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Analogies of the classical Euler top
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“quantum phase transitionsin a
oo generalized Lipkin-Meshkov-Glick
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. We show that the classical model of Euler top (freely rotating, generally asymmetric rigid body),

. possibly supplemented with a rotor, corresponds to a generalized Lipkin-Meshkov-Glick (LMG) model
describing phenomena of various branches of quantum physics. Classical effects such as free precession
of a symmetric top, Feynman'’s wobbling plate, tennis-racket instability and the Dzhanibekov effect,
attitude control of satellites by momentum wheels, or twisting somersault dynamics, have their
counterparts in quantum effects that include spin squeezing by one-axis twisting and two-axis
countertwisting, transitions between the Josephson and Rabi regimes of a Bose-Einstein condensate

. in adouble-well potential, and other quantum critical phenomena. The parallels enable us to expand

. therange of explored quantum phase transitions in the generalized LMG model, as well as to present a
classical analogy of the recently proposed LMG Floquet time crystal.

“The same equations have the same solutions” is a well known Feynman’s quote from his lecture on electrostatic
analogs'. Taking advantage of known solutions of Maxwell’s equations, Feynman shows how to apply them for
. solving problems of heat transport, neutron diffusion, fluid dynamics, and photometry. The message is that ana-
. logs are powerful tools that allow the exchange of know-how between different branches of physics. Here we fol-
. low this approach and focus on quantum analogs of the Euler dynamical equations, initially introduced to study
. rotations of rigid bodies. We show that already the simplest version of Euler equations describing a free spinning
© top is relevant to the quantum mechanical problem of spin squeezing®?, i.e., noise suppression important for
. improving precision of atomic clocks and measuring devices*®. These effects have their classical counterparts in
. dynamics of wobbling plates’~?, tennis racket instability'®!! or the Dzhanibekov effect'?. If a freely spinning rotor
: with its axis fixed with respect to the top is added, plethora of new phenomena occur with analogies across diverse
. fields. In the quantum case one can observe features of the Lipkin-Meshkov-Glick (LMG) model of nuclear
. physics'® with various critical phenomena'* including quantum phase transitions with their generalization to
. excited state quantum phase transitions'>!S, self-trapping of Bose-Einstein condensates in potential wells'”!$, or
© twist-and-turn scenario of spin squeezing!. These quantum phenomena correspond to purely classical effects
© such as satellite stabilization by momentum wheels**?! or motion of an athlete executing a twisted somersault*>?*.
Taking advantage of these analogies, we introduce new types of excited state quantum phase transitions in a
generalized LMG model that correspond to different kinds of motion in rigid body dynamics. As another appli-
cation we propose a classical version of the recently introduced LMG Floquet time crystal®*.

General features of the dynamics
. o d
. Classical model. Evolution of the angular momentum L of a rigid body is governed by the equation
PoS ki s
© dL/dt = M ,where M is the torque. Assume that the torque stems from a rotor whose axis is fixed with respect
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Figure 1. Examples of rigid bodies with a rotor. (a) Symmetric top, coaxial rotor; (b) symmetric top,
perpendicular rotor; (c) asymmetric top, rotor with axis along one of the principal axes; (d) asymmetric top,
general orientation of the rotor.

to the rigid body as in Fig. 1. In the rotating coordinate system with axes fixed along the principal axes of the rigid
body the evolution of the angular momentum vector @ is given by
N

&y = H—a +
j j )

where the indexes j, k,  form an even permutation of 1, 2, 3, L, = Ijwy, and I, , ; are the principal moments of iner-

tia (see the Supplementary material for detailed derivation). These are the well known Euler dynamical equations

—

Kyw; — Kiwy
Tk,

which for K = 0 correspond to a free top, and here the special case corresponds to the torque coming from the
— — —
rotor. It is suitable to work with the total angular momentum / = L + K, for which one finds

. K K,
b=f£ i+ 255 = 2k
1

I _Ik I

2

As can be checked, the evolution equations conserve the kinetic energy of the rigid body and the magnitude
of the total angular momentum, i.e., Eyoq, = 0and J 2 = 0, where
L} L L o _p g
Ebd:_1+_2+_3’ ]:]1+]2+]3~
Yo 21, 21 (3)
Thus, the trajectories in the angular momentum space are intersections of the energy ellipsoid Ey,,q, = const and
—

the total angular momentum sphere J= const, their centers being displaced by K. This geometric interpretation
is especially helpful for finding stationary angular momenta and determining their stability.

Quantum model.  Assume two bosonic modes described by annihilation operators @ and b with total number
of particles N. Theserperators commuteas[d, 4] = [l;, l;T] = land the remaining commutators vanish. One can
introduce operatorTwith components defined as ]; = %(ﬁ*l; + ﬁl;T), ]; = %(ﬁm — ﬁBT), and ]; = %(ﬁ*ﬁ — l;Tl;),
vyitl} N :A&T& + I?I;A. ThesAe operators satisfy the angular momentum commutati:)n relationsA fo, ]}] = i]:Z,
U, Ll = il and[], J] = i, Assume a general quadratic Hamiltonian in the form H = SrXghh + e
where the indexes k,  run through x, y, z, and we put A= 1. As shown in ref.?’, the quantities y; = xy can be treated

as components of a twisting tensor . By a suitable rotation of the coordinate system, the twisting tensor can be cast
into diagonal form such that the Hamiltonian is

3
=3 0ui + %,
k=1

4)
where y are the eigenvalues of the twisting tensor. The Heisenberg evolution equations idA/dt = [A, H] then
yield

b G+ 0+ ] - 2
ot Xk — Xp) U ™ Juk Wi Ve (5)

A2 S N A A
Note that Hamiltonian (4) commutes with /  which is a conserved quantity, g = ]12 + ]22 + ]32 = %(% + 1).

Correspondence of the models. Equations (2) and (5) have the same structure, except for (2) being clas-
sical equations whereas (5) are operator equations with symmetrized products of operators. Thus, both models
yield analogous predictions. The two sets of equations correspond to each other provided we make the change
K, Q
X, < —L, O %, or [ e —L, K < ——k.
21, I 2, 2x, (6)
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Note that the dimension of the quantities is set by our choice /i = 1; to have the usual dimensionality, the rela-
tion between Y, and I, would be changed to Xg & —hl(2L).

Since in Eq. (5) only the differences between the twisting tensor eigenvalues occur, the dynamics are not
changed if a constant is added to all eigenvalues of x;, i.e., Xy — Xx+ Xo- This transformation just shifts the
Hamiltonian by a constant y, | ?_ The same holds in the classical dynamics if the moments of inertia and the angu-
lar momentum of the rotor are modified as

@)
with I independent of k. As a consequence, for any quantum system described by twisting tensor x and frequency

vector 2, one can find a classical rigid body characterized by tensor of inertia I supplemented with a rotor with
—
angular momentum K such that the combined system has the same dynamics.

Lipkin-Meshkov-Glick model.  In 1965 Lipkin, Meshkov and Glick formulated a toy model of multiparticle
interaction that can be, under certain conditions, solved exactly, and thus serve as a basis for testing various
approximation methods'®. Although the original motivation was in modeling energy spectra of atomic nuclei, the
scheme turned out to be useful for studylng 1nterest1n§ phenomena in more general systems. The LMG

Hamiltonian has the form H = ¢J, + V(]l L)+ W@, + ]2 ) where ¢, V and W are real parameters. The
quadratic part of the Hamiltonian corresponds to the diagonal twisting tensor x with x,=W+V, x,=W -V
and x; =0. Since any multiple of a unit tensor can be added to x without changing the dynamics, any diagonal x
can be expressed in a form corresponding to the quadratic part of the LMG Hamiltonian. In particular, for a
diagonal x with terms X, X, X3, by subtracting x; from all the diagonal terms, one gets the LMG parameters
W=(x,+ X2)/2 — x5 and V= (x; — x»)/2. Since for general quadratic Hamiltonians the labeling of principal axes
1,2, 3 is arbitrary, any quadratic Hamiltonian with the linear part parallel to one of the principal axes is equivalent
to the LMG Hamiltonian. Thus, in the classical analogy, the LMG model corresponds to a freely rotating rigid
body supplemented with a rotor with its rotational axis fixed along one of the principal axes of the body as in
Fig. 1(a—c). The special case of V=0 corresponds to a symmetrical top with a coaxial rotor as in Fig. 1(a), whereas
for V=W the LMG model corresponds to a symmetric top with a perpendicular rotor as in Fig. 1(b).

Free symmetric top, Feynman'’s plate, and spin squeezing by one-axis twisting
As the simplest model, consider a symmetric top with I, = I, = I; with no rotor, i.e., K, =0. Equation (1) then

simplify to
= —Qw,, @, =0w, =0, (8)
where
gobh-h, _ [l B l]k_
I L I )
Solutions of Eq. (8) describe regular precession of the top asw; = A cos Ot w, = Asin Ot, where the amplitude
is A = \Jw? + w,. Thus, in the frame fixed with the body, the axis of rotation circles with frequency (Y around the

symmetry axis of the top. For A < wj, i.e., for small angles between the rotation axis and the symmetry axis, an
external observer sees the top wobbling with frequency w; + + Q. Two extreme cases of the mass distribution in the
top correspond to a flat, plate-like top with I; — 21, and a rod-like top with I; — 0. The plate-like top has 0 — ws
so that the wobbling frequency is ~2w;, and the rod-like top has () — —wjy so that the wobbling frequency tends
to zero (one can see that when throwing up a spinning pencil).

Feynman in his book “Surely, You Are Joking, Mr. Feynman!™’ tells a story: “ I was in the [Cornell] cafeteria
and some guy, fooling around, throws a plate in the air. As the plate went up in the air I saw it wobble, and I noticed
the red medallion of Cornell on the plate going around. It was pretty obvious to me that the medallion went around
faster than the wobbling. I had nothing to do, so I start to figure out the motion of the rotating plate. I discover that
when the angle is very slight, the medallion rotates twice as fast as the wobble rate—two to one. It came out of a com-
plicated equation!” Feynman was surely joking when telling this story to R. Leighton who collected Feynman’s
memories, because the situation is just opposite: the wobbling is twice as fast as the rotation. This follows from the
above arguments, and was clearly explained in notes®® published after Feynman’s book.

In quantum domain, Hamiltonian (4) reduces to

N A2
Hopr = X (10)

with y < 1/(2L;) — 1/(2L;). This Hamiltonian corresponds to the one-axis twisting (OAT) scenario of spin
squeezing first proposed theoretically by Kitagawa and Ueda* the Bloch sphere is twisted around axis /5. For states
near the equator of the Bloch sphere with J;~ 0, Hamiltonian (10) squeezes the uncertainty area such that noise
in some quantum variable decreases and increases in another.

A careful observer could see the OAT squeezing in the classical motion, as well. When the top is spun around
an axis lying in the symmetry plane, w; =0, then Q = 0and the rotational axis keeps its orientation. If the rota-
tional axis is oriented slightly off the symmetry plane, it slowly precesses with a speed proportional to its deviation
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of the plane. If the initial orientations are randomly scattered around an axis in the plane of the top, after some
time, the directions of the rotation become squeezed from one side and stretched perpendicularly.

Free asymmetric top, tennis-racket instability, and two-axis countertwisting

Assume a rigid body with the principal moments of inertia I, < I; < I,. The classical motion is described by Eqs (1)
and (2) with K, =0. As is well known, rotations around the two extreme principal axes 1 and 2 are stable, whereas
rotation around the intermediate principal axis 3 is unstable. The dynamics was studied in detail in'°-'2. One can
observe this behavior when throwing up a spinning tennis racket: the rotations are stable if the axis of rotation
is along the handle (smallest moment of inertia) or perpendicular to the plane of the head of the racket (biggest
moment of inertia), and unstable if the axis of rotation is in the plane of the head of the racket, perpendicular to
the handle (intermediate moment of inertia). If the initial angular velocity direction is slightly off the stable axis,
the rotation axis precesses around it, but if it is slightly off the unstable axis, it diverges away. Typically on Earth,
one cannot observe the free spinning body for a long period. However, the effect is spectacular in zero gravity
conditions, provided that the initial angular velocity direction is very close to the unstable axis. As the result, one
can see the “Dzhanibekov effect” named after Russian cosmonaut Vladimir Dzhanibekov who observed it while
in space in 19852,

In quantum domain the corresponding Hamiltonian can be cast into the form

A A2 A2
H=x. —x (11)

with x, =1/(2L;)— 1/(2L,) and x_ =1/(2I,) — 1/(2L;). In the special case of I; =21, I,/(I, + I,) the Hamiltonian of
(11) takes the form

. 2w
Hpper=xU, — 1) (12)

with x = (I, — I,)/(41,1,). Hamiltonian (12) corresponds to the two-axis countertwisting (TACT) scenario of spin
squeezing? the Bloch sphere is twisted in one sense around J, and in the opposite sense around J,. Spin states ini-
tially polarized along J; become squeezed as the uncertainty circle is stretched in one direction and compressed
in the other.

Symmetric top with a coaxial rotor, spin twisting with coaxial rotation
Adding a rotor to the top or a linear term to the Hamiltonian makes the dynamics richer. Consider Hamiltonian
in the form

A=, + 9, (13)

which corresponds to the LMG with V=0, e =Q and W= —y. Since the Hamiltonian is a function of J,, its eigen-
functions are Dicke states with sharp values of J;. The dynamics are split into two possible phases: dominant
rotation with 2J|x| < ||, and dominant nonlinearity with 2]|x| > |Q|. In the case of dominant rotation the eigen-
states corresponding to the extreme eigenvalues of H coincide with the eigenstates corresponding to the extreme
eigenvalues of ;. In case of dominant nonlinearity either the ground or the highest excited state of H is one of the
intermediate Dicke states.

In classical dynamics the situation corresponds to a symmetric top, I} =I, = I;, with a coaxial rotor,
K,=K,=0=K;=K, as in Fig. 1(a). The equations of motion and their solution have the same form as those of a
free symmetric top, Eq. (8), but the precession frequency is changed to

1 K
- =L+ =

o L Dw+ K _ [L
I I I (14)

I

Similarly to the quantum case, the dynamics are split into two regimes with dominant rotation
|K|/T>|1—IL/1,|, and dominant nonlinearity |K|/] <|1 — I;/I,|. As an example, consider a plate with I, =T, = I,/2.
In this case Eq. (14) yields ) = ws + 2K/, Choosmg K=- —I3w3 leads to ! = 0 so that the wobble frequency
is equal to the rotation frequency, w; + 0= ws. As another example choose K = ——I3w3 This leads to
Q= —w,/2 so that the wobble frequency of a plate is half the rotation frequency, w; + 0= w,/2. Thus, with a
little cheating of adding a properly spinning rotor, one can force a plate to behave exactly as described in
Feynman cafeteria story’.

Symmetric top with a perpendicular axis rotor, twist-and-turn Hamiltonian
Let the Hamiltonian have the form

A=+ 9 (15)

The corresponding evolution is twisting around axis J; and simultaneous rotation about the perpendicular
axis J; (also called “twist-and-turn” dynamics'?). As in the preceding case there are two distinct regimes: that
with dominant rotation |Q| > 2]|x| called “Rabi regime”, and that with dominant twisting |Q| < 2]|x| called
“Josephson regime” (see Fig. 2). In the Rabi regime, the Hamiltonian is nondegenerate, with a single maximum
and a single minimum on the Bloch sphere. For 2]y = £Q a quantum phase transition occurs with the energy
maximum or minimum being split into two, so that in the Josephson regime a saddle point on the Bloch sphere
occurs. Physically the dynamices corresponds, e.g., to coherent atomic tunneling between two zero-temperature
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Figure 2. Angular momentum trajectories for a symmetric top with a perpendicular axis rotor, or a twist-and-
turn Hamiltonian (15). The parameters are Q/(xJ) =0.2 (a), 1 (b), 1.7 (c), and 2 (d). Panels (a—c) correspond
to the Josephson regime with the blue area representing “self-trapped” states. Panel (d) corresponds to the
boundary between the Josephson and Rabi regimes where one unstable and two stable stationary points merge,
leaving behind one stable stationary point for Q/(yJ) > 2.

Figure 3. Angular momentum trajectories for an asymmetric top with a rotor along the middle axis. The
twisting parameters of the corresponding quantum Hamiltonian are x; =0, and x; = —10x,. (a) Q;=0 (i.e., no
rotor), (b) |Qs]| =1.7]|xa), () | Q]| =2J|x,] (critical value for disappearing the saddle point along +/5), and (d)

| Q3] =2J]x] (critical value for disappearing the saddle point along —J3).

Bose-Einstein condensates confined in a double-well trap', or to evolution of a two-component condensate'®. In
the Josephson regime, the condensate can be “self-trapped” in one of the wells”.

In classical dynamics the model corresponds to a symmetrical top with a perpendicular rotor such as in
Fig. 1(b). The “Rabi oscillations” occur in the case with dominant rotor angular momentum, |K;|/J > |1 — L/I,|:
the rotational axis of the top circles around the axis of the rotor. If the axis of the body rotation is along the
rotor axis, its direction is fixed and stable for both co-rotational and counter-rotational orientations. In the
“self trapping” or “Josephson” regime, the angular momentum of the top is dominant, |K3|/J < |1 — I3/I;]. In
this case, the counter-rotation becomes unstable: the direction opposite to the rotation of the rotor becomes
located on a separatrix dividing the 47 sphere of rotational axis orientations into three regions (see Fig. 2(a—c)
for visualization). In one region the rotational axis circles around the direction of the rotor, in the two other
regions the rotational axis circles around a direction pointing between the rotor axis and the symmetry axis
of the top.

Excited quantum phase transitions in generalized LMG

Features of the LMG Hamiltonian have been widely explored, especially with focus on quantum phase transi-
tions and related critical phenomena?-*2. The concept of quantum phase transition typically refers to closing
the gap between the ground and the first excited state by varying a system parameter. Recently the concept
has been generalized to excited state quantum phase transitions (ESQPT)!>!¢, where the variation of param-
eters leads to sudden emergence of singularities in the energy spectrum. These effects can be related to the
Hamiltonian map on the Bloch sphere (see Figs 2 and 3): a discontinuity in the energy spectrum corresponds
to a local minimum or maximum of energy on the sphere, and a peak in the energy spectrum corresponds to a
saddle point of energy.

Stationary angular momenta and their stability. Even though the possibility to generalize LMG to
arbitrary directions of the linear term was briefly mentioned in*, we are not aware of any systematic study of
such a model. Here we classify phases in the generalized LMG given by Hamiltonian (4) by identifying the sta-
tionary angular momenta and finding their stability in the limit N— oo (so called thermodynamic limit). In
the angular momentum space, stationary values correspond to the points where the constant energy ellipsoid
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touches the constant total-angular-momentum sphere. This occurs where the gradient of energy and the gradi-
ent of the squared total momentum of Eq. (3) are colinear, grad Ej,,q,= A grad J* for some \. Eliminating A and
expressing in the vector equation the components J, , by means of J; as J; = LK, J3/[(I; — I)); + [,K;], [, = LKyJ5/
[(I; — L)J;+ L,K;], which, when used in Eq. (3), leads to the polynomial equation for J,

6
daJi =0,
n=0

where the coefficients a, are functions of I, , ; and K| , ; (or, equivalently, x,,;and Q,,5) and J, and are
expressed in the Supplementary material. Equation (16) has up to 6 real roots which, together with the above
—

(16)

mentioned relations between components of J , specify the stationary values of angular momenta. The sta-
bility of a given stationary point can be found from the relation between the radii curvatures of the energy
ellipsoid and the angular momentum sphere at the contact point (see the Supplementary material for
details).

Special case: phase transitions in the original LMG. Consider first the special situation with
Q,=Q,=0 (or equivalently K; = K, =0). This allow us to find the ESQPT of the LMG model studied else-
where?¢-%? by the new method. To simplify the analysis, assume that x,,; > 0 (one can always achieve this by a
suitable additive constant), and suppose that x, , = Xs. In this case Eq. (16) can be factorized as

12 12

Q,
20 — xy)

Q,

s =73 -
’ 2(x, — X)

-

)

17)

One can see that the stationary angular momenta are always those with J; = =] (and thus J, , =0), and depend-
ing on the magnitude of Q; (or K;), also the vectors with J; = Q1/[2(x,, — x3)]; the existence of the latter cases
depends on whether the resulting J; fulfills the condition |J5] < J. Thus, the stationary angular momenta are

2 0
o + |- LZ .
— N 40 — x3) _ + ]2 o Q3
Ji = s iy = 0 s b= a0, - x|
+J a, Q,
2(x, — x3) 2(x, — x3) (18)

— — —
Stationary vectors J ; occur always, whereas J; ;, occur when |Qs| < 2|x, — x|/, and ], ,; occur when

Q4] <2|x, = xslJ- .
Energies of the stationary points are obtained from the Hamiltonian, Eq. (4), by substituting values of J,_,, for

N
operators J . The results correspond to the singular points of the energy spectrum in the limit N — co. We get

E ;= XJZ + Qy, (19)
2 Qé |QS|
Ejiw= XJ e — < 2|X1 - X3|’
a0, —xy) T (20)
0 €25
E,=x)"+—2>—, =2 <2y, — xjl
=X 4, - xy) P @1)

The stability is determined by means of the geomteric considerations in the preceding subsection. The results
are shown in Fig. 4(a—c). In Fig. 4(d-f) we show spectra of the corresponding quantum Hamiltonians for com-
parison: one can see a match between the classical stationary points and the singularities of the quantum spectra
(the match is not perfect since a relatively small number N was used to make the lines of energy eigenvalues
visible).

As a specific example, consider stabilization of rotation of a tennis racket around the middle principal axis
by a rotor as in Fig. 1(c). The situation corresponds to Fig. 4(c), and the transition is visualized using the Bloch
sphere in Fig. 3. With no rotor (Fig. 3(a)), the sphere consists of two pairs of “self-trapped” regions where motion
of the angular momenta encircle the stable directions ], and +J,. These regions are separated by a line called
separatrix, going through the unstable stationary angular momenta +J;. Adding the rotor with some small angu-
lar momentum K;, the separatrix splits into two (Fig. 3(b)). A new region between the separatrices emerges as
a stripe of trajectories encircling the sphere. With increasing |K;|, the stripe becomes wider and the stable fixed
points move towards the unstable points. With a critical value of |K;|, one pair of stable points merge with one
unstable point, resulting in a stable point (Fig. 3(c)). This is a new phase in which the racket co-rotating with the
rotor around the intermediate principal axis becomes stable, although counter-rotation is still unstable. With
further increasing |Kj|, the remaining pair of stable points approach the unstable point till they merge (Fig. 3(d)).
For |K;| above this second critical value the system is in phase that has only two stationary angular momenta,
both stable.
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Figure 4. Panels (a-c): Energies of the statipnary angular momenta of the original LMG. Full line corresponds
to stable, dashed line to unstable values of J._ .. Roman numbers I-IV refer to zones specified in ref.?2. The
twisting tensor eigenvalues are (in arbitrary units): (a) x; =4, x,=3, x3=2, (b) x,=0.25, x, =1, x3=2, (¢c)

X1=1, Xx,=4, x3=2. Panels (d-f): Eigenvalues of the Hamiltonian (4) with Q, , =0 and the values of x, , ; equal
to those of panels (a—c). The number of particles is N=40.
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Figure 5. Asin Fig. 4, panels (a—c) show energies of the stationary angular momenta and panels (d-f)
eigenvalues of the corresponding quantum Hamiltonian (4); in this case, however, € is not along one of
the principal directions of x. The twisting tensor eigenvalues are (in arbitrary units) x; =4, X, =3, x3 =2,
the ratio of components of vector {2 are Q: Q,: Q; as follows, (a,d) 2:1:1, (b,e) 1:2:0, (c,f) 2:0:1.
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Figure 6. Reshaping a body in the mechanical analogue of the LMG Floquet time crystal. The body starts as a
symmetric top with a perpendicular rotor, having two degenerate stable rotational states with angular momenta

ﬂ. (a) The body is then reshaped (b) to take a form of a symmetric top with a coaxial rotor (c) so that the
original angular momenta ], precess around the body axis. After swapping J,, the body is reshaped (d) back to
the original form (a).

Phase transitions for general quadratic Hamiltonians. For general values of ) one can factorize Eq.
(16) numerically, the results being in Fig. 5(a—c). Panels (d-f) of Fig. 5 show eigenvalues of the corresponding
—

i
quantum Hamiltonian. The general features are as follows. Starting at 2 = 0, the system has three pairs of
—
degenerate stationary angular momenta with energies Y, ,;/%. Ramping up | 2|, the degeneracy is lifted for those
3 yang g 2, ping up 4 Y
—
stationary angular momenta in whose direction €2 has a nonzero component. In Fig. 5(a,d) this is the case for all

three components. In Fig. 5(b,c,e,f) one component of Q vanishes and the degeneracy of the corresponding
energy remains (note that in the original LMG model in Fig. 4 two components vanish so that only one degener-
acy is lifted).

One can see that for a general direction, two critical values of Q occur: at each of them, one of the local
extrema of energy merges with one of the saddle points and these two stationary points disappear. Thus, it is
natural to distinguish three generic phases of the generalized LMG system, according to the number of saddle
points of energy on the angular momentum sphere: those with zero, one, and two saddle points. In case of various
symmetries, more detailed classification may be relevant. In particular, considering the original LMG model in*?,
two zones were identified within the phase with two saddle points: zone III in which the saddles have different
energies, and zone IV with energy degenerate saddles and lifted degeneracy of either energy minima or maxima.

Other special cases can be found in the generalized LMG model if Q) is confined to a plane perpendicular to
one of the principal directions of tensor . In particular, in the phase with a single saddle point, one of the energy
extrema may become degenerate—this is the case of Fig. 5(b,e) (note that in the original LMG, both energy
extrema are degenerate in zone II in which a single saddle occurs). In the phase with two saddle points, one of the
energy extrema may become degenerate (Fig. 5(b,e)), or the saddle points can be degenerate (Fig. 5(c,f)). These
cases can be considered as new sub-phases in the generalized LMG model.

Floquet time crystals

The concept of time crystals was introduced by E. Wilczek*, referring to processes in which spontaneous break-
ing of time symmetry occurs, in analogy to broken spatial symmetry in usual crystals. Interesting phenomena
were predicted for systems with periodic driving as so called “Floquet time crystals” (FTCs)**, whose experi-
mental observations have recently been reported®®*. In the FTCs, the external driving has period 7 and thus the
Hamiltonian has a discrete time symmetry. Yet, under certain conditions the system behavior breaks this time
symmetry and periodic phenomena occur in times corresponding to a multiple of 7, i.e., n7. Disorder-induced
many-body-localization has been considered to be an important feature of FTCs*. Nevertheless, several mod-
els of “clean” FTCs in systems without disorder have been recently proposed, among them a FTC in the LMG
model*". Here the system is initialized in one of the degenerate energy extremal states. Then, a kick rotates the
system around the axis of the LMG linear term by 7. As a result, the system swaps to the other degenerate state.
If the kicks occur with period 7 and the system is initially close to one of the local energy extrema, oscillations of
some physical quantities may occur with period 27. In thermodynamic limit (N — 00), the scheme? is described
by a set of classical dynamical equations that in some parameter intervals yield chaotic motion whereas in others
regular motion 27 prevails, demonstrating robustness of the phenomenon.

Our model offers a classical realization of the LMG FTC?*: assume a plate-like symmetric top with , =, =1,
and I, = 2I;, with a perpendicular rotor with angular momentum K, , =0, K; = 0 as in Fig. 6(a). Two stable sta-
tionary angular momenta occur at ﬂ with J; = £,[J* — 4K3,],=0, and J, = 2K, for any ] > 2|K;|. Assume that
the system is prepared near one of these stationary points, say Z with J, = +4/J* — 4K;. To swap the stationary
states, the body is reshaped, changing its moments of inertia to I, =I, so as to rotate around J;; the reshaping
happens much faster than the precession. Consider first reshaping to spherical symmetry with I, = I, =I5, then
according to Eq. (14) the rotational axis precesses with angular velocity Q= K,/I; and after time 7y, = 7I;/K; the

wap
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Figure 7. (a) Evolution of the angular momentum component J; in the mechanical Floquet time crystal
scenario. The time and angular momentum are dimensionless, their scales following from the choice I,=1
and K; = 1. The initial values are (J;, /,, J;) = (1.2, —0.02, 1.98) and the time parameters are 7,=45.20 and
Towitch = 2.09. (b) Stroboscopic values of ], , for 1000 repetitions.

angular momentum swaps to J, = —/J> — 4K;. Then, the body reshapes back and continues motion with the
—

rotational axis near the new stationary direction J_. Assume the body is left to evolve, changing periodically its
shape from a symmetric top with perpendicular rotor for time 7, to a symmetric top with a coaxial rotor for time
Towape 1he driving period is 7= 7, + Ty, however, the system returns to the initial stationary angular momentum
with period 27, as in a FTC. This behavior is rather stable with respect to variation of system parameters.

To study instabilities induced by nonlinear dynamics as in**, we consider also reshaping to forms deviating
from spherical symmetry, e.g., to I, =I,=I; and I; = 21, see Fig. 6(b-d). The rotational axis then precesses with
state-dependent angular Velocityﬁ = (K; + J;)/2I, and the perfect swap after 7, = 27Iy/(3K;) is only achieved
for states with J;=2K;. As checked numerically, there are intervals of initial values of ], , ; and of times 7, and
Towap> 10T Which regular motion corresponding to a FTC is observed (see Fig. 7), whereas for other values chaotic
behavior occurs.

We can see that LMG model in thermodynamic limit corresponds to a low-degree-of-freedom classical sys-
tem. This suggests that the transitions between FTC and chaotic behavior in LMG are of similar nature as tran-
sitions between regular and chaotic motion in, e.g., driven undamped pendulum, rather than stemming from
many-body dynamics.

Conclusion

Analogies between the rigid bod dynamics and quantum evolution of collective spins allow us to have simple
physical pictures of quantum phenomena such as spin squeezing by OAT or by TACT scenarios, or quantum
phase transitions in the LMG model. Although thermodynamic limit of the LMG has been widely studied, there
has been no classical interpretation proposed so far. Here, by allowing for arbitrary orientation of the rotor axis in
the classical domain one can study a generalized LMG model in the quantum domain, predicting new scenarios
of quantum phase transitions. These could be observed once a full TACT scheme is implemented (e.g., using the
recent proposals®*~*?) with additional suitable linear terms. Vice versa, the LMG Floquet time crystal proposed in
the quantum domain®* finds its classical counterpart in a periodically reshaped Euler top.

Feynman concludes his wobbling-plate story with enthusiasm’: “I went on to work out equations of wobbles.
Then I thought about how electron orbits start to move in relativity. Then there’s the Dirac Equation in electrody-
namics. And then quantum electrodynamics. [...] It was effortless. It was easy to play with these things. It was like
uncorking a bottle: Everything flowed out effortlessly. I almost tried to resist it! There was no importance to what I
was doing, but ultimately there was. The diagrams and the whole business that I got the Nobel Prize for came from
that piddling around with the wobbling plate” We believe that enthusiasm for physics of wobbling plates is worth
sharing and encourage the reader to look for more analogies in the quantum world.

References

1. Feynman, R. P, Leighton, R. B. & Sands, M. The Feynman Lectures on Physics, vol. II, Chap. 12-1 (Addison Wesley Longman, 1970).

2. Kitagawa, M. & Ueda, M. Squeezed spin states. Phys. Rev. A 47, 5138-5143 (1993).

3. Wineland, D. J,, Bollinger, J. J., Itano, W. M. & Heinzen, D. J. Squeezed atomic states and projection noise in spectroscopy. Phys. Rev.
A 50, 67-88 (1994).

4. Gross, C., Zibold, T., Nicklas, E., Estéve, J. & Oberthaler, M. K. Nonlinear atom interferometer surpasses classical precision limit.
Nature 464, 1165-1169 (2010).

5. Riedel, M. F. et al. Atom-chip-based generation of entanglement for quantum metrology. Nature 464, 1170-1173 (2010).

6. Leroux, I. D., Schleier-Smith, M. H. & Vuleti¢, V. Implementation of Cavity Squeezing of a Collective Atomic Spin. Phys. Rev. Lett.
104, 073602 (2010).

7. Feynman, R. P. Surely, You Are Joking, Mr. Feynman!. (Norton, New York, 1985).

8. Chao, B. E Feynman’s Dining Hall Dynamics. Phys. Today 42(2), 15 (1989).

9. Tuleja, S., Gazovic, B., Tomori, A. & Hang, ]. Feynman’s wobbling plate. Am. J. of Phys. 75, 240-244 (2007).

SCIENTIFICREPORTS | (2018) 8:1984 | DOI:10.1038/s41598-018-20486-y 9



www.nature.com/scientificreports/

10. Ashbaugh, M. S., Chicone, C. C. & Cushman, R. H. The twisting tennis racket. J. Dyn. Differ. Equations 3, 67-85 (1991).

11. Van Damme, L., Mardesi¢, P. & Sugny, D. The tennis racket effect in a three-dimensional rigid body. Physica D: Nonlinear Phenomena
338, 17-25 (2017).

12. Murakami, H., Rios, O. & Impelluso, T. J. A Theoretical and Numerical Study of the Dzhanibekov and Tennis Racket Phenomena. J.
Appl. Mech 83,111006-111006-10 (2016).

13. Lipkin, H. J., Meshkov, N. & Glick, A. J. Validity of many-body approximation methods for a solvable model: (I). Exact solutions and
perturbation theory. Nucl. Phys. 62, 188-198 (1965).

14. Gilmore, R. & Feng, D. H. Phase transitions in nuclear matter described by pseudospin Hamiltonians. Nucl. Phys. A 301, 189-204
(1978).

15. Cejnar, P, Macek, M., Heinze, S., Jolie, J. & Dobes, ]. Monodromy and excited-state quantum phase transitions in integrable systems:
collective vibrations of nuclei. J. Phys. A: Math. Gen. 39, L515 (2006).

16. Caprio, M. A., Cejnar, P. & Iachello, F. Excited state quantum phase transitions in many-body systems. Annals Phys. 323, 1106-1135
(2008).

17. Smerzi, A., Fantoni, S., Giovanazzi, S. & Shenoy, S. R. Quantum Coherent Atomic Tunneling between Two Trapped Bose-Einstein
Condensates. Phys. Rev. Lett. 79, 4950-4953 (1997).

18. Micheli, A., Jaksch, D., Cirac, J. I. & Zoller, P. Many-particle entanglement in two-component Bose-Einstein condensates. Phys. Rev.
A 67,013607 (2003).

19. Muessel, W. et al. Twist-and-turn spin squeezing in Bose-Einstein condensates. Phys. Rev. A 92, 023603 (2015).

20. Krishnaprasad, P. S. & Berenstein, C. A. On the equilibria of rigid spacecraft with rotors. Systems & Control Letters 4, 157-163
(1984).

21. Bloch, A. M., Krishnaprasad, P. S., Marsden, J. E. & de Alvarez, G. S. Stabilization of rigid body dynamics by internal and external
torques. Automatica 28, 745-756 (1992).

22. Bharadwaj, S., Duignan, N., Dullin, H. R., Leung, K. & Tong, W. The diver with a rotor. Indagationes Mathematicae 27, 1147-1161
(2016).

23. Dullin, H. & Tong, W. Twisting Somersault. SITAM J. Appl. Dyn. Syst. 15, 1806-1822 (2016).

24. Russomanno, A., Iemini, E, Dalmonte, M. & Fazio, R. Floquet time crystal in the Lipkin-Meshkov-Glick model. Phys. Rev. B 95,
214307 (2017).

25. Opatrny, T. Twisting tensor and spin squeezing. Phys. Rev. A 91, 053826 (2015).

26. Zibold, T., Nicklas, E., Gross, C. & Oberthaler, M. K. Classical Bifurcation at the Transition from Rabi to Josephson Dynamics. Phys.
Rev. Lett. 105,204101 (2010).

27. Vidal, J., Palacios, G. & Mosseri, R. Entanglement in a second-order quantum phase transition. Phys. Rev. A 69, 022107 (2004).

28. Castarios, O., Lopez-Peiia, R., Hirsch, J. G. & Lopez-Moreno, E. Classical and quantum phase transitions in the Lipkin-Meshkov-
Glick model. Phys. Rev. B 74, 104118 (2006).

29. Engelhardt, G., Bastidas, V. M., Kopylov, W. & Brandes, T. Excited-state quantum phase transitions and periodic dynamics. Phys.
Rev. A 91,013631 (2015).

30. Gallemi, A., Queralté, G., Guilleumas, M., Mayol, R. & Sanpera, A. Quantum spin models with mesoscopic Bose-Einstein
condensates. Phys. Rev. A 94, 063626 (2016).

31. Leyvraz, F. & Heiss, W. D. Large-$N$ Scaling Behavior of the Lipkin-Meshkov-Glick Model. Phys. Rev. Lett. 95, 050402 (2005).

32. Ribeiro, P, Vidal, J. & Mosseri, R. Thermodynamical Limit of the Lipkin-Meshkov-Glick Model. Phys. Rev. Lett. 99, 050402 (2007).

33. Vidal, J. Concurrence in collective models. Phys. Rev. A 73, 062318 (2006).

34. Wilczek, F. Quantum Time Crystals. Phys. Rev. Lett. 109, 160401 (2012).

35. Else, D. V,, Bauer, B. & Nayak, C. Floquet Time Crystals. Phys. Rev. Lett. 117, 090402 (2016).

36. Zhang, J. et al. Observation of a discrete time crystal. Nature 543, 217-220 (2017).

37. Choi, S. et al. Observation of discrete time-crystalline order in a disordered dipolar many-body system. Nature 543, 221-225 (2017).

38. Opatrny, T., Kolaf, M. & Das, K. K. Spin squeezing by tensor twisting and Lipkin-Meshkov-Glick dynamics in a toroidal Bose-
Einstein condensate with spatially modulated nonlinearity. Phys. Rev. A 91, 053612 (2015).

39. Zhang, Y.-C., Zhou, X.-E, Zhou, X., Guo, G.-C. & Zhou, Z.-W. Cavity-Assisted Single-Mode and Two-Mode Spin-Squeezed States
via Phase-Locked Atom-Photon Coupling. Phys. Rev. Lett. 118, 083604 (2017).

40. Borregaard, J., Davis, E. ], Bentsen, G. S., Schleier-Smith, M. & Serensen, A. S. One- and two-axis squeezing of atomic ensembles in
optical cavities. New J. Phys. 19, 093021 (2017).

Acknowledgements

T.O. and L.R. dedicate this paper to J. Tillich who taught us classical mechanics many years ago and raised our
interest in the tennis racket instability. T.O. is grateful to P. Cejnar and J. Vidal for stimulating discussions. This
work was supported by the Czech Science Foundation, grant No. 17-20479S.

Author Contributions
All authors contributed to the design and interpretation of the presented work. T.O. wrote the text and did the
calculations, L.R. took part in the calculations, M.O. took part in making the figures.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-018-20486-y.

Competing Interests: The authors declare that they have no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

" | jcense, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2018

SCIENTIFICREPORTS | (2018) 8:1984 | DOI:10.1038/s41598-018-20486-y 10


http://dx.doi.org/10.1038/s41598-018-20486-y
http://creativecommons.org/licenses/by/4.0/

	Analogies of the classical Euler top with a rotor to spin squeezing and quantum phase transitions in a generalized Lipkin-M ...
	General features of the dynamics

	Classical model. 
	Quantum model. 
	Correspondence of the models. 
	Lipkin-Meshkov-Glick model. 

	Free symmetric top, Feynman’s plate, and spin squeezing by one-axis twisting

	Free asymmetric top, tennis-racket instability, and two-axis countertwisting

	Symmetric top with a coaxial rotor, spin twisting with coaxial rotation

	Symmetric top with a perpendicular axis rotor, twist-and-turn Hamiltonian

	Excited quantum phase transitions in generalized LMG

	Stationary angular momenta and their stability. 
	Special case: phase transitions in the original LMG. 
	Phase transitions for general quadratic Hamiltonians. 

	Floquet time crystals

	Conclusion

	Acknowledgements

	Figure 1 Examples of rigid bodies with a rotor.
	Figure 2 Angular momentum trajectories for a symmetric top with a perpendicular axis rotor, or a twist-and-turn Hamiltonian (15).
	Figure 3 Angular momentum trajectories for an asymmetric top with a rotor along the middle axis.
	Figure 4 Panels (a–c): Energies of the stationary angular momenta of the original LMG.
	Figure 5 As in Fig.
	Figure 6 Reshaping a body in the mechanical analogue of the LMG Floquet time crystal.
	Figure 7 (a) Evolution of the angular momentum component J1 in the mechanical Floquet time crystal scenario.




