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ABSTRACT

Introduction: Electrical-equivalence mathematical models that integrate vascular and cerebrospinal fluid (CSF)
compartments perform well in simulations of dynamic cerebrovascular variations and their transient effects on
intracranial pressure (ICP). However, ICP changes due to sustained vascular diameter changes have not been
comprehensively examined. We hypothesise that changes in cerebrovascular resistance (CVR) alter the resistance
of the bulk flow of interstitial fluid (ISF).

Research question: We hypothesise that changes in CVR alter the resistance of the bulk flow of ISF, thus allowing
simulations of ICP in response to sustained vascular diameter changes.

Material and methods: A lumped parameter model with vascular and CSF compartments was constructed and
converted into an electrical analogue. The flow and pressure responses to transient hyperaemic response test
(THRT) and CSF infusion test (IT) were observed. Arterial blood pressure (ABP) was manipulated to simulate ICP
plateau waves. The experiments were repeated with a modified model that included the ISF compartment.
Results: Simulations of the THRT produced identical cerebral blood flow (CBF) responses. ICP generated by the
new model reacted in a similar manner as the original model during ITs. Plateau pressure reached during ITs was
however higher in the ISF model. Only the latter was successful in simulating the onset of ICP plateau waves in
response to selective blood pressure manipulations.

Discussion and conclusion: Our simulations highlighted the importance of including the ISF compartment, which
provides mechanism explaining sustained haemodynamic influences on ICP. Consideration of such interactions

enables accurate simulations of the cerebrovascular effects on ICP.

1. Introduction

Intracranial pressure (ICP) is a vital quantity to be monitored for
clinical decisions in neurointensive care, and substantial effort has been
made to investigate its dynamics with mathematical modelling. Works
by Monro and Kellie (Kellie, 1824; Monro, 1783) described the volume
conservation of fluids and brain matter within the skull due to the
unique intracranial structure: the systems of cerebral blood flow (CBF)
and cerebrospinal fluid (CSF) circulation are embedded in the brain
tissue, which in turn is constrained by the rigid dura and cranium. This
indicates that the changes in fluid flow at different time scales contribute
to ICP variations in different ways. Subsequent studies have explored the
transient and sustained effects of CSF flow on ICP. Notably, Davson
(Davson et al., 1970) attributed the steady-state changes in ICP to the
formation rate of CSF, the resistance of CSF outflow through the skull,
and the pressure at the sagittal sinus where CSF absorption occurs. On

the other hand, Marmarou (Marmarou et al., 1975; Marmarou et al.,
1978) introduced the concept of intracranial compliance in his model-
ling studies, and demonstrated its role on the dynamic aspects of ICP.

The interactions between cerebral haemodynamics and ICP is of
much interest, particularly in scenarios like traumatic brain injury.
Importantly, Ursino (Ursino, 1988a, 1988b; Ursino and Lodi, 1997;
Ursino and Di Giammarco, 1991) included in his model a representation
of cerebrovascular circulation; this enabled the simulations of physio-
logical phenomena involving vascular dilation and constriction such as
cerebral autoregulation. However, it is common for modelling studies to
integrate compartments of CBF and CSF circulation to explore their
combined effects on ICP. While these models are highly successful in
illustrating the dynamic effects of fluid flow, they may be less robust in
representing long-term interactions between cerebral blood volume
(CBV) and ICP. Simulations with such models could therefore be inac-
curate when attempting to reflect clinical phenomena caused by pro-
longed changes in CBV, such as sustained vasodilation.
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Abbreviations

ABP - arterial blood pressure

ICP - intracranial pressure

CPP - cerebral perfusion pressure
TBI - traumatic brain injury

ISF - interstitial fluid

CSF - cerebrospinal fluid

CVR -  cerebrovascular resistance
CBF - cerebral blood flow

CBV - cerebral blood volume
THRT - transient hyperaemic response test
IT - infusion test

In an attempt to represent the intracranial pressure-volume re-
lationships of patients with cerebral oedema, Doron et al. (2021)
incorporated into their electrical model volume changes of brain tissue.
In addition to elements representing the subarachnoid space, ventricles
and cerebral vasculature, a new compartment was added into the model,
depicting the bulk flow of cerebral interstitial fluid (ISF). This
compartment was characterised by a resistive element to represent the
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resistance of ISF circulation through the brain parenchyma into the
subarachnoid space. This novel design was based on the theory that
cellular swelling reduces the volume of cerebral extracellular space,
hence narrowing the channels through which cerebral ISF can flow
(HANSEN and OLSEN, 1980; Ramirez de Noriega et al., 2018). With a set
of differential equations relating the pressure to volume at each
compartment, the model allowed the changes in brain volume to
interact with ICP dynamics. Simulations with this approach successfully
mimicked various physiological features, in particular the elevated ICP
and reduced ventricular volume observed in patients with cerebral
oedema and disruption of the blood-brain barrier.

Doron’s work provided a modelling mechanism for sustained in-
teractions among the resistances of fluid flow, compartmental volumes
and ICP, via the ISF circulation compartment. This is especially impor-
tant when investigating phenomena involving the interplay between
CBV and ICP. A notable example is cerebral autoregulation, a homeo-
static mechanism of the vascular system to stabilise the cerebral blood
flow (CBF), in spite of variations in cerebral perfusion pressure. Resistive
cerebral arterioles react to changes in perfusion pressure or vasoactive
stimuli such as carbon dioxide (Brady et al., 2012; Claassen et al., 2021)
by actively controlling the myogenic tone of the vessel walls, in order to
dilate or constrict. This alters the cerebrovascular resistance (CVR) of
the vessels and hence the CBV. Intracranial pathologies such as trau-
matic brain injuries often cause reduction in intracranial compliance,
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Fig. 1. (Czosnyka et al., 1997). The unilateral hydrodynamic model proposed by Czosnyka (a) and its electrical analogue (b). State equations are derived by
considering the flow of current in nodes A, B and C (located in the arterial, venous and CSF compartments respectively).
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rendering the intracranial compartment susceptible to CBV increase,
and resulting in ICP surges, falls in cerebral perfusion pressure (CPP) and
consequently in secondary brain insults (Liu et al., 2020). It is therefore
crucial for models of intracranial hydrodynamics to capture the effects
of cerebral haemodynamics on ICP. In this study, we built on a classical
model of CBF and CSF circulation, and incorporated a compartment
depicting the flow of cerebral ISF. With this model we attempted to
replicate various pathophysiological features observed in clinical data.

2. Material and Methods
2.1. Construction of the electric analogue model

This study initially replicated the unilateral hydrodynamic model
proposed by Czosnyka (Czosnyka et al., 1997) (Fig. 1(a)). The electrical
analogue of the model (Fig. 1(b)) consists of four resistive (R,, CVR, Ry,
and Regp) and three capacitive (C,, Cy, and C;) components, the meaning
of which will be described in detail below. It also includes two input
voltage sources ABP and Pg, representing the systemic arterial blood
pressure and the venous pressure in the dural sinuses respectively.

A mathematical description of the resistive and capacitive elements
in the model is provided in the Appendix section.

2.2. Modifications to the model

To provide a mechanism for pressure interactions between the ce-
rebrovascular and intracranial compartments, a representation of ISF
circulation was added to the model. In the electrical analogue, it was
depicted as a pathway with a resistive component (Fig. 2).

It is postulated that vasodilation (represented as reduction in CVR
and increased volume in the arterial bed) would cause reduction in ISF
space volume (depicted as increased Rygp). As there is currently a lack of
experimental data quantifying this interaction, we have simply
modelled Risr as being reciprocally related to the CVR as the first
approximation.

Risespan

CVR + Risrofer

Risp =
where Rispspan and Risroffser are constants.

2.3. Experiments

A programme designed to be run on Windows 10 was written in
Object Pascal (Embarcadero Delphi 10.2) using the RAD studio. After
selecting either the original or the new model and importing ABP data
from a csv file, the programme used a set of equations (described in the
Appendix section) to evaluate and plot P,, Py, P;, and CBF against time.

R, CVR
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Three pathophysiological phenomena observed in clinical data were
simulated by the programme to test and compare the performances of
the models:

1. Transient hyperaemic response test (THRT) — a diagnostic test
assessing the capacity of cerebral autoregulation. During the test, the
common carotid artery was compressed for a few seconds before
being released, with a transient increase in cerebral blood flow
indicating intact cerebral autoregulation mechanism (Mahajan and
Simpson, 1998; Smielewski et al., 1995).

2. CSF infusion test — a clinical study used to analyse the dynamics of
CSF circulation in patients suspected of normal pressure hydro-
cephalus. In a lumbar infusion study, artificial CSF is infused at a
constant rate into the CSF space via a lumbar puncture, causing the
ICP to rise to a plateau level (determined by a balance of extra fluid
infusion and increased pressure-gradient driven CSF outflow)
(Ekstedt, 1977; Lalou et al., 2020; Czosnyka et al., 2004; Davson
et al., 1970; Caire and Moreau, 2010; Oertel and Antes, 2013).

3. ICP plateau waves — a sudden surge in ICP to a plateau with a
duration of 5-20 min, commonly seen in TBI patients with intact
autoregulatory capabilities (Czosnyka et al., 1999; Daley et al., 2005;
Lundberg, 1962). It has been suggested (Rosner et al., 1995) that
plateau waves are caused by a vasodilatory cascade (Fig. 3), where
the resistive arterioles dilate due to autoregulation in response to an
initial, abrupt, drop in ABP. The effect of increasing cerebral blood
volume (CBV) is then transmitted to the intracranial compartment
and raises the ICP, causing further reduction in CPP. This vicious
cycle results in the continuous rise in ICP until the vessels have
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Fig. 3. (Rosner et al., 1995). Illustration of factors contributing to vaso-
dilatory cascades.
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Fig. 2. The modified unilateral model with added ISF compartment, represented by a resistive component (Rigp).
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exhausted their capacity to dilate, and occurs despite blood pressure
restoration which may follow the transient drop.

Examples of clinical recordings depicting the pathophysiological
phenomena mentioned above were included in Fig. 4:

3. Results
3.1. Transient hyperaemic response test

The compression of the common carotid artery was represented by a
step drop in ABP, before being restored to its original level (Fig. 5 (a)).
The responses of CBF and CVR are shown in Fig. 5 (b) and (c)
respectively.

The CBF simulated by the original was reduced during the
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compression, provoking visible compensatory vasodilation (decrease in
CVR during the compression). After the compression was released, CBF
surged before falling gradually to the level before the compression (as
CVR returned to its baseline value due to active vasoconstriction). CBF
generated by the new model reacted to the step changes in ABP iden-
tically: it was suppressed during the compression, before overshooting
and returning to the baseline level as the compression was released. This
shows that the simulations with both models were able to produce the
transient hyperaemic response observed in transcranial Doppler (TCD)
ultrasonography recordings (Mahajan and Simpson, 1998).

3.2. Infusion test

For the simulations of an infusion stage between tgart and tsiop, a
constant term Ijf was added to the rate of CSF formation (Iy) to represent
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Fig. 4. Clinical recordings of the three pathophysiological phenomena to be simulated by the model: (a) transient hyperaemic response test (THRT), (b) CSF infusion
test, and (c) ICP plateau waves (where a rapid rise in ICP was triggered by a sudden drop in ABP, beginning from tgar).
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Fig. 5. Simulations of THRT with step changes in ABP between the onset and release of artery compression (a), and the CBF responses with the new (b) and original

(c) models.

the rate of infusion into the CSF space. The ICP responses are plotted in
Fig. 6 (a), while Fig. 6 (b) and (c) illustrate the intracranial pressure-
volume relationships of the models, evaluated with the ICM+®
software.

Simulations with both models produced the ICP behaviour
commonly seen in real clinical recordings, rising to a plateau during the
infusion stage and falling back to the baseline level when the infusion
was terminated. However it is worth noting that the ICP generated by
the new model rose to a higher level before levelling off; this resulted in
a slightly higher value of R¢sp produced by the new model.

3.3. Plateau wave

ICP plateau waves were simulated by creating step changes in ABP
(Fig. 7 (a)). It was reduced by 10 mmHg initially (stage A), before being
raised back to its baseline value (stage B). It was then further increased
by 10 mmHg (stage C), and again restored to the baseline level (stage D).
In order to produce a significant rise in ICP, the elasticity parameter (E)
was set as 0.25, as opposed to 0.05 as in the two previous experiments.

The models produced very different results. In the new model, a drop
in ABP triggered a rise in ICP from its baseline value (18 mmHg) to a
plateau level of 43 mmHg within 5 min. Raising the ABP back to its
initial value caused the ICP to increase momentarily, before stabilising
at a slightly lower level (41 mmHg). Further increase in ABP resulted in
a rapid drop of ICP until it flattened slightly below the baseline value
(16 mmHg). A final restoration of ABP to its initial level brought the ICP
back to its baseline. On the other hand, ICP simulated by the original
model displayed momentary perturbations in response to each step
change in ABP. However, it always returned to its baseline level of 18
mmHg; it was not able to simulate the onset of a plateau wave.

4. Discussion

The pressure-flow interactions of each compartment enabled the
original model to simulate various physiological responses of flow and
pressure commonly observed in clinical practice. For instance, the
haemodynamic representation has been successful in simulating the
behaviours of CBF in response to changes in CPP; this has allowed the

demonstration of the effects of cerebral autoregulation: simulations of
THRT have created the characteristic transient hyperaemic responses,
which is caused by the vasodilation of resistive arterioles in response to
the step drop in ABP. Moreover, the intracranial compartment correctly
simulated the response of ICP to constant rate infusion.

However, the sustained effects of vascular constriction and dilation
on ICP (such as plateau waves) could not be reflected correctly by the
model: in a model consisting of only the vascular and CSF compart-
ments, the state equation in a steady state (without current passing
through the dynamic pathways) at node C is reduced as

:Pi - P.&s
Rey

Iy

which is the Davson’s equation. As If, Rcsr and Pgg are all modelled as
constants, P; (ICP) must also be a constant. This explains why the
simulated ICP always returns to a constant value after responding
initially to a change in ABP. As a result, the original model cannot
transmit any long-term volume changes in the vasculature to the intra-
cranial compartment. Without modifications to the model, any clinical
phenomena involving prolonged interactions between the two cannot be
simulated correctly. To rectify this, a new static mechanism must be
added to link the fluid dynamics in the arterial and intracranial
compartments.

Recent studies have established the physiological bases of cerebral
ISF circulation (Sykova and Nicholson, 2008; Abbott, 2004) and exam-
ined its impairment in intracranial pathologies (Hrabetova et al., 2003;
1liff et al., 2014). These findings allowed the mathematical representa-
tion of intracellular swelling as the rise in ISF flow resistance, and the
reduction in extracellular space volume (HANSEN and OLSEN, 1980;
Ramirez de Noriega et al., 2018). With the incorporation of this mech-
anism, the modelling work by Doron et al. (2021) accurately reproduced
the elevated ICP due to brain swelling. This study postulated that the
dilation of resistive cerebral arterioles can cause the narrowing of the
ISF circulation channels, in a similar manner as in cerebral oedema.
With the addition of this static pathway, simulated vascular constric-
tions and dilations can cause persistent changes in ICP. As there is
currently a lack of quantitative evidence supporting this hypothesis, the
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Fig. 6. Simulations of the infusion tests (between ty;: and top) With the models (a); and the analysis with the ICM+® software, illustrating the pressure-volume
relationships represented by the original (b) and new (c) models; the Rcsgp were evaluated to be 13.86 and 14.72 mmHg/mL/min respectively. For illustrative
purposes in the curve-fitting process, white noises were added to the generated ICP.

CVR and Rjsr were assumed to follow a reciprocal relationship; this
serves as a simplification to the intracranial pressure-volume interaction
in reality. Due to the current incomplete understanding of the dynamics
of the ISF pathway, it was assumed in the first approximation that the
ISF sink pressure is constant. From the perspective of modelling, given
we are at this point not interested in estimating the ISF flow itself, it
makes no difference if the pressure in this topology is set as zero or other
constant values.

Our modified model has proved to be successful in simulations of
responses to various physiological simulations. Notably, with increasing
ABP (Fig. 7), the ICP responses produced by the models were markedly
different, with the new model accurately reflecting the reduction in ICP
with increasing CPP within the range of autoregulation. This is because
its inclusion of the ISF compartment allowed the effects of changing CBV
in the arterial compartment to be transmitted to the ICP in the intra-
cranial compartment, which the original model failed to represent.
When generating plateau waves (Fig. 7), this transmission is responsible
for completing the cycle of vasodilatory cascade, resulting in the rapid
rise in ICP as observed in clinical data.

Previous work by Ursino and Giammarco (Ursino and Di Giammarco,
1991) also attempted to generate the plateau waves. Compared to their
study, our approach aims to describe the phenomena of cerebrovascular
dynamics with a model that is as simple as possible, which only requires

a minimal number of parameters. Our ultimate goal is to estimate these
parameters from multimodal neuro-monitoring time series data. Ex-
amples of such estimations using our model can be found in the works
studying C,, C;, CVR and critical closing pressure based on Transcranial
Doppler Ultrasonography (Czosnyka et al., 1997; Varsos et al., 2014),
and Rcsr and C; using infusion tests (Czosnyka et al., 2008). Thus, the
model has proven itself as a practical base for interpretation of the
neuro-monitoring data. With a slight modification to the model, it
became possible to demonstrate the intracranial pressure-volume in-
teractions through the generation of plateau waves, and thereby
improving the reliability of parameter estimations.

A thorough understanding of the interactions between the haemo-
dynamics and ICP is also important to the interpretation of clinical data
related to disturbed CSF circulation. A notable example is the treatment
of patients with hydrocephalus; their symptoms can be alleviated with
the surgical insertion of a shunt, which drains CSF from the brain to the
abdominal cavity. A good prognostication of improvement after shunt-
ing requires the accurate estimation of key parameters describing the
CSF dynamics, one of which is the resistance of CSF outflow (Rcsp). This
can be achieved through the simulation of a post-shunting infusion test.
The evaluation of R¢gp is conventionally based on a model of CSF cir-
culation (Eklund et al., 2007); it is calculated with the following
formula:
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Fig. 7. Simulated ICP for the new (b) and original (c) models, in response to
step changes in ABP (a).
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Where Ppaseline and Pplateau are the ICP at baseline and plateau levels
respectively at the infusion test.

Simulations with the new model in this study (Fig. 6) showed that the
rise in ICP resulted in vasodilation, which in turn raised the ICP to a
higher level than the original model. This suggests that apart from Rcgg,
the autoregulation capacity can be another factor determining the ICP
dynamics in an infusion study. A mathematical model considering only
the CSF compartment may neglect the influence of CBV on ICP, and
mistakenly attributing it to Rcsp. Theoretically this can result in the
overestimation of Rcgp. Previous studies have shown that the positive
predictive power of Rcsr has been clinically acceptable (Eklund et al.,
2007), with recommended the R¢gp threshold for shunting to be between
13 and 18 mmHg/ml/min (Boon et al., 1997; Bgrgesen and Gjerris,
1982). The extra increase in ICP is likely to be small in patients diag-
nosed for normal pressure hydrocephalus, and thus a small over-
estimation of Rcsp may be on limited clinical significance. Nevertheless,
this effect is worth exploring further with concurrent measurements of
the strength of cerebral autoregulation during infusion tests.

5. Conclusions

This study investigated the relationships between cerebral blood
volume and ICP with an intracranial hydrodynamic model, which was
modified to include a compartment representing the circulation of ce-
rebral ISF and coupled with the cerebrovascular compartment. The
modified model was successful in depicting features of intracranial
physiology involving the prolonged interplay between CBV and ICP.
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Appendix
Mathematical description of the model
This section presents a detailed description of the parameters used in the model.
Rq

Although the resistance at the large cerebral arteries can be increased permanently in pathological conditions such as atherosclerosis and vaso-
spasm (Czosnyka et al., 1997), its dynamic responses to changes in cerebral perfusion pressure is negligible when compared to the smaller resistive
arterioles, and is therefore modelled as a constant.

CVR

The effect of cerebral autoregulation is considered when modelling the cerebrovascular resistance of the arterioles: to simulate the dilation and
constriction of the resistive vessels in response to cerebral perfusion pressure, the model uses the inverse of a 6th order polynomial to relate CPP to
CVR (Hoffmann, 1987).

CVRm(Lr — CVRmiﬂ

CVR (CPP,,Z) =CVRux — 3
CPP,y+CPPypser
1+ (CPPWﬁCPPf;,m>

where.

CVRpax and CVRpp are the CVR during maximal vasoconstriction and vasodilation,

CPP,ox and CPPy,, are the upper and lower limits of autoregulation,

CPP,tet is a constant translating the CVR-CPP curve, and.

CPPy, is the mean cerebral perfusion pressure, averaging the CPP values in the last 6 s to simulate the high pass filter, time lagged, character of the
delayed autoregulatory response (Aaslid et al., 1989).

Ca

The compliance of the cerebrovascular bed can be described as a non-linear function of either CVR (Piechnik, 2000) or CPP (Drzewiecki et al.,
1997). The ‘CVR reciprocal’ option was chosen for this model, so that the compliance depends on the delayed response of the vascular muscle:

c - Caspan
“" CVR,,(CPP,,)/CVR i

+ Coffset

where.
Caspan is a coefficient reflecting the sensitivity of C, in response to changes in pressure,
Coffset is @ constant allowing vertical translation of the C,-CVR curve, and.
CVRpjip is the minimum value of cerebrovascular resistance, during complete vasodilation at the lower limit of autoregulation.

Cv
The compliance of the venous compartment is modelled as a constant, as there is no data suggesting its non-linear character.
Rb

The resistance of venous outflow through the bridging veins is dependent on the pressure gradient P,-P;. Due to the small transmural pressure in the
venous compartment, the bridging veins are modelled to be collapsible. The model of ‘compression cost’ (Piechnik, 2000) is chosen; it simulates the
increase in vascular resistance due to a decrease in vascular lumen. This approach is adopted instead of the Starling resistor (Schoser et al., 1999)
model, as the latter generated abnormally high ICP pulsatility (Piechnik, 2000). The resistance is expressed as the following:

Rio
0 o, > Py
R,={ P, —P; for

10000 for P, < P,

where.

Ry is a scaling coefficient, and.

‘10000’ is an arbitrary constant term, simulating infinite resistance due to a complete blockage of venous outflow, when ICP exceeds the venous
pressure.

CSF circulation

The CSF space is characterised by the intracranial compliance (Cy), rate of CSF formation (Ig), and resistance to CSF outflow (Rcsp). Both Resy and It
are considered constants, while C; is related to ICP and the elasticity of CSF space:
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1
E(P; — Py)

1
—for P < Preakpoin
E(Pbreakpa[nt - PO) pomt

Jor Pi > Ppreaipoint

where.

E is the elasticity of the CSF space,

Pbreakpoint is the pressure breakpoint between linear and non-linear range of cerebrospinal compliance, and.

Py is the pressure corresponding to infinite compliance, which essentially provides an offset to the inverse relationship between compliance and
pressure.

C;j can also be defined as the change in intracranial volume with respect to ICP change. In other words, it is the derivative of the function V(P); its
inverse function is commonly plotted as the pressure-volume curve (Fig. 8).

LlowE eeeseHighE .*
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Intracranial Volume

Fig. 8. The pressure-volume relationship of the CSF space, with C; equals the reciprocal of its slope. Above the pressure linearity breakpoint (Popt), CSF space with
high elasticity has a lower value of C; than that with low elasticity (AV/APy < AV/APy).

The variations of CVR, C, and C;j are plotted in Fig. 9 (Piechnik, 2000; Czosnyka et al., 1997) below.

(a) (b)

C).

: (C) o

CVR [mrmHg"minim] Sp— } ‘

g i, S \"

1 ' 1 1 — 'I

o ! . ! o 4

- : : : £

o : ; : £ '

x : : : £ Elfop=fo)

o : : : E

= \‘ © |

S ‘ B ‘

=} + + + =} + + t 0 LL—__*
0 50 100 150 0 50 100 150 0Py Pt 100

CPP (mmHg) CPP (mmHg)

P, (mm Hg)
Fig. 9. Relationships of CVR (a) and C, (b) with CPP, and C; with P; (c).
The table below summarises the values of the model parameters.

Table I
Values of parameters used for model simulations.

Model Parameter Value
R, (mmHg*min/mL) 0.1
CVRpax (mmHg*min/mL) 0.5
CVRpin (mmHg*min/mL) 0.1
CPPpax (mmHg) 95
CPPpin (mmHg) 55
CPPoffset (mmHg) -30
Caspan (mL/mmHg) 0.01
Coffset (mL/mmHg) 0.05
Cy (mL/mmHg) 1
Rpo (mmHg*min/mL) 0.5
E (1/mL) 0.05
Py (mmHg) 5
Pbreakpoint (MmHg) 10
It (mL/min) 0.3
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Establishing Mathematical Relationships with the Electrical Analogue

The current (flow rate) and voltage (pressure) at different points of the circuit are of interest; they can be described mathematically with ‘state
equations’. These equations are derived from the electric model with the laws of electric circuits. In the implementation of this model, the Kirchhoff’s
principle of charge conservation was employed: the algebraic sum of all currents entering a junction is zero.

From the original model, three state equations can be established by considering the current at three nodes of the circuit (Fig. 1(b)):

At node A,

dP, dpP; 1 <ABP7PH P,—P, I)
_ e e v

dr  dt +ca

R, CVR
At node B,

dr, _dP; N 1 (P,—P, P,—Pyg
dt  dt  C,\ CVR R,

And at node C

dr; 1 <ABP —P, P.—Py Pi- P,m>

dt  C; R, R, Resr

where P,, Py, and P; are the cerebral arterial pressure, pial venous pressure, and intracranial pressure respectively.

There are no analytic solutions to this set of first-order differential equations, due to the non-linear dependence of some of its parameters (CVR, C,,
Ci, Rp) on the node pressures. Instead, the solutions were approximated by numerical integration, using the 4th order Runge-Kutta method (RK 4). RK
4 is an effective and accurate method for solving initial-value problems of differential equations. For an initial value problem

D f(t,3), (1) =0

ar
the solution at the next step (yn1) is evaluated with the recursion formulae (Zheng and Zhang, 2017; Romeo, 2020)
h
Ynt1 =Yn + 6 (kl + 2k2 + Zkg + k4)

tap1=t, +h

where

kl :f(tmyn)
h h
ky=f (In +§7 Yn +§k1>

h h
ky = =, Vo + =k
3 f<t Tty 2)

ky =f(ty +h,y, + hks)

where h is the step size (the time interval between two simulated data points); it was set as 40 ms in this study.

After substituting the relationships of the parameters into the three state equations and implementing the RK 4 method, the node pressures P,, P,
and P; can be evaluated. Also, the cerebral blood flow (CBF) through the middle cerebral artery can be calculated using the Ohm’s law:
ABP — P,

Ra

CBF =

With the incorporation of the ISF compartment, the state equation at node C of the new model was modified:

dar; 1 (ABPfPa P,—P, P,—P, P )

@ G

R, R, Rese Risr

The state equations at nodes A and B remain the same.
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