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Abstract

We present and analyze a mathematical model of the treatment of colorectal cancer
using a system of nonlinear ordinary differential equations. The model describes
the effectiveness of immunotherapy and chemotherapy for treatment of tumor cells
and cancer stem cells (CSCs). The effects of CD8*T cells, natural killer cells, and
interleukin proteins on tumor cells and CSCs under the influence of treatment are also
illustrated. Using the method of localization of compact invariant sets, we present
conditions on treatment parameters to guarantee a globally attracting tumor clearance
state. Numerical simulations using estimated parameters from the literature are

included to showcase various global dynamics of the model.

Keywords: Applied mathematics, Mathematical biosciences

1. Introduction

Cancer is a leading cause of morbidity and mortality worldwide according to the
World Health Organization (WHO) [1]. The WHO predicts that within the next

two decades, the number of cancer cases will rise by approximately 70%. Of the 72
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types of cancer documented by the American Cancer Society, colorectal cancer is
reported to be the third most common cancer and third leading cause of cancer related
death [2]. Though it can occur at any age, the risk for colorectal cancer increases after
the age of fifty [3].

Numerous techniques have been implemented in modeling the growth and treatment
of different types of cancer. Because the immune system has such a large impact
on the growth of tumors, immune cell classes are usually considered separately in
models to accurately capture the different interactions each immune cell type will
have with the cancerous cells [4, 5, 6, 7]. A variety of treatment models, including
both immunotherapy and chemotherapy, have also been implemented in a variety of
publications [6, 8, 9]. In previous works, the key role of mutations and cell population
dynamics for colorectal cancer have also been explored [10, 11]. The role of cancer
stem cells (CSCs) in solid tumors continues to be a subject of interest in the medical
literature, and several models have included them in an attempt to explain cancer

recurrence [12, 13].

The cancer stem cell hypothesis, a recent theory for tumor growth, suggests a
small population of cancerous cells known as cancer stem cells have stem cell-like
qualities. These cells possess the ability to self-renew, resist apoptosis, differentiate,
and resist certain treatments, such as chemotherapy. CSCs help explain cancer
recurrence due to their ability to replenish the tumor cell population [14, 15, 16].
Because the CSC hypothesis is relatively new in application, incorporating CSCs
into well-studied and tested models, and analyzing the global dynamics of such

revised models, may provide new biological insights.

Modeling population dynamics at the cellular level is often accomplished using a
system of nonlinear ordinary differential equations, and long-term behavior of such
systems is analyzed using various local and global asymptotic stability methods.
However, as the complexity of the model increases, standard approaches such as
local linearization or Lyapunov functions become infeasible due to the large number
of parameters involved, and only partial analytical results are possible. Recently,
Starkov et al. [17, 18, 19, 20, 21, 22, 23, 24, 25] have successfully employed the
method of localization of compact invariant sets to study a variety of cancer models

in which standard approaches prove intractable.

The purpose of this paper is twofold: 1) to extend a colorectal cancer treatment model
from de Pillis et al. [26] to include the dynamics of cancer stem cells, and 2) to
study the global dynamics of the resulting system using the method of localization
of compact invariant sets. We focus on the development of sufficient conditions on
treatment terms to guarantee the existence of a globally attractive tumor clearance
state. It is important to note that the global dynamics of the full system found in [26]

have yet to be explored, but appear here as a subset of our extended model. The
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organization of the paper is as follows: Section 2 introduces the model and justifies
new terms, Section 3 analyzes the global dynamics of the full model for a tumor
clearance state, Section 4 explores numerical simulations of the model and discusses

implications, and Section 5 closes the paper with concluding remarks.

2. Model
2.1. System of equations

In order to study the dynamics of the CSC hypothesis in colorectal cancer, we extend
the model presented by de Pillis et al. [26] to include CSCs in the treatment of
metastasized colorectal cancer. Since the focus of this paper is the global dynamics
of the resulting nonlinear system of differential equations, we refer the reader
to [26] for a full description of the original model. We briefly summarize below
our additions to the de Pillis model and include references to justify the structure
of each new term. In the model presented by de Pillis et al., the immune cell
population is differentiated into various subgroups of: NK cells, N (7); CD*T cells,
L(t); circulating lymphocytes, C(¢); and interleukin proteins, I(¢). We shall invoke
the same principle on the cancerous cell population by differentiating the tumor
cell and the CSC populations, which we will denote by T'(¢) and .S(¢) respectively.
Treatment of chemotherapy is represented by M (¢) and immunotherapy by A(r). All

new terms are differentiated with bold text.

ds S A
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dA A
E = —i’]A - (ATT + /ISS)m + UA(I)
L/S) L/T)
where Dg(S,L) =d (L/$) andDﬂT,L):dL (1

sg+(L/S) s+ (L/T)!

Note since we have differentiated the cancerous cell population into two cell groups,
we include the term (7" 4 .5) in multiple equations to denote the total cancerous cell
population. The meanings and values of parameters are presented in Supplementary
Materials A and B, respectively.

2.2. Justification of new terms

We model the structure of the CSC equation, and subsequent interactions between
CSC and other cell populations, after the tumor cell dynamics from [26]. Let it be
noted that CSCs develop at a faster rate than that of tumor cells but have a lower
carrying capacity [15, 16]. Once the CSCs have reached their carrying capacity,
they differentiate to maintain the tumor cell population [27]. NK cells preferentially
attack CSCs [28]. The immunotherapy drug Cetuximab is more effective on CSCs
than tumor cells, leading to a faster rate of NK induced death through ADCC and a
faster rate of mAb-induced cell death. We also note that CD*T cells are preferential
to binding to CSCs [29]. Due to the effectiveness of Cetuximab, the rate of mAb cell
formation for CSCs is faster than tumor cells [29]. All these above CSC behaviors

yield the following inequalities:

a<b K1<K2
c<v §T<§S
yr <v¥sg Sg<sr
Ar < Ag.

Definitive values for these CSC parameters are unknown at the moment. We base our
values for numerical analysis on the parameters used by de Pillis, et al. [26]. We note
that we are primarily interested in showcasing the possible dynamics of the model

and will leave the fine-tuning of parameters as a subject for future research.

Also note that CSCs are more resistant to chemotherapy than normal tumor
cells [16]. Published results have not yet provided a definitive value for the
effectiveness of Irinotecan on CSCs. To account for this, we add the parameter ©
to represent the percent effectiveness of the chemotherapy agent on CSCs in relation
to tumor cells. This parameter will play a central role in the conditions for tumor

clearance and, as such, is explored more fully in numerical simulations.

As the CSC hypothesis suggests, the growth of tumor cells is dependent on the
CSC population. The term aS(1 — KL) captures both that the tumor cells have
2
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limited growth potential and that CSCs drive their proliferation. Furthermore, the
additional Kil factor slows the CSC production of tumor cells and prioritizes their
own regeneration. While there are likely many different potential structures for this
growth term, we note that the one chosen here captures the qualitative behavior
implicit in the CSC hypothesis while also admitting a complete global stability

analysis as seen below. We include a natural death rate of { for tumors as well.

We also alter the immune system equations to account for the differentiation of the
cancerous cell population. We note that both cancerous cell populations affect all the
immune cells, therefore, we will consider the total population in terms of death due

to exhaustion of cancer killing resources [30, 31].

It can clearly be seen that the vector field associated with (1) is continuously
differentiable. Hence, given any set of initial conditions, there exists an unique

solution. It is also clear that the non-negative orthant is invariant under (1).

3. Analysis

In this section, we determine the conditions under which we can guarantee a
globally attractive tumor clearance state for our system of equations. To simplify our
exploration of the dynamics of the model, we make the assumption that treatment
is constant for both immunotherapy and chemotherapy. Although constant treatment
is highly unrealistic, this assumption allows us to proceed with studying the global
dynamics of a highly nonlinear system of differential equations. We consider more

realistic treatments, such as periodic treatment, below in numerical simulations.

With the assumption of constant treatment terms, we denote the infusions of
immunotherapy and chemotherapy as v4(f) = v4 and vy, () = v,, respectively. To
study the global dynamics of (1), we use the method of the localization of compact
invariant sets as presented in Krishchenko [32] and Valle, et al. [17]. Before we
proceed, we present some preliminary results that can be found in [17] and are

included here for the benefit of the reader.

Consider a nonlinear system of the form
% = F(x), )

where F is a continuously differentiable vector field, and let I" be a continuously
differentiable scalar function that is not a first integral of (2). Further, let K(I') =
{T(x) | VI'- F = 0} and denote I';,; = inf K(I') and I'y,,, = sup K(I'). We then
define the localizing set of I"to be Q(I') = {x | I},f < T'(x) < Fp}, and we call " a
localizing function of the system (2). The following theorem in [17] will be utilized

in the argument below.
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Theorem 1. Given a localizing function T" of the system (2), the localizing set Q")

contains all compact invariant sets of (2).

We note that examples of compact invariant sets include equilibrium points, limit
cycles, chaotic attractors, homoclinic and heteroclinic orbits, and so on. Thus the
construction of localizing sets gives useful information regarding the possible long-

term dynamics of the model. We now present our main result:

Theorem 2. Under the following conditions, (1) has a globally attractive tumor

clearance state:

(HI) a < b, ,
(H2) e+ < f+Ko(l—e A0,
(H3) py < f+Ky(l =&V,
(HA) o+m+j+p; < K (1 —e 2070
(H5) r; <min{c,v} +p,

(H6) ry% < ¢+ Kp(1 = oy

- _ oM _
(H7) bSTO%"‘KwM) <1_e ey T >+WSUA (ﬁTIj12+ASK1).

>

Proof. We shall construct these sufficient conditions for a globally attractive tumor
clearance state of (1) using the method of the localization of compact invariant sets
as follows. We first construct a localizing set containing all compact invariant sets
of (1). We then establish the existence of a larger absorbing region that contains
the localizing set in which all trajectories enter in finite time. Finally, we provide

conditions on treatment parameters that guarantee .S = 0 is an attractive plane.

3.1. Localization of compact invariant sets

We begin developing our localizing set by applying the localizing functionI'; = .S

and note that

- bS?
VI, -F=bS - — — NS -Dy(S,L)S
1 K <V+§Shl+A> s(S, L)
—o(Ky + Ky A)(1 — e 2sM)s —yoAS
2
<bs -2
K

1

implying

QI) c{0<S <K}
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We then apply the same process, with I’ = T', to find the bounds on the tumor cell
population. We note that, using our upper bound on .S from above,

> S T A
VI, F=aS=)(1-=—)- —2 _\NT
g ¢ <K1>< K2> <c+§Th1+A>

— Dp(T, L)T — (Ky + K 4,7 A)(1 — e TMYT — o AT — ¢T

Solving this inequality for T yields T' < K,. Hence,

QI,) C{0<T < K,}.

We now consider our first treatment method, immunotherapy, with a localizing
function of I'y = A. It follows that

VIg - F = —nA — (A;T + AgS) +u,

hy,+ A
<-nA+vy

and

= A
VIg-F=—nA— AT+ A8S)—— +v
8 n (Ar S)h2+A A

> —7’]A +v,4— (ATKZ + /15K1).
By setting the directional derivative to zero, we find

UA_(ATK2+15K1) UA}

<AL —

Q) € {
n n

Defining I'y = M, we see that due to the uncoupled nature of the M equation, it is

immediate that

Q(Fﬁ)g{mu—MSMs”—M}
Y Y

where 0 < y; < 1.

Using the bounds obtained on M above, we let I's = C and observe that
VIs-F=§ <% - c) — Kc(1 —e~%cMyC

which implies
a
B+ Ko(l — My

It follows that

a

_ M
f+ Ko(l—e %A

QI's) € {C* <C<

IR

where C* :=
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Defining I'; = N, we have

pnNI

VF3-F=f<?C—N>—<p+pA

—Ky(1—enMyN

NT+S
) N

_ M
Se%—fN +py N = Ky(1 — e NN,

Hence,

QIr;)C{0<N<N*}
ea
-5 M
B(f —pn +Ky(1—e "1 70)
Applying I'y = L yields

where N* :=

= gmL . (T+9)
VI, F = L—qL(T +S)+ (N +r,C)T + S
4 01 i as T TS FONAROT+S)
2 LI
SUECT g (- ety g P
K+1 gr+1

Using bounds derived above, we arrive at the inequality

i(K; + K
K, Z)L.

_ M
("N +r,CO)T +8) > K, (1—e 77 )L —mL
K

Solving this inequality for L, yields
(riN +r,C)Y(T +5)

L< .
_ JK+KY)

—op M
K;(1-e v )—m -

This allows us to thus conclude that
QI C{0<L<L*}
with L* denoted by

<r1N* + %)(K2+K1)

_ hn K HK)
K;(1-e r)—m =

L* [

where N* is given above.

Finally, we use the localization function I'; = I and note that

= oLl

VIb-F=—u;I+¢C+

7 url +¢ Y
implies

woll

I =¢C+ < ¢C+wlL.
H ¢ & +1 ¢
Thus,
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Q(F7)Q{O§I§ﬂ+wp}.
Pur  Hr

We conclude that all compact invariant sets of (1) lie in the localization set

8
Q= ﬂ Q).

i=1
3.2. Absorbing region

We now provide conditions under which our localizing set is absorbing. We first note
that the equations governing the dynamics of chemotherapy (M) and circulating
lymphocytes (C) are uncoupled from the remainder of the system. Due to the
simplicity of these equations, we can easily solve them for their globally attracting

equilibrium solutions. From this, we can conclude that, in finite time, M will enter

UM Um
the set ¢ M,;, '=y;— <M < yo— , where 0 < y; < land y, > 1.
Y Y

max

Likewise, C will enter the set {;(1C * < C < Cpyy o= 3 } in finite time.

Continuing with our argument that the localizing set is absorbing, we consider the
candidate Lyapunov functionI'=S+T + N+ L+ C+ A+ M + I and compute

> S A
VI-F=bS|1—— ) — ——— | NS-D(S,L)S
< K1> <V+§Sh1 +A> s(5, 1)

— 7(Ky + Kyp A)(1 — e79M)§s —y o AS

S T A
() () -z oo

— (Ky + K47 A)(1 — e7orMyT

e A
—y AT —¢T+ f|=C=N)=(p+ps,——— | N(T+ S
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eyl e N T Y oy T+ )

—qL(T +S8)+ (rN + r,C)XT + S§) - —K;(1—eotMyp

uLl*CI
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prL1 < ) —5oM
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Utilizing the bounds for M and C obtained above, yields

bS?  aS? A
VI-F<bS—2— + 2 41,CppuxS — VNS — NS —-D(S,L)S
Kl Kl 2 Cmax v fShl A S( )
2
— 7(Ky + Kyp A)(1 — e 05M)§ — o AS — ars
KIKZ
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A 5 M.
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Completing the square for the first four terms and grouping strategically, we obtain

(b - a) b+ryCran K\ o
(S—ﬁ — (¢ + Kp(1 = e~ Muiny — pyC T

—(+p—r)NS—(c+p—r)NT — (K (1 — e 0tMuminy — @y —m — j

VI-F<-—
1

=L =B+ Kc(l = e°cMmin) — ¢ — p)C = (f + Ky(1 = e=oN Mmim)

—PNIN = &5 ‘i VS = Ds(S, 1S = o(Ky + Ky A)(1 = e osMyg
1
2
—ygAS — aT’s A _NT- D(T,L)T — K ;7 A(1 — e~ oTM)T

—-¢r
KK, h+a

A ul*CI
—w AT = (p+ps—— )| N(T +S) —qL(T + S) — —yM
yr <p pAh1+A> ( ) —qL( ) 71 7
(b+7,Cprax)’ K
—pu; I —nA— AT + AgS oy fUy o ——
il =nA = GrT 4 AsS)p=3 + Om +va +a 4b—a)

Thus, inequalities (H1)—(H6) provide sufficient conditions in which VI - F < 0, for
sufficiently large values of S, T, A, N,M,C, I, and L.

3.3. Attractivity to plane .S = 0

With the conditions given above, we have proven the existence of a compact global
attractor. In order to conclude that we have tumor clearance, we must now argue that
the planes .S = 0 and T = 0 are attractive. Once again employing I'; = S, we see
that

> S A
VIbL-F=bS(1—— ) — ——— | NS-D(S,L)S
: ( Kl) <v+§sh1 +A> s(5, 1)

—1(Kp + Ky A)(1 — e 5M)§ — o AS
vy — (A K, + AcK _ M
SS(b—f(KT+KAT A= (ks + 4 1)>(1—e5S}“ ")

n
vy —(Ar Ky + ASK1)>
n

~ Vs
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If (H7) is met, that is

UA _(ATK2+AsK1)> <1 _e_(SC/hUTM)

n
vg — (A Ky + AgKy)
’1 b

tys

then I’ - F < 0 and we can conclude that S = 0 is attractive.

Note that this constraint is dependent on 7, suggesting that the effectiveness of
the chemotherapy agent on CSCs is critical in the application of this combination
treatment. Furthermore, with § = 0, using I', = T, it is easy to see that no further
conditions are needed to ensure VI, - F <o. Thus, we conclude that (1) contains a

globally attractive tumor clearance state.

4. Results & discussion

In this section we examine numerical simulations of two treatment protocols. We
first explore constant treatment protocols to demonstrate the existence of a globally
attractive tumor clearance state as guaranteed by Theorem 2. We then further explore
how the effectiveness of the chemotherapy agent on the CSC population affects how
quickly this tumor clearance is achieved. Next, we turn our attention to more realistic
periodic treatment methods. While rigorous analytical results are more difficult to
establish for such protocols, we may still gain insights on possible stable tumor
clearance states by exploring numerical simulations in these cases. It should be noted

that all simulations in this section were performed using Mathematica 10.

4.1. Constant treatment
4.1.1. CSC chemotherapy effectiveness and tumor clearance

Recall that the parameter 7 represents the effectiveness of the chemotherapy agent
on the CSC population. While it is known CSCs are resistant to some chemotherapy
drugs, such as Irinotecan, the degree of resistivity is currently unknown. From
Theorem 2, our model supports that when chemotherapy is ineffective on CSCs,
tumor clearance relies on the effectiveness of immunotherapy. As the effectiveness
of chemotherapy on CSCs increases, the amount of immunotherapy required for
tumor clearance decreases. As depicted in Figure 1, in order to reach a cure state
in 50 days with no immunotherapy and a constant chemotherapy infusion rate v,, =
3.6217 mg/L [26], we must meet the condition = > 0.95, meaning chemotherapy

must be at least 95% as effective on CSCs as on tumor cells.
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Figure 1. Log plot of cell count vs. CSC chemotherapy effectiveness using constant chemotherapy at an
infusion rate of vy, = 3.6217 mg/L.
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Figure 2. Log plot of cell count vs. CSC chemotherapy effectiveness using constant chemotherapy at an
infusion rate of v),; = 3.6217 mg/L and immunotherapy at an infusion rate of v, = 0.76515 mg/L.

However, with the inclusion of immunotherapy, the required level of effectiveness
of chemotherapy on CSCs to guarantee tumor clearance decreases. Using a baseline
treatment level v, = 0.76515 mg/L [26], we see in Figure 2 that with combination

therapy, the chemotherapy agent needs only be 80% effective on CSCs.

We note that the reduced dependence on the effectiveness of chemotherapy on CSCs
when immunotherapy is introduced directly relates to the attractivity argument in
Section 3.3. In particular, condition (H7) reveals that when chemotherapy is not
effective on CSCs (z = 0), guaranteeing tumor clearance relies solely on the
dosage v, of immunotherapy. However, when chemotherapy is effective on CSCs
(r > 0), a lower dosage of immunotherapy is required to satisfy the inequality.

4.1.2. Impact of T on long-term cell dynamics with insufficient
immunotherapy

As shown in Figure 2, the value of = plays a significant role in how effective the

combination treatment strategy is at eradicating cancer. We further explore the role
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Figure 3. Log plot with 7 = 0 using constant treatment with infusions of v,, = 3.6217 mg/L for
chemotherapy and v, = 0.76515 mg/L for immunotherapy.
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Figure 4. Log plot with 7 = 0.85 using constant treatment with infusions of vy, = 3.6217 mg/L for
chemotherapy and v, = 0.76515 mg/L for immunotherapy.

that = plays by simulating constant combination treatment and noting the effects
changes in 7 have on long-term cancer dynamics. Continuing with the infusion rates
from above, Figure 3 demonstrates that a clearance state is never reached when

chemotherapy is ineffective on CSCs (7 = 0).

We observe that since chemotherapy is only effective on the tumor cells, the tumor
cell population is lower than the CSC population. Note that CSCs reach their carrying
capacity at approximately day 10. We also note that the tumor cell population
repopulates following day 6 and stabilizes at the same time that the CSCs reach
their carrying capacity. The tumor cells never reach their carrying capacity because

the constant chemotherapy treatment continuously limits their population.

To contrast this behavior with a chemotherapy drug that is effective on CSCs, we
choose a representative value of  above the 80% threshold seen in Figure 2 that
will lead to a cure state. For instance, when chemotherapy is 85% as effective on
CSCs, a cure state will be reached, as depicted in Figure 4. We observe that the
NK cell, interleukin, and circulating lymphocyte populations are unchanged by the

effectiveness of the chemotherapy. With 7 = 0.85, a cancer clearance state is reached
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Figure 5. Log plot with 7 = 0 using constant treatment at an infusion rate of vy, = 3.6217 mg/L for
chemotherapy and v4 = 3.4 mg/L for immunotherapy.
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Figure 6. Log plot with z = 0.3 using constant treatment at an infusion rate of vy, = 3.6217 mg/L for
chemotherapy and v,4 = 3.4 mg/L for immunotherapy.

at approximately day 33. Since chemotherapy is still not as effective on CSCs as on
tumor cells, it takes additional 12 days for the elimination of CSCs following the
eradication of tumor cells. Thus, if the immunotherapy treatment is insufficient, the

effectiveness of chemotherapy on CSCs is vital in reaching a cure state.

4.1.3. Impact of t on long-term cell dynamics with sufficient
immunotherapy

Let us now consider the case in which chemotherapy is ineffective on CSCs, but the
patient is receiving a sufficient amount of immunotherapy to guarantee a cure state, as
depicted in Figure 5. We now reach a tumor clearance state at approximately day 49.
The NK cell, interleukin, and circulating lymphocyte populations are unaffected
by immunotherapy treatment. The two different cancerous cell populations are

eradicated approximately three weeks apart.

Next, we consider increasing the value of = so that chemotherapy is 30% as effective

on CSCs as on tumor cells, depicted in Figure 6.
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Increasing the value of = only affects the two cancerous cell populations. The time
to reach a cancer clearance state is drastically decreased to approximately 24 days,
with only a six day difference between the eradication of tumor and CSC populations.
Hence, we may conclude that the more effective the chemotherapy is on CSCs, the
faster a cure state is achieved. The time between the eradication of the two cancerous
cell populations also decreases with greater values of 7, reducing the likelihood of

cancer recurrence.

4.2. Periodic treatment

Our globally attractive tumor clearance state above has been found analytically with
constant treatment. However, in practice, most treatments are given out in shorter
doses on a regular basis. In this subsection, we explore cancer dynamics under
periodic treatment. For our model, we will suppose Irinotecan treatment, v, (), will
be given weekly for two hours in a dose of 57.947 mg/L/day. We will also suppose
that Cetuximab treatment, v 4(¢), will be given for two hours with a loading dose
of 139.072 mg/L/day followed by 173.840 mg/L/day given weekly. The treatment
values chosen are the highest dosages that have been seen clinically to ensure a cure
state [26]. Both treatment regimens are given for four weeks, followed by a two week
rest period before introducing the next round of treatment. For practical purposes we
assume that the cancer cell population is fully eradicated when the number of cells

drops below 1.

4.2.1. Periodic combination treatment with low CSC chemotherapy
effectiveness

Using the initial conditions found in de Pillis et al., T'(0) = 4.65928 X 10%, N(0) =
3.333%108, L(0) = 5.268 x10°, C(0) = 3x10°, M(0) = 0, I(0) = 1173, A(0) = 0,
we model a healthy patient with a large tumor [26]. We assume CSCs are 2% of
the total cancerous population for colorectal cancer, as seen in Todaro et al. [16].
When the chemotherapy is 30% as effective on CSCs as on tumor cells (z = 0.3),
it takes around 30 days for the CSC population to be eliminated, as can be seen in

Figure 7.

We have shown analytically that the tumor clearance state for this model using
constant treatment is dependent on . This relationship is present in periodic
treatment simulations as well. Tumor cells appear to plateau between treatments,
while CSCs are able to slightly grow back before declining rapidly once tumor cells
are eradicated. The different cell populations within the immune system seem to be

approaching periodic solutions.
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Figure 7. Log plot with 7 = 0.3 and periodic treatment of v, (f) = 57.947 mg/L/day for chemotherapy
and v, (7) = 139.072 mg/L/day as a starter dose for immunotherapy and v 4 () = 173.840 mg/L/day for
proceeding dosages.
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Figure 8. Log plot with 7 = 1 and periodic treatment of vy, (f) = 57.947 mg/L/day for chemotherapy
and v4(¢) = 139.072 mg/L/day as a starter dose for immunotherapy and v 4(¢) = 173.840 mg/L/day for

proceeding dosages.

4.2.2. Periodic combination treatment with high CSC
chemotherapy effectiveness

As we increase the efficiency of chemotherapy, as seen in Figure 8, the cancerous

population reaches a cure state more rapidly.

When chemotherapy is as effective on CSCs as on tumor cells, the period between the
eradication of the two cancerous cell populations is slightly decreased, but the total
time to clear cancer from the system is drastically decreased. It should be noted that a
decrease in the amount of CSCs, perhaps caused by a more effective chemotherapy
agent, would also aid in depleting the tumor cell population, since the growth of
tumor cells relies on CSCs. We have seen, analytically and numerically, that the
speed at which a combination treatment eradicates the cancerous population relies
on the effectiveness of the chemotherapy agent on CSCs. This shows the importance

of discovering chemotherapy agents that are effective at attacking CSCs as well as
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tumor cells. Chemotherapy agents that are effective at fighting CSCs could lead to

lower necessary doses of treatments, as well as quicker cancer eradication.

5. Conclusion

The model presented here aims to provide a framework for understanding the role
that CSCs play in the dynamics and treatment of colorectal cancer. While analyzing
the global dynamics of such a highly nonlinear model is usually quite difficult, we
note that the ability to construct a globally attractive tumor clearance state of (1)
showcases the usefulness of the method of localization of compact invariant sets
developed in Starkov et al. [17, 18, 19, 20, 21, 22, 23, 24, 25]. To the authors’
knowledge, there have been no attempts to consider analytically the global dynamics
of the full model presented in [26]. Here, the complexity of system (1) prohibits
the identification of specific globally asymptotically stable equilibrium solutions,
yet the method we employ still allows for the creation of sufficient conditions on
model parameters to guarantee the existence of a general tumor clearance state. We
leave open the resolution of all possible dynamics on the remaining subsystem of (1)
with § = T = 0, but we are hopeful that the method presented here can serve as
a starting point for exploring the global dynamics of other biologically complex
models which have not previously admitted sufficient analysis. Furthermore, our
numerical simulations reveal the potential significance of designing CSC-targeted

chemotherapy agents to guarantee tumor clearance and avoid cancer recurrence.

This work can be furthered by seeking conditions under which periodic solutions
exist and are globally stable. Additionally, since we have shown the significance that
7 has on balancing levels of chemotherapy and immunotherapy to achieve tumor
clearance, incorporating a general healthy cell population to monitor the detrimental
effect chemotherapy has on the overall health of a patient is an important extension
of the work presented here. Finally, consideration of different submodels for possible
cancer persistent states or other specific chemotherapy and immunotherapy agents

could also be numerically assessed with this model.

Declarations
Author contribution statement

Kristen Abernathy, Zachary Abernathy, Kelsey Brown, Claire Burgess, Rebecca
Hoehne: Conceived and designed the analysis; Analyzed and interpreted the data;

Contributed analysis tools or data; Wrote the paper.

17

http://dx.doi.org/10.1016/j.heliyon.2017.e00247

2405-8440/© 2017 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://dx.doi.org/10.1016/j.heliyon.2017.e00247
http://creativecommons.org/licenses/by-nc-nd/4.0/

| Heliyon
Article No~e00247

Funding statement

This work was supported by the National Science Foundation (Grant No. DMS-
1358534). This work was supported by an Institutional Development Award (IDeA)
from the National Institute of General Medical Sciences from the National Institutes
of Health (2 P20 GM 103499 15).

Competing interest statement

The authors declare no conflict of interest.

Additional information

Supplementary content related to this article has been published online at 10.1016/
j-heliyon.2017.e00247.

References

[1] Cancer, http://www.who.int/mediacentre/factsheets/fs297/en/.

[2] Key statistics for colorectal cancer, http://www.cancer.org/cancer/

colonandrectumcancer/detailedguide/colorectal-cancer-key-statistics.

[3] N. Howlader, A. Noone, M. Krapcho, J. Garshell, D. Miller, S. Altekruse, et al.,
Seer cancer statistics review, 1975-2012 [internet]. Bethesda, MD, National
Cancer Institute, 2013 [cited 2015 jan 28].

[4] D. Kirschner, J.C. Panetta, Modeling immunotherapy of the tumor-immune
interaction, J. Math. Biol. 37 (3) (1998) 235-252.

[5] L.G. de Pillis, W. Gu, A.E. Radunskaya, Mixed immunotherapy and
chemotherapy of tumors: modeling, applications and biological interpretations,
J. Theor. Biol. 238 (4) (2006) 841-862.

[6] O. Isaeva, V. Osipov, Different strategies for cancer treatment: mathematical
modelling, Comput. Math. Methods Med. 10 (4) (2009) 253-272.

[71 M. Villasana, A. Radunskaya, A delay differential equation model for tumor
growth, J. Math. Biol. 47 (3) (2003) 270-294.

[8] F. Frascoli, P.S. Kim, B.D. Hughes, K.A. Landman, A dynamical model of
tumour immunotherapy, Math. Biosci. 253 (2014) 50-62.

[9] S. Mamat Mustafa, A. Kartono, Mathematical model of cancer treatments using
immunotherapy, chemotherapy, and biochemotherapy, Appl. Math. Sci. 7 (5)
(2013) 247-261.

18 http://dx.doi.org/10.1016/j.heliyon.2017.e00247
2405-8440/© 2017 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://dx.doi.org/10.1016/j.heliyon.2017.e00247
http://dx.doi.org/10.1016/j.heliyon.2017.e00247
http://www.who.int/mediacentre/factsheets/fs297/en/
http://www.cancer.org/cancer/colonandrectumcancer/detailedguide/colorectal-cancer-key-statistics
http://www.cancer.org/cancer/colonandrectumcancer/detailedguide/colorectal-cancer-key-statistics
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B69727363686E6572s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B69727363686E6572s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib646550696C6C6973s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib646550696C6C6973s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib646550696C6C6973s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib497361657661s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib497361657661s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib56696C6C6173616E61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib56696C6C6173616E61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib46726173636F6C69s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib46726173636F6C69s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4D616D6174s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4D616D6174s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4D616D6174s1
http://dx.doi.org/10.1016/j.heliyon.2017.e00247
http://creativecommons.org/licenses/by-nc-nd/4.0/

| Heliyon
Article No~e00247

[10] M.D. Johnston, C.M. Edwards, W.F. Bodmer, P.K. Maini, S.J. Chapman,
Mathematical modeling of cell population dynamics in the colonic crypt and
in colorectal cancer, Proc. Natl. Acad. Sci. 104 (10) (2007) 4008—4013.

[11] S. Sameen, R. Barbuti, P. Milazzo, A. Cerone, M. Del Re, R. Danesi,
Mathematical modeling of drug resistance due to kras mutation in colorectal
cancer, J. Theor. Biol. 389 (2016) 263-273.

[12] A. Fasano, A. Mancini, M. Primicerio, Tumours with cancer stem cells: a pde
model, Math. Biosci. 272 (2016) 76-80.

[13] R. Molina-Pefna, M.M. Alvarez, A simple mathematical model based on the
cancer stem cell hypothesis suggests kinetic commonalities in solid tumor
growth, PLoS ONE 7 (2) (2012) e26233.

[14] S.J. Dylla, L. Beviglia, I.-K. Park, C. Chartier, J. Raval, L. Ngan, K. Pickell,
J. Aguilar, S. Lazetic, S. Smith-Berdan, et al., Colorectal cancer stem cells
are enriched in xenogeneic tumors following chemotherapy, PLoS ONE 3 (6)
(2008) e2428.

[15] E.NN. Garza-Trevifio, S.L. Said-Fernandez, H.G. Martinez-Rodriguez,
Understanding the colon cancer stem cells and perspectives on treatment,
Cancer Cell Int. 15 (1) (2015) 1.

[16] M. Todaro, M.P. Alea, A.B. Di Stefano, P. Cammareri, L. Vermeulen, F. Iovino,
C. Tripodo, A. Russo, G. Gulotta, J.P. Medema, et al., Colon cancer stem cells
dictate tumor growth and resist cell death by production of interleukin-4, Cell
Stem Cell 1 (4) (2007) 389-402.

[17] P.A. Valle, K.E. Starkov, L.N. Coria, Global stability and tumor clearance
conditions for a cancer chemotherapy system, Commun. Nonlinear Sci. Numer.
Simul. 40 (2016) 206-215.

[18] A.P. Krishchenko, K.E. Starkov, On the global dynamics of a chronic
myelogenous leukemia model, Commun. Nonlinear Sci. Numer. Simul. 33
(2016) 174-183.

[19] K. Starkov, S. Bunimovich-Mendrazitsky, Dynamical properties and tumor
clearance conditions for a nine-dimensional model of bladder cancer
immunotherapy, Math. Biosci. Eng. 13 (2016) 1059-1075.

[20] K. Starkov, L. Coria, Global dynamics of the Kirschner—Panetta model for
the tumor immunotherapy, Nonlinear Anal., Real World Appl. 14 (2013)
1425-1433.

19 http://dx.doi.org/10.1016/j.heliyon.2017.00247
2405-8440/© 2017 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4A6F686E73746F6Es1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4A6F686E73746F6Es1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4A6F686E73746F6Es1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib53616D65656Es1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib53616D65656Es1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib53616D65656Es1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib466173616E6Fs1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib466173616E6Fs1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib50656E61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib50656E61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib50656E61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib44796C6C61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib44796C6C61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib44796C6C61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib44796C6C61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4761727A61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4761727A61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4761727A61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib546F6461726Fs1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib546F6461726Fs1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib546F6461726Fs1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib546F6461726Fs1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib56616C6C65s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib56616C6C65s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib56616C6C65s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B53s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B53s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B53s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5342s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5342s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5342s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5343s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5343s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5343s1
http://dx.doi.org/10.1016/j.heliyon.2017.e00247
http://creativecommons.org/licenses/by-nc-nd/4.0/

| Heliyon
Article No~e00247

[21] K.E. Starkov, A.Y. Pogromsky, On the global dynamics of the Owen—Sherratt
model describing the tumor-macrophage interactions, Int. J. Bifurc. Chaos
23 (02) (2013) 1350020.

[22] K.E. Starkov, A.P. Krishchenko, On the global dynamics of one cancer tumour
growth model, Commun. Nonlinear Sci. Numer. Simul. 19 (2014) 1486—-1495.

[23] K.E. Starkov, C. Plata-Ante, On the global dynamics of the cancer
aids-related mathematical model, Kybernetika 50 (4) (2014) 563-579,
http://eudml.org/doc/262011.

[24] K.E. Starkov, A. Villegas, On some dynamical properties of a seven-
dimensional cancer model with immunotherapy, Int. J. Bifurc. Chaos Appl. Sci.
Eng. 24 (02) (2014).

[25] K.E. Starkov, D. Gomboa, Localization of compact invariant sets and global
stability in analysis of one tumor growth model, Math. Methods Appl. Sci. 37
(2014) 2854-2863.

[26] L. DePillis, H. Savage, A. Radunskaya, Mathematical model of colorectal
cancer with monoclonal antibody treatments, British J. Medicine Med. Res.
4 (16) (2014) 3101-3131.

[27] E. Koren, Y. Fuchs, The bad seed: cancer stem cells in tumor development and
resistance, Drug Resist. Updat. 28 (2016) 1-12.

[28] A.Jewett, H.-C. Tseng, A. Arasteh, S. Saadat, R.E. Christensen, N.A. Cacalano,
Natural killer cells preferentially target cancer stem cells; role of monocytes in
protection against nk cell mediated lysis of cancer stem cells, Current Drug
Delivery 9 (1) (2012) 5-16.

[29] S.K. Grossenbacher, E. Ames, S. Mac, R. Masoud, R.J. Canter, A.M. Monjazeb,
W.J. Murphy, Enhanced natural killer cell targeting of cancer stem cells using
cetuximab, J. Immunother. Cancer 2 (3) (2014) 1.

[30] E.P. Kwiatkowska-Borowczyk, A. Gabka-Buszek, J. Jankowski, A.
Mackiewicz, Immunotargeting of cancer stem cells, Contemp. Oncol.
(Pozn) 19 (1A) (2015) A52-A59.

[31] G. Pietra, C. Manzini, M. Vitale, M. Balsamo, E. Ognio, M. Boitano, P.
Queirolo, L. Moretta, M.C. Mingari, Natural killer cells kill human melanoma
cells with characteristics of cancer stem cells, Int. Immunol. 21 (7) (2009)
793-801.

[32] A.P. Krishchenko, A.N. Kanatnikov, Recent Advances in Applied and
Theoretical Mathematics, WSEAS Press, Budapest, Hungary, 2013. Ch.

Localization of Compact Invariant Sets of Nonlinear Systems.

20 http://dx.doi.org/10.1016/j.heliyon.2017.00247
2405-8440/© 2017 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5350s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5350s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5350s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib534Bs1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib534Bs1
http://eudml.org/doc/262011
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5356s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5356s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5356s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5347s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5347s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib5347s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib646550696C6C697333s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib646550696C6C697333s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib646550696C6C697333s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B6F72656Es1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B6F72656Es1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4A6577657474s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4A6577657474s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4A6577657474s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4A6577657474s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib47726F7373656E626163686572s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib47726F7373656E626163686572s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib47726F7373656E626163686572s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B776961746B6F77736B61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B776961746B6F77736B61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B776961746B6F77736B61s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib506965747261s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib506965747261s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib506965747261s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib506965747261s1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B726973686368656E6B6Fs1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B726973686368656E6B6Fs1
http://refhub.elsevier.com/S2405-8440(16)31599-7/bib4B726973686368656E6B6Fs1
http://dx.doi.org/10.1016/j.heliyon.2017.e00247
http://creativecommons.org/licenses/by-nc-nd/4.0/

	Global dynamics of a colorectal cancer treatment model with cancer stem cells
	1 Introduction
	2 Model
	2.1 System of equations
	2.2 Justiﬁcation of new terms

	3 Analysis
	3.1 Localization of compact invariant sets
	3.2 Absorbing region
	3.3 Attractivity to plane S=0

	4 Results & discussion
	4.1 Constant treatment
	4.1.1 CSC chemotherapy effectiveness and tumor clearance
	4.1.2 Impact of τ on long-term cell dynamics with insufﬁcient immunotherapy
	4.1.3 Impact of τ on long-term cell dynamics with sufﬁcient immunotherapy

	4.2 Periodic treatment
	4.2.1 Periodic combination treatment with low CSC chemotherapy effectiveness
	4.2.2 Periodic combination treatment with high CSC chemotherapy effectiveness


	5 Conclusion
	Declarations
	Author contribution statement
	Funding statement
	Competing interest statement
	Additional information

	References


