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Abstract. An SVIR epidemiological model with two stage characteristics of
vaccine effectiveness is formulated. By constructing the appropriate Lyapunov
functionals, it is proved that the disease free equilibrium of the system is
globally stable when the basic reproduction number is less than or equal to one,
and that the unique endemic equilibrium of the system is globally stable when
the basic reproduction number is greater than one.
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1 Introduction

In human history, infectious diseases have repeatedly brought great disaster to human
survival. In recent years, the outbreak of some new infectious diseases (SARS, influ-
enza A (HIN1), influenza A (H7N9), etc.) has caused a great impact on people’s lives.
Vaccines are biological agents made from bacteria, viruses, tumor cells and so on,
which enable antibodies to produce specific immunity. Vaccination can provide
immunity to those who are vaccinated, can eliminate the spread of some diseases (such
as smallpox) [1].

In recent years, more and more authors study the epidemiological models with
vaccination [2-5]. Some authors assume that vaccine recipients will not be infected
[2, 3]; some other authors assume that vaccine recipients may still be infected [4, 5],
but the probability of being infected is smaller than before vaccination. In fact, for
some infectious diseases, the vaccinated individuals would not be infected for some
time after vaccination. However, bacteria or viruses mutate as time goes by, and the
efficacy of the vaccine is correspondingly affected, which makes it is possible for the
vaccinated individuals to be infected. For example, the new H7NO influenza virus
mutates more quickly, and the effectiveness of the vaccine depends largely on the
extent of the virus mutation [6]. Based on the above facts, we assume that vaccine
effectiveness has two stage characteristics: in the first stage, the vaccinated individuals
will not be infected; in the second stage, the vaccinated individuals will be infected, but
the probability of infection will be smaller than before vaccination. Therefore, this
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paper studies the epidemiological model with two stage characteristics of vaccine
effectiveness, On the basis of getting the basic reproductive number, by using appro-
priate functionals, the stability of the model is proved by the algebraic approach pro-
vided by the reference [8].

In this work, we study the following epidemiological model:

S = u(l —q)A — BSI — (u+p)S+kV,
Vi = uqA+pS —uv, — &V

V2 = Vi — BaVol — uVs — kVs (1)
' = BSI+ BoVol — (u+a+ p)I
R =9I — uR

The model (1) has the same dynamic behavior with the following system

I' = BSI+ BaVol — c4l

Vi =uqA+pS -V 2)
Vé = 8V1 — ﬁO'VQI — C3V2

S = ,u(l — q)A — BSI — ;S +kV;

2 Existence of Equilibria
Obviously, system (2) has a disease free equilibrium Py(So, V19, V20, 0), where

s = @Al HlA -y (prpges o 0 (pHRrgkA
(c3+e)p+caes (c3+e)p+cacs’ (c3+¢&)p+cacs

Using [9], we have

BAlcacs — ug(cs +e)] + pae(p+pq)A

Ry =
‘ caf(ca +p)es +pel

It can be found the unique endemic equilibrium P*(S*, Vi, V3, I*) from the fol-
lowing equations,

‘u(l - q)A - ﬂSI* Cls+kV2 =0
,qu—i—pS—(:le =0

8V1 — ﬁaVzl— C3V2 =0

BSI+ faVol — eyl =0

where

g MAcr(l —q)(es + fol) tkeugd . [(ci+pT)qa+p(1 —q)Jeud

C2(C3+[))O'I*)(C1+ﬁ1*)—k8p P2 _CQ(C3+ﬁO'I*)(C1+ﬁI*)—kSp’
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e = e+ ATa+p(l — g)luA(fol” +cs)
! c2(c3+ pol*)(c; + pI¥) —kep

and I* satisfies the following equation

_ PrAc(l —g)(es + fol) +kBepgA _  [(er+pD)q+p(l — q)]foepd
—kep+ca(cs + pal)(c) + BI) T Kep o (cs + foD)(ci + fl)e

1)
=0

3 Stability of Equilibria

Theorem. When Ry <1 the Py(Sp, Vi, V20,0) is global stable. And P* is global
stable when Ry > 1.

Proof. The global stability of Py is firstly proved.
Consider the following Lyapunov functional

S A\ € A%
L1 = (S — SO — S()]Il—) + (V2 - V20 - Vzoln—z) + — (V1 - V10 - Vloh’l—l) + 1.
So Voo (6) Vio

SO

Lll = <1 —%) [Cl(SO —S) —ﬂSI—i-k(Vz —Vzo)}—i— (1 —V7220>(£V1 —ﬂGVzI—C3V2)

€ V
+ C_<1 —#)(,qu—i—pS—02V1)+ﬁSI+ﬁ6V21—C4I
2 1

= H(Vg,S,Vl) +C4(R0 — I)I

where
S S v
H(V2,8, Vi) = ¢1(So — §) 1-2) k(1 -2 (Vz—Vzo)—C3V2—8V20—1
S S v,
& eVioS  eugqA  eVipuqA
+ c3Vao + pég P10 + uqA  eViouq. + eV,
€2 Vi &) V)
For simplicity, denote x; = SS_M X, = VL:O’ X3 = ‘\//TQO then
PeSo pe 1
H(x1, X2, X3) = (2Socy + 1t Voo +2eVig — 7) —(e1 — Z)SOXI (S0 - kV20)x_1
_ kVQO)ﬁ — UVaoxs — eVioxy (st _p_sso) 1 pedox .
A X3 2 X2 X2
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Using the algebraic approach provided by the reference [8], we will prove the
function H(x, X2, x3) <O0. Firstly, we can get five groups

X1 )C2 X3 1 X2 X3 X1 X2

et R

X1 X2 X3 X1 X2 X3

{x1, } {x3, —} { oh

and the product of all functions within each group is one, then we have

1 X 1 X X X
Hl(X17X2,X3) = bl(Z—Xl ——)+b2(3 — X3 ——2——)+b3(3 ——3——]——2)
X1 X3 X2 X1 X2 X3
1 X X X 1 x
F b4 — - = D bs(d o x — 2———)
X1 X2 X3 X1 X2 X3

Since H(xy, X2, x3) = Hi(X1,X2,X3), wWe can get

b] :Clso—ka —b4
by = uVy — by

bs = kVy — 20 + b,
bs :%Mm

As the nonnegativity of b;(i = 1,2...5), bs must satisfy the following condition

peS,
max{O — kVao} <bg <min{u(1 — q)A, ,quo,ﬂ
€2

It is easy to prove the existence of the positive number by. So H(xy, X5, x3) <0 and
H(x;,X2,x3) = 0 if and only if x; = x, = x3 = 1. In summary, when Ry <1 we have
L) <0, and when Ry=1, we get L; <0, and L} =0 if and only if
S = SoVi = VipVa = Vy. The largest invariant set for (2) on the set {(S, Vi, V,, 1) €
Q:S =S5, Vy =V, Vo =Vy}is {Py}. Using the literature [10], we can prove the
theorem.

4 Numerical Simulation

The numerical simulations on system (2) were carried out. We can see that if Ry <1,
then Py(So, V1o, V2o, 0) is global stable (Fig. 1) and P* is globally stable when Ry > 1
(Fig. 2).
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Fig. 1. Fig. 2.
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