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Summary. We propose sensitivity analyses for publication bias in meta-analyses. We consider
a publication process such that ‘statistically significant’ results are more likely to be published
than negative or ‘non-significant’ results by an unknown ratio, η. Our proposed methods also ac-
commodate some plausible forms of selection based on a study’s standard error. Using inverse
probability weighting and robust estimation that accommodates non-normal population effects,
small meta-analyses, and clustering, we develop sensitivity analyses that enable statements
such as ‘For publication bias to shift the observed point estimate to the null, “significant” results
would need to be at least 30 fold more likely to be published than negative or “non-significant”
results’. Comparable statements can be made regarding shifting to a chosen non-null value
or shifting the confidence interval. To aid interpretation, we describe empirical benchmarks for
plausible values of η across disciplines.We show that a worst-case meta-analytic point estimate
for maximal publication bias under the selection model can be obtained simply by conducting a
standard meta-analysis of only the negative and ‘non-significant’studies; this method sometimes
indicates that no amount of such publication bias could ‘explain away’ the results. We illustrate
the proposed methods by using real meta-analyses and provide an R package: PublicationBias.
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1. Introduction

Publication bias can distort meta-analytic results, sometimes justifying considerable scepticism
towards meta-analyses reporting positive findings. Numerous statistical methods, mostly falling
into two broad categories, help to assess or correct for these biases. First, classical methods
arising from the funnel plot (Duval and Tweedie, 2000; Egger et al., 1997) assess whether small
studies have systematically larger point estimates than larger studies (see Jin et al. (2015) for
a review). These methods effectively assume that publication bias does not operate on very
large studies and operates on the basis of the size of the point estimates rather than their p-
values. A second class of methods, called selection models, instead assumes that publication bias
selects for small p-values rather than large point estimates and allows for publication bias that
operates on all studies, not only on small studies (see Jin et al. (2015) and McShane et al. (2016)
for reviews). These models specify a parametric form for the population effect distribution
as well as for the dependence of a study’s publication probability on its p-value. The latter
weight function may, for example, be specified as a step function such that ‘affirmative’ results
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(i.e. positive point estimates with a two-tailed p < 0:05) are published with higher probability
than ‘non-affirmative’ results (i.e. negative point estimates or those with p � 0:05) (e.g. Dear
and Begg (1992), Hedges (1992) and Vevea and Hedges (1995)). Then, after weighting each
study’s contribution to the likelihood by its inverse probability of publication per the weight
function, the meta-analytic parameters of interest and the parameters of the weight function
can be jointly estimated by maximum likelihood. Some relatively recent methods can be viewed
as hybrids between classical funnel plot methods and selection models (Bom and Rachinger,
2019; Stanley and Doucouliagos, 2014).

Existing selection models focus on thus estimating bias-corrected meta-analytic estimates as
well as the severity of publication bias itself. These models, although quite valuable and infor-
mative for large meta-analyses, often yield unstable estimates in meta-analyses of typical sizes
(Field and Gillett, 2010; Vevea and Woods, 2005), particularly when the number of upweighted
studies (e.g. affirmative studies as defined above) is also small. In practice, most meta-analyses
are far too small to apply selection models; for example, the percentage of meta-analyses com-
prising fewer than 10 studies probably exceeds 50% in the Cochrane database (Ioannidis and
Trikalinos, 2007) and in medical journals (Sterne et al., 2000). Selection models may in fact
require considerably more than 10 studies to achieve their asymptotic properties (Field and
Gillett, 2010). Vevea and Woods (2005) therefore proposed to repurpose selection models to
conduct sensitivity analyses across a fixed range of parameters that govern the severity of pub-
lication bias, rather than attempting to estimate these parameters jointly. If the results of a
meta-analysis are only mildly attenuated even under severe publication bias, then the results
might be considered fairly robust to publication bias (Vevea and Woods, 2005), whereas if the
results are severely attenuated under mild publication bias the results might be considered sen-
sitive to publication bias. These methods, like selection models in general, require specifying a
parametric form on the population effect distribution, but related work suggests that results can
be highly sensitive to this specification (Johnson et al., 2017). Empirical assessment of distri-
butional assumptions may be particularly challenging when the distribution of point estimates
is already distorted because of publication bias. Additionally, the method of Vevea and Woods
(2005) seems to model the sensitivity parameters as if they were observed data: an apparent
vestige of the model’s original purpose of estimating these parameters rather than conducting
sensitivity analysis across fixed parameters (Hedges, 1992). Therefore, when the sensitivity pa-
rameters reflect more severe publication bias than actually exists, the corrected point estimate
can sometimes be overcorrected.

A different approach to sensitivity analysis considers the ‘fail-safe number’, which is defined
as the minimum number of unpublished studies with a mean point estimate of 0 (or another
fixed value) that would need to exist for their inclusion in the meta-analysis to reduce the pooled
point estimate to ‘statistical non-significance’ (Rosenthal, 1979) or to a given effect size thresh-
old (Orwin, 1983). These methods typically assume homogeneous population effects (Schmidt
and Hunter, 2014) and require specification of the mean of the unpublished studies’ point
estimates.

Here, we develop sensitivity analyses that advance methodologically on these existing ap-
proaches and also enable particularly simple intuitive statements regarding sensitivity to pub-
lication bias. Methodologically, the present methods relax the distributional and asymptotic
assumptions that are used in existing selection models, i.e. our methods require specification
of a simple weight function but do not require any distributional assumptions on the popula-
tion effects, and they accommodate dependence among the point estimates that can arise when
some papers contribute multiple point estimates. Our proposed methods also provide correct
inference in meta-analyses with a realistically small total number of studies, as well as with few
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observed non-affirmative studies. We shall show that, for common effect meta-analysis (also
called ‘fixed effects meta-analysis’; Rice et al. (2018)), sensitivity analyses can be conducted in
closed form and, for random-effects meta-analysis, they can be conducted through a numerical
grid search.

Additionally, our proposed methods enable conclusions that are particularly straightfor-
ward to interpret and report: a key consideration for sensitivity analyses to gain widespread
use (e.g. VanderWeele and Ding (2017) and VanderWeele et al. (2019)). That is, analogously
to recent work on sensitivity analysis for unmeasured confounding (VanderWeele and Ding,
2017), the present methods allow statements such as ‘For publication bias to “explain away”
the meta-analytic pooled point estimate completely (i.e. to attenuate the population effect to
the null), affirmative results would need to be at least 30 fold more likely to be published than
non-affirmative results; for publication bias to attenuate the confidence interval to include the
null, affirmative results would need to be at least 16 fold more likely to be published than non-
affirmative results’. Large ratios of publication probabilities would therefore indicate that the
meta-analysis is relatively robust to publication bias, whereas small ratios would indicate that
the meta-analysis is relatively sensitive to publication bias. We discuss empirical benchmarks
for plausible values of these ratios based on a systematic review of existing meta-analyses across
several empirical disciplines. We also extend these sensitivity analyses to assess the amount of
publication bias that would be required to attenuate the point estimate or its confidence interval
to any non-null value, which is an approach that has been used in existing sensitivity analyses
for other forms of bias (e.g. Ding and VanderWeele (2016) and VanderWeele and Ding (2017)).
These sensitivity analyses apply when the publication process is assumed to favour ‘statistically
significant’ and positive results over ‘non-significant’ or negative results; the analyses also ac-
commodate some forms of additional selection on studies’ standard errors without requiring
any modifications.

This paper is structured as follows. We first describe three standard meta-analytic specifica-
tions for which we shall develop sensitivity analyses (Section 2). We describe our assumed model
of publication bias (Section 2.2) and use it to incorporate bias corrections in the three meta-
analytic specifications and thus to conduct sensitivity analyses (Section 3). We discuss how to
interpret the results in practice, providing evidence-based guidelines for plausible values of the
sensitivity parameters and suggesting a simple graphical aid to interpretation (Section 6). We
illustrate the methods with three applied examples (Section 7) and present a simulation study
demonstrating the methods’ robustness in challenging scenarios (Section 8). Last, we discuss the
plausibility of our assumed model of publication bias and describe how our proposed methods
could be extended to accommodate other models (Section 9).

2. Setting and notation

2.1. Common effect and robust random-effects meta-analysis
Throughout, we consider a meta-analysis of k studies, in which θ̂i and σ2

i respectively denote
the point estimate and squared standard error of the ith meta-analysed study. We assume the
mean model θ̂i =μ+γi + εi, where var.εi/ =σ2

i (treated as known, as usual in meta-analysis)
and var.γi/= τ2. As usual in meta-analysis, we assume that the point estimates and their stan-
dard errors are uncorrelated in the underlying population of studies before selection based on
publication bias. The common effect specification, arising under the additional assumption that
τ2 =0 and that the errors εi are independent, estimates μ and its variance as the weighted average
of the point estimates:
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μ̂=
(

k∑
i=1
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σ2
i

θ̂i

)(
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)−1
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v̂ar.μ̂/=
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1

σ2
i

)−1

:

.2:1/

(If τ2 > 0, but interest lies in drawing inference only on the sample of meta-analysed studies
rather than on a broader population from which the meta-analysed studies were drawn, the
common effect estimate and variance in fact remain unbiased with correct nominal coverage
(Rice et al., 2018).) Alternatively, if τ2 may be greater than 0 and we intend to draw inference on
a broader population of studies, then μ and its variance can be estimated under a random-effects
model. For this case, we consider a robust estimation approach that is similar to generalized
least squares which, unlike standard parametric random-effects meta-analysis, yields consistent
estimates of μ without requiring the usual distributional and independence assumptions on εi

or γi (Hedges et al., 2010). Additionally, whereas standard asymptotic inference for parametric
random-effects meta-analysis can perform poorly for small k, simple corrections enable the
robust specification to perform quite well in small samples (Tipton, 2015); this will become
especially important when we consider sensitivity analyses for which the effective sample size is
further reduced through inverse probability weighting.

Specifically, following Hedges et al. (2010), suppose that there are M clusters with km esti-
mates in the mth cluster. For example, each cluster might represent a paper that potentially
contributes to the meta-analysis multiple, statistically independent point estimates arising from
a hierarchical structure in which different papers have different mean effect sizes due, for ex-
ample, to the use of different subject populations. Alternatively, each cluster might represent a
paper for which there is a single population effect size, but in which point estimates are statis-
tically dependent because they are estimated in overlapping groups of subjects (Hedges et al.,
2010). Arbitrary other correlation structures are also possible, and importantly, as in generalized
estimating equations with robust inference, correct prespecification of the correlation structure
allows optimal efficiency but is not required to achieve correct inference asymptotically or in
finite samples with a small sample correction (Hedges et al., 2010). The usual meta-analytic
assumption of independent point estimates represents the special case with M =k, km =1 for all
m, and an intercluster correlation of 0; we term this the robust independent specification.

Let .θ̂m1, : : : , θ̂mkm/′ be the vector of point estimates for studies in cluster m. For the gen-
eral case, which we shall term the robust clustered specification, the point estimates may be
arbitrarily dependent within clusters but are assumed to be independent across clusters. That
is, let Σm ∈ Rkm×km denote the within-cluster covariance matrix of the study level error terms,
.εm1, : : : , εmkm/, and let Σ= diag.Σ1, : : : , ΣM/ denote the overall covariance matrix. Let Wm ∈
Rkm×km be a diagonal matrix of arbitrary positive weights for studies in cluster m, such that the
ith study in cluster m has weight wmi. Let 1km denote the 1-vector of length km. Then, as a direct
special case of equations (3) and (6) of Hedges et al. (2010), a consistent estimate of μ and its
exact variance are

μ̂=
(

M∑
m=1

km∑
i=1

wmkm θ̂mkm

)(
M∑

m=1

km∑
i=1

wmkm

)−1

,

var.μ̂/=
(

M∑
m=1

1′
km

WmΣmWm1km

)(
M∑

m=1

km∑
i=1

wmkm

)−2

:

.2:2/

Letting em = .θ̂m1 − μ̂, : : : , θ̂mkm − μ̂/′ denote the vector of residuals for studies in cluster m, an
asymptotic plug-in estimate of the variance is
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v̂ar.μ̂/= M
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(This model and the corresponding sensitivity analyses that are developed below also extend
readily to meta-regression; see Hedges et al. (2010) for details. We focus on the intercept-only
model for brevity.) In all subsequent work, we shall use Tipton’s (2015) finite sample correction to
this variance estimator, which can be easily applied in R by fitting the model with the robumeta
package (Fisher and Tipton, 2015) with the argument small=TRUE and is also implemented in
our R package PublicationBias. We next describe our assumed model of publication bias
and develop sensitivity analyses for the common effect, robust independent and robust clustered
specifications.

2.2. Assumed model of publication bias
We consider a mechanism of publication bias in which studies are selected for publication from
among an underlying population of all published and unpublished studies, and the probability
of selection is higher for affirmative (defined by θ̂>0 and p<0:05) versus non-affirmative studies
(defined by θ̂�0 or p�0:05). (Throughout, we assume that publication favours point estimates
in the positive direction and that the uncorrected μ̂ is positive. As described in Section 4, if
publication instead favours results with negative point estimates and μ̂<0, we can simply reverse
the sign of all point estimates and of the meta-analytic summary statistics before conducting
our proposed analyses. Alternatively, if there is a strong reason to believe that publication bias
operates on the basis of an α-level other than 0.05 for a given meta-analysis, e.g. because of
disciplinary conventions, the definition of affirmative status can simply be generalized to require
θ̂ > 0 and p < α with no further changes to the following results.) This model of publication
bias is common in existing work (see McShane et al. (2016) for a review), and in Section 9 we
discuss in detail its plausibility and extensions to other models of publication bias. Suppose
that the underlying population is of size kÅ � k, with the point estimate and standard error in
the ith study denoted θ̂

Å
i and σÅ

i respectively. Let pÅ
i denote the p-value of underlying study i

and AÅ
i =1.θ̂

Å
i > 0 and pÅ

i < 0:05/ be an indicator for whether underlying study i is affirmative.
Let wÅ

i denote an additional unstandardized, common effect or random-effects inverse variance
weight; for example, for common effect meta-analysis, wÅ

i = .σÅ
i /−2. Let DÅ

i be an indicator for
whether study i is in fact published. Then, we assume that the publication process arises as

P.DÅ
i =1|AÅ

i /∝η−11.AÅ
i =0/+1.AÅ

i =1/ η �1, .2:4/

E[DÅ
i wÅ

i |AÅ
i ]=E[DÅ

i |AÅ
i ]E[wÅ

i |AÅ
i ], .2:5/

E[DÅ
i wÅ

i θ̂
Å
i |AÅ

i ]=E[DÅ
i |AÅ

i ]E[wÅ
i θ̂

Å
i |AÅ

i ], .2:6/

i.e. we assume that the publication probability is η times higher for affirmative studies than for
non-affirmative studies, where we shall treat η as an unknown sensitivity parameter. The subse-
quent assumptions regarding uncorrelatedness state that, conditionally on a study’s affirmative
or non-affirmative status, publication bias does not select further based on the inverse variance
weights nor on the product of the point estimates with their inverse variance weights. For exam-
ple, this assumption excludes the possibility that the publication process would favour studies
with larger point estimates, smaller standard errors or smaller p-values beyond its favouring
of affirmative results. However, in the on-line supplement (section 1.1), we show that these as-
sumptions can in fact be relaxed to accommodate a publication process that additionally favours
studies with smaller standard errors (for example) as long as this form of selection operates in
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the same way for affirmative and for non-affirmative studies. As we show in the supplement, this
additional form of selection can simply be ignored, requiring no modification to the sensitivity
analyses that we present below.

Additionally, this model is agnostic to the reasons for preferential publication of affirmative
studies, which probably reflects a complex combination of authors’ selective reporting of results
(Chan et al., 2004; Coursol and Wagner, 1986) and selective submission of papers (Franco et al.,
2014; Greenwald, 1975), as well as editors’ and reviewers’ biases (although some empirical work
suggests that the latter may be a weaker influence than author decision making; see Lee et al.
(2006) and Olson et al. (2002)). That is, we technically conceptualize the population as the
population of all conducted hypothesis tests that would, if published, be included in the meta-
analysis. For example, suppose that various researchers conduct and publish 10 studies on the
topic of the meta-analysis, each involving two separate experiments on independent samples
(all of which would be included in the meta-analysis if published). If each paper includes or
omits the results of these two experiments on the basis of the selection process that is defined by
equations (2.4)–(2.6), the underlying population would comprise the 20 total hypothesis tests.
For brevity, though, we refer to an underlying population of ‘studies’ and the aggregation of all
selection effects conforming to the assumptions in equations (2.4)–(2.6) as ‘publication bias’.

Last, note that our definition of AÅ
i assumes that the publication process preferentially selects

studies with point estimates that are both statistically significant and positive in direction. Stud-
ies with non-significant point estimates and those with statistically significant negative point
estimates are equally disfavoured. As in the existing literature (Vevea and Hedges, 1995), we
refer to this as ‘one-tailed selection’ in contrast with an alternative ‘two-tailed selection’ model
in which publication favours all studies with significant point estimates, regardless of direction.
Note that the term ‘one tailed’ does not imply that studies report one-tailed hypothesis tests,
but rather that publication selects in a one-tailed manner based on reported statistical results.

3. Main results

3.1. Sensitivity analysis under the common effect specification
3.1.1. Publication bias required to attenuate the point estimate or its lower confidence
interval limit to a chosen value
Under publication bias as described above, the naive common effect estimate μ̂ will usually be
biased for μ if η > 1. In this section, we first present consistent estimators μ̂η and v̂ar.μ̂η/ under
a fixed ratio η, which we then use to derive sensitivity analyses characterizing the value of η that
is required to attenuate μ̂ or its lower confidence limit, μ̂lb, to a chosen smaller value q. When
referring to the published and meta-analysed, rather than underlying, studies, we use notation
as in Section 2.2 above but without the asterisk superscript. For example, Ai =1.θ̂i >0 and pi <

0:05/ is an indicator for whether observed study i is affirmative. Let A= {i : Ai = 1} and N =
{i : Ai =0} respectively be the sets of published, meta-analysed affirmative and non-affirmative
studies. For an arbitrary subset of studies S, define ȳS =Σi∈S θ̂i=σ

2
i and νS =Σi∈S1=σ2

i , such
that ȳS=νS is the usual common effect estimate for the studies in S. Then, for a fixed η, consistent
estimates of μ and its variance can be obtained under mild regularity conditions by weighting
each study inversely to its publication probability (on-line supplement, section 1.1, theorem 1.1):

μ̂η =
(

k∑
i=1

η1.Ai=0/

σ2
i

θ̂i

)(
k∑

i=1

η1.Ai=0/

σ2
i

)−1

= ηȳN + ȳA
ηνN +νA

, (3.1a)

v̂ar.μ̂η/= 1
.ηνN +νA/2 v̂ar.ηȳN + ȳA/= η2νN +νA

.ηνN +νA/2 : (3.1b)
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Because η is not known in practice, we develop these estimators only as means to the end of
deriving sensitivity analyses as follows. For a meta-analytic effect estimate t (either μ̂ or μ̂lb),
define S.t, q/ as the value of η that would attenuate t to q, where q < t. For example, S.μ̂, q/ is
the value of η that would attenuate the point estimate to q < μ̂, and its derivation for common
effect meta-analysis follows directly from equation (3.1a):

S.μ̂, q/= νAq− ȳA
ȳN −νN q

:

If, as usual, the point estimates are meta-analysed on a scale for which the null is 0, then, for
the special case of attenuating the point estimate to the null, we have S .μ̂, 0/=−ȳA=ȳN . That
is, to attenuate the point estimate to the null, affirmative studies would need to be more likely
to be published than non-affirmative studies by the same ratio by which the magnitude of ȳA
exceeds its counterpart in the non-affirmative studies, ȳN . For example, if ȳA is fivefold larger
and in the opposite direction from ȳN , then to attenuate μ̂ to the null, affirmative studies would
need to be more likely to be published than non-affirmative studies by fivefold.

To consider the severity of publication bias that is required to attenuate the lower 95% con-
fidence limit of μ̂ to q, we set q equal to the corrected confidence limit estimate by using the
variance estimate in equation (3.1b). Letting ccrit denote the two-sided critical value for the
t-distribution on k −1 degrees of freedom, we thus have

S.μ̂lb, q/= ±ccrit
√

B− ȳN ȳA + ȳN νAq+ ȳAνN q−νN νAq2

ȳ2
N −2ȳN νN q+ν2

N q2 − c2
critνN

where B = ȳ2
N νA −2νN νAq.ȳN + ȳA/+ ȳ2

AνN +q2.ν2
N νA +ν2

AνN /− c2
critνN νA. When q=0,

this simplifies to

S.μ̂lb, 0/= ±ccrit
√

.ȳ2
N νA + ȳ2

AνN − c2
critνN νA/− ȳN ȳA

ȳ2
N − c2

critνN
:

In general, it is possible to obtain S.t, q/ < 1, which means that no amount of publication
bias under the model that was described above, no matter how severe, could attenuate t to q.
Additionally, S.t, q/ can be reparameterized to provide an alternative metric in terms of the
number of unpublished non-affirmative studies. Specifically, S.t, q/ can provide an approximate
lower bound on a form of ‘fail-safe number’, here defined as the number of unpublished non-
affirmative results that would be required to shift the statistic t to q (see the on-line supplement,
section 1.3).

3.1.2. Simple estimates under worst-case publication bias
In addition to solving for the value of η that is required to attenuate μ̂ and μ̂lb to specific values,
it is also straightforward to estimate μ̂η and μ̂lb

η for worst-case publication bias under the model
that we have assumed, i.e., letting η →∞ in equations (3.1a) and (3.1b), we have

lim
η→∞ μ̂η = lim

η→∞
ȳN +η−1ȳA
νN +η−1νA

= ȳN
νN

,

lim
η→∞ v̂ar.μ̂η/= lim

η→∞
νN +η−2νA

ν2
N +2η−1νA +η−2ν2

A
=ν−1

N :

Since these expressions coincide with the usual common effect estimates within only the non-
affirmative studies (see equation (2.1)), worst-case estimates under the model assumed can be
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obtained simply by meta-analysing only the non-affirmative studies. Of course, the presence
of at least one non-affirmative study in the meta-analysis implies that η < ∞ in practice, but
these estimates may nevertheless serve as useful heuristics to approximate the effect of extreme
publication bias.

3.2. Sensitivity under the robust random-effects specifications
3.2.1. Publication bias required to attenuate the point estimate or its lower confidence
interval limit to a chosen value
We first consider the robust clustered specification and then describe the robust independent
specification as a special case. As in Section 2, suppose that there are M known clusters of point
estimates. For the ith study in the mth cluster, assign the weight wmi =η1.Ami=0/.σ2

i + τ̂2/−1, so
that the cluster m weight matrix Wm is diagonal with entries equal to the product of the usual
random-effects inverse variance weights with the inverse probabilities of publication for each
study. For defining these weights, we recommend simply obtaining a naive parametric estimate
of τ̂2 in an initial meta-analysis under the standard parametric random-effects specification
(e.g. Brockwell and Gordon (2001)) without correction for publication bias. Although this esti-
mate may be biased due to publication bias, extreme clustering or non-normality, this bias does
not compromise point estimation or inference on μ, but rather it may only somewhat reduce
efficiency because the robust specification provides unbiased estimation and valid inference re-
gardless of the choice of W (Hedges et al., 2010). (To explore whether improving the initial
estimate τ̂2 could improve efficiency in practice, we derived a parametric weighted score ap-
proach to estimate μ̂η and a bias-corrected τ̂2

η jointly under independence. We assessed whether
using this improved τ̂2

η in the weights would improve performance of the robust specification
(on-line supplement, section 1.4). However, the resulting τ̂2

η was quite biased except in very large
samples, so its use did not noticeably affect efficiency. We therefore recommend simply using a
naive τ̂2-estimate.)

Then, from equations (2.2) and (2.3), we can consistently estimate μ and var.μ/ for the robust
clustered specification as (on-line supplement, section 1.1, theorem 1.1):

μ̂η =
k∑

i=1
η1.Ami=0/.σ2

i + τ̂2/−1θ̂i

{
k∑

i=1
η1.Ami=0/.σ2

i + τ̂2/−1
}−1

, (3.2a)

v̂ar.μ̂η/= M

M −1

M∑
m=1

1′
km

Wmeme′
mWm1km

{
k∑

i=1
η1.Ami=0/.σ2

i + τ̂2/−1
}−2

: (3.2b)

(Recall that we have assumed that Wm is chosen to be diagonal, so the double summation over
clusters and individual studies in equation (2.2) reduces to a single summation over individual
studies in equation (3.2a), and similarly for equations (2.3) and (3.2b). Potential correlation of
estimates within clusters is accommodated through the non-diagonal sandwich matrix eme′

m in
equation (3.2b).) For the robust independent specification, μ̂η is identical, and v̂ar.μ̂η/ simplifies
to

v̂ar.μ̂η/= k

k −1

k∑
i=1

{.θ̂i − μ̂η/η1.Ami=0/.σ2
i + τ̂2/−1}2

{
k∑

i=1
η1.Ami=0/.σ2

i + τ̂2/−1
}−2

: .3:3/

As described in Section 2, these are asymptotic variance estimates, and in practice we recommend
using Tipton’s (2015) small sample correction. To approximate S.μ̂, q/ or S.μ̂lb, q/, we can simply
evaluate μ̂η and v̂ar.μ̂η/ over a grid of values of η, e.g. by passing user-specified weights to the
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existing R package robumeta (Fisher and Tipton, 2015). Then, S.t, q/ can be set to the smallest
value of η such that t �q. Our R package PublicationBias automates this approach, and
we illustrate further in the applied examples of Section 7.

As an alternative to the robust independent specification, it would be possible to conduct
maximum likelihood sensitivity analyses under the standard parametric random-effects model,
invoking the additional assumptions that, among the published studies, γi ∼IID N.0, τ2/ and
εi ∼IID N.0, σ2

i / (e.g. Brockwell and Gordon (2001) and Viechtbauer (2005)). We considered this
approach because it should, in principle, be more efficient than the robust specification, and it
would also enable direct estimation of τ2. In the on-line supplement (section 1.4), we derive a
parametric specification that is directly analogous to inverse probability weighting for survey
sampling or missing data for general M-estimators (Wooldridge, 2007). However, simulation
results indicated that this model performed fairly poorly for moderate and large values of η
(supplement, section 1.4).

3.2.2. Simple estimates under worst-case publication bias
As seen for the common effect specification, corrected estimates for worst-case publication
bias under our assumed model can be obtained by conducting a standard, uncorrected meta-
analysis of only the non-affirmative studies. For the robust clustered specification, letting η→∞
in equations (3.2a) and (3.2b) yields

lim
η→∞ μ̂η = ∑

i∈N
.σ2

i + τ̂2/−1θ̂i

{ ∑
i∈N

.σ2
i + τ̂2/−1

}−1

,

lim
η→∞ v̂ar.μ̂η/= M

M −1

M∑
m=1

1′
|Nm|W̃Nm

eNm
e′
Nm

W̃Nm
1|Nm|

{ ∑
i∈N

.σ2
i + τ̂2/−1

}−2

where Nm denotes the set of non-affirmative studies in cluster m, |Nm| denotes the number of
studies in that set and W̃Nm

denotes a modified diagonal weight matrix for cluster m in which
wmi = .σ2

i + τ̂2/−1. Again, these expressions correspond to robustly meta-analysing only the
non-affirmative studies (see equations (2.2) and (2.3)).

4. Additional practical considerations

4.1. Preparing data for analysis
For all three specifications above, the point estimates θ̂i should be analysed on a scale such
that, conditionally on their potentially non-normal true population effects γi, the point esti-
mates are asymptotically approximately normal with variances σ2

i . This is standard practice
in meta-analysis. For example, estimates on the hazard ratio scale can be transformed to the
log-hazard ratio scale for analysis, in which case the threshold q would also be chosen on the
log-scale. Additionally, our definition of affirmative studies assumes that estimates’ signs are
coded such that positive estimates are favoured in the publication process. For meta-analyses in
which negative, rather than positive, estimates are assumed to be favoured (e.g. because negative
estimates represent a protective effect of a candidate treatment), one can simply reverse the signs
of the point estimates θ̂i before conducting our sensitivity analyses and then reverse the sign
of the bias-corrected μ̂η once more to recover the original sign convention. S.μ̂lb, q/, with μ̂lb

estimated after reversing signs for analysis, would be interpreted according to the original sign
convention as the severity of publication bias required to shift the upper, rather than the lower,
confidence interval (CI) limit to the null. For example, if the meta-analytic estimate with the
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original sign convention is a hazard ratio of 0.79 (95% CI [0.71, 0.88]), and we expect publica-
tion bias to favour protective effects, we would first transform the hazard ratios to the log-scale
and reverse their signs to estimate S.μ̂lb, 0/. When interpreted according to the original sign
convention and on the hazard ratio scale, S.μ̂lb, 0/ would represent the severity of publication
bias that is required to shift the upper CI limit of 0.88 to 1. We illustrate conducting sensi-
tivity analyses with effect size transformations and sign reversals in the applied examples of
Section 7.

4.2. Diagnostics regarding statistical assumptions
The possibility of certain violations of statistical assumptions that were described in Section
2.2 can be assessed as follows. To investigate the possibility that publication bias might favour
significant results regardless of the sign of the point estimate, rather than only affirmative results,
one could calculate one-tailed p-values for all studies and examine a histogram or density plot
of these one-tailed p-values (e.g. using the R function PublicationBias::pval plot).
If publication bias favours significant results regardless of sign, we would expect to see an
increased density of one-tailed p-values not only below 0.025 but also above 0.975 (because the
latter corresponds to two-tailed p-values that are less than 0.05 with negative point estimates). To
investigate whether publication bias might select on the basis of multiple α-levels (e.g. α=0:10
as well as α=0:05), one could examine a similar density plot of two-tailed p-values for evidence
of clear discontinuities at p-values other than 0.05. The assumption that point estimates are
not correlated with their standard errors in the underlying population is more difficult to assess
because sufficiently strong publication bias that favours affirmative results will itself induce
this correlation between the published studies, even if the assumption regarding the underlying
population does hold. Thus, this assumption will generally need to be evaluated in terms of a
priori plausibility than in terms of empirical evidence.

5. The significance funnel plot

As a visual supplement to the sensitivity analyses proposed, we suggest presenting a modified
funnel plot, the ‘significance funnel’, which shares some features with other modified funnel
plots, such as the contour-enhanced funnel plot (Andrews and Kasy, 2019; Peters et al., 2008;
Vevea et al., 1993). Like a standard funnel plot with or without contour enhancement, the
significance funnel plot displays θ̂i versus σ2

i or σi (e.g. Fig. 1(b)). Whereas a standard funnel
helps to detect correlation between θ̂i and σi, the significance funnel helps to detect the extent to
which the non-affirmative studies’ point estimates are systematically smaller than the entire set
of point estimates, which is the more relevant consideration when publication bias operates on
statistical significance. The significance funnel distinguishes visually between affirmative studies
(points to the right of the line) and non-affirmative studies (points to the left of the line) and
also displays the point estimates within all studies (the black diamond) and within only the non-
affirmative studies (the grey diamond). As discussed above, the latter represents the corrected
estimate for worst-case publication bias under the model assumed. Thus, as a simple heuristic,
when the diamonds are close to one another, our quantitative sensitivity analyses will typically
indicate that the meta-analysis is fairly robust to publication bias. When the diamonds are
distant or if the grey diamond represents a negligible effect size, then our sensitivity analyses may
indicate that the meta-analysis is not robust. Of course, conducting formal sensitivity analyses
and reporting η.μ̂, q/ and η.μ̂lb, q/ for q=0 and possibly another non-null value provides more
precise information than presenting the significance funnel alone.
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(a) (b)

Fig. 1. (a) Standard contour-enhanced funnel plot (Peters et al., 2008; Viechtbauer, 2010) versus (b)
significance funnel plot for data generated with publication bias and with right-skewed population effect
sizes (η D 10) (studies lying on the diagonal line have exactly p D 0.05): , non-affirmative; , affirmative;

, robust independent point estimate within all studies; , robust independent point estimate within only the
non-affirmative studies

Even though the standard funnel and the significance funnel display the same data, the latter
better complements sensitivity analyses for publication bias. Indeed, the standard funnel can
be quite misleading when publication bias operates on statistical significance. For example, the
standard contour-enhanced funnel in Fig. 1(a) shows right-skewed point estimates generated
with publication bias (η=10) but suggests little correlation between the estimates and standard
errors, giving an impression of robustness to publication bias under standard criteria. Yet the
significance funnel (Fig. 1(b)) shows that the non-affirmative studies in fact have much smaller
point estimates than the affirmative studies, correctly suggesting that results may be sensitive to
publication bias.

6. Empirical benchmarks for interpreting S(t; q)

Interpreting our proposed sensitivity analyses ultimately involves assessing whether S.t, q/ is
sufficiently small that it represents a plausible amount of publication bias, in which case the
meta-analysis may be considered relatively sensitive to publication bias, or conversely whether it
represents an implausibly large amount of publication bias, in which case the meta-analysis may
be considered relatively robust. To help to ground such assessments empirically, we conducted
a preregistered meta-meta-analysis to estimate the actual value of η in an objectively chosen
sample of meta-analyses across several scientific disciplines. Detailed methods and results are
provided in Mathur and VanderWeele (2020a).

We systematically searched for meta-analyses from four sources:

(a) Public Library of Science (PLOS) One,
(b) four top medical journals,
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(c) three top experimental psychology journals and
(d) Metalab, which is an on-line unpublished repository of meta-analyses on developmental

psychology.

Metalab is a database of meta-analyses on developmental psychology whose data sets are made
publicly available and are continuously updated; these meta-analyses are often released on line
before publication in peer-reviewed journals (Bergmann et al., 2018; Lewis et al., 2017). We
selected these sources to represent a range of disciplines, particularly via the inclusion of PLOS
One meta-analyses. Our inclusion criteria were that

(a) the meta-analysis comprised at least 40 studies to enable reasonable power and asymptotic
properties to estimate publication bias (Hedges, 1992),

(b) the meta-analysis included at least three affirmative studies and three non-affirmative
studies to minimize problems of statistical instability (Hedges, 1992),

(c) the meta-analysed studies tested a hypothesis (e.g. they were not purely descriptive) and
(d) we could obtain study level point estimates and standard errors.

This search yielded a total of 58 analysed meta-analyses (30 from PLOS One, six from top
medical journals, 17 from top psychology journals and five from Metalab).

For each included meta-analysis, we fit the selection model of Vevea and Hedges (1995) under
one-tailed selection, thus estimating a parameter equivalent to η̂−1 and its standard error. This
model assumes normally distributed population effects in the underlying population, before
selection due to publication bias. As a primary analysis, we robustly meta-analysed the log-
transformed estimates, log.η̂/ (Hedges et al., 2010), approximating their variances via the delta
method. Combining all 58 meta-analyses, we thus estimated that affirmative results were on
average η̂ = 1:17 times more likely to be published than non-affirmative results (95% CI [0.93,
1.47]). Estimates within each of the four sources of meta-analyses were η̂ =0:83 (95% CI [0.62,
1.11]) for meta-analyses in PLOS One, η̂ = 1:02 (95% CI [0.52, 1.98]) for those in top medical
journals, η̂ =1:54 (95% CI [1.02, 2.34]) for those in top psychology journals and η̂ =4:70 (95%
CI [1.94, 11.34]) for those in Metalab (Mathur and VanderWeele (2020a), Table 1). Thus, except
for Metalab, estimates of publication bias were fairly close to the null and with CIs all bounded
below η=3. We conducted some sensitivity analyses to assess the effects of possible violations of
modelling assumptions, all of which yielded similar results (Mathur and VanderWeele, 2020a).

For informing our proposed sensitivity analyses for publication bias, the upper tail of the
distribution of true η-values is particularly relevant as an indicator of the most severe publication
bias that can be considered plausible in a meta-analysis similar to those included in our sampling
frame. For this, we additionally estimated the 95th quantile of the true selection ratios by
using a non-parametric shrinkage method that accounts for sampling error (Wang and Lee,
2019). In contrast with simply considering the empirical 95th quantile of the estimates η̂, this
approach accounts for statistical error in estimating each η̂. The estimated 95th quantiles of the
distributions of true η-values were 3.51 for all meta-analyses combined, 1.70 for PLOS One,
1.62 for top medical journals, 4.84 for top psychology journals and 9.94 for Metalab. These
results may serve as useful approximate benchmarks for the severity of publication bias.

These estimates of severity of publication bias were lower than we had expected. We spec-
ulated that publication bias might operate primarily on individual studies published in higher
tier journals, or alternatively on the chronologically first few studies published on a topic. If
so, publication bias might have been relatively mild in meta-analyses because, in principle, high
quality meta-analyses include all studies published in any journal and at any time, so, even if elite
journals and nascent fields induce severe publication bias by excluding nearly all non-affirmative
results, it is possible that these non-affirmative results are still eventually published, perhaps in
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lower tier journals, and hence are still included in the meta-analysis. However, additional anal-
yses did not support these hypotheses (Mathur and VanderWeele, 2020a). Instead, preliminary
evidence suggested that the key alleviator of publication bias in the meta-analyses may have
been their inclusion of ‘non-headline’ results, i.e. results that are reported in published papers
but that are de-emphasized (e.g. those reported only in secondary or supplemental analyses) and
those that meta-analysts obtain through manual calculation or by contacting authors (Mathur
and VanderWeele, 2020a).

7. Applied examples

We now use the proposed methods to conduct sensitivity analyses for three existing meta-
analyses for which the effects of publication bias have been controversial or difficult to assess by
using existing methods. Our re-analyses will suggest that, by shifting the focus from estimating
the severity of publication bias to conducting sensitivity analyses and by relaxing asymptotic and
distributional assumptions, our proposed methods can sometimes lead to clearer conclusions
than do existing methods.

7.1. Video games and aggressive behaviour
First, the meta-analysis of Anderson et al. (2010) assessed, among several outcomes, the associ-
ation of playing violent video games with aggressive behaviour. For brevity, we restrict attention
here to analyses of 75 studies (27 experimental, 12 longitudinal and 36 cross-sectional) satisfying
the best-practice criteria of Anderson et al. (2010) for internal validity and that adjusted for sex,
a suspected confounder. The 75 studies were contributed by 40 papers. (Throughout, we use
‘studies’ to refer to point estimates and ‘papers’ to refer to papers that potentially contribute
multiple studies.) The experimental studies measured aggressive behaviour in laboratory tasks
that incentivized subjects to administer various aversive stimuli to other subjects, whereas the
observational studies typically used standardized self- or peer report measures. Anderson et al.
(2010) estimated a common effect pooled point estimate of Pearson’s r = 0.15 (95% CI [0.14,
0.17]), such that playing violent video games was associated with a small increase in aggressive
behaviour. (Throughout the applied examples, our reanalyses sometimes yielded point estimates

Table 1. Uncorrected and worst-case point estimates (Pearson’s r)
for the video games meta-analysis of Anderson et al. (2010)

Model μ̂′ CI for μ̂′ τ̂ CI for τ̂

Uncorrected
Common effect 0.15 [0.14, 0.17] — —
Standard† 0.17 [0.15, 0.19] 0.05 [0.02, 0.07]
Robust (independent) 0.17 [0.15, 0.19] — —
Robust (clustered) 0.18 [0.15, 0.20] — —

Worst case
Common effect 0.08 [0.05, 0.11] — —
Robust (independent) 0.08 [0.06, 0.10] — —
Robust (clustered) 0.08 [0.05, 0.12] — —

†Standard: parametric random-effects meta-analysis assuming indepen-
dence, included for comparison. τ̂ and its CI are presented on Fisher’s
z-scale, the scale on which the data were analysed.
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Fig. 2. Significance funnel plot for the video games meta-analysis of Anderson et al. (2010) (point estimates
are on Fisher’s z-scale, the scale on which p-values were computed; studies lying on the diagonal line have
p D 0.05): , non-affirmative; , affirmative; , robust clustered estimate in non-affirmative studies only; ,
robust clustered estimate in all studies

Table 2. Severity of publication bias, S, in Anderson et al. (2010) required to attenuate
μ̂0 or μ̂lb0 to the null or to q0 D0.10 on Pearson’s r-scale†

Model S(μ̂′,0) S(μ̂lb′,0) S(μ̂′,0.10) S(μ̂lb′,0.10)

Common effect Not possible Not possible 11 4
Robust (independent) Not possible Not possible 28 5
Robust (clustered) Not possible Not possible 28 3

†‘Not possible’ indicates that no value of η could sufficiently attenuate the statistic. Values
are conservatively rounded down to the nearest integer.

and CIs that differed negligibly from those reported in the meta-analyses, often reflecting our
use of restricted maximum likelihood estimation and Knapp–Hartung adjusted standard er-
rors.) Debate ensued regarding whether the results could be explained away by publication bias;
other researchers suggested that publication bias might largely explain these results (Ferguson
and Kilburn, 2010; Hilgard et al., 2017), whereas the original authors argued that the results
were in fact robust to publication bias (Kepes et al., 2017).)

We performed our proposed sensitivity analyses for the common effect specification as re-
ported in Anderson et al. (2010) as well as both random-effects specifications. We conducted
analyses on Fisher’s z-scale but present results transformed to Pearson’s r, except where other-
wise stated. Throughout the applied examples, we use prime superscripts to denote estimates
(e.g. μ̂′) and effect size thresholds (q′) that have been transformed back to the original scale,
such as Pearson’s r. For the robust clustered specification, we defined clusters as point esti-
mates extracted from a single paper, resulting in 40 clusters (23 of these contained a single point
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(a)

(b)

Fig. 3. Corrected point estimates and CIs for the video games meta-analysis of Anderson et al. (2010) as
a function of η ( , non-null value q0; , worst-case estimates): (a) common effect specification; (b)
robust specifications ( , CI assuming independence; , CI allowing for clustering)

estimate, whereas the remaining 17 contained between two and nine point estimates). The first
fours rows of Table 1 show uncorrected meta-analytic point estimates and CIs along with the
standard parametric random-effects specification for comparison. The last three rows show the
worst-case estimates from meta-analyses of only the 27 non-affirmative studies.

Fig. 2 shows a significance funnel plot, which suggests a positive correlation between the
point estimates and their standard errors. Our methods apply under the assumption that such
correlation arises from selection due to publication bias rather than to correlation between the
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point estimates and standard errors in the underlying population. To estimate the severity of
publication bias that is required to attenuate μ̂′ or μ̂lb′ to the null and to a non-null correlation
of 0.10, we used the analytic results in Section 3.1 for the common effect specification. For
the two random-effects specifications, we conducted a grid search across values of η between
1 and 200 (Fig. 3). The second and third columns of Table 2 indicate that, for all three model
specifications, no amount of publication bias under the assumed model could attenuate the
observed point estimate or even its lower CI limit to the null. The last two columns indicate
that, when considering the non-null value q′ = 0:10, extreme publication bias (η = 11 or η = 28
depending on whether common effect or robust meta-analysis is used) or substantial publication
bias (from η = 3 to η = 5) would be capable of attenuating the estimate μ̂′ or the lower bound
of its CI, μ̂lb′, to a correlation of 0.10. Thus, overall, we might conclude that, regardless of the
severity of publication bias, this meta-analysis provides strong evidence for an average effect in
the observed direction, albeit possibly of small size.

7.2. PI3K/AKT/mTOR inhibitors and progression-free cancer survival
A second meta-analysis assessed the effect of PI3K/AKT/mTOR inhibitors on progression-free
survival from advanced solid cancers (Li et al., 2018). The meta-analysis comprised 50 random-
ized controlled studies contributed by 39 papers and found that PI3K/AKT/mTOR inhibitors
improved progression-free survival compared with various control therapies (hazard ratio HR
= 0.79; 95% CI [0.71, 0.88]). To conduct our sensitivity analyses, we assumed that publication
bias would favour studies showing a protective effect of PI3K/AKT/mTOR inhibitors, so, as
described in Section 4, we first reversed the signs of all point estimates on the log-hazard scale.
We transformed the results back to the hazard ratio scale and took inverses so that, in all results
that we report, HR < 1 indicates a protective effect of PI3K/AKT/mTOR inhibitors as in the

Fig. 4. Significance funnel plot for the cancer meta-analysis of Li et al. (2018) (studies lying on the diagonal
line have pD0.05): , non-affirmative; , affirmative; , robust clustered estimate in non-affirmative studies
only; , robust clustered estimate in all studies
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Table 3. Uncorrected and worst-case point estimates (HR) for the
cancer meta-analysis of Li et al. (2018)

Model μ̂′ CI for μ̂′ τ̂ CI for τ̂

Uncorrected
Common effect 0.79 [0.76, 0.82] — —
Standard† 0.79 [0.71, 0.89] 0.36 [0.26, 0.44]
Robust (independent) 0.80 [0.71, 0.89] — —
Robust (clustered) 0.82 [0.74, 0.91] — —

Worst case
Common effect 1.04 [0.98, 1.10]
Robust (independent) 1.05 [0.97, 1.14]
Robust (clustered) 1.03 [0.94, 1.12]

†Standard: parametric random-effects meta-analysis assuming inde-
pendence, included for comparison. τ̂ and its CI are presented on the
log(HR)-scale, the scale on which the data were analysed.

Table 4. Severity of publication bias, S, in Li et al. (2018) required to attenuate
μ̂0 or μ̂ub0 (the upper limit of the CI for μ̂0) to the null or to q0 D0.90†

Model S(μ̂′,1) S(μ̂ub′,1) S(μ̂′,0.90) S(μ̂ub′,0.90)

Common effect 14 5 3 2
Robust (independent) 8 2 2 1
Robust (clustered) 8 2 2 1

†‘1’ indicates that the statistic is already greater than or equal to q′. Values are con-
servatively rounded down to the nearest integer.

original meta-analysis. When conducting sensitivity analyses with a non-null effect size thresh-
old, we set q =− log.0:90/≈ log.1:1/ in analysis to consider attenuating the point estimate on
the original scale (μ̂′ =0:79) to a hazard ratio of q′ =0:90.

Fig. 4 shows a significance funnel plot, Table 3 shows uncorrected and worst-case point
estimates, Table 4 shows S.μ̂′, q/ and S.μ̂ub′, q/ for two choices of q, and Fig. 5 shows μ̂η as
a function of η. The worst-case point estimates were close to the null and in the opposite
direction from the original estimate for all three model specifications (e.g. 1.03 with 95% CI [0.94,
1.12] for the robust clustered specification). Considerable publication bias would be required to
shift the point estimate of 0.79 to the null (S.μ̂′, 1/ = 8 for the robust clustered specification).
However, only moderate publication bias would be required to shift the upper CI limit to the
null (S.μ̂ub′, 1/=2) or to shift the point estimate to a non-null value of 0.90 (S.μ̂′, 0:90/=2).

Li et al. (2018) had concluded that there was ‘no significant publication bias’ (p = 0:23) on
the basis of Egger’s test, which assumes that publication bias operates on point estimate size
rather than statistical significance and does not affect the largest studies, and that effects are not
heterogeneous. However, our sensitivity analyses suggest that the conclusions may be sensitive
to plausible degrees of publication bias, such as publication bias in which affirmative studies are
twice as likely to be published as non-affirmative studies. The significance funnel plot in Fig. 4
helps to clarify the discrepancy: although the point estimates do not appear to be correlated
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(a)

(b)

Fig. 5. Corrected point estimates (HR) and CIs for the cancer meta-analysis of Li et al. (2018) as a function
of η ( , non-null value q0; , worst-case estimates): (a) common effect specification; (b) robust
specifications ( , CI assuming independence; , CI allowing for clustering)

with their standard errors (as Egger’s test assesses), the estimates in the non-affirmative studies
are typically close to the null or even in the unexpected direction, so publication bias that favours
affirmative results could potentially attenuate the meta-analytic estimate considerably.

7.3. Optimism and dietary quality
A third meta-analysis assessed the association between optimism and several health behaviours
(Boehm et al., 2018). We focus here on the meta-analysis for dietary quality, which included
15 studies (eight cross-sectional and seven longitudinal) contributed by 13 papers and found
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that optimism was associated with a small improvement in dietary quality (r = 0:12; 95% CI
[0.08, 0.16]). Boehm et al. (2018) reported that a standard trim-and-fill sensitivity analysis left
the estimate and its CI unchanged, yet applying a selection model (Andrews and Kasy, 2019)
reversed its direction (Pearson’s r, −0:11; 95% CI [−0.30, 0.09]). This meta-analysis also serves
as an interesting test case because its small size (and, in particular, its inclusion of only two non-
affirmative studies) warrants considerable circumspection about the results of both trim-and-fill
and standard selection models.

Fig. 6. Significance funnel plot for the optimism meta-analysis (studies lying on the diagonal line have
p D 0.05): , non-affirmative; , affirmative; , robust clustered estimate in non-affirmative studies only; ,
robust clustered estimate in all studies

Table 5. Uncorrected and worst-case point estimates (Pearson’s r)
for the optimism meta-analysis of Boehm et al. (2018)

Model μ̂′ CI for μ̂′ τ̂ CI for τ̂

Uncorrected
Common effect 0.04 [0.03, 0.05] — —
Standard† 0.12 [0.06, 0.18] 0.08 [0.00, 0.11]
Robust (independent) 0.12 [0.06, 0.17] — —
Robust (clustered) 0.13 [0.07, 0.19] — —

Worst case
Common effect −0.12 [−0.30, 0.08]
Robust (independent) −0.12 [−0.95, 0.92]
Robust (clustered) −0.12 [−0.95, 0.92]

†Standard: parametric random-effects meta-analysis assuming indepen-
dence, included for comparison. τ̂ and its CI are presented on Fisher’s
z-scale, the scale on which the data were analysed.
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Table 6. Severity of publication bias, S, in Boehm et al. (2018) required to
attenuate μ̂0 or μ̂lb0 to the null or to q0 D0.10 on Pearson’s r-scale†

Model S(μ̂′,0) S(μ̂lb′,0) S(μ̂′,0 :10) S(μ̂lb′,0 :10)

Common effect 148 49 1 1
Robust (independent) 22 4 3 1
Robust (clustered) 22 4 3 1

†‘1’ indicates that the statistic is already less than or equal to q′. Values are con-
servatively rounded down to the nearest integer.

(a)

(b)

Fig. 7. Corrected point estimates (Pearson’s r) and CIs for the optimism meta-analysis as a function
of η ( , non-null value q0; , worst-case estimates): (a) common effect specification; (b) robust
specifications ( CI assuming independence; , CI allowing for clustering)
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We conducted our sensitivity analyses as for the meta-analysis on video games of Anderson
et al. (2010). Fig. 6 shows a significance funnel plot. Like the results of Boehm et al. (2018) by
using a standard selection model, our worst-case estimates (−0.12 for all specifications; Table 5)
are in the opposite direction from the observed point estimate. However, because these worst-
case estimates are based on meta-analysing only two non-affirmative studies, the robust CIs are,
quite reasonably, almost completely uninformative (e.g. [−0.95, 0.92] for both random-effect
specifications); this suggests that the narrower asymptotic CI from the selection model (i.e.
95% CI [−0.30, 0.09]) may be anticonservative for this small meta-analysis. Sensitivity analyses
across multiple values of η (Table 6 and Fig. 7) suggested that, under the two random-effects
specifications, fairly considerable publication bias (η = 3 or η = 4) could attenuate μ̂′ and its
lower CI limit to the null or to a correlation of 0:10.

These analyses therefore indicate that, although we can draw some conclusions regarding the
sensitivity of these results to mild publication bias, considerable uncertainty remains regarding
the effect of severe publication bias. However, unlike inference for standard selection models,
our proposed methods of inference perform nominally even for small meta-analyses with few
non-affirmative studies (see Section 8 for simulation results). Thus, the wide CIs for large values
η may nevertheless be informative; they indicate that there simply is not enough information in
this meta-analysis to provide any reasonable assurance that the results are robust to moderate
or severe publication bias.

8. Simulation study

We assessed the performance of our proposed sensitivity analyses under the three model spec-
ifications and in a variety of realistic and extreme scenarios, including those with quite small
sample sizes. We considered three categories of scenarios:

(a) those with homogeneous population effects, for which we applied the common effect
specification,

(b) those with heterogeneous independent population effects, for which we used the robust
independent specification and

(c) those with heterogeneous clustered population effects, for which we used the robust clus-
tered specification.

For each of 1000–1500 simulation iterates per scenario, we first generated an underlying pop-
ulation of studies before introducing publication bias. The underlying population comprised
MÅ clusters (potentially with no intercluster heterogeneity, depending on the scenario) of five
studies each; note that 5MÅ represents the number of studies in the underlying population, but

Table 7. Possible values of simulation parameters

η MÅ μ τ2 var(ζ) γ-distribution Additional
selection

on σÅ
i

1 20 0.20 0 0 Normal No
10 40 0.80 1 0.50 Exponential Yes
20 80
50 200

100
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Fig. 8. Median number of published studies across all simulation iterates (rows, numbers of studies in the
underlying population before publication bias (5M*); columns, distributions of study level random effects and
true mean μ): , not selected on standard error; , selected for small standard error; , common effect; ,
robust clustered; , robust independent

the number of published studies that were actually meta-analysed was often much smaller after
the introduction of publication bias, as described below. We generated studies’ point estimates
according to either a normal or an exponential random-intercepts specification such that the
total heterogeneity across studies was τ2, comprising an intercluster heterogeneity of var.ζ/ and
an intracluster heterogeneity of τ2 − var.ζ/. Continuing our convention of using asterisks to
denote study-specific variables and parameters in the underlying population,
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Fig. 9. Median number of published non-affirmative studies across all simulation iterates (rows, numbers
of studies in the underlying population before publication bias (5M*); columns, distribution of study level
random effects and true mean μ): , not selected on standard error; , selected for small standard error;

, common effect; , robust clustered; , robust independent

θ̂
Å
mi =μ+ ζm +γÅ

mi + εÅmi,

ζm ∼N{0, var.ζ/} .cluster level random effects/,

γÅ
mi ∼N{0, τ2 − var.ζ/} or γmi ∼ exp[{τ2 − var.ζ/}−1=2] .study level random effects/,

εÅmi ∼N{0, .σÅ
mi/

2} .study level error/,

σÅ
mi ∼ Unif.1, 1:5/:
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Fig. 10. Mean point estimate μ̂η across simulation iterates (rows, number of studies in the underlying
population before publication bias (5M*); columns, distribution of study level random effects and true mean
μ): , μ; , not selected on standard error; , selected for small standard error; , common effect; ,
robust clustered; , robust independent

In a full factorial design, we varied the parameters MÅ,μ, τ2 and var.ζ/, as well as the distribution
of the study level random effects (γÅ

mi), across the values in Table 7. We simulated a scenario
for each combination of values in Table 7 except those with both τ2 =0 and var.ζ/=0:5, which
would have had τ2 −var.ζ/<0. Thus, scenarios with τ2 =0 and var.ζ/=0 were common effect
specifications, those with τ2 =1 and var.ζ/=0 were independent random-effects specifications
and those with τ2 =1 and var.ζ/=0:5 were clustered random-effects specifications.
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Table 8. Median width of CI for μ̂η by the median
number of published non-affirmative studies in the
simulation scenario (jN j) and η

Median |N | η Median CI width

�10 1† 0.40
10 0.86
20 0.96
50 1.19

100 1.49
< 10 10 1.97

20 2.30
50 3.33

100 4.23

†Among scenarios with η =1, all had a median of 10
or more published non-affirmative studies.

We then introduced publication bias as in Section 2.2, varying η from 1 (no publication bias) to
100 (extreme publication bias). The effective sample size on which the precision of our methods
depends most strongly is the number of published non-affirmative studies, so we ensured that our
choices of MÅ and η resulted in numerous scenarios in which the median number of published
non-affirmative studies was less than 10 and sometimes as small as 1. On the basis of τ2 and
var.ζ/, we fit the correctly specified fixed or random-effects model, using the true η to estimate
μ̂η and its 95% CI. Additionally, as described in Section 2.2, our proposed sensitivity analyses
can be applied without modification in certain situations in which the publication process not
only favours affirmative studies but also favours both affirmative and non-affirmative studies
with small standard errors. To confirm this result, we also ran all the above simulation scenarios
with this more complicated publication process.

Figs 8 and 9 respectively show the median numbers of published studies and of published
non-affirmative studies for all 480 simulation scenarios. Fig. 10 shows that μ̂η was approximately
unbiased for scenarios with η�20. The bias increased somewhat under extreme publication bias
(e.g. η=100), though the coverage remained nominal for all scenarios (mean 96% and minimum
93% across all scenarios). Table 8 shows the median width of 95% CIs for μ̂η, showing the
expected patterns of dependence on the number of published non-affirmative studies and on the
severity of publication bias. Also as expected theoretically, results from scenarios in which the
publication process also favoured small standard errors yielded results comparable with those
of scenarios in which the publication process favoured only affirmative studies, except in so far
as the former publication process resulted in smaller numbers of published studies.

9. Alternative models of publication bias

Throughout, we have considered a one-tailed model of publication bias in which ‘significant’
results with positive point estimates are favoured, whereas significant results with negative point
estimates and ‘non-significant’ results are equally disfavoured. We have also assumed that results
are selected for publication based on a single p-value cut-off at p=0:05. This section discusses
our rationale for these modelling choices and describes how our results could be easily extended
to accommodate other models of publication bias.

Whereas we assumed one-tailed selection, it is possible instead that significant results are
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favoured regardless of direction, whereas only non-significant results are disfavoured (called
‘two-tailed’ selection). Although our methods can be trivially modified for two-tailed selection,
as described below, we speculate that one-tailed selection is more realistic in many scientific
contexts. For many research questions, only effects in the positive direction are scientifically
marketable, whereas both negative and null results are interpreted as a failure to support the
marketable hypothesis (e.g. Vevea et al. (1993)). Even in controversial realms, in which some
investigators try to prove a given hypothesis while others try to disprove it, non-significant and
negative results may be comparably interpreted as failing to support the hypothesis at stake.
For example, we suspect that this may be so for the literature on violent video games, which
has tended to interpret results suggesting beneficial effects of violent video games primarily
as failures to support hypothesized detrimental effects, rather than as support for a priori less
plausible benefits. Indeed, the distributions of p-values in the meta-analyses that were included
in the empirical study of Section 6 usually appeared to conform well to one-tailed selection
(Mathur and VanderWeele, 2020a).

Some areas of research may, however, exhibit two-tailed selection. For example, if there are
two scientifically marketable hypotheses at stake, each predicting results in a different direction,
then perhaps publication bias would equally favour significant positive results and significant
negative results. In such cases, one could conduct our proposed sensitivity analyses under two-
tailed selection simply by redefining Ai =1.pi <0:05/, such that all significant studies, regardless
of direction, receive weights of 1, whereas only non-significant studies receive weights of η.
However, we nevertheless recommend by default conducting sensitivity analyses under a one-
tailed selection model, even when there is reason to suspect some degree of two-tailed selection,
because assuming one-tailed selection is often (though not always) conservative in the sense that
it leads to smaller η.μ̂, q/ than assuming two-tailed selection. Specifically, conservatism holds
when the inverse-probability-weighted, meta-analytic estimate among only the non-significant
studies and affirmative studies combined is at least as large as the meta-analytic estimate among
only the significant negative studies, for which a sufficient condition is that the common effect
mean in the non-significant studies is positive (on-line supplement, section 1.2). (However, this
conservatism does not necessarily hold for the analogous metric pertaining to the lower bound
of the CI for the pooled estimate, η.μ̂lb, q/.)

Note also that we modelled selection by using a single cut-off at p = 0:05 both for ease of
interpretation and because it conforms well to empirical findings on how applied researchers
and statisticians interpret and report p-values (Head et al., 2015; Masicampo and Lalande,
2012; McShane and Gal, 2017). In principle, other cut-offs might also be relevant; for example,
‘marginally significant’ findings with 0:05 < p < 0:10 might have an intermediate publication
probability. However, in practice, experimental evidence suggests that researchers do not distin-
guish much between two different p-values both falling above or below the major 0.05 cut-off
(McShane et al., 2016). Our proposed sensitivity analyses could be modified for multiple cut-offs
simply by defining more than two groups of studies, each with a distinct publication probability,
and again weighting each study by its inverse publication probability (as in, for example, Hedges
(1992)). However, by introducing multiple free sensitivity parameters, this approach would less
readily yield straightforward single-number summaries of the severity of publication bias that
are required to explain away the results.

10. Discussion

This paper has proposed sensitivity analyses for bias due to selective publication and reporting
in meta-analyses. These sensitivity analyses shift the focus from estimating the severity of pub-
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lication bias to quantifying the amount of publication bias that would be required to attenuate
the observed point estimate, or its lower CI limit, to the null or to a chosen non-null value. This
shift in focus enables particularly simple statements regarding sensitivity to publication bias that
would be easy to report in meta-analyses. Our metric S.t, q/ describes the amount of publication
bias that is required to attenuate the meta-analytic statistic t (i.e. either the pooled point estimate
or its lower CI limit) to a smaller value q. If this sensitivity parameter is sufficiently small that
it represents a plausible amount of publication bias (perhaps informed by the empirical bench-
marks that we have provided), then the meta-analysis may be considered relatively sensitive to
publication bias. In contrast, if S.t, q/ represents an implausibly large amount of publication
bias, then one might consider the meta-analysis to be relatively robust. The methods proposed
can sometimes indicate that no amount of publication bias under the model assumed could
explain away the results of a meta-analysis, providing a compelling argument for robustness.
In contrast with existing methods for sensitivity analysis, the present methods can accommo-
date non-normal population effects, small meta-analyses and non-independent point estimates.
All methods are implemented in the R package PublicationBias (described in the on-line
supplement, section 2).

These methods have limitations. Although they relax distributional assumptions on the pop-
ulation effects, they do assume a particular model of publication bias that is chosen to align
with empirical evidence on how researchers interpret p-values. We have suggested some simple
diagnostics to assess the plausibility of some of these assumptions (Section 4). If publication bias
departs considerably from this model, e.g. because studies with large effects rather than merely
p < 0:05 are favoured, the analyses proposed may be compromised. However, for perhaps the
most plausible violation of our modelling assumptions (namely, two-tailed instead of one-tailed
selection), we have shown that our assumptions are often, though not always, conservative at
least when considering the point estimate. Additionally, some meta-analyses may not contain
any non-affirmative studies because, for example, the population effects are very large or publica-
tion bias is extremely severe; in these cases, our methods cannot be applied because there would
be no non-affirmative studies to upweight. Also, it is important to note that sensitivity to pub-
lication bias does not imply that publication bias is actually severe in practice; nor the converse.
Last, our sensitivity analyses characterize evidence strength by using the standard meta-analytic
point estimate and its CI, but these metrics alone do not fully characterize evidence strength
in a potentially heterogeneous distribution of effects (Mathur and VanderWeele, 2018). Other
metrics may be useful additional targets of sensitivity analysis (Mathur and VanderWeele, 2018,
2020b) but would require bias correction for τ̂2 as well as μ̂, which proved challenging under
publication bias in meta-analyses of realistic sizes (on-line supplement, section 3).

In summary, we have proposed sensitivity analyses for publication bias in meta-analyses
that are straightforward to conduct and intuitive to interpret. These methods can be easily
implemented by using the R package PublicationBias, and we believe that their widespread
reporting would help to calibrate confidence in meta-analysis results.

11. Reproducibility

All code required to reproduce the applied examples and simulation study is publicly available
and documented (https://osf.io/7wc2t/). Data from the Boehm et al. (2018) and Li et al.
(2018) meta-analyses are publicly available (linked at https://osf.io/7wc2t/). Data from
the meta-analysis of Anderson et al. (2010) cannot be made public at the author’s request, but
they will be made available on request to individuals who have secured permission from Craig
Anderson.
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