type variance estimator V42, and is given in equation (16):

13

a4

(15)
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SZ
Visa2 = 3}2, (-;) (16)
s)(
The bias of the estimator vy, is given in equation (17):
Bias(Viaa) 22 rS3 (Apg — A32) 17
The expressions for MSE of v, is defined in equation (18):
MSE(Visa2) = 7Sy (X4 + Aoq — 2255) (18)

The product estimator denoted by vp,4 and is defined in equation (19):

52

Vord =25 (19)
X

The MSE of the estimator vp,4 is defined in equation (20):

MSE(Vpra) = ySy (30 + Ags + 243) (20)

(7) The [21] suggested the ratio and product exponential-type variance estimators vs. and vg, respectively given in equations (21)

and (22):
SZ _ 32
— 2 X X 21
Vs =S, €xp (Sﬁ m S§> 21)
2 2
2 ss—S
and vs, =5 exp (sé - S%) (22)
The MSEs of the estimator vg, is given in equation (23):
2
MSE(vs;) 22 yS; </1;0 + 34 - /1;2> (23)

Similarly, the MSEs of vy, is provided in equation (24):

e
MSE(vs,) 2 1S} (/1;0 + 34 +/1;2> 24

(8) The [22] suggested a hybrid type estimator vgy, given in equation (25):

5 2 —s2 s2-82
Vsh =S, @ €Xp S’z‘ T s’z‘ + (1 —a)exp S’z‘ T S’Z‘ (25)
X X X X

The MSE of vg, at the minimum value of ¢ = % + ﬁﬁ is given in equation (26):
04
P
MSE(VSh)min :}’Sy j'40 - P (26)
40

3. Optimum estimators

Motivated by Refs. [19,21,22], exponential family of optimum estimators vp is proposed for estimating the variance of a finite
population under simple random sampling, given in equation (27) as:

S? s2 a(G—T)
2 X Py —
Yk =S, |:11 (—s)%) + 179 (Sﬁ)}eXP{a(G+T)+2b}’k 1,2,3,4,5,6 27)

where 7; and 7, are constants which are unknown and their values are to be obtained, while a and b take the values (—1,0,1) in order to
generate different types of estimators.

Also G = (C; + C2)S2+ C3s2 and T = (C3 + C2)S2+ Ci52:

Where C;, Cz,and Cs denotes different functions of the parameter of the supplementary variable such as quartiles, coefficient of
variation, median, etc.

Rewriting the above equation in error terms and putting the values of G and T, we obtained equation (28):
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Vpp = 55(1 +eo) |71

(28)
a{(Cy + C2)S2 + C3s2 — (C3 + C)S2 — 52C1 }
a{(C1 + C2)S2 + C382 + (C3 + C3)S% + s2C2 } + 2b
Using Taylor’s Expansion and ignoring terms of higher order, we get equation (29):
~ Q2 2 91 e
Vpk :Sy<1 +eo)[’[1(1 — € +el)+‘[2(1 +el)]exp —_— (29)
2 (1 + %el)
The expressions for ¢; and 6, are given in equations (30) and (31) respectively as:
Cs — C;)S?
R L — (30)
{Cl(C3 + Cg -+ C])S)Zr + b}
and
2
02 _ a(C3 + Cl )Sx (31)
{a(Cs+ C2 + C1)S% + b}
Simplifying equation (29), we obtained equation (32):
Gre; 6,0
Vo ~52(1 +eo)[r1(1 —er+e) +12(1 +el)]exP[ 121 142ef} 32)
Using exponential series in the above equation, we obtained equation (33):
Oier 0,0 Oie
Ve 22 S2(1+eo)[r1 (1 — &1 +€2) +72(1+ 1)) {1 ety } (33)

Subtracting S§ from both sides of equation (33), we get equation (34):

0 01 610, 62
rl(l—l-eo-i-<El—l)(e1+eoel)+(1_51_1_2+_1)e%)
(v —sz)us2 4 8 1 (34)
Pk =9y ) =9y

+12<1 +eo + (%Jr 1>(e1 + eger) + 2 (1 7@+€41> 2)
Taking equation (34), applying expectation both sides, we obtained equation (35):
7 <n+ (92—1 - 1)1;2 + (1 76’517 01492 + 6:>/1;;4)
(e (%) (1% 4 %))

To find MSE, taking equation (34) and squaring on both sides, we get equation (36):

Bias(vpy) = (35)

ERN

0 0 0.0, 62 2
{71(1+60+(§*1>(€1+6061) (1751*%4’8) )}
0 0 o
+{T2(1 +eo+(é+l)(el+eoel) 2 (1——2+ 1) )} +{—1}2
0 0,0
9 +2‘L’1T2{1 + ey + (51—1>(31 +€0€1) (1 —*I—L )e }
(v —82) =2 , o (36)
{1+eo+<51+1)(e1+eoe1)+51(1—52+71>e%}
0 6 0.0, &
,2{11<1+eo+(5171>(el+e0e1) (17517%+§)ef)}
0 0 6, 0
—2{72(1+eo+(51+1)(e1+eoe1)+2(1—§+4‘> )}

Applying expectation on both sides of the above equation, we get the MSE of vp in equation (37):
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I 0 2 6, 6.0, 6\ .. 0 )]
n+1f<n+/120+{<211> +2<121142+§)}/134+4(211)/1;2>
2 . 91 2 92 91 % 01 %
JFTz n+/140+ 5*‘1’1 +91 175*‘1’? ]'04+4 5+1 122
0 0
n+ A, + {2(51 - 1) + 2<§1+ 1) }z;ﬁ -
6 616, 6 6> 6, 6, 6
1-2 2244 A1)+ (1-2+2) 4
{( 2 4 "8)"\3 2 2 T ) fhos
0 . 01 610, O}
_211<n+(5—1)/122+<1—5—7+§1 /104

0, Y AN
_—21’2<n+(E+l)/122+3(1—5+1>204> |

The MSE in the above equation, can be written as given in equation (38):

IR

= |&<c'i

MSE(ver) +2717

S4
MSE(vp) = Fy (n+73A1 + T3A2 + 2111243 — 2711A4 — 272A5) (38)
where
. o\ AV (O .
A= (n+2,+ 5—1 +2(1 572 Tg Ags +4 5—1 A5y
0 2 6, 1 0
Ay= <n+/1§0 + {{ <§1+ 1) +6, (1 f§2+201> }zg4+4<21+ 1)1;2}>
. 2} 2} P 61 616, 6
n+ A5+ (2 5 1) +2(5+1))/122 + ((1 _E_T+§1
a ¢ 1 0 6
it 9, (1 -24+2 *
+<4 >+291< 2-‘:—4))&04
0 . 0 610, 6 0 0 0, 0
Ay = (n+ (71 - 1)1;2 + (1 -5 %Jrgl)a:m) ,As = <n+ (51+ 1)@;2 ) (1 - 52+71)/134)
For optimum values of 7; and 75, differentiating equation (38) with respect to 7; and 75,
We have ;2 MSE(vp) = 0.
Putting MSE of vp; in the above equation, we have equation (39):
S4
% Fy (n+72A1 + 15A2 + 2117245 — 211A4 — 272A5) =0 (39)
1
and iMSE(V )=0
o1 Pk) =
Putting MSE of vy in the above equation, we have equation (40):
(40)

J S; 2 2
g ; (Tl -+ TlAl + TZAQ + 211T2A3 — 2‘L'1A4 — 2‘[2A5) =0
2

The optimum expressions of 7; and 7, are obtained as:
(A2A4 - A5A3) _ (A1A5 - A3A4)
a2t T
(A4, — A2) (A4, — A2)
Putting 7y, and 74 in equation (38), we obtained equation (41):

S4
MSE(Vri) iy = =~ (n +22 oA+ T Az + 2T 0p0) T2ptAs — 271 oA — 212(@0,45) (41)

T1(opt)

From equations (30) and (31), we see that each a,b,C;,C,,and C; are different. For this reason, 0; and 0, are not the same.
Therefore, the minimum MSE values for each estimator Vpi,Vpy, Vps, Ves, Vps,and vy are different as 7,,72,A1,A2,As,A4,and As in
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equation (41) are computed by using 6; and 0,
From equation (27), some family members of the estimators are
CaseI. Puttinga= —1,b=0,C; = Med,Cz = Q;,Cs = QD in equations (30) and (31), we have:
(QD + Med)S?
(QD + Q; + Med)S?
The bias for the estimator vp; is given in equation (42)

(QD — Med)S? _

O = O =
OT(QD + Qi + Med)sz' ">

O O Ounbups O p
52 <I)1opr><"+<7—1>/122 ( —%— ()4() +(? o4
Bias(vp) =~ —n (42)
n O . O 0wz Own ,.
+T@200pt) | 1+ 2 +1 )45, + 2 1- 5 + 4 Aoa

The MSE for the estimator vp; is given in equation (43)

4

S
MSE(ve1) = -~ (’HT oAW1+ Tiaepn A2 + 27010m0 TwaiopAws = 2T Ama — 250200p0Ams )

(43)
2
Where 7,

1(opt)? %) 2(opt) »A1,Ag2,AnsAws and Ags are obtained by putting 6(;); and 6;)2 in A;,A2,A3,A4 and As
Case II. Puttinga =1,b = —-1,C; = Med, C; = Cy,C3 = Qs in equations (30) and (31), we have:
(Qs — Med)S? B (Qs + Med)S?
{(Q+Ce+ Med)sz — 1} {(Qs + Gy + Med)s2 — 1}
The bias for the estimator vp, is given in equation (44)

O . Oy Ounbmz | Onn ) .
T (ope <n+ (T_ 1)’122 + (1 _T_TJrT 204
—n

(44
O . a1 Omz  Oun )\ ,.
FT(m2(0pt) (n+ ( 2 Ay + 1- 2 + 4 Ao4

The MSE for the estimator vp, is given in equation (45)

Oun =

Bias(vpy) =

2R

4

~ Y 2 2
MSE(vps) = o (n + Tm0p0 A1 + TimaepoAmz + 271 (opo Tim2(0p0 A s

2711 Dpt)A( 2711 Dpt)A( ))

(45)
2
Where 73,

1(opt)? (2 m)2(0pt) A(H)l A2, Am3Amys and A(ps are obtained by putting ), and ), in Ay, A2,A3,A4 and As
Case III. Puttinga=1,b=-1,C;

= Cy, C2 = Q1,C3 = Med in equations (30) and (31), we have:
(Med + C,)S?

" {(Med+Q +C)s2 —1}

The bias for the estimator vp; is given in equation (46)

0 § 0 O 6 0’ §
T (1)1 (opt) <Tl + ( 1211)1 — 1>222 (1 — _(1211)1 — 7011)14 @2 + (111)1) }»04)

(Med — Cy)S?

7] =
= (Med + Qi + sz — 1}

Bias(vps) =

R

8
—-n (46)
0, 0 0 0,
4T (1m)2(opt) (Tl + ( <I2H)1 )/122 + (1211)1 (l Ay (mﬂ)l&)

2 4
The MSE for the estimator vp3 is given in equation (47)

S4
MSE(vp3) = ;y (Tl + T(zm)l(op[)A(Hl)l + T(ZIH)Q(DPQAau)z + 271111 (opt) T (1) 2(0pt) A (13 — 2T (1111 (opt) A tirya — 27 (11m)2(0pt) A (111) )

(47)
Where 7 111 (opt)» T {1 2(opt A1, A2, Aumy3A s and A(s are obtained by putting 6y, and )2 in Ay, A2,A3,A4 and As
Case IV. Puttinga = -1,b=0,C; = QD,C; = Cy,C3 = Med in equations (30) and (31), we have:

(Med + QD)S?
(Med + C + QD)S?

The bias for the estimator vp, is given in equation (48)

(Med — QD)S2 B

7 = =
() (Med+Cx+QD)S§’ (v)2
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2
Oavi . Ovn  Ownbaviz v\ ..
g2 | | Tty (n + ( 5 Ay + | 1- 5 T 4 T3 04
Bias(vps) = Hy . , ) . -n (48)
T vy20m) (n+ (—(’2"“ + 1>/1;2 + -5 (1 - ‘{:’1)/154)

The MSE for the estimator vp, is given in equation (49)

4
MSE(vpa) = ;y (" A + Ty Aavz + 2T (o0 TavizeenAavis — 28aviopAavia — 27 <IV>z<opt>A<IV>5)

(49)
Where T(ZIV)I(op[)7T?IV)Z(th)’A(Iv)l’A(IV)Z’A(IV)SA(IV)4 and A(yy)s are obtained by putting 6;y); and 6y); in A1,Az,A3,A4 and As
Case V. Puttinga=1,b=-1,C; = Cy,Ca = QD, C3 = Med in equations (30) and (31), we have:
o (Med — C,)S2 B (Med + Cy)S?
W {(Med+ QD+ Co)s2 — 1} "~ {(Med + QD + C,)S2 — 1}
The bias for the estimator vps is given in equation (50)
O . Oun Oz ),
g2 | | T <"+ <T_ D + {1 - ==+ |
BiaS(Vps) = < —n (50)
" Own ., O Owz | Owr),.
S N R L R R G B Ry A
The MSE for the estimator vps is given in equation (51)
4
MSE(vps) = — ('HT( 1o AV T Ty )20 A2 T 27w (000 TV200p0 AW — 2TW)1(0p0A V)4 — 272000 A ) (G
Where 'r 1(opt)® Tf 12(0pt)? A, Aw)2,Aw)sArs and A(yys are obtained by putting 6(y); and 6y)2 in A;,Az,A3,A4 and As:
Case VI. Puttinga=1,b=-1,C; = Q;,C; = Med, C3 = Qs in equations (30) and (31), we have:
0 (Med — QD)S? (Med + QD)S?
= Med + G, QD)SE — 1) T {(Med 1 G, - QD)2 — 1]
The bias for the estimator vp; is given in equation (52)
2
O . Owrn O Oumz v\ .
. g2 | | Fontero <”+<21 Apt+|1- P) 7f+ ) 04
Bias(vps) =~ —-n (52)
n O . Owm Ownz Ot ,.
+7 T(vI)2(opt) n+ 2 122 + 2 1- 2 + 4 /104

The MSE for the estimator vps is given in equation (53)

S4
MSE(vps) = ;y <n+T(VI)1(opt)A(VI)1 + Tmaepn Az + 28w opn Tvm2iop Az — 27w apnA

vIy4 — 2T(VI)2(opt)A(VI)5) (53)
Where ‘L’ VIV (opt)* T (VI)2(0pt) A(VI)l ,A(v])g,A(VI)gA(V1)4 and A<w)5are obtained by puttingéy; 1and Oy in A1,A3,A3,A4 and As

4. Theoretical comparisons

Theoretical comparisons are made by generating different efficiency conditions in this section. We compare the MSE of the pro-
posed and competitor estimators with the help of different conditions given as

Condition (i) MSE(Vpy) i, < Var(vo), if
1.
~Sii0 — 5} (n+ 2 A1 + T Az + 2710 2009043 — 2 apAs — 221poAs ) > O

or Ay, (” + T%(opt)Al + T%(omAz + 271 (opt) T2(optyA3 — 271 (opr) A4 — 2Ta(opt AS) >0
Condition (ii) MSE(Vpi)pin < Var(Visa1 ), if

Sidi(1—p?) — Hs;‘ (n+ 73 opty A1 + T opy A2 + 271 opt) T2(opn A3 — 271(opryAa — 2Ta(ap) A5> >0
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or 2o (1— p2) — (n + ioprA1 + BiopryAz T 271(0p0) T2(0p0A3 — 271(apryAd — 2rz(op[)A5) > 0.

Condition(iii) MSE(vp ), < Var(vys), if

min

Leao . y 1
ES; (A0 + 83404 — 28023) — T_ls; <" + T%(opt)Al + Th(opyA2 + 271 0p) T2(opt Az — 271 (opAs — ZTZ(UPI)AS) >0

or (Zio + &hoq — 28045,) — (n + 73 opry A1 F Taopn Az + 271(0p1) T2(0pt A3 — 2T1(0p0 A4 — 272<opt>A5> >0

Condition(iv) MSE(Vpk) i, < Var(vkei), if

min

1., . 1
HS; (Rao + &40 — 26125,) — HS; (’1 + 73 opt A1 + Toopn Az + 2T1(0p0 T2(0p A3 — 271(0prAd — 272<opr>A5> >0

or (Ao + & oy — 28145,) — (n + T3 A1 + Ta oAz + 271 (0p) T2(optyAs — 2T1(opnAd — 212(0m)A5> >0
Condition(v) MSE (Vi) i < Var(Vkez), if

1eas oy 1

HS; (}“40 + 8%’104 - 282/122) - Es; <" + T%(opt)Al + T%(opt)Az + 271 (opt) T2(0pt) A3 — 2T1(0pt)As — ZTZ(OPt)AS) >0

or (A3 + 8404 — 28223,) — (n + T opyA1 T To(opnAz + 2T1(pt Ta(opt Az — 2T1(pr1Aa — 272(0pt)A5> >0
Condition(vi) MSE(vp),;, < Var(vkes), if

min

op[)Az + 271(opt)72(opr)A3 - ZTI(Dpt)A4 - 272(upr)A5> >0

1 « “ . 1
S5 (Fio + Bos — 283730) — 54 (n+ gyt + 75
or (Ao + 85454 — 28345,) — (n + riap[)Al + rg(opt)Az + 271 (op T2(0ptyAs — 2T1(0pty A4 — 2T2(0pt) As) >0

Condition (vii) MSE (Vi) < Var(vamy), if

I B,\] 1
. Isi [,140 + ol ((p - 2;2)} =55 (1 + T A1 + Ty Az + 201 T As — 201 qpoAs — 202(As ) > O
04

* * A
or {/140 + iy ((p - 2ﬁ>] = (0 + Bt + Bz + 271 2(apoAs — 21(0pAs — 2T2(apAs ) > 0.

Condition (viii) MSE(Vpk) i, < Var(Visez), if

min

2
opt)Al + T2 (opt:

1 v 1
HS; (Ago + 454 — 205,) — Hs;‘ (n+ 3 A2 + 271 opo) T2(optyAs — 2T1(opnAs — 212(0,,0A5) >0
o (g + Aoq — 239) — (n + 7,

Condition(ix) MSE(vp)

opt)
< Var(vp; q), if

A + T%(apt)AZ + 271(0pt)72(opt)A3 — 271(0pt)A4 — 272(apt)A5) > 0.
min

Teagpe g oy 1
—55 (R0 + 2o + 2235) = =53 (M T g A1 + Tz + 201 o atepoAs — 21 As — 2eaiopAs ) > O

or (Lo + Ags + 245,) — (n + T opn A1 + TogpyA2 + 2T1(0pt) T2(0p) A3 — 271 (0prAd — 212<0Pt>A5> > 0.
Condition(x) MSE(Vp) i, < Var(vs), if

1./, A .\ 1
-5 (/140 + ﬂzz) -5 ('1 + T opyA1 T To(apnAz + 2T1(pt) Ta(opt Az — 2T1(pr1Aa — 272<opr>A5) >0

*

N )
or <ﬂ40 + % - ’122> - <" + T opyA1 + ToiopyAz + 2T1(0p) T2(opt Az — 2T1(apr1Aa — 272(0pr>A5> >0

Condition(xi) MSE Vi), < Var(vsy), if

Tl Joe .\ 1
s (/140 +2 /122) -5 (R4 At + oAz + 2100 210045 — 271(0pAs — 2025 ) > O

o oa g
or (/140 + % + /122> - (Tl + T?(opt)Al + T%(op[)Az + ZTl(Dpt)TZ(Opt)A3 - ZTI(DPI)A4 - ZTZ(DPI)AS) >0

Condition(xii) MSE(Vek) i < Var(Vsh) min» if
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Table 1
MSE and PRE values for suggested and existing estimators using different data sets.
S.No Estimators MSE/PRE Datal Data2 Data3 Data4
1 Vo MSE 1.01E+18 4.87E+17 7193.72 59199136
PRE 100 100 100 100
2 Visal MSE 1.72E+16 1.81E+17 2652.44 25644380
PRE 5889.493 268.7481 271.2114 230.8464
3 Vus MSE 1.68E+16 1.92E+17 3656.81 35382611
PRE 6040.316 253.9958 186.93 142.0326
4 Vkcl MSE 1.68E+16 1.92E+17 3848.35 40822921
PRE 6040.316 253.9958 184.6091 142.0233
5 Vkcz MSE 1.68E+16 1.92E+17 3896.73 41559289
PRE 6040.316 253.9958 200.9739 142.1407
6 Vkes MSE 1.68E+16 1.92E+17 3579.43 34219845
PRE 6040.316 253.9958 183.3575 142.0217
7 Vumr MSE 2.00E+18 1.03E+18 17863.85 84892264
PRE 50.84236 47.39437 40.26971 38.15222
8 Visa2 MSE 1.68E+16 1.92E+17 3923.33 41683145
PRE 6040.316 253.9958 183.3575 142.0217
9 Vprd MSE 3.95E+18 1.84E+18 31653.5 268666705
PRE 25.66152 26.46205 22.72646 22.03441
10 Vsr MSE 2.73E+17 2.07E+17 2909.85 26447194
PRE 371.612 235.147 247.2196 223.839
11 Vsp MSE 2.24E+18 1.03E+18 16774.93 139938973
PRE 45.26397 47.21636 42.88376 42.30354
12 VSh(min) MSE 1.66E+16 1.66E+17 2657.47 25648008
PRE 6109.189 293.5368 270.6981 230.8138
13 Vp1 MSE 1.63E+16 9.50E+16 2220.61 16351707
PRE 6207.784 513.0336 323.9521 362.0265
14 Vp2 MSE 3.09E+15 7.96E+16 2296.27 16501935
PRE 32797.82 612.1504 313.2785 358.7406
15 Vp3 MSE 1.473584 + 16 8.40E+16 2301.17 18073635
PRE 6884.022 579.6681 312.6115 327.5442
16 Vpa MSE 1.52E+16 7.27E+16 2369.075 16351739
PRE 6681.792 669.6936 303.651 362.0357
17 Vps MSE 1.50E+16 9.66E+16 2307.754 17900364
PRE 6741.731 504.1318 311.7194 330.7147
18 Vpe MSE 1.27E+16 8.42E+16 2331.93 17367897
PRE 7995.022 578.8302 308.4879 340.8538

1
n

o

) /1*2
or <ﬂ40 — %) — (Tl + T%(opt)Al + T%(opr)AZ + ZTl(opt)Tz(upt)AS — 2Tl(up[)A4 — 2T2(0Pt)A5> >0

04

R 1
(ﬂ. 22) — ES; (n + T%(OPOA] + T%(opt)Az + 2T1(0pt)72(0p[)A3 — 271(0pt)A4 — ZTz(opt)As) >0

The aforementioned conditions (i)-(xii) are always held correctly. In consequence, the suggested estimators vy will give better
results than the existing estimators. The above conditions are also verified numerically in Section 5, and the numerical values are
provided in Table 2.

5. Numerical Investigation

For comparison of the efficiencies of traditional and suggested estimators, four real data sets are used. Data 1 and data 2 taken from
Ref. [6]. This data is concern to the production of apple level Y (1 unit = 1000 tons) as the variable of interest and number of apple trees
X (1 unit = 100 trees) shows the supplementary variable in 171 and 94 villages of Mediterranean and Central Anatolia respectively.
The rest of the two data sets are taken from Ref. [19].

Data 1

N =171,n=67,Y = 5588.01,X = 74364.68,p = 0.98 S, = 28643.42,

C, =5.12,S, = 285603.13,C, = 3.84,X = 17850, Q, = 4700, Q, = 37900,

QD = 16600, 1z, = 98.94, 149 = 100.97, 20 = 96.6

Data 2

N =94,n=38,Y = 9384.31,X = 72409.95,p = 0.90 S, = 29907.48,

C, = 3.19,S, = 160757.31,C, = 2.22,X = 18305, Q, = 5758.5,Q, = 58250,

QD =26245.5, 15 = 20.58, 149 = 23.14, Ao4 = 25.14

10
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Table 2
Numerical verification of conditions (i)-(xii) derived in efficiency comparison.
Conditions’ Existing Estimators Data Proposed Estimators
Vp1 Vp2 Vp3 Vp4 Vps Vpe
i Vo 1 9.98E+17 1.01E+18 1.01E+18 9.99E+17 9.99E+17 1.00E+18
2 3.92E+17 4.08E+17 4.03E+17 4.14E+17 3.91E+17 4.03E+17
3 4973.11 4897.45 4892.55 4824.645 4885.966 4861.79
4 4284742 42697201 41125501 42847397 41298772 41831239
ii Visal 1 8.83E+14 1.41E+16 1.72E+16 2.04E+15 2.18E+15 4.54E+15
2 8.63E+16 1.02E+17 9.72E+16 1.09E+17 8.46E+16 9.71E+16
3 431.83 356.17 351.27 283.365 344.686 320.51
4 9292673 9142445 7570745 9292641 7744016 8276483
iii Vus 1 4.53E+14 1.37E+16 1.68E+16 1.61E+15 1.75E+15 4.11E+15
2 9.68E+16 1.12E+17 1.08E+17 1.19E+17 9.52E+16 1.08E+17
3 1436.2 1360.54 1355.64 1287.735 1349.056 1324.88
4 19030904 18880676 17308976 19030872 17482247 18014714
iv Vel 1 4.53E+14 1.37E+16 1.68E+16 1.61E+15 1.75E+15 4.11E+15
2 9.68E+16 1.12E+17 1.08E+17 1.19E+17 9.52E+16 1.08E+17
3 1627.74 1552.08 1547.18 1479.275 1540.596 1516.42
4 24471214 24320986 22749286 24471182 22922557 23455024
v Vkc 1 4.53E+14 1.37E+16 1.68E+16 1.61E+15 1.75E+15 4.11E+15
2 9.68E+16 1.12E+17 1.08E+17 1.19E+17 9.52E+16 1.08E+17
3 1676.12 1600.46 1595.56 1527.655 1588.976 1564.8
4 25207582 25057354 23485654 25207550 23658925 24191392
vi Vkes 1 4.53E+14 1.37E+16 1.68E+16 1.61E+15 1.75E+15 4.11E+15
2 9.68E+16 1.12E+17 1.08E+17 1.19E+17 9.52E+16 1.08E+17
3 1358.82 1283.16 1278.26 1210.355 1271.676 1247.5
4 17868138 17717910 16146210 17868106 16319481 16851948
vii Vmr 1 1.98E+18 1.99E+18 2.00E+18 1.98E+18 1.98E+18 1.98E+18
2 9.33E+17 9.48E+17 9.44E+17 9.55E+17 9.31E+17 9.44E+17
3 15643.24 15567.58 15562.68 15494.78 15556.1 15531.92
4 68540557 68390329 66818629 68540525 66991900 67524367
viii Visa2 1 4.53E+14 1.37E+16 1.68E+16 1.61E+15 1.75E+15 4.11E+15
2 9.68E+16 1.12E+17 1.08E+17 1.19E+17 9.52E+16 1.08E+17
3 1702.72 1627.06 1622.16 1554.255 1615.576 1591.4
4 25331438 25181210 23609510 25331406 23782781 24315248
ix Vprd 1 3.94E+18 3.95E+18 3.95E+18 3.94E+18 3.94E+18 3.94E+18
2 1.75E+18 1.76E+18 1.76E+18 1.77E+18 1.74E+18 1.76E+18
3 29432.89 29357.23 29352.33 29284.43 29345.75 29321.57
4 252314998 252164770 250593070 2.52E+08 2.51E+08 2.51E+08
X Vsr 1 2.57E+17 2.70E+17 2.73E+17 2.58E+17 2.58E+17 2.60E+17
2 1.12E+17 1.28E+17 1.23E+17 1.34E+17 1.11E+17 1.23E+17
3 689.24 613.58 608.68 540.775 602.096 577.92
4 10095487 9945259 8373559 10095455 8546830 9079297
xi Vsp 1 2.22E+18 2.24E+18 2.24E+18 2.23E+18 2.23E+18 2.23E+18
2 9.37E+17 9.52E+17 9.48E+17 9.59E+17 9.35E+17 9.48E+17
3 14554.32 14478.66 14473.76 14405.86 14467.18 14443
4 123587266 123437038 121865338 1.24E4+08 1.22E+08 1.23E+08
xii Vsh(min) 1 2.64E+14 1.35E+16 1.66E+16 1.42E+15 1.56E+15 3.92E+15
2 7.10E+16 8.64E+16 8.19E+16 9.32E+16 6.93E+16 8.18E+16
3 436.86 361.2 356.3 288.395 349.716 325.54
4 9296301 9146073 7574373 9296269 7747644 8280111
Data 3

N =80,n=20,Y =51.826,X = 11.265,p = 0.941 S, = 18.357,
C, = 0.354,S, = 8.456,C, = 0.751,X = 10.300, Q, = 5.150,Q; = 16.975,
QD = 5.910, 25y = 2.221, 149 = 2.267, o4 = 2.866

Data 4

N =70,n=25,Y = 96.700,X = 175.267, p = 0.729,S, — 60.714,
C, = 0.625,S, = 140.857,C, = 0.804,X = 72.437,Q, = 80.150, Q, = 225.025,
QD = 72.437, 12,4.604, 140 = 4.759, o4 = 7.095

The PRE of the suggested estimators vy with respect to the estimators in literature are obtained by (see for formula [22]):

Var(vo)

PRE=
MSE(v;) or MSE(v;)

x 100 649

min

11
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Table 3
MSEs and PREs of different estimators using a simulation study.
Estimators n = 60 n =150 n = 200
MSE PRE MSE PRE MSE PRE

Vo 0.028961 100.00 0.010251 100.00 0.007025 100.00
Visal 0.007759 373.2526 0.002198 466.2551 0.001461 480.5977
Vus 0.005946 487.058 0.002022 506.9277 0.001369 513.1908
kel 0.007236 400.2337 0.002576 397.888 0.001715 409.4578
Vkc 0.028961 100.00 0.010251 100.00 0.007025 100.00
Vke3 0.005946 487.058 0.002022 506.9277 0.001369 513.1908
Vur 0.012988 222.967 0.004650 220.4471 0.00317 221.6083
Visa2 0.005946 487.058 0.002022 506.9277 0.001369 513.1908
Vprd 0.116136 24.93701 0.038993 26.29167 0.026924 26.09483
Vsr 0.010272 281.9375 0.003659 280.1249 0.002457 285.8815
Vsp 0.062998 45.98258 0.021889 46.8359 0.015112 46.48933
Vsh(min) 0.013798 209.87 0.004948 207.1827 0.003351 209.6502
Vp1 0.005883 492.2375 0.001979 518.012 0.001323 530.6555
Vp2 0.005673 510.5023 0.001955 524.2359 0.001309 536.6171
Vps 0.005590 517.9955 0.001946 526.662 0.001302 539.4979
Vp4 0.005605 516.6609 0.001948 526.2644 0.001303 538.8679
Vps 0.005609 516.304 0.001950 525.6454 0.001301 539.7565
Vpe 0.005653 512.2667 0.001953 524.852 0.001307 537.2338

Where | = Isal, US,KCj,Mr, Isa2, Prd, Sr, Sp, Sh and Pk.

Percentage relative efficiency (PRE) is used to measure and compare the efficiency of one estimator with other. The values of MSE
and PRE for the proposed and the estimators mentioned in the literature computed from each population are given in Table 1.

The above figures represent the PREs of the suggested estimators and estimators in the literature using four types of data sets. The
figures show that the height of a line graph is directly proportional to the efficiency of proposed estimators for all the data sets. More
specifically, as the length of the line increases, the PREs of the estimators also increases.

The above table shows the numerical illustration of the comparison of efficiency conditions of the suggested estimators with the
estimators in the literature. The results according to conditions (i) to (xii), show that all the values are greater than zero, therefore, the
suggested class of estimators is efficient than the estimators in the literature.

6. Simulation study

In this section, MSEs and PREs of the recommended and existing estimators are compared using simulation study. We performed
10,000 simulations using the distribution of bivariate normal with the identical theoretical means of Y, X] as ¢ = [2,2]. The correlation
coefficient between the study variable and the concomitant variables p,, is 0.95. The covariance matrix is

a1

Samples of size n = 60, 150 and 200 are selected by simple random sampling. MSE and PRE are calculated using equations (27) and
(54) respectively, and results are provided in Table 3 as.

7. Results and discussions

In this paper, an exponential family of optimum estimators for population variance using supplementary information under simple
random sampling is proposed. To evaluate the performance of the suggested family of estimators, we used four real data sets and
simulation studies. The criteria of MSE and PRE are used for comparison of different estimators. The MSEs and PREs of the suggested
and recommended estimators are provided in Table 1 for the real data sets while in Table 3, the values of the simulation study are
given. Moreover, MSEs and PREs of the proposed and existing estimators are also presented through different diagrams for both real
data and simulation study. The results of the proposed family of estimators vary, based on different choices of a,b,C;,Cz and Cs.

The following are some general findings given as.

i. Table 1 reveals that all the suggested estimators vp; have the optimum MSE over the competitor estimators in the literature for
all the data sets. This verifies that the suggested estimators vp, perform the best than the existing estimators.
ii. The combinations of different choices of a,b, C;, C2 and C3 impacts the outcome of the suggested estimators.
iii. The proposed estimator vp; has the minimum MSE 2220.61, when a = —1,b = 0,C; = Med, C; = Q; and C3 = QD using real
data set 3.
iv. The first two data sets related to the study variable “production of apple level” also provided efficient results particularly for the
estimators vpy and vp4.

12
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Fig. 1. PREs using Data 1.
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Fig. 2. PREs using Data 2.
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Fig. 4. PREs using Data 4.
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Fig. 5. Comparison by MSEs of proposed and existing estimators using simulation study.

v. Table 2 reveals that all the numerical differences are greater than zero, which verified the efficiency conditions theoretically
described in Section 4.
vi. From Figs. 1-4 of real data sets, it is observed that there is maximum PRE for all the suggested estimators as compared to
existing estimators as the line in the graph is going in the upward direction.
vii. The application of the suggested estimators is also demonstrated in Table 3, using simulation studies. The results reveal that all
six suggested estimators have minimum MSE as compared to the competitor estimators.

viii. Insimulation study, when n = 60, the variance of v, is 0.028961 and when n = 150, the value decreased to 0.010251. Similarly,
comparing the value of the estimate Var(vy) when n = 200 its value further reduces to 0.007025. A Similar finding is obtained
for the remaining existing and proposed estimators. Therefore, there is an inverse relationship between the value of n and MSE
for both the suggested and existing estimators.

ix. Fig. 5 of the simulation study also verifies that all of the proposed estimators have smaller MSE than the existing estimators.

8. Conclusion

An improved family of estimators has been proposed for the variance of a finite population using supplementary information.
Theoretical bias and MSE have been derived up-to the first order of approximation. The recommended and the existing estimators have
been compared both theoretically, numerically and graphically by using PRE and MSE criteria. Four real-world data sets and simu-
lation studies are used for numerical comparison. The results showed that the proposed estimator vp; has minimum MSE than all the
other proposed and existing estimators, utilizing Med = 10.30, Q; = 5.15 and QD = 5.91. The results of the real data as well as
simulation study provided in different tables showed clearly that with the increase of sample size n, the MSE of all the proposed es-
timators vp, decreases. Overall, our proposed family of estimators are efficient performers and ensures that these exponential type
estimators will be useful for practitioners. Therefore, we recommend our proposed estimators for the new survey in preference to the
traditional estimators examined in this research for estimating the variance of the finite population using simple random sampling.
This study can be extended by developing new estimators with the help of more selections of a,b, Cy,C, and Cs.
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