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Abstract: In this work, we present a thorough analysis on M-bonacci zone plates for ultrasound focusing
applications. These planar lenses are capable of providing bifocal focusing profiles with equal intensity
in both foci and become very appealing for a wide range of scenarios including medical and industrial
applications. We show that in high-wavelength domains, such as acoustics or microwaves, the separation
between both foci can be finely adjusted at the expense of slightly increasing the distortion of the focusing
profile, and we introduce a design parameter to deal with this issue and simplify the design process
of these lenses. Experimental measurements are in good agreement with numerical simulations and
demonstrate the potential of M-bonacci lenses in ultrasound focusing applications.
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1. Introduction

Acoustic lenses are devices capable of focusing incident sound waves into specific focal areas. Due to
their wide range of applications, including both industrial and medical, acoustic lenses are a hot topic
among the scientific community. Nowadays, approaches to focus acoustic waves are mainly based on
metasurfaces, which can be implemented with subwavelength slits [1], coiling-up space structures [2–4],
or Helmholtz resonators [5]. Holographic structures have also been proposed as a flexible solution for
synthesis of focusing profiles [6]. However, these kind of devices are usually difficult to design because
they require a complete 3D design of each of their unit cells. Other focusing alternatives are based
on either spherical [7] or cylindrical [8] containers filled with liquids, where the acoustic properties
of the inner liquid determines the lens focusing profile. Although these type of lenses can be very
interesting in certain applications, and they have shown focal tunability [7], they can only focus in very
close range applications, which limits their potential. In this sense, a simpler device capable of focusing
acoustic waves with higher flexibility is the Fresnel Zone Plate (FZP), which can be implemented either
alternating blocking or absorbing regions with transparent regions [9,10], or alternating transparent with
phase-reversal regions [11].

FZPs have been widely used in many areas of physics due to their advantageous planar fabrication
compared to conventional curved lenses. A FZP focuses waves through constructive interference of
the diffracted field in its apertures. These devices can be found in all sorts of applications, such as
optical trapping [12], planar antenna design [13], or ultrasound focusing applications [9,10,14]. In optics,
the distance between the transducer and the lens is usually large enough to consider plane wave incidence.
However, in many ultrasound and microwave applications, a directional emitter is placed at a distance
where the plane wave approximation is not valid. Therefore, to properly obtain the focusing profile of
an acoustic lens, the influence of the transducer on the lens energy distribution has to be considered [10,15].
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In the past years, several lenses with interesting focusing properties have been introduced in the
optical domain, such as Fibonacci ZPs [16,17], Cantor ZPs [18–20], and Thue-Morse ZPs [21,22]. All these
novel ZPs are variations over conventional FZPs, where transparent and opaque/phase-reversal Fresnel
regions are distributed according to a specific binary sequence [23]. M-bonacci Zone Plates (MbZPs) [17]
are based on M-bonacci sequences, a generalization of the well-known Fibonacci sequence. They produce
bifocal focusing profiles with equal intensity focus at distances related to the M-bonacci sequence ratio.
The application of ultrasound focusing techniques is a topic of great interest in both photoacoustic
imaging [24,25] and therapeutic applications [26–29]. In the latter, dual focusing profiles can be used to
either treat two isolated regions simultaneously or target extensive areas with higher efficiency [30,31].

Although M-bonacci sequences have been previously proposed for ultrasound focusing
applications [23], in this work, we experimentally demonstrate the feasibility of MbZPs in the ultrasound
domain for the first time. Moreover, we analyze the distortion introduced in the focusing profile by
these type of lenses in high-wavelength domains, such as acoustics or microwaves, when the Fresnel
approximation is not fulfilled, introducing a new parameter, which becomes very helpful at the design
stage and allows a fine adjustment of the separation between both foci at the expense of slightly distorting
the MbZP focusing profile.

2. M-Bonacci Zone Plates

2.1. Design and Focusing Properties

MbZPs are formed by aperiodic binary sequences based on M-bonacci series. To build a M-bonacci
serie of order m and stage j, two initiators of the sequence are defined as in the Fibonacci case, Fm,1 = 0
and Fm,2 = 1. The next numbers of the series are calculated as the sum of the m-previous numbers:

Fm,j+1 =


j

∑
i=1

Fm,i , j ≤ m

j
∑

i=j−m+1
Fm,i , j > m

. (1)

Table 1 shows the first ten numbers of the M-bonacci series calculated for m = 2 (Fibonacci case),
m = 3 and m = 4.

Table 1. M-bonacci sequences for different m values.

m Fm,j

2 {0, 1, 1, 2, 3, 5, 8, 13, 21, 34}
3 {0, 1, 1, 2, 4, 7, 13, 24, 44, 81}
4 {0, 1, 1, 2, 4, 8, 15, 29, 56, 108}

One interesting parameter that can be derived from the M-bonacci series is the sequence ratio, ϕm,
defined as the limit of the ratio between two consecutive numbers:

ϕm = lim
j→+∞

(
Fm,j+1

Fm,j

)
. (2)

When m = 2, the ratio corresponds to the golden mean ϕ2 = 1.618, whereas for m = 3 and m = 4,
the sequence ratios are ϕ3 = 1.839 and ϕ4 = 1.928, respectively.
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Analogously to the M-bonacci series, a binary M-bonacci sequence can be formed using the initiators
fm,1 = 0 and fm,2 = 1. The next instance of the M-bonacci sequence is obtained as the concatenation of the
m-previous M-bonacci instances, using the following equation,

fm,j+1 =

{
{ fm,j & fm,j−1 & ... & fm,1} , j ≤ m
{ fm,j & fm,j−1 & ... & fm,j−m+1} , j > m

(3)

where “&” represents the concatenation operator.
Table 2 shows the first six iterations of M-bonacci binary sequences for m = 2, m = 3, and m = 4.

In each sequence, there are Fm,j+1 binary elements, being Fm,j type-1 and Fm,j+1 − Fm,j type-0. The notation
regarding type-1 and type-0 elements is used to indicate whether the binary element is either a 1 or
a 0, and thus determines how the corresponding Fresnel region is implemented. In Soret ZPs, type-1
elements are implemented as opaque regions, whereas type-0 elements correspond to transparent regions.
As an example, the binary sequence f2,6 = {10110101}, corresponding to m = 2 and j = 6, indicates that
the first, third, fourth, sixth, and eight Fresnel regions of the lens are opaque regions, whereas the rest
(second, fifth, and seventh regions) are transparent. The number of opaque (type-1), transparent (type-0),
and total Fresnel regions can also be verified using the numbers of the M-bonacci series shown in Table 1,
resulting, for this particular example, in a total of Fm,j+1 = F2,7 = 8 regions, with F2,6 = 5 type-1 opaque
regions and F2,6 − F2,5 = 3 type-0 transparent regions. The limit of the ratio between the number of type-1
and type-0 elements is given by

τm = lim
j→+∞

(
Fm,j

Fm,j+1 − Fm,j

)
=

1
ϕm − 1

. (4)

As stated before, M-bonacci ZPs are obtained by applying a binary sequence to a conventional FZP.
Once the M-bonacii binary sequence has been calculated, the MbZP is obtained assigning type-1 and
type-0 elements to the corresponding Fresnel regions of its associated FZP. When plane wave incidence is
considered, the radii of the different Fresnel regions are given by

rn =

√
nλz0 +

(
nλ

2

)2
, (5)

where λ represents the wavelength, z0 represents the focal distance, and n = 1, 2, ..., N, with N being the
total number of Fresnel regions.

Table 2. Examples of M-bonacci binary sequences.

j m = 2 m = 3 m = 4

1 {0} {0} {0}
2 {1} {1} {1}
3 {10} {10} {10}
4 {101} {1010} {1010}
5 {10110} {1010101} {10101010}
6 {10110101} {1010101101010} {101010101010101}

Figure 1 shows a MbZP design example with m = 2 and j = 8. The flow diagram of the lens design
procedure is depicted in Figure 1a. Figure 1b shows the distribution of the Fresnel regions for the current
example and their mapping using the M-bonacci sequence distribution. Finally, Figure 1c depicts the final
MbZP layout resulting from the lens design.
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Once the M-bonacci ZP radii are obtained, the focusing profile of the lens can be calculated by
numerically computing the Rayleigh–Sommerfeld diffraction integral,

I(z) =
4π2

λ2

∣∣∣∣∣
∫ a

0
pi(r′)t(r′)

e−jkr

r
cos(n, r)r′dr′

∣∣∣∣∣
2

, (6)

where a is the maximum radius of the lens, r′ is the radial coordinate of the lens, k = 2π/λ is
the wavenumber, pi(r′) is the incident pressure distribution, t(r′) is the ZP transmittance function,
r =

√
(r′)2 + z2, z is the axial coordinate and cos(n, r) = z/r, with n being the normal direction to

the lens surface. For a Soret ZP, the transmittance function, also known as pupil function, is 0 at the
pressure blocking regions and 1 at the transparent regions.

Fresnel regions

N = F2,9 = 21
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Binary sequence

f2,8 = {1011 · · · }
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Fresnel regions
sequence mapping
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MbZP radii<latexit sha1_base64="HZFx/A9vylxgEGUZ20vJDMd1Lhw=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0VxVZJudFl040aoYB/YhjKZ3LRDJ5MwMxFK6Bfoz+hK1J1bf8C/cVojaOtZnXvOuXDPDVLOlHbdT6u0tLyyulZetzc2t7Z3nN29lkoySaFJE57ITkAUcCagqZnm0EklkDjg0A5GF1O/fQdSsUTc6HEKfkwGgkWMEm2kvnPcC2DARE5BaJAT+yq4bWBJQsbsHojwR+87FbfqzoAXiVeQCirQ6DsfvTChWWzWKSdKdT031X5OpGaUw8TuZQpSQkdkAF1DBYlB+fmszwQfRYnEegh4Nv/O5iRWahwHJhMTPVTz3lT8z+tmOjrzcybSTIOgJmK8KONYJ3j6FhwyCVTzsSGESmauxHRIJKGmvbJNfW++7CJp1aqeW/Wua5X6efGIMjpAh+gEeegU1dElaqAmougBPaFX9GbdW4/Ws/XyHS1Zxc4++gPr/QujGJo2</latexit><latexit sha1_base64="HZFx/A9vylxgEGUZ20vJDMd1Lhw=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0VxVZJudFl040aoYB/YhjKZ3LRDJ5MwMxFK6Bfoz+hK1J1bf8C/cVojaOtZnXvOuXDPDVLOlHbdT6u0tLyyulZetzc2t7Z3nN29lkoySaFJE57ITkAUcCagqZnm0EklkDjg0A5GF1O/fQdSsUTc6HEKfkwGgkWMEm2kvnPcC2DARE5BaJAT+yq4bWBJQsbsHojwR+87FbfqzoAXiVeQCirQ6DsfvTChWWzWKSdKdT031X5OpGaUw8TuZQpSQkdkAF1DBYlB+fmszwQfRYnEegh4Nv/O5iRWahwHJhMTPVTz3lT8z+tmOjrzcybSTIOgJmK8KONYJ3j6FhwyCVTzsSGESmauxHRIJKGmvbJNfW++7CJp1aqeW/Wua5X6efGIMjpAh+gEeegU1dElaqAmougBPaFX9GbdW4/Ws/XyHS1Zxc4++gPr/QujGJo2</latexit><latexit sha1_base64="HZFx/A9vylxgEGUZ20vJDMd1Lhw=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0VxVZJudFl040aoYB/YhjKZ3LRDJ5MwMxFK6Bfoz+hK1J1bf8C/cVojaOtZnXvOuXDPDVLOlHbdT6u0tLyyulZetzc2t7Z3nN29lkoySaFJE57ITkAUcCagqZnm0EklkDjg0A5GF1O/fQdSsUTc6HEKfkwGgkWMEm2kvnPcC2DARE5BaJAT+yq4bWBJQsbsHojwR+87FbfqzoAXiVeQCirQ6DsfvTChWWzWKSdKdT031X5OpGaUw8TuZQpSQkdkAF1DBYlB+fmszwQfRYnEegh4Nv/O5iRWahwHJhMTPVTz3lT8z+tmOjrzcybSTIOgJmK8KONYJ3j6FhwyCVTzsSGESmauxHRIJKGmvbJNfW++7CJp1aqeW/Wua5X6efGIMjpAh+gEeegU1dElaqAmougBPaFX9GbdW4/Ws/XyHS1Zxc4++gPr/QujGJo2</latexit><latexit sha1_base64="HZFx/A9vylxgEGUZ20vJDMd1Lhw=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0VxVZJudFl040aoYB/YhjKZ3LRDJ5MwMxFK6Bfoz+hK1J1bf8C/cVojaOtZnXvOuXDPDVLOlHbdT6u0tLyyulZetzc2t7Z3nN29lkoySaFJE57ITkAUcCagqZnm0EklkDjg0A5GF1O/fQdSsUTc6HEKfkwGgkWMEm2kvnPcC2DARE5BaJAT+yq4bWBJQsbsHojwR+87FbfqzoAXiVeQCirQ6DsfvTChWWzWKSdKdT031X5OpGaUw8TuZQpSQkdkAF1DBYlB+fmszwQfRYnEegh4Nv/O5iRWahwHJhMTPVTz3lT8z+tmOjrzcybSTIOgJmK8KONYJ3j6FhwyCVTzsSGESmauxHRIJKGmvbJNfW++7CJp1aqeW/Wua5X6efGIMjpAh+gEeegU1dElaqAmougBPaFX9GbdW4/Ws/XyHS1Zxc4++gPr/QujGJo2</latexit>

z0, �
m = 2, j = 8

<latexit sha1_base64="QWtDyG0wvI0lcbCcg1+PQdUypqU=">AAACIHicbVDLTgIxFO3gC8cX6tJNI5i4IGSGjWxIiG5cYiKPhCGkU+5ApdOZtB0TnPAz+jOamBh1pV9jQRYIntW595zb9Bw/5kxpx/myMmvrG5tb2W17Z3dv/yB3eNRUUSIpNGjEI9n2iQLOBDQ00xzasQQS+hxa/uhqqrfuQSoWiVs9jqEbkoFgAaNEm1UvV/V8GDCRBjxRQw6BntiFh55TxB43j/RJwfPsQlgtF/FdtVKwPRD9BW8vl3dKzgx4lbhzkkdz1Hu5V68f0SQEoSknSnVcJ9bdlEjNKIeJ7SUKYkJHZAAdQwUJQXXTWcwJPgsiifUQ8Gxe9KYkVGoc+sYTEj1Uy9p0+Z/WSXRQ6aZMxIkGQY3FaEHCsY7wtC3cZxKo5mNDCJXM/BLTIZGEatOpbeK7y2FXSbNccp2Se1PO1y7nRWTRCTpF58hFF6iGrlEdNRBFT+gFfaBP69F6tt6s919rxprfHKM/sL5/ACeloZ0=</latexit><latexit sha1_base64="QWtDyG0wvI0lcbCcg1+PQdUypqU=">AAACIHicbVDLTgIxFO3gC8cX6tJNI5i4IGSGjWxIiG5cYiKPhCGkU+5ApdOZtB0TnPAz+jOamBh1pV9jQRYIntW595zb9Bw/5kxpx/myMmvrG5tb2W17Z3dv/yB3eNRUUSIpNGjEI9n2iQLOBDQ00xzasQQS+hxa/uhqqrfuQSoWiVs9jqEbkoFgAaNEm1UvV/V8GDCRBjxRQw6BntiFh55TxB43j/RJwfPsQlgtF/FdtVKwPRD9BW8vl3dKzgx4lbhzkkdz1Hu5V68f0SQEoSknSnVcJ9bdlEjNKIeJ7SUKYkJHZAAdQwUJQXXTWcwJPgsiifUQ8Gxe9KYkVGoc+sYTEj1Uy9p0+Z/WSXRQ6aZMxIkGQY3FaEHCsY7wtC3cZxKo5mNDCJXM/BLTIZGEatOpbeK7y2FXSbNccp2Se1PO1y7nRWTRCTpF58hFF6iGrlEdNRBFT+gFfaBP69F6tt6s919rxprfHKM/sL5/ACeloZ0=</latexit><latexit sha1_base64="QWtDyG0wvI0lcbCcg1+PQdUypqU=">AAACIHicbVDLTgIxFO3gC8cX6tJNI5i4IGSGjWxIiG5cYiKPhCGkU+5ApdOZtB0TnPAz+jOamBh1pV9jQRYIntW595zb9Bw/5kxpx/myMmvrG5tb2W17Z3dv/yB3eNRUUSIpNGjEI9n2iQLOBDQ00xzasQQS+hxa/uhqqrfuQSoWiVs9jqEbkoFgAaNEm1UvV/V8GDCRBjxRQw6BntiFh55TxB43j/RJwfPsQlgtF/FdtVKwPRD9BW8vl3dKzgx4lbhzkkdz1Hu5V68f0SQEoSknSnVcJ9bdlEjNKIeJ7SUKYkJHZAAdQwUJQXXTWcwJPgsiifUQ8Gxe9KYkVGoc+sYTEj1Uy9p0+Z/WSXRQ6aZMxIkGQY3FaEHCsY7wtC3cZxKo5mNDCJXM/BLTIZGEatOpbeK7y2FXSbNccp2Se1PO1y7nRWTRCTpF58hFF6iGrlEdNRBFT+gFfaBP69F6tt6s919rxprfHKM/sL5/ACeloZ0=</latexit><latexit sha1_base64="QWtDyG0wvI0lcbCcg1+PQdUypqU=">AAACIHicbVDLTgIxFO3gC8cX6tJNI5i4IGSGjWxIiG5cYiKPhCGkU+5ApdOZtB0TnPAz+jOamBh1pV9jQRYIntW595zb9Bw/5kxpx/myMmvrG5tb2W17Z3dv/yB3eNRUUSIpNGjEI9n2iQLOBDQ00xzasQQS+hxa/uhqqrfuQSoWiVs9jqEbkoFgAaNEm1UvV/V8GDCRBjxRQw6BntiFh55TxB43j/RJwfPsQlgtF/FdtVKwPRD9BW8vl3dKzgx4lbhzkkdz1Hu5V68f0SQEoSknSnVcJ9bdlEjNKIeJ7SUKYkJHZAAdQwUJQXXTWcwJPgsiifUQ8Gxe9KYkVGoc+sYTEj1Uy9p0+Z/WSXRQ6aZMxIkGQY3FaEHCsY7wtC3cZxKo5mNDCJXM/BLTIZGEatOpbeK7y2FXSbNccp2Se1PO1y7nRWTRCTpF58hFF6iGrlEdNRBFT+gFfaBP69F6tt6s919rxprfHKM/sL5/ACeloZ0=</latexit>

(a)
<latexit sha1_base64="7ZZuedfV3LWZGWY0b4XxaxqPMlU=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPI6O58NqjW34S5EV8EroEYKtQfVT3+oeBZDglwyY/qem2KQM42CS5hV/MxAyviEjaBvMWExmCBf7DyjZ5HSFMdAF+/f2ZzFxkzj0GZihmOz7M2H/3n9DKPLIBdJmiEk3EasF2WSoqLz6nQoNHCUUwuMa2G3pHzMNONoD1Sx9b3lsqvQbTY8t+HdNmutq+IQZXJCTkmdeOSCtMgNaZMO4SQlz+SNvDvKeXJenNefaMkp/hyTP3I+vgGr4Y8Y</latexit><latexit sha1_base64="7ZZuedfV3LWZGWY0b4XxaxqPMlU=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPI6O58NqjW34S5EV8EroEYKtQfVT3+oeBZDglwyY/qem2KQM42CS5hV/MxAyviEjaBvMWExmCBf7DyjZ5HSFMdAF+/f2ZzFxkzj0GZihmOz7M2H/3n9DKPLIBdJmiEk3EasF2WSoqLz6nQoNHCUUwuMa2G3pHzMNONoD1Sx9b3lsqvQbTY8t+HdNmutq+IQZXJCTkmdeOSCtMgNaZMO4SQlz+SNvDvKeXJenNefaMkp/hyTP3I+vgGr4Y8Y</latexit><latexit sha1_base64="7ZZuedfV3LWZGWY0b4XxaxqPMlU=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPI6O58NqjW34S5EV8EroEYKtQfVT3+oeBZDglwyY/qem2KQM42CS5hV/MxAyviEjaBvMWExmCBf7DyjZ5HSFMdAF+/f2ZzFxkzj0GZihmOz7M2H/3n9DKPLIBdJmiEk3EasF2WSoqLz6nQoNHCUUwuMa2G3pHzMNONoD1Sx9b3lsqvQbTY8t+HdNmutq+IQZXJCTkmdeOSCtMgNaZMO4SQlz+SNvDvKeXJenNefaMkp/hyTP3I+vgGr4Y8Y</latexit><latexit sha1_base64="7ZZuedfV3LWZGWY0b4XxaxqPMlU=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPI6O58NqjW34S5EV8EroEYKtQfVT3+oeBZDglwyY/qem2KQM42CS5hV/MxAyviEjaBvMWExmCBf7DyjZ5HSFMdAF+/f2ZzFxkzj0GZihmOz7M2H/3n9DKPLIBdJmiEk3EasF2WSoqLz6nQoNHCUUwuMa2G3pHzMNONoD1Sx9b3lsqvQbTY8t+HdNmutq+IQZXJCTkmdeOSCtMgNaZMO4SQlz+SNvDvKeXJenNefaMkp/hyTP3I+vgGr4Y8Y</latexit>

(b)
<latexit sha1_base64="l9qzjTp6xqPXDrQiam4b4wBgmMo=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPJ6eD4bVGtuw12IroJXQI0Uag+qn/5Q8SyGBLlkxvQ9N8UgZxoFlzCr+JmBlPEJG0HfYsJiMEG+2HlGzyKlKY6BLt6/szmLjZnGoc3EDMdm2ZsP//P6GUaXQS6SNENIuI1YL8okRUXn1elQaOAopxYY18JuSfmYacbRHqhi63vLZVeh22x4bsO7bdZaV8UhyuSEnJI68cgFaZEb0iYdwklKnskbeXeU8+S8OK8/0ZJT/Dkmf+R8fAOtYY8Z</latexit><latexit sha1_base64="l9qzjTp6xqPXDrQiam4b4wBgmMo=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPJ6eD4bVGtuw12IroJXQI0Uag+qn/5Q8SyGBLlkxvQ9N8UgZxoFlzCr+JmBlPEJG0HfYsJiMEG+2HlGzyKlKY6BLt6/szmLjZnGoc3EDMdm2ZsP//P6GUaXQS6SNENIuI1YL8okRUXn1elQaOAopxYY18JuSfmYacbRHqhi63vLZVeh22x4bsO7bdZaV8UhyuSEnJI68cgFaZEb0iYdwklKnskbeXeU8+S8OK8/0ZJT/Dkmf+R8fAOtYY8Z</latexit><latexit sha1_base64="l9qzjTp6xqPXDrQiam4b4wBgmMo=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPJ6eD4bVGtuw12IroJXQI0Uag+qn/5Q8SyGBLlkxvQ9N8UgZxoFlzCr+JmBlPEJG0HfYsJiMEG+2HlGzyKlKY6BLt6/szmLjZnGoc3EDMdm2ZsP//P6GUaXQS6SNENIuI1YL8okRUXn1elQaOAopxYY18JuSfmYacbRHqhi63vLZVeh22x4bsO7bdZaV8UhyuSEnJI68cgFaZEb0iYdwklKnskbeXeU8+S8OK8/0ZJT/Dkmf+R8fAOtYY8Z</latexit><latexit sha1_base64="l9qzjTp6xqPXDrQiam4b4wBgmMo=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPJ6eD4bVGtuw12IroJXQI0Uag+qn/5Q8SyGBLlkxvQ9N8UgZxoFlzCr+JmBlPEJG0HfYsJiMEG+2HlGzyKlKY6BLt6/szmLjZnGoc3EDMdm2ZsP//P6GUaXQS6SNENIuI1YL8okRUXn1elQaOAopxYY18JuSfmYacbRHqhi63vLZVeh22x4bsO7bdZaV8UhyuSEnJI68cgFaZEb0iYdwklKnskbeXeU8+S8OK8/0ZJT/Dkmf+R8fAOtYY8Z</latexit>

(c)
<latexit sha1_base64="Phf5mZm1qQvQ6wZLSjPTYw3+sZ8=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPI6P58NqjW34S5EV8EroEYKtQfVT3+oeBZDglwyY/qem2KQM42CS5hV/MxAyviEjaBvMWExmCBf7DyjZ5HSFMdAF+/f2ZzFxkzj0GZihmOz7M2H/3n9DKPLIBdJmiEk3EasF2WSoqLz6nQoNHCUUwuMa2G3pHzMNONoD1Sx9b3lsqvQbTY8t+HdNmutq+IQZXJCTkmdeOSCtMgNaZMO4SQlz+SNvDvKeXJenNefaMkp/hyTP3I+vgGu4Y8a</latexit><latexit sha1_base64="Phf5mZm1qQvQ6wZLSjPTYw3+sZ8=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPI6P58NqjW34S5EV8EroEYKtQfVT3+oeBZDglwyY/qem2KQM42CS5hV/MxAyviEjaBvMWExmCBf7DyjZ5HSFMdAF+/f2ZzFxkzj0GZihmOz7M2H/3n9DKPLIBdJmiEk3EasF2WSoqLz6nQoNHCUUwuMa2G3pHzMNONoD1Sx9b3lsqvQbTY8t+HdNmutq+IQZXJCTkmdeOSCtMgNaZMO4SQlz+SNvDvKeXJenNefaMkp/hyTP3I+vgGu4Y8a</latexit><latexit sha1_base64="Phf5mZm1qQvQ6wZLSjPTYw3+sZ8=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPI6P58NqjW34S5EV8EroEYKtQfVT3+oeBZDglwyY/qem2KQM42CS5hV/MxAyviEjaBvMWExmCBf7DyjZ5HSFMdAF+/f2ZzFxkzj0GZihmOz7M2H/3n9DKPLIBdJmiEk3EasF2WSoqLz6nQoNHCUUwuMa2G3pHzMNONoD1Sx9b3lsqvQbTY8t+HdNmutq+IQZXJCTkmdeOSCtMgNaZMO4SQlz+SNvDvKeXJenNefaMkp/hyTP3I+vgGu4Y8a</latexit><latexit sha1_base64="Phf5mZm1qQvQ6wZLSjPTYw3+sZ8=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0bHRJdOMSEwET2pDpcAsTpp1m5tZIGh5DV0bd+TK+gG/jgF0oeFbf3HMmueeGqRQGXffLKa2tb2xulbcrO7t7+wfVw6OuUZnm0OFKKn0fMgNSJNBBgRLuUw0sDiX0wsn13O89gDZCJXc4TSGI2SgRkeAM7cj3ER4xjPI6P58NqjW34S5EV8EroEYKtQfVT3+oeBZDglwyY/qem2KQM42CS5hV/MxAyviEjaBvMWExmCBf7DyjZ5HSFMdAF+/f2ZzFxkzj0GZihmOz7M2H/3n9DKPLIBdJmiEk3EasF2WSoqLz6nQoNHCUUwuMa2G3pHzMNONoD1Sx9b3lsqvQbTY8t+HdNmutq+IQZXJCTkmdeOSCtMgNaZMO4SQlz+SNvDvKeXJenNefaMkp/hyTP3I+vgGu4Y8a</latexit>

Figure 1. Lens design procedure with m = 2 and j = 8: (a) design steps; (b) Fresnel regions (top),
classification of M-bonacci Zone Plate (MbZP) regions after the binary sequence mapping (middle) and
final transmittance function of the lens (bottom); and (c) resulting MbZP layout.

In Equation (6), the distance r can be expressed as

r = z

√
1 +

(
r′

z

)2
. (7)

Using the Taylor expansion
√

1 + x ∼= 1 + x/2− x2/8, r can be approximated as

r ∼= z +
(r′)2

2z
− (r′)4

8z3 . (8)

The Fresnel approximation assumes that the third term of the Taylor expansion of r does not affect
the phase of the exponential term, which means that its contribution to the exponent has to be much lower
than 2π, that is,

k
(r′)4

8z3 << 2π. (9)

The worst case is obtained when r′ reaches its maximum value at r′ = a, which means that the Fresnel
approximation stands for axial coordinates greater than

z3 >>
a4

8λ
. (10)
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If the above condition is met, r ∼= z + (r′)2

2z , and Equation (6) can be approximated as

I(z) ∼= 4π2

λ2

∣∣∣∣∣∣
∫ a

0
pi(r′)t(r′)

e−jkze−jk (r′)2
2z

z + (r′)2

2z

cos(n, r)r′dr′

∣∣∣∣∣∣
2

. (11)

Further approximations can be done, as the paraxial approximation is valid (z >> r′) and therefore

cos(n, r) ∼= 1 and the denominator at the integral becomes z + (r′)2

2z
∼= z, which results in

I(z) ∼= 4π2

λ2z2

∣∣∣∣∫ a

0
pi(r′)t(r′)e−jk (r′)2

2z r′dr′
∣∣∣∣2 (12)

It is convenient to implement a variable change in both axial and radial directions. Thus, a variable

u = a2

2λz is defined as the normalized axial coordinate, whereas a variable ξ =
(

r′
a

)2
is defined as the

normalized radial coordinate. Keeping in mind that dr′ = a
2
√

ξ
dξ, Equation (12) becomes

I(u) ∼= 4π2u2
∣∣∣∣∫ 1

0
pi(ξ)t(ξ)e−j2πξudξ

∣∣∣∣2 , (13)

which means that if the Fresnel approximation condition is fulfilled (Equation (10) is verified), the focusing
profile of the lens can be obtained as a Fourier transform of the pressure distribution at the ZP aperture.
When the Fresnel approximation is not applicable and Equation (13) cannot be used, the focusing profile
of the MbZP is computed using Equation (6) and presents a certain distortion compared to the ideal case.

For a standard FZP, the focal distance in the normalized axial coordinate can be calculated using
Equation (5) as

u0 =
a2

2λz0
=

Nλz0 +
(

Nλ
2

)2

2λz0
=

N
2
+

N2λ

8z0
=

N
2
(1 + ε), (14)

being a = rN the maximum radius of the lens and ε = Nλ
4z0

.
For low wavelength domains, such as optics, ε << 1, and therefore Equation (14) can be approximated as

u0 ∼=
N
2

. (15)

Interestingly, as reported by Monsoriu et al. [16,17], the focusing profile of MbZPs shows two
symmetric foci respect to the normalized focal distance of its associated FZP (u0 = N/2 = Fm,j+1/2).
The first focus is located at u1

∼= Fm,j, which corresponds to the number of type-1 elements in the binary
sequence, whereas the second focus is located at u2 ∼= Fm,j+1 − Fm,j, which corresponds to the number of
type-0 elements in the sequence. Therefore, the ratio between the two foci tends to u1/u2 ∼= τm, as stated
in Equation (4). The focal positions in the denormalized axial coordinate can be calculated as

z1 =
Fm,j+1

Fm,j
· z0

2
∼= ϕm

z0

2
, (16)

and

z2 =
Fm,j+1

Fm,j+1 − Fm,j
· z0

2
∼= ϕmτm

z0

2
, (17)

z0 being the focal distance of the associated FZP.
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Figure 2a,b shows the focusing profile of a MbZP lens against the normalized (u) and denormalized
(z) axial coordinate, respectively. As it can be observed from Figure 2a, when using the normalized axial
coordinate, the MbZP is completely symmetrical as it was previously shown in optics [16]. The normalized
focal distances are u1

∼= F2,8 = 13 and u2 ∼= F2,9 − F2,8 = 8, which agrees with their theoretical values.
On the other hand, when the axial coordinate is denormalized and the real focusing profile is depicted
(Figure 2b), the foci are not symmetrical anymore, due to the coordinate transformation that relates u with
z. The main effect over the focusing profile is that the focus further from the lens becomes wider than the
focus closer to the lens.

Figure 3 depicts the computed focusing profiles along the axial coordinate for three different MbZPs.
Figure 3a corresponds to m = 2, whereas Figure 3b,c correspond to m = 3 and m = 4, respectively.
As it can be observed from Figure 3a, z1

∼= 8.1 cm and z2 ∼= 13.1 cm, which agree with their theoretical focal
distances obtained from Equations (16) and (17). Figure 3b shows two foci at z1

∼= 9.2 cm and z2 ∼= 11.0 cm,
whereas Figure 3c shows two foci at z1

∼= 9.6 cm and z2 ∼= 10.4 cm, which also agrees with the theory.

Figure 2. Focusing profile of a lens with m = 2, j = 8, z0 = 0.3 m, and λ = 0.3 mm as a function of (a) the
normalized axial coordinate and (b) the denormalized axial coordinate.

Figure 3. MbZP layouts (left) and their normalized focusing profiles (right): (a) m = 2, (b) m = 3,
and (c) m = 4. For all MbZPs, j = 9 and z0 = 0.1 m.
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2.2. γ-Parameter

In high-wavelength domains, such as ultrasounds, the Fresnel approximation can not always be
assumed in typical focusing applications. Therefore, it is useful to define a γ parameter as the ratio
between the associated FZP focal distance, z0, and the Fresnel approximation distance, z f , given by

γ =
z0

z f
, (18)

where z f =
3
√

a4

8λ .
Thus, the Fresnel approximation is valid when γ >> 1. In high-wavelength domains, fulfilling

this condition requires very long focal distances, which is not the usual case in most near-field focusing
applications. However, simulations show that MbZPs present low distortion for γ > 2 values, which is
a more reasonable condition to achieve. In fact, MbZPs can be designed in the 1 < γ < 2 range with
low distortion in the focusing profile. Alternatively, if γ < 1, MbZPs present a highly distorted focusing
profile. This distortion results in focal displacement and focal intensity reduction compared to the γ >> 1
case. Figure 4 depicts the numerically computed axial intensities using Equation (6) for MbZPs (blue lines)
with different γ and m values, compared to the case when γ >> 1, and the Fresnel approximation is
valid (red lines). As it can be observed from Figure 4, when γ = 0.5 (first row) the distortion is very
severe, and the focal distances in all three cases do not correspond to the theoretical values. When γ = 1,
the distortion is significantly reduced in comparison with the γ = 0.5 case, and the focusing profiles are
closer to the theoretical value. Finally, when γ = 2 (third row) minimum distortion is observed.

Figure 4. Focusing profiles (blue lines) against axial distance for different values of γ (rows) and m
(columns), compared to their ideal counterparts (γ >> 1) in red.

Thus, the γ parameter should be considered in the design process of MbZPs. Combining Equation (5)
with the Fresnel approximation distance condition results in

z3
f =

(Fm,j+1z0)
2

8
λ(1 + ε)2. (19)
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Using Equations (18) and (19), and substituting ε = Nλ
4z0

, yields to the following third-order equation,

1
16

γ3F4
m,j+1ψ3 +

1
2

γ3F3
m,j+1ψ2 + γ3F2

m,j+1ψ− 8 = 0, (20)

where ψ = λ
z0

is an additional design variable.
Therefore, once ψ has been numerically calculated, solving Equation (20) to achieve a specific

γ parameter value, it is possible to obtain the focal distance for a given wavelength or the required
wavelength for a specific focal distance.

Figure 5a depicts the normalized focal distances for the first and second focus against the γ parameter
for three different cases: m = 2 (red lines), m = 3 (blue lines), and m = 4 (black lines). Figure 5b shows
the focal distance ratio, defined as z2/z1, for the same three cases. The results have been obtained using
Equation (6). All MbZPs have been designed for a fixed z0, whereas the wavelength has been adjusted
using Equation (20) in each simulation to provide the desired γ factor. As it can be observed from Figure 5,
for γ > 2, the focal distances of both foci tend to their theoretical positions (γ→ +∞ case), whereas γ < 2
results in both foci being shifted away in opposite directions. This phenomenon can be easily understood
by observing the focal distance ratio, which theoretically tends to z2/z1

∼= τm, according to Equations (16)
and (17). Thus, as the γ parameter augments, z2/z1 tends to 1.60, 1.18, and 1.08 for m = 2, m = 3,
and m = 4, respectively, which are very close to the theoretical values given by τ2 = 1.618, τ3 = 1.192,
and τ4 = 1.078. Moreover, when γ < 2, the displacement on the focal distances is more noticeable in the
m = 2 case, which agrees with the results depicted in Figure 4.

Figure 5. (a) Normalized focal distances and (b) focal distance ratio as a function of the γ parameter.

Figure 6 illustrates a MbZP design example using the tools developed in this work. Figure 6a shows
the concept diagram with the different steps required to accurately design the MbZP. Initially, the input
parameters are the desired location of both foci, z1 and z2, and the resolution level of the lens, which is
related with the MbZP size and, thus, with the j parameter. In this particular example, these three
parameters have been selected as z1 = 50 mm, z2 = 90 mm, and j = 8. In the next design step, both the
order of the M-bonacci sequence m and the required γ parameter are found by computing the focal distance
ratio, z2/z1, and then using Figure 5b to retrieve them. With m and γ, the normalized focal distances, z1/z0

and z2/z0, can be obtained using Figure 5a, and therefore z0 is found. Using Equation (20), the ψ parameter
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can be found, and λ is finally obtained as the product z0ψ to determine the design frequency for the
MbZP lens.

Once the design parameters m, j, λ, and z0 have been determined, the MbZP radii can be calculated,
as it was previously shown in Figure 1a, and the MbZP lens can be built. Figure 6b shows the resulting
MbZP layout for this particular design example with m = 2, j = 8, λ = 1.67 mm, and z0 = 65.7 mm,
and Figure 6c depicts the MbZP focusing profile with the first and second foci located at positions
z1 = 50 mm and z2 = 90 mm as required, demonstrating the feasibility and utility of this design method.

Input parameters:
z1 = 50 mm
z2 = 90 mm
j = 8

<latexit sha1_base64="+4aWZbRynYtNOdbIFQitdEajtGc="></latexit><latexit sha1_base64="+4aWZbRynYtNOdbIFQitdEajtGc="></latexit><latexit sha1_base64="+4aWZbRynYtNOdbIFQitdEajtGc="></latexit><latexit sha1_base64="+4aWZbRynYtNOdbIFQitdEajtGc="></latexit>

Obtain � and m from z2/z1:
z2/z1 = 1.8
m = 2
� ⇠= 0.821

<latexit sha1_base64="qQT9jLhQWQJU/Jh1d50rB7mAOWk="></latexit><latexit sha1_base64="qQT9jLhQWQJU/Jh1d50rB7mAOWk="></latexit><latexit sha1_base64="qQT9jLhQWQJU/Jh1d50rB7mAOWk="></latexit><latexit sha1_base64="qQT9jLhQWQJU/Jh1d50rB7mAOWk="></latexit>

Calculate � from  and z0:
 = 0.02549
� = 1.674 mm

<latexit sha1_base64="wkLKla+FMnsZR5g8CryU3BxCv4s="></latexit><latexit sha1_base64="wkLKla+FMnsZR5g8CryU3BxCv4s="></latexit><latexit sha1_base64="wkLKla+FMnsZR5g8CryU3BxCv4s="></latexit><latexit sha1_base64="wkLKla+FMnsZR5g8CryU3BxCv4s="></latexit>

Output parameters:
z0, �, m, j

<latexit sha1_base64="tuAxrB91K4J+Y1P8qq6nHtqq0P4="></latexit><latexit sha1_base64="tuAxrB91K4J+Y1P8qq6nHtqq0P4="></latexit><latexit sha1_base64="tuAxrB91K4J+Y1P8qq6nHtqq0P4="></latexit><latexit sha1_base64="tuAxrB91K4J+Y1P8qq6nHtqq0P4="></latexit>

Obtain z2/z0 and z1/z0 from �:
z2/z0

⇠= 1.37
z1/z0

⇠= 0.76
<latexit sha1_base64="Dhcs3hONJ+DN47t1vVi8B1lDlsE="></latexit><latexit sha1_base64="Dhcs3hONJ+DN47t1vVi8B1lDlsE="></latexit><latexit sha1_base64="Dhcs3hONJ+DN47t1vVi8B1lDlsE="></latexit><latexit sha1_base64="Dhcs3hONJ+DN47t1vVi8B1lDlsE="></latexit>

Obtain z0 from z2/z0 or z1/z0:
z0

⇠= 65.7 mm
<latexit sha1_base64="jQa5DIQ+BcQv2FVoAWXMsmPhoec="></latexit><latexit sha1_base64="jQa5DIQ+BcQv2FVoAWXMsmPhoec="></latexit><latexit sha1_base64="jQa5DIQ+BcQv2FVoAWXMsmPhoec="></latexit><latexit sha1_base64="jQa5DIQ+BcQv2FVoAWXMsmPhoec="></latexit>

(a)
<latexit sha1_base64="Tx5PnqWd/akTxjSO90ew/swUIOI=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeZ+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzenq48K</latexit><latexit sha1_base64="Tx5PnqWd/akTxjSO90ew/swUIOI=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeZ+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzenq48K</latexit><latexit sha1_base64="Tx5PnqWd/akTxjSO90ew/swUIOI=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeZ+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzenq48K</latexit><latexit sha1_base64="Tx5PnqWd/akTxjSO90ew/swUIOI=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeZ+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzenq48K</latexit>

(b)
<latexit sha1_base64="3uP5Nq72bHQ1iD1tk4JrkvyoA9w=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeD89ng2rNbbgL0VXwCqiRQu1B9dMfKp7FkCCXzJi+56YY5Eyj4BJmFT8zkDI+YSPoW0xYDCbIFzvP6FmkNMUx0MX7dzZnsTHTOLSZmOHYLHvz4X9eP8PoKshFkmYICbcR60WZpKjovDodCg0c5dQC41rYLSkfM8042gNVbH1vuewqdJsNz214t81a66I4RJmckFNSJx65JC1yQ9qkQzhJyTN5I++Ocp6cF+f1J1pyij/H5I+cj2+pK48L</latexit><latexit sha1_base64="3uP5Nq72bHQ1iD1tk4JrkvyoA9w=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeD89ng2rNbbgL0VXwCqiRQu1B9dMfKp7FkCCXzJi+56YY5Eyj4BJmFT8zkDI+YSPoW0xYDCbIFzvP6FmkNMUx0MX7dzZnsTHTOLSZmOHYLHvz4X9eP8PoKshFkmYICbcR60WZpKjovDodCg0c5dQC41rYLSkfM8042gNVbH1vuewqdJsNz214t81a66I4RJmckFNSJx65JC1yQ9qkQzhJyTN5I++Ocp6cF+f1J1pyij/H5I+cj2+pK48L</latexit><latexit sha1_base64="3uP5Nq72bHQ1iD1tk4JrkvyoA9w=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeD89ng2rNbbgL0VXwCqiRQu1B9dMfKp7FkCCXzJi+56YY5Eyj4BJmFT8zkDI+YSPoW0xYDCbIFzvP6FmkNMUx0MX7dzZnsTHTOLSZmOHYLHvz4X9eP8PoKshFkmYICbcR60WZpKjovDodCg0c5dQC41rYLSkfM8042gNVbH1vuewqdJsNz214t81a66I4RJmckFNSJx65JC1yQ9qkQzhJyTN5I++Ocp6cF+f1J1pyij/H5I+cj2+pK48L</latexit><latexit sha1_base64="3uP5Nq72bHQ1iD1tk4JrkvyoA9w=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeD89ng2rNbbgL0VXwCqiRQu1B9dMfKp7FkCCXzJi+56YY5Eyj4BJmFT8zkDI+YSPoW0xYDCbIFzvP6FmkNMUx0MX7dzZnsTHTOLSZmOHYLHvz4X9eP8PoKshFkmYICbcR60WZpKjovDodCg0c5dQC41rYLSkfM8042gNVbH1vuewqdJsNz214t81a66I4RJmckFNSJx65JC1yQ9qkQzhJyTN5I++Ocp6cF+f1J1pyij/H5I+cj2+pK48L</latexit>

(c)
<latexit sha1_base64="QkioKlnBBL/Hyw0l5gvlokepdcg=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFe5+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzeqq48M</latexit><latexit sha1_base64="QkioKlnBBL/Hyw0l5gvlokepdcg=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFe5+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzeqq48M</latexit><latexit sha1_base64="QkioKlnBBL/Hyw0l5gvlokepdcg=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFe5+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzeqq48M</latexit><latexit sha1_base64="QkioKlnBBL/Hyw0l5gvlokepdcg=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFe5+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzeqq48M</latexit>

(m)
<latexit sha1_base64="etuY0GRCO4jTpkkL6TOMVKbsm0M=">AAAB5HicbZC9TsMwFIVvyl8pfwVGFosKqSxV0gXGSiyMRdAfqY0qx71prNpJZDtIVdQ3gAkBG0/EC/A2uCUDtJzp8z3H0j03SAXXxnW/nNLG5tb2Tnm3srd/cHhUPT7p6iRTDDssEYnqB1Sj4DF2DDcC+6lCKgOBvWB6s/B7j6g0T+IHM0vRl3QS85Azauzovi4vR9Wa23CXIuvgFVCDQu1R9XM4TlgmMTZMUK0HnpsaP6fKcCZwXhlmGlPKpnSCA4sxlaj9fLnqnFyEiSImQrJ8/87mVGo9k4HNSGoiveothv95g8yE137O4zQzGDMbsV6YCWISsmhMxlwhM2JmgTLF7ZaERVRRZuxdKra+t1p2HbrNhuc2vLtmrdUsDlGGMziHOnhwBS24hTZ0gMEEnuEN3p3QeXJenNefaMkp/pzCHzkf34jHitk=</latexit><latexit sha1_base64="etuY0GRCO4jTpkkL6TOMVKbsm0M=">AAAB5HicbZC9TsMwFIVvyl8pfwVGFosKqSxV0gXGSiyMRdAfqY0qx71prNpJZDtIVdQ3gAkBG0/EC/A2uCUDtJzp8z3H0j03SAXXxnW/nNLG5tb2Tnm3srd/cHhUPT7p6iRTDDssEYnqB1Sj4DF2DDcC+6lCKgOBvWB6s/B7j6g0T+IHM0vRl3QS85Azauzovi4vR9Wa23CXIuvgFVCDQu1R9XM4TlgmMTZMUK0HnpsaP6fKcCZwXhlmGlPKpnSCA4sxlaj9fLnqnFyEiSImQrJ8/87mVGo9k4HNSGoiveothv95g8yE137O4zQzGDMbsV6YCWISsmhMxlwhM2JmgTLF7ZaERVRRZuxdKra+t1p2HbrNhuc2vLtmrdUsDlGGMziHOnhwBS24hTZ0gMEEnuEN3p3QeXJenNefaMkp/pzCHzkf34jHitk=</latexit><latexit sha1_base64="etuY0GRCO4jTpkkL6TOMVKbsm0M=">AAAB5HicbZC9TsMwFIVvyl8pfwVGFosKqSxV0gXGSiyMRdAfqY0qx71prNpJZDtIVdQ3gAkBG0/EC/A2uCUDtJzp8z3H0j03SAXXxnW/nNLG5tb2Tnm3srd/cHhUPT7p6iRTDDssEYnqB1Sj4DF2DDcC+6lCKgOBvWB6s/B7j6g0T+IHM0vRl3QS85Azauzovi4vR9Wa23CXIuvgFVCDQu1R9XM4TlgmMTZMUK0HnpsaP6fKcCZwXhlmGlPKpnSCA4sxlaj9fLnqnFyEiSImQrJ8/87mVGo9k4HNSGoiveothv95g8yE137O4zQzGDMbsV6YCWISsmhMxlwhM2JmgTLF7ZaERVRRZuxdKra+t1p2HbrNhuc2vLtmrdUsDlGGMziHOnhwBS24hTZ0gMEEnuEN3p3QeXJenNefaMkp/pzCHzkf34jHitk=</latexit><latexit sha1_base64="etuY0GRCO4jTpkkL6TOMVKbsm0M=">AAAB5HicbZC9TsMwFIVvyl8pfwVGFosKqSxV0gXGSiyMRdAfqY0qx71prNpJZDtIVdQ3gAkBG0/EC/A2uCUDtJzp8z3H0j03SAXXxnW/nNLG5tb2Tnm3srd/cHhUPT7p6iRTDDssEYnqB1Sj4DF2DDcC+6lCKgOBvWB6s/B7j6g0T+IHM0vRl3QS85Azauzovi4vR9Wa23CXIuvgFVCDQu1R9XM4TlgmMTZMUK0HnpsaP6fKcCZwXhlmGlPKpnSCA4sxlaj9fLnqnFyEiSImQrJ8/87mVGo9k4HNSGoiveothv95g8yE137O4zQzGDMbsV6YCWISsmhMxlwhM2JmgTLF7ZaERVRRZuxdKra+t1p2HbrNhuc2vLtmrdUsDlGGMziHOnhwBS24hTZ0gMEEnuEN3p3QeXJenNefaMkp/pzCHzkf34jHitk=</latexit>

Input parameters:
z1 = 50 mm
z2 = 90 mm
j = 8

<latexit sha1_base64="+4aWZbRynYtNOdbIFQitdEajtGc="></latexit><latexit sha1_base64="+4aWZbRynYtNOdbIFQitdEajtGc="></latexit><latexit sha1_base64="+4aWZbRynYtNOdbIFQitdEajtGc="></latexit><latexit sha1_base64="+4aWZbRynYtNOdbIFQitdEajtGc="></latexit>

Obtain � and m from z2/z1:
z2/z1 = 1.8
m = 2
� ⇠= 0.821

<latexit sha1_base64="qQT9jLhQWQJU/Jh1d50rB7mAOWk="></latexit><latexit sha1_base64="qQT9jLhQWQJU/Jh1d50rB7mAOWk="></latexit><latexit sha1_base64="qQT9jLhQWQJU/Jh1d50rB7mAOWk="></latexit><latexit sha1_base64="qQT9jLhQWQJU/Jh1d50rB7mAOWk="></latexit>

Calculate � from  and z0:
 = 0.02549
� = 1.674 mm

<latexit sha1_base64="wkLKla+FMnsZR5g8CryU3BxCv4s="></latexit><latexit sha1_base64="wkLKla+FMnsZR5g8CryU3BxCv4s="></latexit><latexit sha1_base64="wkLKla+FMnsZR5g8CryU3BxCv4s="></latexit><latexit sha1_base64="wkLKla+FMnsZR5g8CryU3BxCv4s="></latexit>

Output parameters:
z0, �, m, j

<latexit sha1_base64="tuAxrB91K4J+Y1P8qq6nHtqq0P4="></latexit><latexit sha1_base64="tuAxrB91K4J+Y1P8qq6nHtqq0P4="></latexit><latexit sha1_base64="tuAxrB91K4J+Y1P8qq6nHtqq0P4="></latexit><latexit sha1_base64="tuAxrB91K4J+Y1P8qq6nHtqq0P4="></latexit>

Obtain z2/z0 and z1/z0 from �:
z2/z0

⇠= 1.37
z1/z0

⇠= 0.76
<latexit sha1_base64="Dhcs3hONJ+DN47t1vVi8B1lDlsE="></latexit><latexit sha1_base64="Dhcs3hONJ+DN47t1vVi8B1lDlsE="></latexit><latexit sha1_base64="Dhcs3hONJ+DN47t1vVi8B1lDlsE="></latexit><latexit sha1_base64="Dhcs3hONJ+DN47t1vVi8B1lDlsE="></latexit>

Obtain z0 from z2/z0 or z1/z0:
z0

⇠= 65.7 mm
<latexit sha1_base64="jQa5DIQ+BcQv2FVoAWXMsmPhoec="></latexit><latexit sha1_base64="jQa5DIQ+BcQv2FVoAWXMsmPhoec="></latexit><latexit sha1_base64="jQa5DIQ+BcQv2FVoAWXMsmPhoec="></latexit><latexit sha1_base64="jQa5DIQ+BcQv2FVoAWXMsmPhoec="></latexit>

(a)
<latexit sha1_base64="Tx5PnqWd/akTxjSO90ew/swUIOI=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeZ+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzenq48K</latexit><latexit sha1_base64="Tx5PnqWd/akTxjSO90ew/swUIOI=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeZ+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzenq48K</latexit><latexit sha1_base64="Tx5PnqWd/akTxjSO90ew/swUIOI=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeZ+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzenq48K</latexit><latexit sha1_base64="Tx5PnqWd/akTxjSO90ew/swUIOI=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeZ+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzenq48K</latexit>

(b)
<latexit sha1_base64="3uP5Nq72bHQ1iD1tk4JrkvyoA9w=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeD89ng2rNbbgL0VXwCqiRQu1B9dMfKp7FkCCXzJi+56YY5Eyj4BJmFT8zkDI+YSPoW0xYDCbIFzvP6FmkNMUx0MX7dzZnsTHTOLSZmOHYLHvz4X9eP8PoKshFkmYICbcR60WZpKjovDodCg0c5dQC41rYLSkfM8042gNVbH1vuewqdJsNz214t81a66I4RJmckFNSJx65JC1yQ9qkQzhJyTN5I++Ocp6cF+f1J1pyij/H5I+cj2+pK48L</latexit><latexit sha1_base64="3uP5Nq72bHQ1iD1tk4JrkvyoA9w=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeD89ng2rNbbgL0VXwCqiRQu1B9dMfKp7FkCCXzJi+56YY5Eyj4BJmFT8zkDI+YSPoW0xYDCbIFzvP6FmkNMUx0MX7dzZnsTHTOLSZmOHYLHvz4X9eP8PoKshFkmYICbcR60WZpKjovDodCg0c5dQC41rYLSkfM8042gNVbH1vuewqdJsNz214t81a66I4RJmckFNSJx65JC1yQ9qkQzhJyTN5I++Ocp6cF+f1J1pyij/H5I+cj2+pK48L</latexit><latexit sha1_base64="3uP5Nq72bHQ1iD1tk4JrkvyoA9w=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeD89ng2rNbbgL0VXwCqiRQu1B9dMfKp7FkCCXzJi+56YY5Eyj4BJmFT8zkDI+YSPoW0xYDCbIFzvP6FmkNMUx0MX7dzZnsTHTOLSZmOHYLHvz4X9eP8PoKshFkmYICbcR60WZpKjovDodCg0c5dQC41rYLSkfM8042gNVbH1vuewqdJsNz214t81a66I4RJmckFNSJx65JC1yQ9qkQzhJyTN5I++Ocp6cF+f1J1pyij/H5I+cj2+pK48L</latexit><latexit sha1_base64="3uP5Nq72bHQ1iD1tk4JrkvyoA9w=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFeD89ng2rNbbgL0VXwCqiRQu1B9dMfKp7FkCCXzJi+56YY5Eyj4BJmFT8zkDI+YSPoW0xYDCbIFzvP6FmkNMUx0MX7dzZnsTHTOLSZmOHYLHvz4X9eP8PoKshFkmYICbcR60WZpKjovDodCg0c5dQC41rYLSkfM8042gNVbH1vuewqdJsNz214t81a66I4RJmckFNSJx65JC1yQ9qkQzhJyTN5I++Ocp6cF+f1J1pyij/H5I+cj2+pK48L</latexit>

(c)
<latexit sha1_base64="QkioKlnBBL/Hyw0l5gvlokepdcg=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFe5+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzeqq48M</latexit><latexit sha1_base64="QkioKlnBBL/Hyw0l5gvlokepdcg=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFe5+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzeqq48M</latexit><latexit sha1_base64="QkioKlnBBL/Hyw0l5gvlokepdcg=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFe5+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzeqq48M</latexit><latexit sha1_base64="QkioKlnBBL/Hyw0l5gvlokepdcg=">AAAB7XicbZDNTsJAFIWn+If4h7p0M5GY4Ia0xESXJG5cYiJgQhsyHW5hwrTTzNwaScNj6MqoO1/GF/BtHLALBc/qm3vOJPfcMJXCoOt+OaW19Y3NrfJ2ZWd3b/+genjUNSrTHDpcSaXvQ2ZAigQ6KFDCfaqBxaGEXji5nvu9B9BGqOQOpykEMRslIhKcoR35PsIjhlFe5+ezQbXmNtyF6Cp4BdRIofag+ukPFc9iSJBLZkzfc1MMcqZRcAmzip8ZSBmfsBH0LSYsBhPki51n9CxSmuIY6OL9O5uz2JhpHNpMzHBslr358D+vn2F0FeQiSTOEhNuI9aJMUlR0Xp0OhQaOcmqBcS3slpSPmWYc7YEqtr63XHYVus2G5za822atdVEcokxOyCmpE49ckha5IW3SIZyk5Jm8kXdHOU/Oi/P6Ey05xZ9j8kfOxzeqq48M</latexit>

(m)
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Figure 6. Lens design example with z1 = 50 mm and z2 = 90 mm: (a) Design procedure flow diagram,
(b) resulting MbZP lens, and (c) numerically computed focusing profile.

3. Experimental Results and Discussion

Experimental measurements have been carried out in order to validate the theoretical analysis.
The experimental set-up consists of an underwater 3D automated positioning system with a spatial
resolution of 1 × 1 × 1 mm3. An Imasonic piston transducer with 12.7 mm of active diameter and
a central working frequency of 1 MHz is used as emitter. A needle hydrophone form Precision Acoustics
Ltd. with 1.5 mm of diameter and a −4 dB bandwidth ranging from 200 kHz to 25 MHz is used as
receiver. The transmitted signal is generated using a Panametrics 5077PR pulser and sampled using
a digital oscilloscope from Pico Technology with a resolution of 12-bit. Figure 7b depicts a scheme of the
experimental set-up.
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As plane wave incidence cannot be assumed due to the reduced physical dimensions of the water
tank, the Fresnel radii were calculated using the spherical wave incidence equation, given by

d + z0 +
nλ

2
=
√

d2 + r2
n +

√
z2

0 + r2
n, (21)

where d = 350 mm is the transducer separation from the lens. To obtain the γ parameter under spherical
wave incidence, an iterative process is used. In this process, the ψ value for plane wave incidence is used
to obtain an initial value of λ. Subsequently, the wavelength is iteratively increased until the desired γ

value is achieved.
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78.474 mm
<latexit sha1_base64="f/EgXe4JnFkSD/pleHJJaT6FgI0=">AAAB83icbZDNTgIxFIU7/iL+jbp000hMXE1mDAksiW5cYiI/CRDSKXegoZ2ZtHeIZMKT6MqoO9/EF/BtLMhCwbP6es9pcu8JUykM+v6Xs7G5tb2zW9gr7h8cHh27J6dNk2SaQ4MnMtHtkBmQIoYGCpTQTjUwFUpohePbud+agDYiiR9wmkJPsWEsIsEZ2lHfdStVr1wpdxEeMadKzfpuyff8heg6BEsokaXqffezO0h4piBGLpkxncBPsZczjYJLmBW7mYGU8TEbQsdizBSYXr7YfEYvo0RTHAFdvH9nc6aMmarQZhTDkVn15sP/vE6GUbWXizjNEGJuI9aLMkkxofMC6EBo4CinFhjXwm5J+YhpxtHWVLTnB6vHrkPz2gt8L7gvl2o3yyIK5JxckCsSkAqpkTtSJw3CyYQ8kzfy7mTOk/PivP5EN5zlnzPyR87HN9dJkC8=</latexit><latexit sha1_base64="f/EgXe4JnFkSD/pleHJJaT6FgI0=">AAAB83icbZDNTgIxFIU7/iL+jbp000hMXE1mDAksiW5cYiI/CRDSKXegoZ2ZtHeIZMKT6MqoO9/EF/BtLMhCwbP6es9pcu8JUykM+v6Xs7G5tb2zW9gr7h8cHh27J6dNk2SaQ4MnMtHtkBmQIoYGCpTQTjUwFUpohePbud+agDYiiR9wmkJPsWEsIsEZ2lHfdStVr1wpdxEeMadKzfpuyff8heg6BEsokaXqffezO0h4piBGLpkxncBPsZczjYJLmBW7mYGU8TEbQsdizBSYXr7YfEYvo0RTHAFdvH9nc6aMmarQZhTDkVn15sP/vE6GUbWXizjNEGJuI9aLMkkxofMC6EBo4CinFhjXwm5J+YhpxtHWVLTnB6vHrkPz2gt8L7gvl2o3yyIK5JxckCsSkAqpkTtSJw3CyYQ8kzfy7mTOk/PivP5EN5zlnzPyR87HN9dJkC8=</latexit><latexit sha1_base64="f/EgXe4JnFkSD/pleHJJaT6FgI0=">AAAB83icbZDNTgIxFIU7/iL+jbp000hMXE1mDAksiW5cYiI/CRDSKXegoZ2ZtHeIZMKT6MqoO9/EF/BtLMhCwbP6es9pcu8JUykM+v6Xs7G5tb2zW9gr7h8cHh27J6dNk2SaQ4MnMtHtkBmQIoYGCpTQTjUwFUpohePbud+agDYiiR9wmkJPsWEsIsEZ2lHfdStVr1wpdxEeMadKzfpuyff8heg6BEsokaXqffezO0h4piBGLpkxncBPsZczjYJLmBW7mYGU8TEbQsdizBSYXr7YfEYvo0RTHAFdvH9nc6aMmarQZhTDkVn15sP/vE6GUbWXizjNEGJuI9aLMkkxofMC6EBo4CinFhjXwm5J+YhpxtHWVLTnB6vHrkPz2gt8L7gvl2o3yyIK5JxckCsSkAqpkTtSJw3CyYQ8kzfy7mTOk/PivP5EN5zlnzPyR87HN9dJkC8=</latexit><latexit sha1_base64="f/EgXe4JnFkSD/pleHJJaT6FgI0=">AAAB83icbZDNTgIxFIU7/iL+jbp000hMXE1mDAksiW5cYiI/CRDSKXegoZ2ZtHeIZMKT6MqoO9/EF/BtLMhCwbP6es9pcu8JUykM+v6Xs7G5tb2zW9gr7h8cHh27J6dNk2SaQ4MnMtHtkBmQIoYGCpTQTjUwFUpohePbud+agDYiiR9wmkJPsWEsIsEZ2lHfdStVr1wpdxEeMadKzfpuyff8heg6BEsokaXqffezO0h4piBGLpkxncBPsZczjYJLmBW7mYGU8TEbQsdizBSYXr7YfEYvo0RTHAFdvH9nc6aMmarQZhTDkVn15sP/vE6GUbWXizjNEGJuI9aLMkkxofMC6EBo4CinFhjXwm5J+YhpxtHWVLTnB6vHrkPz2gt8L7gvl2o3yyIK5JxckCsSkAqpkTtSJw3CyYQ8kzfy7mTOk/PivP5EN5zlnzPyR87HN9dJkC8=</latexit>

Figure 7. (a) Manufactured MbZP and (b) scheme of the experimental set-up.

A Soret MbZP, made of brass and designed with m = 2, j = 8, z0 = 5 cm, and λ = 1.5 mm, has been
manufactured (Figure 7a). In this lens, the Fresnel approximation distance is z f = 5.824 cm and, therefore,
γ = 0.859, meaning that the focusing profile of the lens is going to be significantly distorted. Figure 8a
depicts the measured acoustic intensity map, whereas 8b shows the measured focusing profile (squares)
along the axial distance compared to the numerical simulation (blue line) and the γ >> 1 case (red line).

Figure 8. Experimental results: (a) measured intensity map, (b) measured (black squares) and simulated
(blue line) focusing profiles for the MbZP built lens compared to the γ >> 1 case (red line).
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As it can be observed, the manufactured lens with γ = 0.859 provides focal distances of z1 = 3.64 cm
and z2 = 7.26 cm, which differ from those corresponding to the γ >> 1 case (z1 = 4.06 cm and
z2 = 6.49 cm). Therefore, the experimental results demonstrate the focal shift predicted in the theoretical
analysis and shown in Figures 4 and 5. However, there is also a noticeable distortion in the focusing profile,
and both foci are not even anymore. Thus, there is a trade off between the focal shifting range and the
maximum tolerable distortion in the MbZP focusing profile.

Figure 9 shows the effect that the adjustment of the operating frequency has on the performance
of the MbZP lens. Figure 9a depicts the location of both foci against the operating frequency for the
built MbZP shown in Figure 7a. This MbZP lens has been designed to operate at a design frequency of
f = 1 MHz, and the results shown in Figure 9a have been numerically computed using Equation (6).
As it can be observed from the figure, both foci shift linearly with the operating frequency, although at
different rates. Thus, the separation between both foci augments with the operating frequency. Figure 9b,c
shows the experimental MbZP focusing profiles measured for comparison purposes at f = 1 MHz (design
frequency) and f = 1.1 MHz, respectively. The separations between both foci are around the numerically
computed values, which correspond to 36.2 mm in the f = 1 MHz case and 40.4 mm in the 1.1 MHz case.
Therefore, Figure 9b,c experimentally demonstrates the effect that the operating frequency has on the
MbZP focusing profile.

Figure 9. (a) Numerically computed focal distances as a function of the working frequency; Experimental
(black squares) and simulated (blue line) focusing profiles at (b) 1 MHz and (c) 1.1 MHz.

4. Conclusions

In this work, we present a method for designing bifocal ZPs using M-bonacci binary sequences
in the ultrasound domain. The distance between both foci is related to the M-bonacci sequence ratio.
In addition, a γ design parameter is presented, which can be used to finely adjust the foci separation
at the expense of increasing the focusing profile distortion. Experimental results agree with numerical
simulations, demonstrating the viability of these type of lenses in high-wavelength domains, such as
microwaves or ultrasound transmission.
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