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ABSTRACT: Self-assembly is the process by which individual
components arrange themselves into an ordered structure by
changing the shapes, components, and interactions. It has
enabled us to construct an extensive range of geometric forms
on many length scales. Nevertheless, the potential of two-
dimensional polygonal nanoplates to self-assemble into
extended three-dimensional structures with compartments and
corridors has remained unexplored. In this paper, we show
coarse-grained Monte Carlo simulations demonstrating self-
assembly of hexagonal/triangular nanoplates via complemen-
tary interactions into faceted, sponge-like “bicontinuous polyhedra” (or infinite polyhedra) whose flat walls partition space
into a pair of mutually interpenetrating labyrinths. Two bicontinuous polyhedra can be self-assembled: the regular (or
Platonic) Petrie−Coxeter infinite polyhedron (denoted {6,4|4}) and the semi-regular Hart “gyrangle”. The latter structure is
chiral, with both left- and right-handed versions. We show that the Petrie−Coxeter assembly is constructed from two
complementary populations of hexagonal nanoplates. Furthermore, we find that the 3D chiral Hart gyrangle can be assembled
from identical achiral triangular nanoplates decorated with regioselective complementary interaction sites. The assembled
Petrie−Coxeter and Hart polyhedra are faceted versions of two of the simplest triply periodic minimal surfaces, namely,
Schwarz’s primitive and Schoen’s gyroid surfaces, respectively, offering alternative routes to those bicontinuous
nanostructures, which are widespread in synthetic and biological materials.
KEYWORDS: programmable self-assembly, DNA-functionalized nanoplates, simulation of nanostructures, bicontinuous structures, gyroid,
infinite polyhedra, gyrangle

Over the past two decades, superb research fronts have
emerged for self-assembly1,2 of geometric nanoblocks:
columnar assembly of colloidal polygons,3,4 tethered

nanoblocks,5 polygonal nanoplates,6−12 and polyhedra.13−20 To
date, several self-folding origami processes have been reported
to allow the self-assembly of flat polygons into three-dimen-
sional polyhedra.21−24 However, the formation of extended,
porous three-dimensional structures from modular components
has not been achieved. A number of sophisticated three-
dimensional molecular structures and devices built of DNA
strands have been developed with various tools from DNA
nanotechnology, such as DNA origami, DNA bricks, and
wireframe DNA polyhedra.25−28 Further, nanoparticles have
been rationally assembled into macroscopic materials, where the
particle interactions are tuned with DNA patches.29−32

Similarly, regioselective and programmable surface encoding
of colloidal nanoparticles decorated with single-stranded DNA
has been demonstrated.33 These principles of selective,
directional interparticle interactions with DNA offer a promising
path to various geometries of self-assembled materials over a
range of length scales. Indeed, recent advances in the fabrication

of icosahedral shells34 or tubules35,36 with positive or negative
curvatures respectively from programmable triangular building
blocks constructed from DNA origami confirm the efficiency of
this approach. Here we harness those concepts and propose
explicit recipes for the construction of nanoscaled bicontinuous
polyhedra from polygonal (hexagonal and triangular) nano-
plates, assembled via regioselective interactions between
programmable, complementary, DNA strands,37 frames,38 or
surface ligands16 decorating plate edges.

RESULTS
Infinite Polyhedra. “Regular infinite polyhedra” were

discovered a century ago by Petrie and Coxeter, reported later
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by Coxeter.39 They are natural extensions of the well-known
Platonic polyhedra, since they too have symmetrically identical
faces, edges, and vertices (and are characterized by a single
“flag”40). There are three regular infinite polyhedra: {6,4|4},
{4,6|4}, and {6,6|3}, where the notation {p,q|r} implies a
polyhedron, at whose vertex q of regular p-gons meet, and which
has r-gonal holes.39 Their Platonic nature is useful in our context
since the geometric equivalence of all polygonal faces and
vertices reduces the variety of interparticle interactions needed
to guide their assembly.
One of our target patterns is the regular {6,4|4} infinite

polyhedron shown in Figure 1a, which we refer to here as the

“truncated octahedral sponge” since its cubic unit cell contains a
single truncated octahedron, consisting of eight (equilateral)
hexagons facing the {111} directions of the cube. The infinite
polyhedron results by appending copies of that cell in all three
lattice directions, resulting in an extended sponge (space group
Im3̅m) built of a single faceted sheet tiled by flat hexagons with
four hexagons surrounding each vertex. The resulting con-
voluted sheet divides space into two identical, infinite jungle-
gym labyrinths (Figure 1b), which thread each other just as in
the triply periodic minimal surface known as the Schwarz
Primitive surface,41,42 displayed in Figure 1c.
Our second target structure is shown in Figures 1d and 1e: an

infinite plane-faced polyhedron composed of equilateral
triangles, topologically equivalent to another well-known triply
periodic minimal surface, the gyroid (Figure 1f).43−49 That
pattern, the “gyrangle”, discovered by Hart around 1980, is more
elusive.50 It has remained relatively unknown until its more
recent dissemination within mathematical and scientific
circles.51 Four equilateral triangles meet at every vertex of the
gyrangle; however, two of those triangles are offset by a half-edge
as shown in Figure 2a, so that each triangle includes six vertices,
located on its corners and mid-edges. The resulting infinite
polyhedron can also be described as Platonic, since all faces,
edges, and vertices are symmetrically equivalent. (More

technically, it is semi-regular, or “chiral” in a different sense to
geometrical chirality, with a pair of flags.40)
The same structure emerged recently as an optimal

embedding in three-space of the regular hyperbolic triangulation
38, with eight equilateral triangles around each vertex48 as shown
in Figure 2b. If all pairs of nearest vertices on the equilateral
triangular facet of the gyrangle are joined by a straight edge, then
the facet is dissected into four smaller equilateral triangles.
Vertices located midway on an edge of the triangular facet are
common to three adjacent smaller triangles (33), while those on
the corners include just one (31). Each facet vertex is common to
four adjacent facets, so that each vertex has the symbol
31.33.31.33 (i.e., 38), from which perspective we rediscovered
the “gyrangle” regular infinite polyhedron. A three-dimensional
visual presentation of the gyrangle in terms of the regular
hyperbolic triangulation 38 is provided in Supporting Movie S1.
We ignore those smaller equilateral triangles within the gyrangle
and consider only their 4-fold unions, the larger triangular facets.
The module displayed in Figure 2c is composed of eight

triangles split into four pairs of parallel triangles. Each parallel
pair is formed by rotating one of two overlapping triangles by
180° along a shared edge and translating along an axis normal to
that edge. With one pair in place, the remaining three are
positioned to induce dihedral 3-fold point symmetry D3. The
resulting element has two chiralities, as shown in Figure 2d; the
gyrangle is therefore geometrically chiral. Either enantiomer is
arranged in a body-centered cubic (bcc) Bravais lattice as in
Figure 2e, whose unit cell contains 16 equilateral triangles, with
gaps. Adjoining unit cells fill those gaps so that every vertex is
occupied by four triangles. The normals to all triangles in the
gyrangle point along tetrahedral directions, i.e., (111), (1̅11),
(11̅1), and (111̅).
The gyroid minimal surface is geometrically achiral, as it

divides space into a pair of equal-volume left- and right-handed
labyrinths related by inversion symmetry (Figure 2f). Each
labyrinth is threaded by a single Laves’ srs net, known toWells as
the (10,3)-a net.52 Edges of the srs nets wind around (111)
directions, forming 3-fold helices, and (100) directions, forming
tighter 4-fold helices, as shown in Figure 2h. (Note that the
helical character of the srs net is nicely illustrated in Wells’
book.52) Similarly, the gyrangle forms a pair of chiral srs
labyrinths (Figure 2g). However, in contrast to the gyroid, one
labyrinth is more voluminous than the other; consequently, the
space group is chiral, with space group I4132 (No. 214, or 246
orbifold), as found in ABC block copolymers44 and in butterfly
wings.47 The Wyckoff positions of the gyrangle vertices within
that group are described in the Methods section.
We find it helpful to refer to these infinite polyhedra as

“bicontinuous polyhedra” in the context of self-assembly,
capturing both their infinite and bicontinuous natures.
Models for Self-Assembly. We propose that the specific

self-assemblies of nanoscale hexagonal and triangular plates can
be directed via complementary DNA sequences tethered to the
facets’ edges, as illustrated in Figure 3a. To explore that idea, we
model these composite plates as rigid polygonal discs, decorated
by patch particles located on their edges, displayed in Figure
3b,g. We design the complementary interactions to disfavor
simpler flat structures, 63 (Figure 3c) and 36 (Figure 3h),
favoring instead faceted sheets with negative Gaussian curvature,
characteristic of bicontinuous polyhedra. Complementary
(effectively attractive) interactions are modeled by charging
the patchy particles, coloring them as (positively charged) red or
(negatively charged) blue particles, whose mutual interactions

Figure 1. Infinite bicontinuous polyhedra. (a) {6,4|4} regular
infinite polyhedron (with space group Im3̅m) composed of
truncated octahedra. (b) Jungle-gym labyrinth threading one side
of the sponge structure. (c) The triply periodic primitive surface,
associated with the {6,4|4} infinite polyhedron. (d, e) Two views of a
“gyrangle”, another regular infinite polyhedron (with space group
I4132). The gyrangle consists of four sets of (like-colored) parallel
triangles normal to the body diagonals of the cubic unit cell. (f) The
triply periodic gyroid surface (space group Ia3 ̅d) viewed from the
same direction as the gyrangle in (e).
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are attractive if interacting particles have opposite signs, or
repulsive otherwise. Thus, red and blue particles model
interactions between complementary single-stranded DNA,
which have been demonstrated in recent technologies.37,38

The nanoscale plates are studded with gray particles,
indicating the position of nodes, and with colored patchy
particles around their edges.14,15 As shown in Figure 4a−e, each
plate edge is decorated with two rows of 11 nodes, in the case of
the hexagonal plates, and two rows of 12 (Model I) and 16
(Model II) nodes for triangular plates. Thus, the thickness σ of
the hard nanoplates is σ = l/10, and σ = l/11 and σ = l/15 for
hexagons and triangles, respectively, where l is the edge length of
the polygons. We note that these designs lead to ideal packing
(volume) fractions of nanoplates in the ideal solidified self-
assemblies of ca. 0.085, and 0.155 and 0.126 for the {6,4|4} and
the gyrangle (Models I and II), respectively, as described in
detail in the Methods section. Actual packing fractions are much
less than the ideal values because of open spaces of simulation
boxes (corresponding to solvent): 0.017 and 0.038/0.028. The
centers of gray nodes contribute to hard-core steric interactions
only. Colored particles mutually interact more strongly, as
outlined below. The designs of colored patches on nanoplate
edges have been chosen to favor the arrangements of adjacent
plates in these bicontinuous polyhedra and disfavor alternative
assemblies. Since adjacent faces of the {6,4|4} polyhedron have
obtuse dihedral angles of (109.5°; cos θ = −1/3), sticky edges
have been designed to induce that obtuse angle between
adjacent hexagonal nanoplates. In the case of the gyrangle, both
acute (70.5°; cos θ = 1/3) and obtuse (109.5°) angles are
present, as illustrated in Figure 4f−h, constraining the designs of
sticky patches bounding triangular nanoplates. To inhibit free
rotations of adjacent hexagonal or triangular plates after
attachment, at least two or four colored particles decorate
each edge, respectively (Figure 4b,d,e). Hexagons are single-
colored (either red or blue) and are decorated by a pair of like-
colored particles on each edge (Figure 4b), while the
regioselective triangles have red particles in the center and

blue particles at both ends of each side (Figure 4d,e).We explore
two alternative designs for triangular plates. The first design
(Model I) includes a pair of red charges displaced toward the top
and bottom faces of the plate, inducing a chiral triangle, as shown
in Figure 4d. The second design (Model II) is achiral, with all
patches located midway between the top and bottom faces. In
that model, the patches protrude a distance of 0.6σ beyond the
triangles’ edges, as shown in Figure 4e; technically, the number
of colored patches is doubled.
To avoid collisions between hard nanoplates, we ensured that

the centers of all particles lie outside the nanoplate volumes.
Note that interactions between like-colored hexagons and
regions on triangles with like colors are strongly repulsive (hard
contact). The interaction between colored particles whose
centers are separated by distance r is described by

where ε > 0, and γ or δ stands for red or blue. Thus far, the model
potential is rather generic. To mimic single-stranded DNA, an
additional requirement is needed: the closest patch to the cell
can be attractive. A pair of red and blue patches act as a key and a
lock, and other incoming patches are repulsive. This require-
ment also suppresses three or more polygons meeting at a
common edge.
We note that the range of attraction for both hexagonal and

triangular nanoplates is tuned to be less than the thickness of the
plates (σ), to prevent columnar stacking, shown in Figure 3d.
Some sterically allowed configurations of assembled hexagonal
nanoplates are shown in Figure 3e. Those geometries are
metastable at best and disfavored by the interactions listed
above. The most likely configuration of hexagonal plates at low
temperatures consists of four hexagons surrounding each vertex,
resulting in one of our target assemblies, the {6,4|4}
bicontinuous polyhedron shown in Figure 3f. Due to the

Figure 2. Schematic of the geometry of a gyrangle. (a) Four equilateral triangles meet at a vertex joined half-edge to half-edge. (b)
Corresponding 31.33.31.33 (i.e., 38) vertex obtained from the regular hyperbolic triangulation. We ignore vertices located midway on an edge of
triangles and smaller equilateral triangles within the gyrangle. (c) A chiral structural element consisting of 8 triangles with D3 point symmetry,
containing four pairs of (like-colored) parallel triangles. Parallel triangles are rotated by 180° with respect to each other. (d) A chiral pair of
structural elements related by amirror located on the vertical dashed line. The orange Y-shaped network, sandwiched between a pair of (yellow)
parallel triangles, forms a fragment of the triply periodic chiral srs network. Either chiral element forms a (left- or right-handed) gyrangle. (e) A
body-centered cubic unit cell of the gyrangle, with 16 triangles. (f) [111] and [100] views of gyroid surfaces (space group Ia3̅d). (g)
Corresponding gyrangle superimposed by orange points centered between two parallel triangles, forming an srs network (space group I4132).
One labyrinth ismore voluminous than the other; consequently, the number of visible hexagonal/square holes is half that of the circular holes in
the [111]/[100] views of the gyroid. (h) A single srs network (which threads one side of the gyroid).
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regioselective interactions of the triangular nanoplates, the flat
chiral structure shown in Figure 3i is possible. However, that
pattern too is less stable than the folded arrangement of triangles
characteristic of the target gyrangle polyhedron, shown in Figure
3j. Indeed, flat structures appear only transiently during the
simulations, whose details are described in the Methods section.
Simulation Results. The genesis of the {6,4|4} bicontin-

uous polyhedron is shown in Figure 5a−f (see also Supporting
Movie S2). Initially, the hexagonal plates flutter like butterflies,
while embryonic assemblies with a few hexagons form and then
disassemble. Later, discrete truncated octahedra composed of
eight hexagons form, which nucleate further growth via the self-
assembly of those truncated octahedra. Hexagons attach to the
growing surface one-by-one, gradually building a bicontinuous
polyhedron. The figure shows the growth of a single polyhedron,
whose truncated octahedra share the same orientation as shown
in Figure 5f. In this case, the simulation includes equal numbers
of red and blue nanoplates to maximize the assembly efficiency.
We have also conducted further simulations with unequal
populations of plates, namely, (ϕRed, ϕBlue) = (0.4, 0.6), (0.3,
0.7), (0.2, 0.8), and (0.1, 0.9) (Supporting Information SI1). In

those cases, too, the same {6,4|4} polyhedron results, with no
other structures, although the simulation time (in terms of
Monte Carlo steps) is longer. Either scenario is feasible
experimentally, and we expect that in a real experiment, after a
one-pot synthesis of the self-assembled bicontinuous polyhe-
dron, residue disaggregated nanoplates can be washed off with
solvent.
Similarly, simulations of the self-assembly of triangular

nanoplates decorated as per Model I give the gyrangle, as
illustrated in Figure 5g−l (Supporting Movie S3; Supporting
Movies S4 and S5 also show the growth of the gyrangle for
achiral Model II).
During all simulations, the energy decreased, tending to a

theoretical minimum of −6 per hexagonal or triangular
nanoplate, realized by an infinitely extended truncated
octahedral sponge or gyrangle. In practice, the energy was
somewhat higher due to the finite assemblies and their
accompanying surface energies. Figure 6a shows a single domain
formed by a truncated octahedral sponge quenched at the
reduced inverse temperature β = ε/kBT = 6.4 and subsequently
annealed at β = 6.0 and 5.8. Figures 6b and 6c present the growth
of gyrangle polyhedra at β = 5.4 (chiral Model I) and β = 6.4

Figure 3. Model structures. (a) Schematic of a pair of hexagonal
nanoplates with attached complementary (red and blue) single-
stranded DNA or surface ligands. (b) Coarse-grained model
hexagonal plate whose edges are decorated with patches. (c)
Potential, though disfavored, planar 2D honeycomb configuration,
63. (d) Potential columnar configuration (e = 0). (e) Potential planar
hexagonal configuration (e = −3ε). (f) The target hexagonal
nanoplate assembly: a truncated octahedral sponge building the
Petrie−Coxeter infinite (or bicontinuous) polyhedron {6,4|4} (e =
−6ε). (g) Coarse-grained model of the triangular nanoplate with
patches: a single two-colored triangular nanoplate, whose comple-
mentary DNA strands on the same edge are modeled by particles
located in regions of different colors. (h) Potential planar triangular
configuration 36. (i) Potential planar chiral hexagonal configuration
(e = −3ε). (j) The target gyrangle nanoplate assembly (e = −6ε).

Figure 4. (a−e) Models for polygonal nanoplates bounded by nodes
represented by uncharged gray balls with sticky patches composed
of oppositely charged red and blue particles. (a) Hexagonal
nanoplate design. (b) Our model of the boundary edges comprised
20 × 6 nodes including red/blue patch particles. (c) Triangular
nanoplate design. (d) One design of triangular boundary edges
(Model I), made of 22 × 3 nodes, containing built-in chiral patches.
(e) An alternative edge model (Model II), with 30 × 3 nodes
including protruding achiral patches. (f−h) Cross sections of
targeted plate junction designs, with obtuse (109.5°) and acute
(70.5°) dihedral angles between plates. Red and blue points indicate
the centers of the patch particles; light blue circles indicate the
interaction range of blue patches. (f) Obtuse/acute (top/bottom)
geometries for hexagonal nanoplates, whose sticky patches favor the
formation of the obtuse over the acute fold. (g) Triangular chiral
plate junctions (Model I), for which obtuse and acute folds are
equally likely. (h) Junction design for achiral triangular plates
(Model II) with protruding patch particles allowing both folds.
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(achiral Model II). The evolution of orientational order
parameters53 (defined in the Methods section) is also shown.
These orientational order parameters tend to values Q2 = 0.000,
Q4 = 0.509, and Q6 = 0.629 for ideal polyhedra. For achiral
model II, the coexistence of enantiomers is observed as
displayed in Figure 6d.

DISCUSSION
The model assumes ideal, monodisperse, regular polygonal
plates, which may be difficult to synthesize in the laboratory. In
practice, systematic variations of nanoplate geometries have
been observed, with plates subject to faceting, pinching,
elongation, and truncation.8 In this context, we note that
truncated triangular nanoplates are also realizable in practice,
forming irregular hexagons with alternating edge lengths. Those

plates also assemble into bicontinuous P-like polyhedra, albeit
unbalanced, with unequal volumes on either side (as in the
gyrangle). The resulting convoluted sheet has space group
Pm3̅m (a subgroup of Im3̅m). Less regular shape fluctuations are
expected to give rise to structural imperfections, such as point
defects (vacancies), leading to self-limited dimensions.35,36

However, since the system is three-dimensional, we expect that
such positional and/or orientational (thermal or quenched)
fluctuations are suppressed compared with those in low-
dimensional systems, where positional fluctuations diverge.
Rather we suspect that soft (rather than rigid) interactions may
compensate for the propagation of order, even with such shape
variations. A more detailed analysis of admissible variations of
nanoplate geometries remains unanswered in the present study.
The geometric complexity of the targeted gyrangle assembly is

relatively complex with specific dihedral angles between
adjacent triangular plates. It turns out, however, that complex,
direction-dependent interactions between are unnecessary, as
they emerge as a result of favored edge interactions for both
Models I and II. To be precise, further geometric consideration
sheds light on the design principle of interactions. In the case of
the hexagonal plates (Figure 4f), we can safely make the
interaction range a little smaller than the thickness of the plate to
prevent the columnar configuration (Figure 3d).
In the case of the targeted gyrangle, the situation is more

complicated than we expected. In Model I (Figure 4g), the
interaction range may be reduced to as small a value as possible.
However, in Model II (Figure 4h), simulations reveal that
gyrangle assembly is favored when the interacting-colored
particles protrude 0.5−0.6σ beyond the triangular plate
(Supporting Information SI2). Finally, we note that the half-
shifted equilateral triangles spontaneously self-assemble into a
right- or left-handed gyroidal Platonic solid without gaps or
structural degrees of freedom with space group I4132. The
chirality of the resulting gyrangle is predetermined in Model I,
since the triangular plates have a fixed chirality. Model II affords
insights in the nucleation and growth processes of the chiral
assembly, since either enantiomer is equally likely theoretically.
As shown in Figure 6c, we always observed a plateau in energy at
the early stage of Monte Carlo simulation due to slow
nucleation. Simulations within that model, with up to 384
nanoplates, led to the growth of a single-handed giant crystal,
which swallowed small embryos in our simulations (Supporting
Movie S4). However, we found a preliminary simulation with
512 nanoplates showing the coexistence of enantiomers

Figure 5. Growth of the truncated octahedral sponge and the gyrangle (chiral Model I) assemblies. Facets are shaded according to their
unoriented normals (two colors) or oriented normals (four colors) for (a−f) and (g−l), respectively. Snapshots from simulations showing
growth: (a, g) 5 × 106. (b, h) 2.5 × 107. (c, (i) 5 × 107. (d, j) 108. (e, k) 2 × 108. (f, l) 4 × 108 Monte Carlo steps (MCS).

Figure 6. Energy and orientational order parameters of the
truncated octahedral sponge and the gyrangle. Energy per polygon
in units of ε, and orientational order parameters Q2, Q4, and Q6 for
normal vectors of polygons versus Monte Carlo steps are shown. (a)
Growth of a truncated octahedral sponge quenched at β = 6.4 and
annealed at β = 6.0 and β = 5.8. (b)Growth of a gyrangle quenched at
β = 5.4 (chiral Model I). (c) Growth of a gyrangle quenched at β =
6.4 (achiral Model II). (d) Coexistence of enantiomers. Facets are
shaded as in Figure 5.
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(Figures 6c and 6d, Supporting Movie S5) with a long tail in
energy within the simulation time. Since a gyrangle crystallite is
rigid and melts from its surface only, like peeling an onion, the
coarsening process cannot be due to coalescence of liquid
droplets or usual crystallites. It is therefore expected that either
one of two crystallites of equal size melts after a long time, or
both remain, as observed in the gyroid-like assemblies of chitin
found in wing scales of butterflies.47 The details of growth of a
single gyrangle enantiomer remain open along with possible
applications of these self-assemblies.

CONCLUSIONS
In conclusion, we have demonstrated through Monte Carlo
simulations that hexagonal/triangular nanoplates self-assemble
into faceted, sponge-like bicontinuous polyhedra with compart-
ments and corridors via complementary interactions. We have
also proposed explicit recipes for constructing bicontinuous
polyhedra using hexagonal and triangular nanoplates, which are
assembled through regioselective interactions on the plate
edges. Our focus was on two simple bicontinuous polyhedra: the
well-known Petrie−Coxeter infinite polyhedron and the unsung
“gyrangle”. Notably, the latter structure exhibits chirality with
both left- and right-handed versions. We discovered that the 3D
chiral Hart gyrangle can be assembled from both chiral and
achiral triangular nanoplates adorned with different junction
designs. The abundance of closely related patterns in synthetic
and living materials suggests that these programmable
assemblies of nanoplates into primitive and gyroid-like
bicontinuous structures offer valuable insights into the study
of self-assembly.

METHODS
Crystallographic Description. Wyckoff positions of the gyrangle

infinite polyhedron displayed in Figure 2 are as follows: Vertices of
equilateral triangles are located at sites 24h (..2) of I4132 with y = 3/8,
centers of triangles are at sites 16e (.3.) with x = 7/24, and centers of the
two parallel triangles are at sites 8b (.32), forming the srs network
(Figure 2h). It is interesting to note that vertex locations of either hand
of the gyrangle are identical, but the mutual arrangement of triangles
differs.
Packing Fraction. The side of a hexagonal plate is √2/4 (= 0.354)

in units of the cubic unit cell, and the total area of a sheet composed of
eight hexagonal plates is 3√3/2 (= 2.589). Thus, the packing fraction is
(3√6/8)p (= 0.919p), where p (= σ/l} is the ratio of the thickness to
the side, ignoring the overlaps of adjacent nanoplates. In the same
manner, the side of a triangular plate is √2/2 (= 0.707), and the total
area of a sheet consisting of 16 triangular plates is 2√3 (= 3.464). The
packing fraction is √6p (= 2.449p). For equal p, the gyrangle structure
is denser than the {6,4|4} sponge because the surfaces of the gyrangle
are more folded with both mountain and valley folds. For simulations,
the fractions are calculated by substituting p = 1/10, 1/11, and 1/15,
respectively. Since the overlaps are neglected in the above equations,
the actual packing fractions are smaller. Actual fractions, including
overlaps, depend on the junction design. In Figure 7, tentative curves of
upper bounds (full overlaps forming a connected sheet) and lower
bounds (no overlaps by self-assemblies of hexagonal prisms/truncated
triangular pyramids) are shown. The lower bound for the gyrangle
decreases rapidly due to the complexity of the mountain and valley
folds. The values in the main text are the lower bounds. For the gyrangle
structure, the volume fractions of the two labyrinths are unequal, as
shown in Figure 8, as a function of the thickness of the plate using the
upper-bound model. Details of calculated models are given in
Supporting Information SI3.
Monte Carlo Simulations.We ran NVTMonte Carlo simulations

confined to a cubic box under periodic boundary conditions. All runs
with hexagons included N = 512 nanoplates, whereas N = 512 and N =

384 triangular plates were included for Models I and II, respectively.
Since our goal here is to explore the most general organizational
principles, independent of chemical details, we have ignored detailed
solvent effects, fluid dynamics, and specific chemical interactions. In
practice, we select a random plate, then translate and rotate it randomly,
with respect to an arbitrary axis using quaternions. To satisfy hard steric
conditions, we check all nodes on the edges of both moved and
neighboring plates are outside other plates. Jump distances and rotation
angles for theMonte Carlo procedures are adjusted automatically to set
the acceptance ratios 1/3. No collisions and entanglements have been
observed. Those stochastic movements afford an approximation of the
general features of solvent immersion. The plates assemble in a heat
bath, although the process is nonequilibrium. We assume that
interactions between plates stemming from DNA-mediated inter-
actions are reversible.30,31 Starting from a random state, the simulations
consist of a quenching stage at a reduced inverse temperature β = ε/kBT
= 6.4 until 2.5 × 108 Monte Carlo steps (MCS) and annealing stages at
β = 6.0 ((2.5−4.0) × 108 MCS) and finally at β = 5.8 after 4.0 × 108
MCS for hexagonal plates to avoid metastable states and allow slow
annealing. For triangular plates, we perform constant-temperature
simulations at reduced inverse temperatures β = 5.4 and β = 6.4 for
Models I and II, respectively. The typical number of steps was between
2 and 5 × 108 as appropriate, with similar durations of the two stages,
where energy and other quantities are averaged over 2.5 × 106 MCS.
Several random seeds are prepared at the same temperatures to check
the dependence of the assembly process on starting configurations: the
process is reproducible regardless of its initial state.

Figure 7. Packing fractions of nanoplates as functions of thickness in
units of the cubic unit cell for the {6,4|4} and the gyrangle. The
estimates due to the equations in the text (Eq), full overlaps (Upper
Bounds), and no overlaps (Lower Bounds) are plotted.

Figure 8. Volume fractions of two labyrinths as functions of
thickness in units of the cubic unit cell for the gyrangle. The volumes
of small and large labyrinths are deduced from the upper-bound
model.
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Orientational Order. To explore the orientational ordering of
polygonal plates, we define a normal vector for the ith polygonal plate as
ni and evaluate Ỹl,m(ni), where Ỹl,m(ni) is a real form of spherical
harmonics. The average over all plates is taken as
. We then define the orientational order parameters that are invariant
under rotations:

As shown in Figure 1, the octahedral sponge consists of four sets of
parallel hexagons normal to the body diagonals of the cubic unit cell.
Similarly, the gyrangle consists of four sets of parallel triangles normal to
the body diagonals of the cubic unit cell. Accordingly, they have the
same idealQ values: ⟨Q2⟩, ⟨Q4⟩, and ⟨Q6⟩ are tending to ideal values:Q2
= 0.000, Q4 = 0.509, and Q6 = 0.629, as shown in Figure 5.
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