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S1 Iterative propagation of internal coordinates

The iterative protocols introduced in ref. [1] to remove a set of internal coordinates from

the harmonic space can be schematiced with the following figure.
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Figure S1: Diagram with the steps to iteratively project out a set of internal coordinates

from the Hessian.



S2 Supported properties

As described in Section 2.2 of the manuscript, the code implements a wide range of
spectroscopies and non-radiative rates. In that section, the relevant equations for OPA,
EMI, ECD and CPL are shown. The expressions implemeted in the code for the rest of

spectroscopies are shown below.

S2.1 Magnetic circular dichroism

Vibrationally resolved magnetic circular dichroism due to the Faraday B term can be
computed exploiting the same expressions described in the previous section for one-
photon spectroscopies|2|. In a TI formalism, the anisotropy of the molar absorptivity for

a sample subject to an external magnetic field B, is

A
(w) = CwL(w) (S1)
Bewt
where the lineshape in this case is given by,
Lw) =YY pv.(T)B(ivi, fvy)d(ws — wi + (AE/h — w)) (S2)
VI

f

The Faraday B term B(iv;, fv;f) is written as a sum over the vibronic states be-
longing to excited states different from the initial one. Assuming that the electronic
transition frequencies are much larger than vibrational frequencies, an approximated

expression, suitable to be adopted in vibronic computations, is obtained|2|:

B(ivi, [vy) = €apy Im[(viluld [V ) (v |T32 V)] (S3)
where €, is the Levi-Civita symbol, and a summation is implicitly involved (Einstein’s

notation). The tensor T has elements,

| pglk) (k ; kY (k
ng:Z<Z!u6| ) (Klmy [ f) 'y (i|my k) (K| pg| ) (s4)
By WE — OJg WE — wf
k#g k#f
HT expressions can be obtained by expanding linearly both the Cartesian components

of electric transition dipole ,uaf and of the tensor Tgfy’ . The formal similarity between



MCD and ECD expressions allows to implement MCD computations in FCclasses3 ex-
actly as for ECD, by simply substituting the values of the magnetic transition dipoles
by combinations of the elements of the tensor 779 (and the corresponding derivatives for

HT calculations). Further details are given in ref. [2].

S2.2 Two-photon absorption and circular dichroism

The TPA/TPCD intensity and the lineshapes are connected by the following relation,

S(w) = Cw?L(w) (S5)

where the expression of the constant C' to obtain the spectra in Goppert-Mayer (GM)
unit can be found in the literature[3|. The lineshape in the TI formulation leads to the

following sum-over-states expression (see ref. 3] and references therein):

= 3 A T)DV (g — i+ (AB /= 2)) (56)

vi Vf
where the key quantity is D™V¢/Vs and we make explicit the dependence on both the
initial ¢ and final f electronic states.

Both in TPA and TPCD, D depends on the frequency which is approximated to its

value at the vertical transition wp. In particular in TPA, D¥Vefve = 5;:’ ;’ivf (wp) and,

5?;,£Vf(wo) _ Z(F % S&\g,foS;,ivl Jvg +G % SZV“foS* Vi, fvy +H x SZV“foS* zvz,fo)

o,
(S7)

where summation runs over the Cartesian components. In the limit in which the elec-
tronic transition frequency is much larger than the vibrational ones,[4]| the two-photon

transition matrix element S “f Y7 is approximated as (v;]S" oB (wo)\v ), where

w—hZ (l1ta ) (lpt51S) + il118) ol ) s

WE — Wo

In a HT calculation Sfl’g is expanded linearly in the normal coordinates of the initial

state. The constants F, G and H are 2,2,2 for linearly polarized beams and -2,3,3 for
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circularly polarized beams. Further details can be found in ref. [3].

For TPCD in Eq S6 D™V is replaced by the two-photon rotatory strength R?’ ;é}f (w),

RYSE @) = =01 Bi(w) — baBa(w) — by By(w) (59)
where the constants get the values b = 6 and by = —b3 = 2 and we define,
1 v .
Biw) = 5y My it (510)
apf
1 . . .
By(w) = 53 SO qelve prive e (S11)
af
o i DIV, [V 5pyivi, fvy*
Byw) = — > M Py (S12)
apf

The three tensors M, T+ and P are described in ref. [3]. Approximations analo-
gous to those employed for TPA lead to convenient expressions for vibronic calculations
valid when electronic transition frequencies are much larger than vibrational ones. For

instance, for the matrix elements of tensor P, we have P gvi’f MERPS (vZ\P;g (wo)|vy) and

P (wo) =

3 (il e k) (Rl  £) + (il | ) (K|l £) 513)

% WE — Wo
where pb is the a Cartesian component of the dipole velocity operator. Also for TPCD,
an HT approximation is possible by expanding linearly Pé’g(wo) as a function of the

normal coordinates.

An analytical correlation function for this property within a TD formulation can also
be derived|5, 6]. In section S3.1, we present the derivation carried out for this work in
our group, and implemented in the FCclasses3. The analytical correlation functions for
TPA and TPCD takes a form very similar to those already derived for OPA, and also in

these cases they have been implemented including the FC and HT terms.

S2.3 Vibrational Resonance Raman

In vibrational RR spectroscopy, we consider vibrational transitions from the ground (g)

vibrational state of the ground electronic state |09), to another vibrational state of the



same electronic state \v?). The transition polarizability tensor due to monochromatic

incident radiation with angular frequency wy is

k k
VD [V (Vi io?|09)

Whkm,g0 — W1 — 1Yk

af0 = % 3 ( (S14)
kv,

where the sum is extended in principle to all excited electronic states k and their corre-

sponding vibrational states |v¥ ), but in practice, it is computed for a particular resonance

state. This expression can be formulated in the time-domain exploiting resorting to the

relation 1/z = i/h [;° dte™**/" leading to[7],

af? = % OOO dte-&-itwfe—itAE/he—'ykt<v?’Mgke—iﬁmt/hul;ge—i-iﬁgt/h‘Og) ($15)
where H,, and ﬁg are the vibrational Hamiltonians for the intermediate and ground
states, respectively. The matrix element in bra-ket notation within the time integral can
be identified with a correlation function, whose Fourier transform provides the elements
of the polarizability tensor. The Cartesian components of the electric transition dipole
,u%k can be expressed as a linear function of the normal coordinates. In that case the
polarizability tensor is split in 4 terms "FC-FC", "FC-HT", "HT-FC" and "HT-HT"
respectively, which can be evaluated with TT [8] and TD [9, 7, 10] formulations. In the
code, we have implemented our own derivation of the TD expression up to overtones
and combination bands, which is shown in section S3.2. FCclasses3 computes the RR
signal as a two-dimensional spectrum as a function of the incident w; and scattered wg
frequencies. The intensity is computed as o'(ws,wg), the differential cross-section with
respect to the scattering solid angle, for a scattered light with any polarization with
respect to the scattering plane, collected at 90 degrees with respect to the direction of

propagation of the incident light (with perpendicular polarization).|8]

4502 + 792 + 5d?
o' (wr,ws) = Cwd a +4§ +

where the rotational invariants a, g and d are respectively the so-called mean polar-

(S16)

izability, symmetric anisotropy and antisymmetric anisotropy and are obtained by the
polarizability tensors. The expressions for a, g and d and for the constant C' can be found

in ref. [8]. If N quasi-resonant electronic excited states exist, they all contribute similarly



to the polarizability tensors and interferential effects can emerge in the intensities. They

can be described with FCclasses3 adopting a multiple-steps calculation [11]

S2.4 Internal conversion and other non-radiative rates

The non-radiative rate constant is given, following the Fermi golden rule, by:

27
bur = S 2 D (T Vil v g) P (o — heos + AF) (517)

Vi Vf
where H 7 represents the (small) coupling term that gives rise to the transition between
isoenergetic vibrational levels from the initial and final electronic states and, in general,
may depend on the nuclear coordinates. The Dirac delta ensures energy conservation
considering that AF is the adiabatic energy difference between the minima of the initial
and final PES, and hw; and hwy are, respectively, the energy of the vibrational states in
the initial and final electric states. In practice, the Dirac delta is replaced by a broadening
function, g(w), which can be either a Gaussian or a Lorentzian (or a combination as in
the case Voigt profile). py,(T") is the thermal population of the vibrational states in the

initial electronic state.

For scalar couplings (intersystem crossings, charge-transfer or exciton transitions),
the above expression is similar to that of one-photon lineshapes (Eq. 8 in the main
text), setting w = 0. Therefore, the evaluation of the rate can be carried out with
the same TD and TI techniques already implemented for one-photon spectroscopies.
Applications of this approach have been published for Charge Transfer rates[12| and

intersystem crossings|13].

In the case of internal conversion triggered by non-adiabatic derivative couplings

between the initial and final adiabatic states, H; f takes the form,

/ 2 4
r=—h AN ——. (S18)
if k
o O
where Azf are the elements of the non-adiabatic coupling vector among electronic states,
which can be evaluated with electronic structure methods. Although they may gener-

ally depend on nuclear coordinates, we adopt the FC approximation and take them as

constant. The TI formulation for the IC rate can then be expressed as,



bio =270 37 3 pu (Tl Vlvy)Po(los — o + AE)  (19)

Vi Vg

Despite the FC approximation being adopted, the derivative nature of the operator
prevents the direct reduction the problem to a simple computation of FC factors, as done
above. In the harmonic approximation, the derivative operator can be evaluated adopting
second quantization, introducing the momentum operator b, = —iha%gk. This leads to a
problem very similar to that of HT terms for OPA /EMI, which can be solved following
similar protocols to evaluate the sum-over-states efficiently (e.g., using the FCclasses

algorithm).

In a TD formulations, the IC rate is expressed similarly to the OPA/EMI lineshape

(Eq. 9 in the main text), in terms of a correlation function,

kic = 12 / dt e MAEMNIC(1 T)g' (1) (S20)

where ¢/(t) is a damping function and x'¢ is a correlation function that reads,

X, T) = Z- Ty [Aif Ve s Al VQe—iﬁm] (S21)

vib

where 7; = t/h and 7; = —if3 — t/h, and H; and H; are the vibrational (harmonic)
Hamiltonians for the initial and final states. The above correlation function can be
evaluated analytically as shown in refs. [14, 15, 16]. The calculation eventually provides
a spectrum-like object, with the values of k;¢ as function of the energy difference between
the initial and final PES minima. The searched value kjc must be taken at the specific
AFE value but evaluation of the full profile can be interesting to check the quality of
the results.[17] Since in many cases AE is large (especially when the final state of the
transition is the ground-electronic state), the actual value of the rate is actually taken
in the very tail of the k;c. This is the part where TI calculation usually suffers from
convergence problems, limiting its applicability for already moderate AE values (> 1.5-
2 eV), making TD formulation the method of choice for these type of calculations[17].
In any case, for large AFE caution is still needed even in the TD implementation when
using a Lorentzian broadening, since, due to its slow-decaying tail, it can dominate the

estimate of the rate, making it unreliable. It should be further warned that for large



AF the reliability of harmonic approximation can be questioned. A detailed discussion

of these issues can be found in ref. [17].

S3 Other implementation details

S3.1 Correlation function for two-photon absorption

To get a working expression we need first to plug the expression for drps (19) into
that of the two-photon lineshape (18), approximating Sz:g’fvf by (VZ\SZ[g (wo)|vy). We
then transform the Dirac delta (or the convenient broadening function) with the Fourier
Transform, i.e., 0(w; — w; + AE/h — 2w) = 1/21 [ dte@s=witAB/h=20) and consider
that p; = Z

mbe_m “i to yield (note we drop the explicit mention to wy dependency),

L(w) _ 1 / dt Z Z e Bhwle itwy e+zthe it(AE/h—2w)

Lyip2m vi vy

{Las FVISEIV 1S5S v + GlSEHIv ) (v S5 vid + H vl SEE v ) (v 1S3 v}
(S22)

We now introduce 74 = t/h and 7; = —i8 — t/h and reorganize the exponentials,

1 e ,
L(w) —_ ~ b27r/ dte—zt(AE/h—Qw)X
{Ea,BFZ EVf<Vz|Saa€_meTf’Vf><Vf| Sizhe M |vi) + (S23)
Gy, X, (vilSih _m’””f\Vf><Vf|Sag€ BTy )+

0y, zvf<vz-|s;;;§e s v (v | Sile v }

The term in curly braces correspond to the correlation function whose Fourier Trans-
form would lead to the lineshape, x7pa(t,T). Further recognizing that Aw; and fuvy
are the eigenvalues of the nuclear Hamiltonian operators for the initial and final states,
and exploiting the closure relation for the final state, va |v#)(ve| = 1, the correlation

function can be expressed as,



XTPA (t,T) = Za”b’ FY, <Vz|5aae ihw Ty Si’f —ihw;T; lvi)+
G Z <VZ’SZ’f —ihwpTy S%f —ihw;T; ’V > (824)
H Z <VZ|SZ f —ihwyTy Sl f —thw;T; ’V >

We now adopt FC and HT terms to describe the dependency of electronic tensor

elements in terms of nuclear coordinates,

Nyip 6 Q Nyip
S (Q) = Qo + Z ( — A QK = Z Sa’g’g) (S25)

where we introduce a simplified nomenclature for the value of the element at the reference
geometry (S o], (0)) and its first derivative with respect to k-th coordinate (S f (1 )) Nyib

is the number of vibrational coordinates.

Substituting that expression in Eq. (S24) and rearranging we arrive to,

XA T) = xpet,T) + xpeyur(t.T) + Xar/ar (. T) (526)
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where each term is given by,

xro(t,T) ZF (>+G R (>SZ£,(0>+H,52£,(0>S%,(0>
/dQ<Q|e—itHf/h6—(5—z’t)Hi/h,‘Q> (827a)
Q
xro/ar(t,T) Z ZF S;ik ’f’( )+ G- Saggc)si’]gc’(o)-i-H Svf’(l)s,f(o)
/QdQ<Q‘le—itHf/he—(ﬁ—it)Hi/h’Q>_|_ (S27h)
Z ZF SEEO SN | G gREO G | g ghhO) gl (D)
/ dQ(Q|e— /My e~ (=D H:/h Q)
Q
Xarynr(tT) = ZF Sumi Sahi” + G- S Sk + H S sl

Ba,l

/ dQ(QIQue /4 Qe =N i/ Q) (827¢)
Q

where k and [ index in the sums run over the NN,; vibrational coordinates and we have
evaluated the trace over the coordinate space, instead of the vibrational wavefunction
space, i.e., Tr[A] = Do, (vilAlv;) = / dQ(Q|A|Q) The analytical solution of the integrals
can be carried out|18, 14], to provide the following expression for the total correlation

function,

X T) = X, T ( 00)+Z[ S+ 8OV (D)t

Z 5 AHT

(S28)

where k£ and [ indexes in the sums run over the IN,;, vibrational coordinates and we have

11



introduced the elements,

00) ZF Sz ,f5(0 zf(O) + G- Szf(O)SZf(O) +H- S i, f, (O)S 7f (0) (8293)
10 if,(1 ,f, 0 i,f,(1) o, f,(0 i,f,(1) gisf,
) = ZF R AN R e SN A/ BECI i (S29b)
ZF 10 B,g,l(:) L a.s" f’(O’SZ:};’,i” +H-S" ifs (O)SB,CJ:;) (S29¢)
11 i, f5(1) o, (1 i,f,(1) i, f,(1 i,f,(1) qi.f,
)= ZF Saak ﬁﬁl( '+G- Saﬁgc)szyﬁ,g '+ H- Saﬁsf)sﬁag : (529d)

The FC correlation function, x¥'¢(¢,T), is given by,

det(ag) det(a;) _
FCu T = ~K'd;K + KT'd;JD 1JTq;K
(1 T) =\ GREN det(©) der(D) = P | + ] (830)

The a,, aq, ¢q and d, (where o = i, f) diagonal matrices depend on the time, and

they are defined with elements,

Wk
(aa(T))kk = m (S31a)
Calr D = Siihers 73 (S31b)
(da(T))kk = m (S31c)

where a = i, f refers to the either initial (7) or final (f) states, wy is the frequency of
each harmonic oscillator and the 7 is defined as 7; = —t — i3 and 7; = t for the initial
and final states, respectively. From these ones, the following matrices, also depending on

time, are defined,

C(T’ian) - Cf( ) + J CI(T’L)J (8323)
D(7;,7s) = dg(7y) + ITdi(r:)d (S32b)
Dur = -D'J7d;K (S32¢)

1
Agt = DDt + §(D_1 -Cc™h (S32d)
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An analogous expression is derived for TPCD, by appropriately changing the defini-

tion of the & matrix elements as follows,

1 A A A A A A
8(010) — 73 Z b3 . M&7£7(0)P11f7(0) + bj . T;Iézjf(O)Pz’f,(O) + bl . M11f7(0)P7’1f7(0)
w
of

TPCD BB 2 of ap Bex
(S33a)
(1’0) R _1 A7f7(1) A’f?(o) b2 +7A7f7(1) A7f7(0) A7f7(1) A7f7(0)
Srpepik = el Zbi’» : M;a,k PZs’B Ty Taﬂ?k P;ﬁ + b1 M;B,k P;m
apf
(S33b)
oy _ —1 L £,0) pinfs (1) D2 i ,(0) pinfi(1) 1 £,0) piofo(1)
Srpepg = g )b Ml O Pysy + 5 T U P o Moy Py
apf
(S33c)
(171) P B '7f7(1) '7f7(1) b2 +7'7f7(1) '7f7(1) '7f7(1) '7f7(1)
STPCDRL = 3 > b3 Mo Pagy + 5 Togi Papi” +b1 Mgy Py
afB
(533d)

where the tensors M, T and P and the constants by, by and b3, are those referenced in

the manuscript.

S3.2 Correlation function for Resonant Raman spectroscopy

The elements of the polarizability tensor at 0 K can be computed from,

) m . . g
a,’jg = % dtetiwr e_”AE/he_"“"thé (t,T) (S34)
0

where the following correlation function for the (p, o) element was introduced,

g A ~ . A
XL‘;f> (t, T) _ <V§c|,U,gk6_ZHmt/h,U,§g6+ZHgt/h|Og> _ ezE’ot/h<v§c"ufg)ke—szt/h'ul;g|0g> (835)

where Ey = 1h ZZN:"{" wj
If we now add two complete sets of normal mode coordinates in the initial and final

states,

13



|vg> Z . o0 o0 o0 oo _ _
o (4, 7) = ot / / / / 4Q1dQ 1dQ,dQ;

(V1Qi) (Qil 2" 1Q) (Qyle™ /M Q) (Q 159 Qi) (Q:10)

(S36)

The elements uf,k and ufig generally depend on nuclear coordinates, and they can be

expanded as Taylor series in terms of Qy

" " Nvib 8/,Lgk(Q) k.0 N’m’b i (1)
u3(Q) = i (Qo) + kZ ~o0, Q=m0 kZ Hoi Qs (837)
=1 =1

where both the constant (FC) and linear (HT) terms are included, and a simplified
notation to represent the first derivatives is introduced. Using the Duschinsky relation

between the normal modes in the initial and final states, Q; = JQy + K, we can write:

(Qilug"(Qp)|Qy) = 1gH(Qf)6(Q: — IQs + K) (S38a)
(Qfluk(Qp) Qi) = 1h(Qy)5(Q: — IQy + K) (S38b)

The projection of the vibrational eigenstates in the coordinate space corresponds to
the vibrational wavefunctions. Focusing on the Rayleigh (|V3}c) = ]09)) and fundamental

(\v?) = |09 + 17), with k =1, Ny,;), the relevant wavefunctions are,

det|T;] _10tr.0.

(09 +171Qi) = V2T Qi EN[/Je QT (S39a)
det|I';| _1 0.

(09]Qi) = WN[M]e QN (S39b)
_ det|T;] _16tr.6.

(Qil0%) = 7-r]\£/4]6 QT (S39c¢)

where I'; is a diagonal matrix with elements I'; pr = w; 1,/h.

Finally, we exploit the analytical expression for the off-diagonal matrix elements

evaluated within the Path Integral formulation by Feynman,

Ciffer A detfay(7)] 1/2 1[2Qtb;Q+1Qlb; Qs —QlasQy|
<Qf|€ i f7'|Qf>: W enl2=fPfefToieyPfi<f fAf=f (840)
T
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where a and b are diagonal matrices, with elements,

_ Wik
(ap(T))kk = Sy 7] (S41a)
_ Wik
(bf(T))kk - tan(ﬁwﬁm') (S41b>
iEot/h _ 1

Plugging the above expressions into Eq. S36, considering that e

= det[e—"Ti)1/2°

and after some manipulations (see Refs. [19]), the correlation function can be expressed

as,

det(ag) det(a;’)\ /2 iy S _

e ()
Mﬁk(Qf)Mgk(Qf)Fvg(Qf) (S42)

exp [; (;Q;qu +5QUBQ; + K'EI(Q; + Q) - Q;Aafﬂ

where the factor FU? (Qy) is 1 for the Rayleigh band and /2T, (aQy + Kj},) for funda-
mental bands. We have introduced « vector, with elements o; = Ji;, and Ji; and Ky
represent elements of the Duschinsky matrix (J) and normal mode displacement vector

(K), respectively. Moreover, the following matrices are introduced,

2ihI';

a; = g5 (S43a)

A =ar (S43b)

B = by — J'(ihT;)J (S43c)
E = ihl; (S43d)

The above Gaussian integral can be solved|19] by first applying the change of variable,

1 1
=5 G

which decouples all coordinates in the integrand, followed by an additional change of

Qs+ QU = —=(Qf — Qy) (S44)

15



variable to get Gaussian integrals in the standard form,

Z, = D'Y?Z + /2D V2J'q;K = D'/?Z + V2D 1/2 ) (S45a)
U, = C'?u (S45b)

where we have introduced the diagonal matrix d; with elements d; pr, = wy and the

matrices,

C= —%(B +A) (S46a)
D= —%(B _A) (S46b)
(S46¢)

After such transformations [19], the integral is simplified to,

o =0y [ [ emtress |- zim] e |- vt (547
udF (21, Uy)pdF (21, Uy F, ve(Z1,U)

where we have indicated that ,up , Ma and ijg are expressed in terms of the new variables,

Z1,U1, and we grouped the common integral prefactor in yg, which reads,

det(ag) det(a;’) T T —11T
_ ~KTdiK + K7d;JD1ITd;K 4
Xo \/ (ih)2N det(C) det(D) exp | + ] (548)

The expressions for the transition dipoles in terms of the new coordinates, Z, Uy,

read,

V2 N V2 _
9#(Qp) = pdt0 + (i)' Qy = g0 + 7(#,9))@ 127, + 7(#2”)“3 V20U + (p) Dy
(S49a)
_ V2 _ V2 _
1o (Qp) = 16" + () Qp = g + = () D22y — () CTPUL + () Dy
(S49b)

16



where Dy = —D7 A, with A = K!d;J. Multyplying both terms we arrive to the

general expression,

pdhpks =Y° + Y72, + YVU, + 20Y?72, + UL YUV U, + Z0 Y7V

with,

YO = pgPOpke0 4 (uFO(u) + ph O (uS) D g + Tr[MpeD Dy 7]

Y7 = Y2 [0 (u) 4 500+ Dy (Mo, + M) D1
V2 ]
YU = 22 D) 4 kO (1)~ D (Mo — M) | €712

YZZ — lDfl/QMpo_Dfl/Q

2
1
YUU — 750—1/2Mpac—1/2
1_._ _
YZU — §D 1/2(Mgp . Mpo’)c 1/2

(S50)

(Shla)
(S51b)

(S51c)
(S51d)
(Sh1e)

(S51f)

where we have introduced the matrix My, with elements (My,);; = (ugl))i(ugl))j.

Before integrating, we also need to specify the type of bands (Rayleigh or fundamen-

tals). Each type is revised in the following subsections.

S3.2.1 Rayleigh band

For the Rayleigh band, ij{ = 1, and the correlation functions reads,

X|pog-> XO / / ledUl exp |:—Z 21:| exp |:_U U1:|

(YO + YZZ1 +YYU, + Z)Y?4Z, + UYYYV U, + Z0Y PV

= XO(QTF)N/ / dZ,dUy exp {—22321] exp |:—2U§U1:|

(Y°+21Y?7Z, + U YUVU,)

17
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where we take into account that only integrals with even exponents on Z; and Uy ; are

non-vanishing. Further using the expression for Gaussian integrals,

/ dx ¢/ =2 (Sh3a)
/ dz 2"e”"/? = (1-3---(n—1))vV2r (n >0 and even) (S5H3b)

the above integral can be fully evaluated leading to,

'uzb
X9, T) = xo [uim (0),m-(0) Zum’ (Dar)i+
(S54)
Zﬂgm W (Dyr); +ZH MZT (1)(AHT)ji
7]

where the sums run over the N,; normal mode coordinates and we introduce the A gr

matrix as,
1
Apr =DyrDi + §(D_1 -Cc™ (S55)

S3.2.2 Fundamental bands

In the case of the k-th fundamental,

2
Fv?(Qf) = \/QFik(an + Ki) = /20 <\g> ‘D~ 1/2Z + \gatCWUl + OLtDHT + Kk>
(S56)

and the correlation function reads,
X|p(f+1k> — QszXo / / dZ,dU; exp {—Z Z1} exp {—UtUl]
(‘g ‘D127, + \Qf ‘C™2U; + o'Dyr + Kk> (S57)

(YO +Y?Z, + YYU, + 2Y??Z, + U YU, + Z)Y?VU,)
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again, we take into account that only integrals with even exponents on Z; ; and Uy ; are

non-vanishing. Further operating all the resulting Gaussian, we arrive to,

X,|o(2rg+1k>(t,T) = Xov/ 2l gk [ m(0) 1, gms(0) (Kk - ZJM Dgr) ) +

1

gm (0) Kkzugz7 DHT ijluoj [ DHT) (DHT) 2((D71) +
1 _

19m:(0) Kkzl"[’pz (DuT)i Z‘]’“”m [ Dur)i(Dut)j — 2((D Dji+ +

Zﬂgm’(l)Mﬁ (Kk(AHT) = (An)si ) Ju(Dir)it
l

DHT ijl “Ha+(C Ha) +;(DHT)iZsz((D_l)jl—(C_l)jl)>
l (S58)

S3.2.3 Overtones

We follow the same strategy to derive an analytical expression for overtones including
HT terms. In this case, the final vibrational state has two quanta over a given normal

mode, so that,

det|I';] _1 O
(09 +27|Qi) = V2T (QF), — 1/2T's) WJ\E/ZL]e 2 QUTQs (S59)

Therefore, the corresponding Fv? factor is given by,

Fv?(Qf) = V2T, [(@Qy + Ki)? — 1/2T] = V2T, [X° + X?Z; + XV U+

77 UU zZU (860)
Z1X77Z, + U XU, + Z21X7YU, |

were we introduce the X matrices to compactly write the expression, which are given by,

X% = K? — 1/2Ty, + 2KraD gt + Tr[BD grDYy 1 (S61a)

X% = V2(Kpa! + DYy B)D71/2 (S61D)
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XY = V2(Kpa! + DYy 3)C 12 (S61c)

X4Z = %D‘l/QﬁD‘l/Q (S61d)
XUV — %C—I/Qﬁc—l/2 (S61e)
X4V = D~1/28C~1/? (S61f)

Using both the auxiliary X and Y matrices (see Egs. S51), the correlation function

can be compactly written as,

X = WFMO / / dZ1dU; exp {—z zl} exp {—UtUl] (XOY0+
onwzzz1 +XUtYYYU, + YZ2! X777, + YOULXYY U, +
Z\(X7)'Y7Z, + Uy (XYY YU +
ZiX%%7,72tY?%%7, + UXUYU,ULYYY U, +
Z{X777, U1 YU, + UIXYYU, 20 Y772, + 21 X7V 0,21 Y V0, )

(562)

The above integral can be solved taking into account the basic rules of Gaussian integra-

tion (Egs. S53), leading to,

X = V2 ux0 {X"Y? + Tr [(X?)'YZ] + Tr [(XY)'YY] + XOTr [YZ7] +

XOTr [YUU} + YOTI" [XZZ] + YOTI" [XUU} + Tr [XZZ] Tr [Y ] o+ Ty [XZZ YZZ t} +
Tr [XZZYZZ] +Tr [XUU] Tr [YUU] +Tr [XUU(Y Uy } + Ty [XUUYUU} +

Tr [XZZ} Ty [YUU] +Tr [XUU] T [YZZ] +Tr [XZU(YZU) ]}

(S63)

Substituting the actual expressions for X and Y matrices, we arrive to the final ex-

pression corresponding to the correlation function for RR overtones (in matrix notation),
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X'ﬁf”’“) = V2lx0 {
(o + (BOmy + whpo)Dar + TrMpe Anr]) (Ki — 1/20% + 2Ko'Dyr + Tr[BBar]) +
(K) + a'Dar) (o Tr[(D™! + C Hapy] + ppTr[(D™ — C oy ]+
(D' + C Y aDprM,,) + Tr[(D™! — C HaDyrM,,]) +
ST(D™ — G )BD + O]}
(S64)
where we introduced the matrix By = DyrDY . + %(D*1 +C71).

S3.2.4 Combination bands

In combination bands, the final vibrational state has one quanta over tow different normal

modes, so that,

det|I’;] _1 ey
(09 + 17 + 171Qi) = 2/ Tl QirQur 7TN[/4 ] e 2 QUi (S65)

Therefore, the corresponding Fv}z factor is given by,

Fug(Qy) = 2v/Tula( Qs + Ky)(auQy + Ki) =
2y/Tu T [X0 +X%Zy + XVU + (S66)
ZiX7?7, + UiX"U, + 21X7VU,
were we differenciate the a vectors as the corresponding (k and [) rows of the Duschinsky

matrix. Similarly, we build different B matrices as 8); = ajaf. The expressions for the

auxiliar X matrices now read,

X" = KK + (Kpay + Kjap)Dyr + Tr[B,DarDlyr] (S67a)
X7 = \f [(Kyof + Kiot},) + Dl (B + By)) D/ (S67b)
XV = Y2 (K0 + Kia}) + Dlr(By + fy)] €2 (s6)

X4Z = %D_lﬂﬂle_l/Q (S67d)
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XUV = %c—l/%klc—lﬂ (S67¢)

X2V = D Y2(B,, + By,)C V2 (S67f)

Again, we get to a similar general solution in terms of X and Y matrices, which

finally leads to the following expression (in matrix notation),

X T = 24 /T3 Do {
(oo + (g, + popg) Dt + Tr[Mpo Apr]) (KK + (Krey + Kio)Dar + Tr[ByBrr]) +

5 (Ki + o Darr) (D™ + G anpiy] + (D! — C g+
Tr[(D '+ C Y yDyrM,,) + Tr[(D ™ — CHeyDyrM,,]) +
%(Kz +a;Dur) (poTe[(D™ + CHaypuy] + ppTe[(D™ — C™Haypg ]+
Tr[(D™' + CHayDurMg,] + Tr[(D™! — C oy DurM,]) +

~Tr[(D™' = CHB(D + C M, + %Tl"[(Dfl +C HB(D - C M)}
(S68)

The resulting expression for overtones and combination bands involve a considerable
increased computational cost, mainly at HT level. The modes involved can be selected
from input to limit the computational burden. By default, all overtones are computed,
while for combinations one could fist run a calculation with all fundamentals and account
for the combinations of only those modes with the more intense fundamentals. Other
approximative strategies to reduce the computational based on generalized thresholds to
identify zero elements in the Duschinsky and dipole derivatives vectors have also been
proposed|[10]. In our implementaton, we compute all tensor elements simultaneously, and
avoid recomputing some arrays that have the same value among iterations. This requires
some extra memory, but significantly accelerates the calculations. This strategy can be

generalized to group different modes that are computed simultaneously.

S3.3 Broadening functions

In order to account for additional broadening effects, such as solvent inhomogeneous
broadening or natural broadening, the spectra can be convoluted with a convenient broad-

ening function (Gaussian, Lorentzian or a combination of them) that account for such
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effects. TD spectra achieve this by multiplying the correlation function by the corre-
sponding decay function, corresponding to the Fourier-transform of the related broaden-
ing function in the frequency domain. Other types of broadening, namely exponential
decays (right, R, or left, L) are also implemented within the reconvolute_TD tool. The
corresponding expressions in frequency and time domain for each type of broadening are

given below,

Broad. Freq. domain Time domain Rel. with HWHM
Gaussian O_\}ﬂewz/ 20° \/12?60%2/ 2 o= }\I/V%;
Lorentzian 71ru12:|y—’y2 \/1276_7” v =HWHM
Exp. decay (R) ae *;w >0 \/127(1 _1 m a= QHI\I;/,ﬁ
Exp. decay (L) ae™;w <0 \/127(1 j_ n a= QHI\I;/'ﬁ

Asindicated above, both Gaussian and Lorentzian broadening are available in FC classess,
which lead to Gaussian and exponential decays in the time domain. Additionally, both
broadening can also be combined, which is sometimes referred to as a Voigt profile. In
TI, this implies the successive applications of each broadening function, while, by virtue
of the convolution theorem, it leads to simply multiplying the corresponding decays in
the time domain. In all cases, the extension of the broadening is controlled by the width
of the function, usually characterized by the Half Width at Half Maximum (HWHM).

S3.4 Discrete Fourier-transform of the correlation function

Although the analytical expression for the correlation function is known for different
spectroscopies, its Fourier-transform (FT) must be evaluated numerically. This first
requires substituting the infinite range for the integral by a finite range, —7g to 79. Since
the correlation functions monotonically decay to zero for ¢ — 400, selecting a sufficiently

sizable finite range would suffice to get reliable results. In any case, to reduce numerical
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instabilities, we further applied a Hann window, which implies the multiplication of the

correlation function by cos? (7t/27).

Taking the OPA/EMI lineshape as an example (other properties will follow equiv-
alently), the lineshape, L(w), is computed with the TD method according to Eq. (11)
in the manuscript. The numerical evaluation of the integral requires the discretization
of the time domain, i.e., t,, = 79 + mAt (m = 0,...,N), where At = 279/N. More-
over, the function in the frequency domain also needs to be discretized, with wy = kAw
(k=0,...).

70 X . ) N-1 .
L(wy) %/ dteTt [e:FZtAE/hx(t,T)g’(t) — At . eTWrT0 Z F(tm)eizmkAtAw
o m=0
F(t)
N-1 N-1
— At - eTWETo Z F(tm)eii%rmkAtAV — At - eTWETo Z F(tm)eiiQﬁmTk
m=0 m=0

(S69)
where we have set Av so that AtAv = 1/N. For + and F symbols, upper one corresponds

to absorption and lower one to emission.

The last sum can be very efficiently evaluated with Fast Fourier Transform techniques
if the number of sampled points is a power of 2. The code can be compiled with the
FFTWS3 library, which provides efficient implementations of both FFT and general dis-
crete FT. In any case, FT is not the bottleneck of the calculation, and it can also be

evaluated with a less efficient routine included with the code.

S3.5 Spectral grid for TI and TD methods

In order to generate equivalent spectral grids for TI and TD calculations, the program
always reads the limits of the output spectrum in the frequency domain, along with the
desired resolution, Aw. In the case of TD spectra, the spectral range and resolution are
controlled by At and N, which are computed to match the spectral limits given in the
frequency domain. It should be noted that the frequency range resulting from the FT
begins at w = 0. In order to obtain a spectrum starting from w # 0, the correlation

—iAet/h

function is multiplied by e to achieve a shift of Ae in the frequency range, which
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is then restored on the final spectrum. The quality of the numerical integration can be
inspected a posteriori by ensuring that the spectrum goes to zero at both the red a blue

tails.
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S4 Additional computations on the selected applications

S4.1 Systematic spectroscopic analysis of a rigid system

S4.1.1 OPA and EMI of anthracene

N
(e}
|

Lineshape (a.u.)
[} W
T.7

p—
o
|

1.5 2 2.5 3 3.5 4 4.5
Energy (eV)

Figure S2: Absorption and emission lineshapes for SO—S1 transition at 300 K, simulated
with FC|AH model (with Cartesian coordinates). Electronic data evaluated at B3LYP /6-
31G(d) in the gas phase. A Lorentzian broadening with HWHM=0.02 eV was applied for

all spectra.
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S4.1.2 RR spectra of anthracene

1 A — Simul (gas phase)
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Figure S3: Absorption lineshape for S0—S5 transition simulated with HTi|VH model
with electonic data at B3LYP/6-31G(d) in the gas phase. The experimental spectrum

from ref. [20] is included for comparison.
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Figure S4: Resonce Raman spectra of anthracene with HTi|VH model including up to

overtones for each normal mode. The calculation is carried out both with TI and TD

methods with w; ~ 41130 cm ™.

Table S1: Description of the normal modes mainly involved in the RR spectrum of

anthracene. Indices correspond to those adopted in the main text.

Index Symm

Desciption

)
8
10
13
42
48
o1
55

Ring-place torsion

Accordion-like

C-H out-of-plane bending

C-H out-of-plane bending

CH in-plane rocking with CC stretching
CC stretching

CH in-plane rocking with CC stretching
CC stretching
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S4.2 OPA and EMI for flexible molecules

S4.2.1 Tuning imaginary frequency VH (EMI for p-Terphenyl)

8001 | — V1=V2=40(:m_l
)l -

= — v,=v,=50cm
5600 |— v,=v,=60cm
< 1
8 1 |— v=v,=70cm
< -1
% 400 - v,=v,=80cm
g | |_.v=49m,
— v,=87cm

200

0 : —_—
2 24 2.8 3.2 3.6 4
Energy (eV)

Figure S5: Emission spectra simulated at 300 K for p-terphenyl adopting VH. The two
imaginary frequencies that arise (1 and vs), related to the torsions, are set to different
values, including those obtained turning the original imaginary values to real (dashed

line).
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S4.2.2 Energy scan along flexible torsions in polyphenyl molecules

In order to evaluate the coupling between the torsional profiles for p-terphenyl, the
relaxed scan is computed for one torsion, either relaxing the other one or keeping it fixed
at an intermediate value (60 degrees). The results in the table below indicate that while
SO profiles are not very sensitive to the position of the other dihedral (i.e. they are
mostly uncoupled), some differences are observed at S1, which indicates that there is a

non-negligible but still moderate coupling.
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Figure S6: Relaxed potential energy curves corresponding to one flexible dihedral of
p-terphenyl at PBE0/6-31G(d). S; corresponds to the bright H—L transition. The non-
scanned dihedral is either relaxed at each iteration or keep fixed at 60 degrees in order

to asses the coupling between both torsions.
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S4.2.3 Effect of torsional distribution in the absorption spectral shape (polyphenyl)

p-Terphenyl p-Quaterphenyl
| (+0.24eV) | (+0.28¢eV)
o | — Simull \
<y 1mu \
< — Exp
x| i
<=
D)
=
o -
—
] 1 /
_ { /
/ o’
_ A
I I I I [ 1Tt 1T T 1T T T
4 44 48 52 56 36 4 44 48 52
Energu (eV) Energy (eV)

Figure S7: Absorption lineshape spectra simulated with the VH model using PBE0Q. The
torsion is removed from the calculation and the effect is recovered by convolution with
a Gaussian with the HWHM corresponding to the distribution of vertical energies over

torsional space. All torsional profiles described with those of biphenyl.
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