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Chemistry
beyond the Hartree-Fock energy
via quantum computed moments

Michael A. Jones?, Harish J. Vallury?, Charles D. Hill*? & Lloyd C. L. Hollenberg**

Quantum computers hold promise to circumvent the limitations of conventional computing for
difficult molecular problems. However, the accumulation of quantum logic errors on real devices
represents a major challenge, particularly in the pursuit of chemical accuracy requiring the inclusion
of electronic correlation effects. In this work we implement the quantum computed moments (QCM)
approach for hydrogen chain molecular systems up to Hg. On a superconducting quantum processor,
Hamiltonian moments, (HP) are computed with respect to the Hartree-Fock state, which are then
employed in Lanczos expansion theory to determine an estimate for the ground-state energy which
incorporates electronic correlations and manifestly improves on the direct energy measurement.
Post-processing purification of the raw QCM data takes the estimate below the Hartree-Fock energy
to within 99.9% of the exact electronic ground-state energy for the largest system studied, He.
Calculated dissociation curves indicate precision at about 10mH for this system and as low as 0.1mH
for molecular hydrogen, H;, over a range of bond lengths. In the context of stringent precision
requirements for chemical problems, these results provide strong evidence for the error suppression
capability of the QCM method, particularly when coupled with post-processing error mitigation. While
calculations based on the Hartree—Fock state are tractable to classical computation, these results
represent a first step towards implementing the QCM method in a quantum chemical trial circuit.
Greater emphasis on more efficient representations of the Hamiltonian and classical preprocessing
steps may enable the solution of larger systems on near-term quantum processors.

The computing resources required for the ab-initio solution of molecular systems generally scale exponentially
as the system size increases, however, Feynman recognised that quantum computers may be able to solve these
problems efficiently’. There has been considerable progress in developing quantum algorithmic approaches to the
problem, and in understanding the quantum resources required for useful real-world cases*”. Generally, because
the underlying quantum algorithms are inherently phase sensitive, these approaches require fault-tolerant quan-
tum error correction over hundreds of thousands to several million physical qubits to simulate molecular or
condensed matter systems of scientific interest. With fault-tolerant quantum computation inaccessible in the
short-to-medium term, approaches have been suggested that aim to make use of the advantages of quantum
computation while keeping circuit depth minimal to reduce the accumulation of errors. Notable among these
methods are variational hybrid algorithms such as the Variational Quantum Eigensolver (VQE)3® which exploits
the quantum processor’s ability to efficiently encode the state of a quantum system while leveraging classical
computation to optimise the state with respect to some inbuilt parameter set, using the expectation value of a
chosen observable, usually the Hamiltonian, H, as the cost function. Such algorithms have been considered as
candidates*! for demonstrating quantum advantage'' on a problem of real scientific interest. Since the initial
proposal® and implementations of VQE*!>!%, various modifications and improvements to the algorithm, such
as adaptive ansitze'*!® and alternative objective functions'® have been suggested.

While the reduced circuit depth of variational quantum algorithms provides a way to reduce errors, there is no
way to completely prevent them on the Noisy Intermediate Scale Quantum (NISQ) hardware currently available'’.
As such, methods have been proposed to mitigate the effects of noise such as Richardson extrapolation'®!? and
McWeeny purification?*?! among others. For molecular problems, these methods have achieved some success in
effectively recovering the noise-free limit of the variational trial-state—usually constructed in the Hartree-Fock
approximation®” as a first step. However, the real challenge remains to incorporate electronic correlation effects
in a sufficiently noise-robust manner to break through the limitations of the Hartree-Fock trial-state and into
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Figure 1. Overview of the quantum computed moments (QCM) approach applied to problems in chemistry.
(a) The molecular system Hg is represented by a second-quantised Hamiltonian over a set of molecular
orbitals. The trial-state is the Hartree—Fock state, i.e. the occupation of the indicated orbitals. Application of
the Hamiltonian moments allows for the generation of electronic correlation effects that the Hartree-Fock
state cannot otherwise incorporate. (b) Overview of hybrid quantum/classical aspects of the QCM approach
including a device map for the quantum processor ibmq_sydney used in this work.

the regime of chemical precision at the 1 kcal/mol (1.59 mH) level. While a more complicated trial state such as
the UCC ansitz* or its variations®® can, in principle, incorporate the required correlations; as the problem size
is increased beyond what can be simulated classically the circuits soon become prohibitively long and inacces-
sible to near-term quantum devices.

Here we apply the recently introduced Quantum Computed Moments (QCM) approach® to compute cor-
rections to the conventional variational estimate, (), for molecular problems (defined by an electronic Hamil-
tonian, ), on a superconducting quantum processor as outlined in Fig. 1 and discussed in further detail in the
“Results” section. The QCM approach incorporates system dynamics through the computation of Hamiltonian
moments, and uses results from Lanczos expansion theory? to produce a dynamic correction, effectively sum-
ming these effects to all orders. The utility of the QCM method was previously demonstrated for quantum
magnetism problems on a superconducting quantum processor of up to 25 qubits, providing stable estimates of
the ground-state energy which improve on the corresponding direct energy measurements. Critically, the QCM
results, even for this relatively large number of qubits, showed a high level of robustness to device errors and
noise, suggesting utility for other quantum problems of interest on near-term devices. For our test molecular
problem, we consider the ground state energy of hydrogen-atom chains up to Hg computed with respect to a
single-Slater determinant variational state.

Recently, other methods of using moments in the QC context have been proposed based on the power
method?, extensions of the variational approach?, or the connected moments expansion (CMX)?*-*2. Unlike
approaches such as the CMX, which applies Pade approximates to the t-expansion, the energy estimates obtained
from Lanczos expansion theory are based on a rigorous diagonalisation of the Hamiltonian in Lanczos expanded
form for a given finite moment order. In the past, direct comparisons show that the Lanczos expansion approach
consistently provides a better energy estimate®.

These moment-based methods fit into a broader category of so-called Quantum Subspace Expansion (QSE)
methods that classically diagonalise the Hamiltonian in an alternative basis where the diagonalisation can be
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carried out more efficiently/accurately. The generation of such a basis can be carried out by repeated applica-
tion of the Hamiltonian operator to a suitably chosen trial-state (leading to moments-based methods) or by the
application of other operators such as electronic excitations***, Pauli operators® or matrix exponentials of the
Hamiltonian®*. Alternatively, a non-orthogonal basis can be defined as a more general set of states that can be
prepared easily on the quantum processor®*~*2.

It is worth noting that Lanczos expansion theory is capable of more than calculating corrections to the
ground state energy and that it should also be possible to calculate energy gaps*, thermodynamic properties and
expectation values of physical quantities* etc. Recently* a simulated quantum computer was used to calculate
Green’s functions based on the Hamiltonian moments and another method has been proposed*® for calculating
exited states and time-evolution over a long time period from the Hamiltonian moments obtained from time-
evolution over a short time period.

Results

Chemistry via Quantum Computed Moments. The QCM method is applicable to any molecular prob-
lem in general, however, for definiteness we consider linear chains of hydrogen atoms (Fig. 1a) governed by the
usual second-quantised molecular Hamiltonian:

H= Z hjka;ak + Zgjklma;a]talam; (1)
jk jkim

where a (a;) are creation (annihilation) operators for an electron in molecular spin-orbital j. The one- and
two—boéy molecular integrals (hjx and gjxim respectively) are computed efficiently on a classical computer and
represent the kinetic energy of the electrons and the attractive electron-nuclear potential (4) and the repulsive
electron-electron interactions (g). The Hamiltonian as written in Eq. (1) does not include the repulsion energy
between the atomic nuclei—when calculating dissociation curves this must be taken into account as the nuclear
repulsion varies as a function of atomic coordinates. This energy is referred to as the molecular energy. When
performing optimisations for a single set of atomic positions the nuclear repulsion energy does not need to be
taken into account as it is independent of the electronic configuration—this energy is referred to as the electronic
energy. The problem is to use a quantum computer to find the ground-state energy to chemical precision (1 kcal/
mol & 1.59 mH). The conventional Variational Quantum Eigensolver (VQE) approach employs the quantum
computer to compute the expectation value (), with respect to a well-chosen trial state, as a cost function in a
classical minimisation loop. For chemical problems, the Hartree-Fock (HF) state is the chosen starting point for
the minimisation of (). While gate-errors and device noise have a considerable effect on the values of (H), error
mitigation and purification techniques can essentially recover the HF energy*!. In the quantum computation con-
text, to go beyond the HF energy towards chemical precision one must include electronic correlations. While this
can be achieved through the use of better trial state ansitz such as the Unitary Coupled Cluster ansitz (UCC)*
or alternative algorithms such as Quantum Phase Estimation (QPE)*!, these approaches generally involve many
qubits and/or deep circuits and/or quantum error corrected logical qubits and are therefore not suited to NISQ
devices, even in the medium term. For NISQ devices to be of any use as a computational tool for chemistry, the
algorithmic approaches must be adapted to be highly noise-robust in order to be capable of producing accurate
results in the context of chemical precision.

The QCM method is based on an expansion of the Lanczos tridiagonal form in terms of moments (H?) (see
section A in SI for details)*. The Hamiltonian moments encapsulate the system’s dynamics with respect to a given
trial state—for the chemistry problems considered here, this equates to incorporating electronic correlations
over the single Slater determinant trial state. In the quantum computing context, early explorations considered
Hamiltonian moments in both adiabatic and gate-based circuit approaches®® and were later extended to the
notion of direct computation of these quantities®. The resulting Quantum Computed Moments (QCM) method®
employs an approximation for the ground state energy in terms of connected moments (cumulants) ¢, of (HP),
to fourth order, given by the expression®*>>;

2
C
EQCM =C( — 272 (\/ 3C§ — 26264 — 63),

C3 — €4
P2 ' 2
o=(H)=" (Pj )cjﬂmf’*lﬁ).

j=0

The second term involving higher order connected moments not only provides a dynamical correction to the
direct measurement result, c; = (), it also contributes a high degree of robustness to circuit errors.

For a given Hamiltonian, 7, the QCM method begins by exponentiating H to produce {H!, H2, H>, H*}.
Here we keep H in second quantised form so the multiplications can be performed, for example, by using Wick’s
theorem. After conversion to qubit operators, the growth of the number of terms in the exponentiated forms
of H is controlled by forming tensor product basis (TPB) sets’ in a classical pre-processing step (as discussed
in section D of the Supplementary Information). The trial state employed in this work is based on that used by
Arute et. al.?!, where each qubit represents the occupation state of a molecular orbital, classically pre-computed
in the STO-3G minimal basis using the Python package pyscf®. (See section C in the Supplementary Informa-
tion for additional details).

To reduce the computational burden on the quantum processor, an extension of a spin-symmetry reduc-
tion technique?' was employed to reduce the number of qubits by a factor of 2. While this qubit reduction (see
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Figure 2. Trial state construction and implementation: illustrated case—the 6 atom hydrogen chain. (a) Qubit
representation of the orbital basis, the trial circuit expressed in terms of Givens rotations*’~** and the Givens
rotation expressed in terms of CNOT and single qubit gates and its matrix representation. Parameterised gates
are shaded in red (b) The trial state produced when 6; = /4, visualised using the Quantum User Interface
(QUI) system™. Only the states representing the correct number of electrons are included on the horizontal axis
since only these states can have non-zero amplitudes.

section B in SI for details) requires several restrictions on the problem, most notably that the trial state must be
a single Slater-determinant, the inclusion of electron dynamics introduced to the system by the QCM method
allows the computation to achieve accuracy beyond what would normally be possible for such a trial state. This
technique also allows for a reduction in the number of Tensor Product Basis (TPB) elements that need to be
measured in the Hamiltonian averaging procedure by a factor of N!* from the naive method of measuring the
(worst case) O(NL®) terms in H* individually, where Nj is the number of spin-orbitals. The results here were
obtained using the conventional O(N?) scaling of the Hamiltonian terms for which classical pre-processing on
modest computing resources limited the molecular system size. However, our results together with the wide
applicability of the QCM method to molecular systems in general, provides the tantalising possibility that with
alternative Hamiltonian representations the QCM approach, coupled with error mitigation schemes, has the
potential to provide accurate and strongly error-robust results for the ground state energy of larger chemical
systems on near-term quantum computers.

Circuit parameter sweep. With respect to the single Slater-determinant trial-state defined in Fig. 2
(parameter set 0), all observables contained in the TPB sets were measured directly on the ibmg_sydney device
for the molecular systems H, Hy and Hg with all bond lengths set to 0.74 A (the equilibrium bond distance
of molecular hydrogen). Each TPB set was measured using 8192 shots. To illustrate variational behaviour we
present the data for values of the opening trial-state parameter 6; around the Hartree-Fock state compared to
the Hartree-Fock energy and the Full Configuration Interaction (FCI) results in Fig. 3a (see section F in the
Supplementary Information for ensemble data over the variational parameter sets). The error robustness of the
QCM results is quite evident for all three molecular systems—while the pink triangles representing the direct
measurement result (with respect to 6;) move significantly away from the solid pink line indicating the trial-
state limit (HF energy), the upward shift of the QCM due to device errors (green triangles shifting away from
the green line) is suppressed by an order of magnitude. Despite the large number of observables required to be
measured on the QC device in the determination of the moments, the QCM correction term consistently sup-
presses the device errors contained in the uncorrected computation ¢c; = (H). In fact, for the largest system, He,
the raw QCM data already recovers 99.7% of the minimised trial-state energy at the HF point.

Density matrix purification. To investigate the potential of the method to reach beyond the Hartree-Fock
energy we perform McWeeny purification on the 1-body reduced density matrix (1-RDM)*—this procedure
has been shown to improve the direct energy measurement result at the Hartree-Fock point*'. Details on the
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Figure 3. Results of varying the leading circuit parameter, 0, for (from left to right) H,, Hy, He. The vertical
axis is the absolute error in electronic energy from the FCI result|E — Epcy| on a logarithmic scale. Ideal
simulations were performed without errors or shot noise while QC data was averaged over 4 runs (total 8192
shots). Statistical error bars on the QC data represent one standard deviation and are often smaller than the data
points. (a) Comparison of raw data results to noiseless simulation. (b) Comparison of purified data to noiseless
simulation.

purification procedure can be found in section E in the Supplementary Information. The results of the RDM
purification procedure are shown in Fig. 3b. As observed in previous work?!, the purification procedure applied
to the direct energy measurement (pink inverted triangles) goes a long way to recovering the trial-state energy
(pink line). However, the key observation is that the RDM purification is also highly effective in correcting the
remaining device errors in the QCM calculation (green inverted triangles), explicitly recovering a portion of the
electron correlation and pushing the result beyond the HF energy (black dashed line).

The high level of accuracy (relative to the FCI result) in the H; case is in part due to the fact that the Hilbert
space spanned by the minimal basis is reasonably small, so the Hartree-Fock state is a better approximation to
the true ground-state. For the H4 and Hg cases the accuracy of the Hartree-Fock method is decreased and so the
QCM results based on the HF state are also reduced in accuracy. Systematic improvement of the trial state (of
the form usually used in VQE calculations) is expected to allow the QCM method to more accurately estimate
the ground-state energy.

Dissociation curves. Finally, we repeat the calculations at a range of atomic separations to compute the
dissociation curves shown in Fig. 4. As expected, in the absence of noise, the QCM correction (green line) incor-
porates the electronic correlations at a sufficient level to recover energies below the Hartree-Fock energy (pink
line) for all bond distances examined for all three molecules. For most cases, especially at longer bond lengths
where the Hartree—Fock energy diverges more significantly from the FCI results, the moments-based correction
without any additional error mitigation (green crosses) is sufficient to calculate energies below the Hartree-Fock
energy, even when performed on a noisy quantum device.

With the application of 1-RDM purification, the moments based method on the quantum device ibmgq_sydney
(green inverted triangles) was able to outperform the noiseless Hartree-Fock results for all molecular geometries
considered, reaching error thresholds relative to the FCI results of order 10 mH for the longest chain, Hg, and
0.1 mH for molecular hydrogen. The latter is below the chemical precision threshold of 1.59 mH (black line in
Fig. 4b). We note that this result is within chemical precision of the FCI energy calculated in the minimal STO-3G
basis and that a significantly larger basis is required to claim true chemical accuracy*. We also note that the results
presented by Arute et. al.?! are likewise restricted by the choice of basis and are in fact within chemical precision

Scientific Reports |

(2022) 12:8985 |

https://doi.org/10.1038/s41598-022-12324-z nature portfolio



www.nature.com/scientificreports/

(a) Dissociation curves

-0.5
-0.6
-0.7
-0.8

(Hartree)

Molecular Energy
(|
= o
o ©

|
-
—

n, @O

H, @@ 0@
e

H O—O@O—0—0—00
C XIX D

| @ 00}

000 one 10000 00000 crrare
X * X
X x X
X v
X xéé X x
L= 4
x x v § ¥
x x Xw v x x X
T T v ¥ -
X X x
¥ X x X VT ¥ X o X« x X 3 ¥ x x X 5 %%
¥ x x X v x x X X v
= i p SR = = S TS = S S5 8 S

040608101214161.8
Internuclear Distance (4)

040608101214161.8
Internuclear Distance (4)

040608101214161.38
Internuclear Distance (4)

(b) Error from FCI curve

107!
1073
1073
1077
10-°
10—11
10-13
10—15

Absolute Molecular
Energy Error (Hartree)

(M), Noiseless Simulation (= Hartree Fock)  x (H), Raw QC v (H), Purified QC
Eocm, Noiseless Simulation x  Egcm, Raw QC v Eocwm, Purified QC
xxxxxx;;;;ﬁivvvi' 100Xx OXX
Y x
v';;!XXXXXXXXX x XXXxxxxxxxéééé 10 xxxxxxxxxxxxxxx
v — X vV X v vy
vvvvvvvvyyv,vV' 107! L v'v" - I ¥
v S = 10-1 x vvv' *
2" X x ¥ vvv"’xxxx ¥
10 YYvyyyvyvVvYYVYy t )|(Y " x t
'* 10—2"Vvvvvv""'v
v
1073 A
N
1073 Y

040608101214 161.8
Internuclear Distance (A)

0.40608101214161.8
Internuclear Distance (A) Internuclear Distance (A)

(M), Noiseless Simulation (= Hartree-Fock) x (H), Raw QC v (M), Purified QC
Eocm, Noiseless Simulation x Eqgem, Raw QC v Egem, Purified QC

04 0608101214161.8

— Chemical Precision

Figure 4. Dissociation curves for hydrogen chains. The energy values at each point correspond to a single
energy evaluation (8192 shots) performed at parameter value & = (0,0, . ..). (a) Molecular energy as a function
of inter-nuclear distance. The purple line is the noiseless simulation result which reproduces exactly the
Hartree-Fock energy. (b) The absolute value of the error in molecular energy relative to the FCI results.

only of the Hartree-Fock energy and not the FCI ground state. Additionally, the results presented here do not rely
on the symmetry of the system and could, in principle, be calculated for any spatial arrangement of the atoms.
This is in contrast to the results of Kawashima et. al.”” where chemical precision relative to FCI calculations was
achieved for the H;j ring by exploiting the high level of rotational symmetry in the system. Chemical precision
has also been reported for NaH* on 4 superconducting qubits using a frozen core approximation and a UCC
inspired circuit, a problem of similar size to the H, molecule simulated, reaching chemical precision relative to
the FCI energy. Another work® simulates H,O on 11 trapped-ion qubits by carefully selecting the excitation
operators to be included in a UCC-style ansitz circuit and achieves errors relative to the ideal result and stand-
ard deviations at the same order as chemical precision for the first few determinants. Given the precision of the
QCM method when performed using the less accurate single Slater-determinant trial state it is expected that
application of the method to UCC-style ansitz circuits would provide a further improvement on the precision
of the ground-state energy estimates.

Discussion
We have applied the Quantum Computed Moments method to the quantum-chemical problem of computing
the ground state energy of linear chains of hydrogen atoms and found that, even for restrictive single Slater-
determinant trial states, use of the QCM method allows for recovery of electron correlation and therefore
of energies below the Hartree-Fock threshold. Though computation of the Hamiltonian moments may seem
expensive, the scaling of the number of terms in H* is significantly better than the worst-case as seen in section
D of the SI and could be further reduced by transformation into an alternate basis. Additionally the number of
measurements can be controlled by grouping mutually commuting operators for simultaneous measurement.
With the addition of McWeeny purification, we demonstrate that the method is capable of outperforming
(noise-free) Hartree-Fock calculations, even when the moments are computed on noisy present-day quantum
hardware, for chains of up to 6 atoms, the largest system studied here requiring up to 27 CNOT gates. For
molecular hydrogen, H,, we achieve results that are within chemical precision of the FCI result calculated with
respect to the minimal basis set for a range of inter-nuclear distances around the equilibrium bond length. For
the Hg chain at 0.74 A, with no error mitigation the QCM method is able to recover 97.1% of the molecular
energy while the usual direct measurement of () is able to return only 78% of the energy due to noise in the
trial circuit preparation.
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Although the McWeeny purification technique is not easily generalised to states that cannot be represented
as a single Slater-determinant, the QCM method performs well even without the purification and would likely
benefit from any improvement in the trial state. Such improvement could come in the form of a UCCD circuit
ansatz, for example, and should allow the QCM result to approach the FCI energy more closely while maintaining
the QCM method’s resilience to noise. Experimentation with improved circuit ansatze is left to future work as is a
detailed time-cost analysis. Furthermore it is possible to adapt the QCM method for the computation of excited
state energies*® and to properties other than the energy*. With improvement of the trial state, combined with
error mitigation techniques and alternative Hamiltonian representations to control the scaling of the problem the
QCM method is a promising technique for the pursuit of chemical accuracy on present-day quantum hardware.

Methods

Spin-degeneracy qubit-reduction. Due to the spin-symmetry of the system the number of qubits
required for quantum simulation can be reduced by a factor of 2 if the trial state is restricted to a single Slater-
determinant, |¥p) (see section B in SI). Given the restricted trial state it is possible to extract expectation values
for any excitation operator from the 1-body reduced density matrix (1-RDM) according to the equation

(aay) (alay)
T T
(Wplalal ... apay|Wp) = [(aaj) (axap) --|. (3)

The qubit-reduction method is described in more detail in section B in the Supplementary Information.

The chemical Hamiltonian. The chemical Hamiltonians used in this work were computed using the
python package pyscf*® to optimise the molecular orbitals and were converted to qubit Hamiltonians using the
Jordan-Wigner transform®.

Measurement details. To reduce the required number of state preparations, the Pauli strings required
for measurement of the 1-RDM are grouped into O(N?) mutually commuting tensor product basis sets® as
described in section D in the Supplementary Information. For each TPB, the trial circuit was executed and the
output state was measured 8192 times to obtain the average results. To estimate uncertainties, the 8192 measure-
ment results were randomly assigned to one of 4 bins. Each bin (of roughly 2000 results each) was processed
individually and the standard deviation of these 4 results was calculated. Quantum computed data for the graphs
in Figs. 3 and 4 were taken from the device ibmgq_sydney and simulated results were calculated using a statevector
simulator without shot noise. Dissociation curves were also calculated on the ibmq_toronto and ibmq_guadalupe
devices and found to be consistent with the ibmq_sydney results.

Density matrix purification. Purification of the 1-body reduced density matrix was performed follow-
ing previous works?*?! by iteratively applying the equation:

2 3
Ri11 = 3R? — 2R, 4)

where Ry is the unpurified matrix and R; is the matrix after j iterations of the purification procedure. The purifica-
tion method is described in more detail in section E of the Supplementary Information.

Data availability
The data that support the findings of this study are available from the corresponding author upon reasonable
request.

Received: 17 December 2021; Accepted: 5 May 2022
Published online: 28 May 2022

References
1. Feynman, R. P. Simulating physics with computers. Int. J. Theor. Phys. 21(6), 467-488 (1982).
2. Reiher, M., Wiebe, N., Svore, K. M., Wecker, D. & Troyer, M. Elucidating reaction mechanisms on quantum computers. Proc. Natl.
Acad. Sci. 114(29), 7555-7560 (2017).
3. Montgomery, ]. M. & Mazziotti, D. A. Strong electron correlation in nitrogenase cofactor, FeMoco. J. Phys. Chem. A 122, 4988-4996
(2018).
4. Elfving, V. E,, et al. How will quantum computers provide an industrially relevant computational advantage in quantum chemistry?.
arXiv:quant-ph/2009.12472 (2020).
5. von Burg, V. et al. Quantum computing enhanced computational catalysis. Phys. Rev. Res. 3, 033055 (2021).
6. Wecker, D., Bauer, B., Clark, B. K., Hastings, M. B. & Troyer, M. Gate-count estimates for performing quantum chemistry on small
quantum computers. Phys. Rev. A 90, 022305 (2014).
7. Kivlichan, I. D. et al. Improved fault-tolerant quantum simulation of condensed-phase correlated electrons via Trotterization.
Quantum 4, 296 (2020).
8. Peruzzo, A. et al. A variational eigenvalue solver on a photonic quantum processor. Nat. Commun. 5(1), 4213 (2014).
9. Kandala, A. et al. Hardware-efficient variational quantum eigensolver for small molecules and quantum magnets. Nature 549(7671),
242-246 (2017).
10. Cerezo, M. et al. Variational quantum algorithms. Nat. Rev. Phys. 3(9), 625-644 (2021).
11. Preskill, J. Quantum computing and the entanglement frontier. arXiv:quant-ph/1203.5813 (2012).

Scientific Reports |

(2022) 12:8985 | https://doi.org/10.1038/s41598-022-12324z nature portfolio


http://arxiv.org/abs/quant-ph/2009.12472
http://arxiv.org/abs/quant-ph/1203.5813

www.nature.com/scientificreports/

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.
46.

47.
48.

49.
50.
51.
52.
53.
54,
55.
56.
57.

58.
59.

60.
61.

. Shen, Y. et al. Quantum implementation of the unitary coupled cluster for simulating molecular electronic structure. Phys. Rev. A

95, 020501 (2017).

. O'Malley, P. J. ]. et al. Scalable quantum simulation of molecular energies. Phys. Rev. X 6,031007 (2016).
. Grimsley, H. R., Economou, S. E., Barnes, E. & Mayhall, N. J. An adaptive variational algorithm for exact molecular simulations

on a quantum computer. Nat. Commun. 10(1), 3007 (2019).

. Tang, H. L. et al. Qubit-ADAPT-VQE: an adaptive algorithm for constructing hardware-efficient ansitze on a quantum processor.

PRX Quantum 2, 020310 (2021).

. Santagati, R. et al. Witnessing eigenstates for quantum simulation of Hamiltonian spectra. Sci. Adv. 4(1), eaap9646 (2018).

. Preskill, J. Quantum computing in the NISQ era and beyond. Quantum 2,79 (2018).

. Richardson, L. E & Gaunt, J. A. The deferred approach to the limit. Philos. Trans. R. Soc. Lond. 226, 299-361 (1927).

. Kandala, A. et al. Error mitigation extends the computational reach of a noisy quantum processor. Nature 567(7749), 491-495

(2019).

. McWeeny, R. Some recent advances in density matrix theory. Rev. Mod. Phys. 32, 335-369 (1960).

. Arute, F. et al. Hartree-Fock on a superconducting qubit quantum computer. Science 369(6507), 1084-1089 (2020).

. Thouless, D. Stability conditions and nuclear rotations in the Hartree—Fock theory. Nucl. Phys. 21, 225-232 (1960).

. Taube, A. G. & Bartlett, R. J. New perspectives on unitary coupled-cluster theory. Int. J. Quantum Chem. 106(15), 3393-3401

(2006).

. Lee, J., Huggins, W. J., Head-Gordon, M. & Whaley, K. B. Generalized unitary coupled cluster wave functions for quantum com-

putation. J. Chem. Theory Comput. 15, 311-324 (2019).

. Vallury, H. ], Jones, M. A., Hill, C. D. & Hollenberg, L. C. L. Quantum computed moments correction to variational estimates.

Quantum 4, 373 (2020).

. Hollenberg, L. C. L. Plaquette expansion in lattice Hamiltonian models. Phys. Rev. D 47, 1640-1644 (1993).

. Seki, K. & Yunoki, S. Quantum power method by a superposition of time-evolved states. PRX Quantum 2, 010333 (2021).

. Suchsland, P. et al. Algorithmic error mitigation scheme for current quantum processors. Quantum 5, 492 (2021).

. Kowalski, K. & Peng, B. Quantum simulations employing connected moments expansions. J. Chem. Phys. 153(20), 201102 (2020).
. Peng, B. & Kowalski, K. Variational quantum solver employing the PDS energy functional. Quantum 5, 473 (2021).

. Claudino, D., Peng, B., Bauman, N., Kowalski, K. & Humble, T. S. Improving the accuracy and efficiency of quantum connected

moments expansions. Quantum Sci. Technol. 6, 034012 (2021).

. Cioslowski, J. Connected moments expansion: A new tool for quantum many-body theory. Phys. Rev. Lett. 58, 83-85 (1987).
. Hollenberg, L. C. L. & Witte, N. S. Analytic solution for the ground-state energy of the extensive many-body problem. Phys. Rev.

B 54,16309-16312 (1996).

McClean, J. R., Kimchi-Schwartz, M. E., Carter, ]. & de Jong, W. A. Hybrid quantum-classical hierarchy for mitigation of decoher-
ence and determination of excited states. Phys. Rev. A 95, 042308 (2017).

Takeshita, T. et al. Increasing the representation accuracy of quantum simulations of chemistry without extra quantum resources.
Phys. Rev. X 10, 011004 (2020).

Colless, J. I. et al. Computation of molecular spectra on a quantum processor with an error-resilient algorithm. Phys. Rev. X 8,
011021 (2018).

Motta, M. et al. Determining eigenstates and thermal states on a quantum computer using quantum imaginary time evolution.
Nat. Phys. 16(2), 205-210 (2020).

Yeter-Aydeniz, K., Pooser, R. C. & Siopsis, G. Practical quantum computation of chemical and nuclear energy levels using quantum
imaginary time evolution and Lanczos algorithms. npj Quantum Inf. 6(1), 63 (2020).

Huggins, W. ], Lee, J., Baek, U., O’Gorman, B. & Whaley, K. B. A non-orthogonal variational quantum eigensolver. New J. Phys.
22, 073009 (2020).

Stair, N. H., Huang, R. & Evangelista, F. A. A multireference quantum Krylov algorithm for strongly correlated electrons. J. Chem.
Theory Comput. 16(4), 2236-2245 (2020).

Parrish, R. M. & McMahon, P. L. Quantum filter diagonalization: Quantum eigendecomposition without full quantum phase
estimation. arXiv:quant-ph/1909.08925 (2019).

Cohn, ], Motta, M. & Parrish, R. M. Quantum filter diagonalization with double-factorized Hamiltonians. arXiv:quant-ph/2104.
08957 (2021).

Hollenberg, L. C. L., Wilson, M. P. & Witte, N. S. General nonperturbative mass gap to first order in1/V. Phys. Lett. B 361, 81-86
(1995).

Kassal, I. & Aspuru-Guzik, A. Quantum algorithm for molecular properties and geometry optimization. J. Chem. Phys. 131(22),
224102 (2009).

Jamet, E, et al. Krylov variational quantum algorithm for first principles materials simulations. arXiv:quant-ph/2105.13298 (2021).
Guzman, E. A. R. & Lacroix, D. Predicting ground state, excited states and long-time evolution of many-body systems from short-
time evolution on a quantum computer. arXiv:quant-ph/2104.08181 (2021).

Wecker, D. et al. Solving strongly correlated electron models on a quantum computer. Phys. Rev. A 92, 062318 (2015).

Kivlichan, I. D. et al. Quantum simulation of electronic structure with linear depth and connectivity. Phys. Rev. Lett. 120, 110501
(2018).

Arrazola, ]. M., Matteo, O. D., Quesada, N., Jahangiri, S., Delgado, A. & Killoran, N. Universal quantum circuits for quantum
chemistry. arXiv:quant-ph/2106.13839 (2021).

Quantum user interface tool. quispace.org (2018-2020).

Kitaev, A. Y. Quantum measurements and the abelian stabilizer problem. arXiv:quant-ph/9511026 (1995).

Duan, A. Matrix Product States in Quantum Information Processing. Master’s thesis, University of Melbourne, Australia (2015).
Jones, M. A. Moments-Based Corrections to Variational Quantum Computation. Master’s thesis, University of Melbourne, Australia
(2019).

Horn, D. & Weinstein, M. The t expansion: A nonperturbative analytic tool for Hamiltonian systems. Phys. Rev. D 30, 1256-1270
(1984).

Hollenberg, L. C. L. & Witte, N. S. General nonperturbative estimate of the energy density of lattice Hamiltonians. Phys. Rev. D
50, 3382-3386 (1994).

Sun, Q. et al. Pyscf: The python-based simulations of chemistry framework. Wiley Interdiscip. Rev. Comput. Mol. Sci. 8(1), e1340
(2017).

Kawashima, Y. et al. Optimizing electronic structure simulations on a trapped-ion quantum computer using problem decomposi-
tion. Nat. Commun. Phys. 4(1), 245 (2021).

McCaskey, A. J. et al. Quantum chemistry as a benchmark for near-term quantum computers. npj Quantum Inf. 5(1), 99 (2019).
Nam, Y. et al. Ground-state energy estimation of the water molecule on a trapped-ion quantum computer. npj Quantum Inf. 6(1),
33 (2020).

Jordan, P. & Wigner, E. Uber das paulische dquivalenzverbot. Z. Phys. 47(9), 631-651 (1928).

Lafayette, L., Sauter, G., Vu, L., & Meade, B. Spartan performance and flexibility: An HPC-cloud chimera. OpenStack Summit,
Barcelona, https://doi.org/10.4225/49/58ead90dceaaa (2016).

Scientific Reports |

(2022) 12:8985 | https://doi.org/10.1038/s41598-022-12324z nature portfolio


http://arxiv.org/abs/quant-ph/1909.08925
http://arxiv.org/abs/quant-ph/2104.08957
http://arxiv.org/abs/quant-ph/2104.08957
http://arxiv.org/abs/quant-ph/2105.13298
http://arxiv.org/abs/quant-ph/2104.08181
http://arxiv.org/abs/quant-ph/2106.13839
http://arxiv.org/abs/quant-ph/9511026
https://doi.org/10.4225/49/58ead90dceaaa

www.nature.com/scientificreports/

Acknowledgements

The research was supported by the University of Melbourne through the establishment of the IBM Q Network
Hub at the University. MA]J is supported by the Australian Commonwealth Government through a Research
Training Program Scholarship. Classical pre- and post-processing for the Hy molecule were performed using
the Spartan HPC platform®'.

Author contributions
L.C.L.H. conceived the project. M.A.]. set up the computational framework and performed the calculations,
with inputs from all authors.

Competing interests
The Authors declare the following competing interests: International patent application no PCT/AU2021/050674
“Quantum Computer-Implemented Solver”, status pending.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-022-12324-z.

Correspondence and requests for materials should be addressed to L.C.L.H.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2022

Scientific Reports |

(2022) 12:8985 | https://doi.org/10.1038/s41598-022-12324z nature portfolio


https://doi.org/10.1038/s41598-022-12324-z
https://doi.org/10.1038/s41598-022-12324-z
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Chemistry beyond the Hartree–Fock energy via quantum computed moments
	Results
	Chemistry via Quantum Computed Moments. 
	Circuit parameter sweep. 
	Density matrix purification. 
	Dissociation curves. 

	Discussion
	Methods
	Spin-degeneracy qubit-reduction. 
	The chemical Hamiltonian. 
	Measurement details. 
	Density matrix purification. 

	References
	Acknowledgements


