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Abstract

How cytoskeletal filaments collectively undergo growth and shrinkage is an

intriguing question. Collective properties of multiple bio-filaments (actin or

microtubules) undergoing hydrolysis have not been studied extensively earlier

within simple theoretical frameworks. In this paper, we study the collective

dynamical properties of multiple filaments under force, and demonstrate the distinct

properties of a multi-filament system in comparison to a single filament. Comparing

stochastic simulation results with recent experimental data, we show that multi-

filament collective catastrophes are slower than catastrophes of single filaments.

Our study also shows further distinctions as follows: (i) force-dependence of the

cap-size distribution of multiple filaments are quantitatively different from that of

single filaments, (ii) the diffusion constant associated with the system length

fluctuations is distinct for multiple filaments, and (iii) switching dynamics of multiple

filaments between capped and uncapped states and the fluctuations therein are

also distinct. We build a unified picture by establishing interconnections among all

these collective phenomena. Additionally, we show that the collapse times during

catastrophes can be sharp indicators of collective stall forces exceeding the

additive contributions of single filaments.

Introduction

A large number of biological functions such as mitosis, acrosomal processes and

cell motility are controlled by cytoskeletal filaments, whose classic examples are

microtubules and actin filaments within cells [1]. Cytoskeletal filaments have

different molecular structures – the microtubule has a hollow cylindrical shape
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made of 13 proto-filaments, while actin has helical shape made of two proto-

filaments [1, 2]. In spite of their structural differences, these filaments have similar

kinetic processes. They polymerize by adding ATP/GTP-bound subunits. Inside a

filament, ATP/GTP is irreversibly hydrolysed into ADP/GDP. The presence of this

chemical switching (ATP/GTP hydrolysis) makes the growth dynamics non-

equilibrium in nature, and produces two distinct subunit-states, namely ATP/

GTP-bound and ADP/GDP-bound. These two subunit-states have very distinct

depolymerization rates, and this heterogeneity produces interesting dynamics

[3, 4].

In the literature, the dynamics of a single cytoskeletal filament has been studied

extensively [1, 5–18]. Single microtubules are known to exhibit a phenomenon

called ‘‘dynamic instability’’ where the filament grows with a certain velocity, and

then collapses catastrophically generating a huge fluctuation in the filament

lengths [4, 19]. It has been reported that single actin filaments and ParM filaments

(homologue of actin in prokaryotes) also exhibit large length fluctuations,

somewhat similar to microtubules [20, 21]. Given that these filaments bear load

under various circumstances, scientists have also investigated how these filaments

and their length fluctuations behave under force [22].

Extensive theoretical investigation, combined with experiments, have given us a

good primary understanding of how these filaments behave at the single filament

level. Early phenomenological models tried to capture the filament dynamics by a

two-state model [6] with stochastic transitions between growing and shrinking

length-states. Later models incorporated detailed chemical processes such as

binding and unbinding of monomers, and hydrolysis, using experimentally

measured rates [12–14, 16]. All these studies revealed that the chemical switching

(hydrolysis) is crucial to explain the experimentally observed feature of ‘‘dynamic

instability’’ [4, 23] and similar large length fluctuations [12]. The reason behind

this fluctuation phenomenon was found to be the formation of a ATP/GTP-cap at

the filament-tip and the stochastic disappearance of it due to hydrolysis.

Although single-filament studies are helpful to understand the basic aspects of

the dynamics, it is biologically more relevant to investigate a collective system of

N(w1) filaments. Even though scientists are starting to explore dynamics of

multiple filaments under force experimentally [24, 25], the theoretical under-

standing of multi-filament dynamics and their fluctuations is minimal. Most of

the existing models for multi-filaments neglect ATP/GTP hydrolysis and do not

have any kind of chemical switching in their model [26–31]. Ignoring hydrolysis,

for simple models of filaments with polymerization and depolymerization

dynamics, exact analytical results for N~2 [26, 28, 29], and numerical results for

N§2 [27–30] have been obtained. Given that single-filament studies have already

established the experimental importance of chemical switching [8, 11, 12, 32], it is

crucial to have a multi-filament study where one takes into account the ATP/GTP

hydrolysis in detail and investigate the dynamics. Also note that the irreversible

process of hydrolysis makes the dynamics depart from equilibrium, and hence it

needs careful consideration.
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In the context of force generation, in a recent study, we have theoretically

shown that ATP/GTP hydrolysis results in a new collective phenomenon [33]. For

a bundle of N parallel filaments pushing against a wall, the collective stall force is

greater than N times the stall force of a single filament [33]. Earlier theories

[27, 28] missed this effect as they neglected hydrolysis and studied equilibrium

processes, which led to a notion that stall forces are additive for multiple

filaments.

Apart from force generation, various fluctuations of the system-length during

unbounded growth or ‘‘catastrophes’’ have been of great interest [12, 14, 16, 25].

Single-filament studies have described the length fluctuations by a measurable

quantity, namely the diffusion constant [11, 12, 14, 26]. Recent theoretical studies

of single actin filaments have shown that this diffusion constant has non-

monotonic behavior as a function of monomer concentration [11, 12] – it has a

peak near the critical concentration. It should be noted that such a peak would be

absent without hydrolysis, which makes the filament switch between ATP/GTP

‘‘capped’’ and ‘‘uncapped’’ states [12]. Another aspect of length fluctuation is the

catastrophe and rescue where the filament repeatedly grows and shrinks

maintaining a constant average length [1]. Such stochastic length collapses

recently have been observed for multiple microtubules in an experiment [25], and

have been referred to as ‘‘collective catastrophes’’.

A unified theoretical understanding of the above fluctuation properties

(diffusion constant, catastrophes and cap dynamics) have not been provided in

any earlier literature for multiple filaments under force, and undergoing

hydrolysis. Zelinski and Kierfeld have theoretically studied the collective

catastrophe using a phenomenological two state model [34]. However, none of

the existing multifilament models take into account microscopic processes like

polymerisation, ATP/GTP hydrolysis and depolymerisation of ATP/GTP- and

ADP/GDP-bound subunits explicitly. Given that explicit dynamics at the subunit

level is crucial in understanding the coupling between cap dynamics and length

fluctuations, it is desirable to have a microscopic model that includes these

features in detail.

Motivated by the above research background, in this paper we investigate the

dynamics of multiple cytoskeletal filaments taking into account the kinetic events

of polymerisation, depolymerisation, and ATP/GTP hydrolysis of subunits

explicitly. The focus of the paper is to examine the collective properties that may

emerge from the multifilament nature of the system, in the presence of force and

non-equilibrium ATP/GTP hydrolysis. We show that collective behaviour of

multi-filaments under force is qualitatively and quantitatively different from that

of a single filament, and the ATP/GTP cap dynamics is crucial in understanding

these phenomena. Examining the collapse during catastrophe, we show that the

collapse time of a multifilament system is considerably higher than that of a single

filament system; this indicates that the collective collapse of microtubules has a

gradual nature as opposed to the sharp collapse of single microtubule. We find

that this slow collapse of the multi-filament system is related to the enhanced

stability of the ATP/GTP caps. We establish this by studying the cap-size statistics,
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and the switching dynamics of the system between capped and cap-less states. We

find that the multifilament system has a non-zero cap, at any large force, while for

a single filament cap vanishes at large forces. Finally, we show that these

underlying features manifest in the macroscopic fluctuations of the system size

and can be quantified as the experimentally measurable diffusion coefficient.

Through this paper, we provide a unified picture by establishing connections

between a number of collective properties of the multifilament system and the

underlying kinetics of the AGP/GTP cap at the subunit level.

Model

We study a model of multiple cytoskeletal filaments as shown in Fig. 1, where N
parallel and rigid filaments (actin filaments or microtubules), each composed of

subunits of length d, are growing against a wall under a constant opposing force f.

This model is a generalisation of the one-filament model studied in [16], to a

multi-filament case. Note that this one-filament model was shown to have

features similar to many experiments [22, 35] on single actin and microtubule,

including catastrophe frequencies and length fluctuations [11, 12, 16]. In the

literature, different groups have studied various models starting from highly

coarse-grained two state models [6–8, 34] to vastly detailed model for single

microtubules, taking into account its multi-protofilament nature [9, 10, 18, 36]. In

the degree of coarse graining, our model falls somewhere in the middle – unlike

the two-state models, our model takes into account microscopic processes of

polymerisation, depolymerisation and hydrolysis at the level of subunits,

explicitly. However, we do moderate coarse-graining such that a multi-

protofilament system is represented as a single filament with appropriate subunit

lengths – this middle level of coarse-graining has the advantage that it does not

leave out the crucial microscopic kinetic events/features (hydrolysis, cap etc) and,

at the same time, has only minimal number of parameters. The effective subunit

lengths are taken to be d~5:4nm=2~2:7nm for actin filaments, and

d~8nm=13~0:6nm for microtubule, which accounts for the actual multi-

protofilament nature of the biofilaments [13, 14, 16, 34] in a coarse-grained way.

Explicitly, each filament grows by polymerisation of free ATP/GTP-bound

subunits in a force-dependent manner. Filament tips away from the wall

polymerise with a rate u0~k0c. Here, k0 is the intrinsic polymerization rate-

constant and c is the free ATP/GTP subunit concentration. The polymerization

rate for the leading filament, which is in contact with the wall, is reduced due to

the applied force f – according to the Kramer’s theory, the rate becomes

u(f )~u0e{f d=KB T [27, 28]. Inside each filament, any ATP/GTP-bound subunit

may get hydrolysed to a ADP/GDP-bound subunit randomly at any location with

a rate r. This mechanism of hydrolysis is known as random hydrolysis [12, 16, 37].

In the literature other mechanisms of hydrolysis have also been proposed, namely

sequential hydrolysis [11, 13] and mixed cooperative hydrolysis [8, 38, 39]. In this

paper, we consider the random hydrolysis model, as it is thought to be closer to

the biological reality [40]. Note that the chemical switching (ATP/GTP R ADP/
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GDP) is non-equilibrium in nature, as it is irreversible. For actin, the subunits also

exist in an intermediate state bound to ADP-Pi [12, 40, 41] i.e. actin hydrolysis

involves two steps in reality (ATPRADP-PiRADP). There are also reports

indicating the relevance of a similar GDP-Pi intermediate state for microtubules

[42, 43]. But we would consider only the dominant rate limiting step of Pi release

(neglecting the ADP-Pi and GDP-Pi states), as was done in earlier literature

[11, 13, 17]. Finally, the ATP/GTP-bound and ADP/GDP-bound subunit may

dissociate from the tip of a filament with distinct force-independent depolymer-

ization rates wT and wD respectively. Although the depolymerization rates are

assumed to be constants here, they can also depend on force – such a scenario has

been briefly discussed towards the end of the paper. The continuous ATP/GTP

stretch at the tip of a filament is called a ‘‘cap’’ – for example, in Fig. 1, the top

filament has a cap whose size is two subunits. Note that the immovable left wall

(see Fig. 1) acts as a reflecting boundary – this is equivalent to a filament growing

from a fixed seed on the wall, where the filament can polymerise back once its

length reduces to zero. We do kinetic Monte-Carlo simulations [44] of the above

model using known rates for cytoskeletal filaments (see Table 1) to calculate

various dynamical quantities, and the results are given below.

Fig. 1. Schematic diagram of three-filament system with random hydrolysis, where the switching ATP/
GTP RADP/GDP occurs randomly at any ATP/GTP subunit. ATP/GTP and ADP/GDP subunits are shown
as letters ‘T’ (blue) and ‘D’ (red) respectively. The left wall is fixed, while the right wall is movable with an
externally applied force f pushing against it. Various possible events (as described in the text) are shown with
arrows and corresponding rates.

doi:10.1371/journal.pone.0114014.g001
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Results

Collapse times reveal novel collective behaviour during

catastrophe under force

In this section, we study the collective collapse of N filaments during catastrophes.

We simulate an N filament system growing against a wall under external force f, as

discussed above. When the external force is larger than the ‘‘stall force’’

(maximum force) of the N-filament system (f (N)
s ), the filaments will not grow on

an average – the system will be in a bounded phase of growth (see S1 Figure in S1

File).

First of all, our model shows collective catastrophes of multiple filaments in the

bounded phase, similar to a recent experiment [25]. A typical time trace of the

wall position (or equivalently system-length) is given in Fig. 2, where a system of

two microtubules repeatedly grows from a length of zero to a maximum value and

then shrinks back to zero. This stochastic collapses of the system-length from a

local maximum to zero, would be referred to as ‘‘catastrophes’’. Note that long

stretches of shrinkage, not always going to zero length, also have been termed as

catastrophes [1]. But such a definition would require an arbitrary minimum cut

off length to count events of catastrophe. For simplicity, we consider this

minimum length to be zero. To quantify and systematically investigate the

catastrophe events, we define a measurable quantity called collapse time below:

following Fig. 2, we define a ‘‘peak’’ as the furthest wall position between two

successive zero values of the system-length (x). Then we define the collapse time

(Tcoll) as the time it takes, on an average, to collapse from a peak to the next zero

of the system-length (see the regions shaded grey in Fig. 2). Below stall force,

where the system would be in a unbounded growing phase (see Appendix A in S1

File), the Tcoll, according to our definition, would be infinite as the trajectories of

the system-length would no longer collapse to zero (on an average). In other

words, Tcoll is expected to diverge for f ƒf (N)
s . On the other hand, Tcoll should be

finite in the bounded phase (see Fig. 2) as there are frequent catastrophes. Thus,

the finiteness of Tcoll values is a quantitative indicator of the existence of

catastrophes.

In Fig. 3, we plot Tcoll as a function of scaled force f =f (1)
s , for multiple actin

filaments (Fig. 3a, blue curves) and microtubules (Fig. 3b, blue curves). As

expected, at large forces, the values of Tcoll are finite, corresponding to the

bounded phase. However, they diverge at specific force values which are nothing

but the collective stall forces of N filaments f (N)
s . Interestingly, we see that

f (N)
s wNf (1)

s . This collective phenomenon of excess stall force generation (as

opposed to f (N)
s ~Nf (1)

s ) was recently discovered by us [33]; we had obtained f (N)
s

by computing the force at which hVi?0 (see [33]). Note that here we are

estimating f (N)
s from the f wf (N)

s regime (bounded growth phase), while in [33],

the approach was from the f vf (N)
s regime (unbounded growth phase) – see S1

Table in S1 File (Appendix B) for a comparison. It is important to stress that if

hydrolysis is ignored, i.e. for the hydrolysis rate r50, one obtains the red curves in
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Fig. 3 — they show f (N)
s ~Nf (1)

s , a widely believed result, but nevertheless actually

untrue in reality. We have also observed that the inverse of the collapse time

(equivalent to rate), for single filament at zero force, decreases with increasing

tubulin concentration – this trend is similar to many of the single filament

experiments [35, 45].

As Tcoll is a nice quantitative measure of catastrophes, we would like to use it to

address two questions: (a) is nature of the catastrophe of multiple filaments

(collective catastrophe) different from that of a single filament? (b) is there any

difference between zero-force catastrophe and force-dependent collective

catastrophe? Before proceeding to answer these two questions, we note that two

external factors can control the catastrophe – force and concentration of subunits

(see Appendix A in S1 File). In the absence of any force, all filaments are

independent of each other, and therefore the average behaviour of N filaments is

exactly the same as that of a single filament. However, in the presence of force, the

filaments interact via the movable wall. Due to the applied force, the growth rate

of a filament, which is otherwise k0c, reduces instantaneously to

u(f )~k0ce{fd=KBT, the moment it touches the wall. By this mechanism the trailing

filaments get affected by the spatial location of the leading filaments. This implicit

interaction among filaments for f w0, can potentially lead to new collective

phenomena for multi-filament systems, as we would show soon.

Table 1. Rates for Actin [1, 3] and Microtubules (MT) [1, 4, 19].

k0 (mM21s21) wT (s{1) wD(s{1) r (s21)

Actin 11.6 1.4 7.2 0.003

MT 3.2 24 290 0.2

doi:10.1371/journal.pone.0114014.t001

Fig. 2. A time trace of the wall position x(t) for two microtubules (N 5 2) in the bounded phase,
showing ‘‘collective catastrophe’’, at a concentration c 5 100mM?ccrit , and at a force f 5 36.8 pNwf (2)

s

(ccrit 5 8.67mM, and f (2)
s ~35:0pN in this case). Other parameters are taken from Table 1. The regions

shaded grey correspond to the catastrophes, and provide the collapse time intervals whose average is Tcoll.

doi:10.1371/journal.pone.0114014.g002
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Noting these points, we proceed to compare the catastrophes for the following

three cases: (i) N~1, f ~0, cvccrit , (ii) N~1, f wf (1)
s , cwccrit and (iii) N~2,

f wf (2)
s , cwccrit . Since the parameter regimes of the three different cases are very

distinct, we present a scatter plot (see Fig. 4a) between the collapse time (Tcoll)

and the average length of the leading filament (or the mean wall position). Firstly

we see that for a single filament (N~1), the Tcoll data for the case (i) (by varying

c), and for the case (ii) (by varying f), completely collapse on to each other (see

bottom curves with the symbols of black squares and red circles in Fig. 4a). This

means that the average collapse times of a single filament with or without force are

similar. But, the situation is strikingly different for Nw1 in presence of a force.

For N~2 microtubules (case (iii)), we calculated the values of Tcoll at four

different concentration values greater than ccrit (blue, green, magenta and brown

symbols in Fig. 4a) by varying forces f wf (2)
s . We clearly see that the values of Tcoll

are much higher compared to those of N~1, for the same given average length.

This implies that, during catastrophes of Nw1 filaments under force, the system-

length collapses more slowly, than a single filament.

In Fig. 4b, we show two trajectories of a single microtubule from our

simulation for the cases (i) and (ii). We see sharp length collapses for N~1 – the

trajectories without force (case (i)) and with force (case (ii)) both looks similar.

This should be compared with the experimentally obtained trajectory of a single

microtubule under zero force [46], reproduced in Fig. 4c – the simulated

trajectory in Fig. 4b (black dots) and the experimental trajectory in Fig. 4c both

have sharp catastrophes. On the contrary, the simulated trajectories for N~2
(case (iii)) show comparatively much gradual catastrophes – see Fig. 4d. The

Fig. 3. Average collapse times Tcoll as a function of scaled force f =f (1)
s with increasing number of filaments (N), for (a) actin filaments and (b)

microtubules. Blue and red curves are with hydrolysis (rw0) and without hydrolysis (r~0) respectively. The curves are plotted by scaling the force-axis with
corresponding single-filament stall forces. For rw0, the numerically obtained values of single-filament stall forces are f (1)

s ~3:13 pN for actin, and f (1)
s ~16:75

pN for microtubule. While, for r~0, the corresponding single-filament stall forces are obtained from the formula f (1)
s ~(kBT=d)ln(k0c=wT ) (see [27]) – these are

f (1)
s ~3:21 pN for actin, and f (1)

s ~17:70 pN for microtubule. Parameters are taken from Table 1. The ATP/GTP concentrations are c~1mM for actin, and
c~100mM for microtubules.

doi:10.1371/journal.pone.0114014.g003
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Fig. 4. (a) Plot of Tcoll versus hxi obtained in the bounded phase, for microtubules. Black squares are for N~1, f ~0, cvccrit , and red circles are for N~1,
f wf (1)

s , c~100mM?ccrit (for microtubule parameters, ccrit~8:67mM). While, for N~2, f wf (2)
s , values of Tcoll are obtained at four different concentrations (all

greater than ccrit) c~9mM (brown down triangles), 40mM (magenta bullets), 70mM (green up triangles), and 100mM (blue filled squares). (b) Two simulated
time-traces of the wall-position x(t) for a single microtubule, for parameters: (i) f ~0, c~7:5mMvccrit (black dots); (ii) f ~17:6 pNwf (1)

s , c~100mM (red
squares). (c) An experimental trajectory (reproduced from [46]) of length versus time for a single microtubule under zero force (Copyright (1994) by the
American Physical Society). (d) Three different time-traces of the wall-position for two microtubules (N~2) from our simulations. Parameters are: f ~21:1
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experimentally obtained trajectories [25] of multiple microtubules (Fig. 4e) also

show similar behavior. Although the experiment [25] corresponding to Fig. 4e is

done under harmonic force (unlike our theoretical model with a constant force),

the comparisons of our simulation with the experiments provide an interesting

insight. The catastrophes in multi-filament system seem to be slower than that of a

single filament.

Above observations clearly indicate that, the system of multiple filaments under

force seem to be more ‘‘stable’’ in comparison to a single filament during their

catastrophes in the bounded phase. By ‘‘stability’’ we mean that multiple filaments

resist the opposing force more effectively and thus collapse more slowly compared

to N~1. Sudden collapse, during catastrophe, is typically associated with the

disappearance of ATP/GTP cap and exposure of ADP/GDP bulk, while the

stability is associated with the presence of the ATP/GTP cap. This raises an

obvious question: Do slow collapses during collective catastrophe, exhibited by

the multi-filament system, have something to do with ATP/GTP cap stability? To

get a preliminary understanding, we calculated the average cap sizes hki as a

function of force, for N~1 and N~2 in the bounded phase — this is shown in

Fig. 5. This figure clearly shows that average cap sizes of a two-filament system is

greater than that of a one-filament system. This points to a new cap structure for

collective (Nw1) dynamics. In the next section, we examine these collective

effects on cap size statistics and cap dynamics in detail.

Multiple filaments under force show distinct cap-size statistics

In this section, we study the statistics of ATP/GTP cap-sizes with the aim of

understanding how it renders stability to a multi-filament system and slows down

the catastrophe. Since our goal is to understand the steady-state properties of the

caps during catastrophe, we start with very long filaments. By studying the

shrinkage of such filaments we can examine the collective behaviour of their caps,

without any boundary effect that may arise from the rigid wall at zero length.

In Fig. 6, we plot hki against the scaled force f =f (1)
s , for actin filaments (Fig. 6a)

and microtubules (Fig. 6b). Note that this figure is the counterpart of Fig. 5, that

was studied for short filaments with possible boundary effects (see previous

section). In Fig. 6, when f?f (1)
s , we see that mean cap-length hki, for single

filament, rapidly decays to zero (see red curves in Fig. 6). There is a distinction

between actin versus microtubule though – the force range over which cap is

present is larger for microtubule than actin. However for Nw1, hki does not

vanish at all — rather, it first reduces and then saturates (or stabilizes) to a finite

value of *>1 subunits, at forces f?f (N)
s (see green curves for N~2, and blue curves

for N~3 in Fig. 6). These results reaffirm our observation in the last section that

pNwf (2)
s , c~27mM. (e) Experimental trajectories (reproduced from [25]) of a bundle of multiple microtubules under harmonic force – this force, shown in y-

axis, is proportional to microtubules’ extensions (x) (Copyright (2008) by National Academy of Sciences, U.S.A).

doi:10.1371/journal.pone.0114014.g004
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the multifilament system does show a distinct cap structure – while average cap

length of a single filament is vanishingly small, the multifilament system always

has a non-vanishing larger cap. Does this also reflect in the full cap size

distribution?

In Fig. 7a, we plot the cap-size distributions p(k) for a single actin filament at

three different force values. We clearly see that the cap-size distributions for N~1
have decreasing widths with increasing force. This trend, if continued, would lead

to a vanishing cap as f??. However, we see a different picture for N~2
filaments (Fig. 7b) – the distribution p(k) saturates with increasing force, implying

a non-vanishing cap for multiple filaments.

This phenomenon can be understood by noting the following: for a multi-

filament system (Nw1), only the leading filament ‘‘feels’’ the force; the trailing

filaments have force-independent rates. Therefore the trailing filaments have

much higher polymerisation rates (utrail~k0c) compared to the leading one

(ulead~utrail exp({fd=kBT)), and hence they acquire ATP/GTP subunits at the

tip. In other words, the trailing filaments ‘‘catch up’’ with the leading filaments by

polymerising ATP/GTP subunits. Thus, in a multifilament system there exists a

finite cap, always, even at large forces, unlike the single filament.

In summary, we have discovered a collective phenomenon that the cap-sizes

stabilize with increasing force for multiple filaments, unlike a single filament. This

in turn imparts enhanced stability to multiple filaments during their catastrophes

(as discussed in the last section). Note that it is possible to experimentally

visualize the GTP-cap by using a suitable conformational antibody that

specifically recognizes GTP-bound tubulin in microtubules [47]. Such techniques

may be used to experimentally validate our predictions for cap sizes (which are

*5 subunits for N~3, see Fig. 6). Another experimental way to observe the

consequence of above phenomenon may be the measurement of collapse time

Fig. 5. Average cap size hki as a function of scaled force f =f (1)
s for microtubules, and for filament

numbers N~1 (red), and N~2 (green). The system is in the bounded phase for forces greater than the stall
forces. The GTP concentration is c~100mM, and other parameters are specified in Table 1. The Y-axis is in
log scale.

doi:10.1371/journal.pone.0114014.g005
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Tcoll (as discussed in the previous section). Alternatively, one may investigate

experimentally the macroscopic length fluctuations of multi-filament system,

which is quantified in the diffusion constant [20]. Do the length fluctuations bear

any quantitative signature of the collective effect of cap-size stabilization? We shall

investigate this question in the next section.

Fig. 6. Average cap size hki as a function of f =f (1)
s for (a) actin filaments and (b) microtubules, and for filament numbers N~1 (red), N~2 (green)

and N~3 (blue). The concentrations are c~0:2mM for actin, and c~10mM for microtubule. Y-axes are in log scale. Note that the single filament stall forces
are 0.68 pN for actin and 0.97 pN for microtubule.

doi:10.1371/journal.pone.0114014.g006

Fig. 7. Distributions of cap sizes, p(k) at different forces for (a) single actin (N~1), and (b) two actin filaments (N~2), for a concentration c~0:2mM.
Y-axes are in log scale.

doi:10.1371/journal.pone.0114014.g007
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Collective behaviour in diffusion coefficient for length fluctuations

of N filaments

In this section we investigate fluctuations of the overall system-length (wall

position) of an N-filament system under force, and examine plausible collective

effects. The length fluctuations can be characterised by the diffusion constant for

the wall position:

D~½h(Dx)2i{hDxi2�
�

2jt2{t1j: ð1Þ

Here Dx~x(t2){x(t1) is the difference between two distinct instantaneous wall

positions, measured at times t2 and t1 respectively. We calculate D at the steady

state (t1,t2??) where it is independent of time and for the full range of forces

below and above f (N)
s .

In the literature, different groups have examined the diffusion constant for a

single actin filament (N~1) as a function of ATP-bound monomer concentration

(c) at zero force [11, 12]. It was found that D has a pronounced peak near critical

concentration (ccrit). This non-monotonic behaviour of D was attributed to

transitions between capped state and uncapped states, as a result of ATP

hydrolysis. Without hydrolysis, the filament has no such transition between two

states and hence D is monotonic. However, the behaviour of D for a multifilament

system, under force, is currently unknown.

We now present our results for diffusion coefficient D in Fig. 8, as a function of

scaled force f =f (1)
s , both for actin filaments (Fig. 8a) and microtubules (Fig. 8b).

For one filament (red curves in Figs. 8a and 8b), we see that D rises up near the

stall force f (1)
s and goes to zero as f??. Like refs. [11, 12], we note that the non-

monotonic behavior of D is an effect of hydrolysis — we have checked that this is

absent for hydrolysis rate r~0. What is striking is that for Nw1, D curves have a

distinct feature compared to N~1 (see green curves for N~2 and blue curves for

N~3 in Figs. 8a and 8b). For Nw1, we see that D curves rise up near the

corresponding stall forces f (N)
s , but they do not decay to zero at large forces like

the N~1 case — in fact, they saturate with force. As a result, the length

fluctuations of a multifilament system is larger than that of a single filament

system as f??.

The collective effect is reminiscent of the stabilization of caps with force for

Nw1 seen in the previous section. But, how exactly the microscopic dynamics of

the caps contribute to the macroscopic length fluctuation? This may be

understood by examining the transitions between ‘‘capped’’ and ‘‘uncapped’’

states of the filaments. In the next section we proceed to study these transitions as

a function of applied force.
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System length fluctuations are related to fluctuations in switching

between capped and uncapped states

In this section we demonstrate how transitions between capped and uncapped

states of the filaments play a crucial role in the fluctuations of the wall position.

To describe the instantaneous state of the tip of a single filament (N~1), we first

define the following stochastic variable:

S(t)~1, if the f ilament has a non{zero ATP=GTP cap (00capped00 state)

~0, if there is no ATP=GTP cap (00uncapped00 state):
ð2Þ

Above definition can be extended to multiple filaments. For Nw1, we define

S(t)~1 or 0 depending on whether the ‘‘leading’’ filament is capped or uncapped.

Note that state of the leading filament is connected to the dynamics of the wall.

In Fig. 9a we show the time traces of S(t) for a single actin filament at different

force values – at these forces, the corresponding values of wall-diffusion constant

D are shown by red arrows in Fig. 8a. We see that, at f=f (1)
s the filament is mostly

in the capped state – S(t)~1 (mostly) in top panel (i) of Fig. 9a. When f is just

above f (1)
s , we see in panel (ii) of Fig. 9a, that there is a sudden increase in the

number of switching events between capped and uncapped states. If f is increased

further, the number of switching events decreases – see subsequent panels (iii) and

(iv). So, the number of switching events first increases, and then decreases with

force. Note that this behavior mimics the non-monotonic behavior of the wall-

diffusion constant D, for N~1 (see Fig. 8a). Moreover, the bottom panel (iv) of

Fig. 9a, where S(t) is mostly 0, signifies that the filament is capless (also see Fig. 6).

Fig. 8. The diffusion constant D of the wall position as a function of scaled force f =f (1)
s for (a) actin filaments and (b) microtubules, with filament

number N~1 (red), N~2 (green) and N~3 (blue). Concentrations are c~0:2mM for actin and c~10mM for microtubule (for other parameters see Table 1).
In (a), the arrows correspond to the force values at which we shall investigate the cap dynamics of the filaments in the next section (see Fig. 9).

doi:10.1371/journal.pone.0114014.g008
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We now show the time traces of S(t) for two actin filaments in Fig. 9b, at

different force values; see corresponding D values in Fig. 8b, marked by green

arrows. Here we see a very distinct feature compared to the one-filament case —

although the number of switching events increases first (see panels (i) and (ii) of

Fig. 8b), it does not decrease with force, unlike the single filament case. In fact, the

switching is present even at large forces – compare the histories in the last panels

(iv) of Figs. 9a and 9b. Furthermore, in panels (iii) and (iv) of Fig. 9b the number

of switching events are nearly the same, suggesting saturation with force. This

saturation behavior for Nw1, may be correlated with the saturation of the wall-

diffusion constant D at large forces. To make this apparent correlations between D

and the switching number fluctuations concrete, we now proceed to quantify the

fluctuations in the number of switching events.

From the time traces of S(t), we first computed the number of switching events

(ns) between the capped and uncapped states within a time window t~jt2{t1j.
We then calculated the variance of ns and found that the variance grows linearly

with the size of time-window i.e. Var½ns�!t. This enables us to construct a

diffusion constant for the switching events as below:

Ds~
1
2

d
dt

Var½ns�: ð3Þ

We compute Ds at large times, where it becomes independent of time.

In Fig. 10 we plot Ds versus f =f (1)
s for actin parameters (see Table 1). Quite

strikingly, we see that behavior of Ds is very similar to the behavior of wall-

diffusion constant D (see Fig. 8a). Just like the wall-diffusion constant, at large

forces, Ds goes to zero for N~1, and it saturates for Nw1. This clearly

demonstrates that the wall-position fluctuations (quantified by D) are closely tied

to the fluctuations of the switching events (quantified by Ds) between the capped

and uncapped states.

Discussion and Conclusion

The current understanding of dynamical properties and fluctuations of

cytoskeletal filaments, with hydrolysis, is mostly based on studies of single

filaments [5, 8, 11–14, 16]. Recent experiments by Laan et al [25] and subsequent

theory papers have started exploring various aspects of multiple filament systems

under force [33, 34]. It has been proposed in [34] that the catastrophe rate should

increase rapidly with force, in order to observe collective catastrophe and rescue

oscillations. We note that the random hydrolysis model that we are using already

has catastrophe rates that obey the criterion [16] and are comparable to the

experimental results [22, 35]. Moreover, the microscopic nature of our model can

provide clearer understanding of mechanisms leading to catastrophe, length

fluctuations and cap dynamics of a mutifilament system. In this paper, using

multiple filaments under force, taking into account polymerisation, ATP/GTP

Dynamics of Multiple Cytoskeletal Filaments

PLOS ONE | DOI:10.1371/journal.pone.0114014 December 22, 2014 15 / 21



hydrolysis and depolymerisation of T- and D-bound subunits, we systematically

investigated and clarified a number of aspects related to the dynamics and

fluctuations of the system. Specifically, we showed that the fluctuations during

collective catastrophes, the fluctuations of the ATP/GTP cap sizes, and the system

length fluctuations, all are closely tied to each other. The unified picture emerging

from these studies show that the collective behaviour of multiple filaments are

quantitatively distinct from that of a single filament under similar conditions. For

example, multifilament systems are more stable during catastrophe, when

Fig. 9. Few time traces of S(t) of the leader for (a) N~1 and (b) N~2 actin filaments, at a concentration c~0:2mM and at different values of scaled
forces. At these forces, the corresponding values of wall-diffusion coefficient D are shown by arrows in Fig. 8a (red arrows for N~1 and green arrows for
N~2).

doi:10.1371/journal.pone.0114014.g009

Fig. 10. The diffusion constant Ds derived from the fluctuations of the switching events between the
capped and uncapped states, is plotted against scaled force f =f (1)

s . The data is for actin parameters (see
Table 1) at concentration c~0:2mM, for filament-numbers N~1 (red), N~2 (green), and N~3 (blue).

doi:10.1371/journal.pone.0114014.g010
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compared to a single filament system. Thus, our study suggests that it would be

inaccurate to generalise the intuitions built on existing studies of single filaments

to the more biologically relevant scenario of multiple filaments.

We quantified the fluctuations during catastrophes by the mean collapse time

(Tcoll). We found that Tcoll is systematically lower for a single filament compared

to multiple filaments. This implies that the multi-filament system has an enhanced

resistance against externally applied force. This will also clearly reflect in the

experimentally measurable length versus time data, where, according to our

prediction, the collective collapse will have a lower average negative slope, unlike

the sharp collapse which is the hallmark of a single filament catastrophe (see

Fig. 4c, and [46, 48]). Recent experiments on multiple microtubules under force

clearly show this trend of slower collapse in their length versus time data (see Ref.

[25] and Fig. 4e). This interesting feature, an understanding of which naturally

emerges from our model, seems to be absent in time traces of wall positions

obtained using other theoretical models in the literature (models in [25, 34]).

Detailed study of our model under harmonic force needs to be done in future to

achieve clearer understanding of such aspects in comparison to the works of

[25, 34].

Exploring the ATP/GTP cap structure and statistics of individual filaments in

the multifilament system, we found those to be highly stable at large forces. This

enhanced stability of the caps (for Nw1) imparts stability to a multi-filament

system, which is responsible for their slow collapse. Moreover, the stability of the

caps is also reflected in the macroscopic length fluctuations of N filaments, which

we quantified by a diffusion constant (D). We find that, at large forces, the value

of D (for Nw1) saturates – this experimentally observable effect owes its origin to

the number fluctuations of the switching events between the capped and

uncapped states (quantified by Ds). The similarity of the curves of D and Ds

(versus force) demonstrates this. (see Figs. 8a and 10). In single microtubule

dynamics, presence of GTP-bound subunits in the bulk is associated with rescue

[47]. In multifilament systems one would expect enhanced rescues, at smaller

forces closer to the stall force, as the lagging filaments can easily acquire GTP-

bound subunits.

Although challenging, the caps may be directly observable experimentally using

novel techniques [47]. Other quantities like the collapse time Tcoll and the

diffusion constant D can also be measured in a laboratory. Note that our

definition of Tcoll and D rely on just the time traces of the system length, which

can be obtained easily in well designed experiments. It is worth mentioning that

Tcoll may be used to determine the stall force of a multifilament system and its

deviation from the additive law (i.e. f (N)
s wNf (1)

s ), as predicted in our earlier work

[33], can be verified.

Let us discuss the implications of relaxing some of the assumptions underlying

our model. (i) One assumption was that of the force independence of the

depolymerisation rates. In general, one may expect rates as follows:

u(f )~u0e{fdd=KBT , wT(f )~wT0efd(1{d)=KBT , and wD(f )~wD0efd(1{d)=KBT , where the
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parameter d[½0,1� is known as the force distribution factor [28, 49]. Interestingly,

experiments on microtubule [49] estimated d*1, i.e. depolymerisation rate is

force-independent just as we considered in this paper. However for actin, d is not

known experimentally. In S2 Figure of S1 File (Appendix C), we show the average

cap sizes and diffusion constants for actin for d~0:8 – the results are unchanged

qualitatively. A detailed study of the d dependence of different dynamical

properties studied in this paper would be undertaken in future. (ii) We considered

the bundle of filaments without any lateral shift between the first monomers

(seed). However, even if we introduce a lateral shift, the qualitative nature of our

results are expected to remain the same. That is because the observed fluctuation

properties in this paper are argued to be related to the switching between capped

and uncapped states, which are unaffected by the lateral shift. (iii) Cytoskeletal

filaments need not be perfectly rigid as we considered in this paper. A filament

with finite stiffness can undergo buckling under external force. This may be

avoided if one keeps the filaments short, below a critical length [48]. We estimate

the critical length for buckling to be 4–17 mm (for c510–100 mM) for

microtubule, and 0.5–3 mm (for c50.15–1 mM) for actin, at their respective stall

forces. So buckling can be prevented by choosing the lengths well below the

critical lengths of the filament, as done in the experiment of Laan et al [25]. Note

that, thermal fluctuations may alter the critical lengths for buckling as discussed

by Emanuel et al [50]. Even in the absence of overall buckling, bending

fluctuations due to thermal forces may generate gaps that are large enough to

accommodate monomers leading to a change in polymerisation rates. However,

some calculations show [51] that the effects of thermal fluctuations on

polymerization rates would be negligible in the large force limit – a regime where

we do most of our calculations. A detailed study of the role of thermal fluctuations

is beyond the scope of the current work and may be performed in the future.

We would like to conclude by pointing out that dynamics of cytoskeletal

filaments under any situation providing a scope for cooperativity (e.g, a boundary

wall held by a force, as in our case) may produce surprises for multi filaments.

Alternatively filaments may interact with each other via explicit lateral interactions

(which was not considered in this paper) – this may also produce interesting

dynamical effects. Understanding of such situations should start with case studies

of at least two filaments. Any conclusion based on single filament study, in such

cases, would be misleading.

Supporting Information

S1 File. Includes supporting figures and table. S1 Figure. (a) Phase diagram of

N~1 microtubule in the force (f)-concentration (c) plane. The curve of mean

wall-velocity hVi~0 demarcates between two phases, namely the bounded and

unbounded growth phases. (b) and (c): Typical time traces of the wall position in

the bounded phase. The trajectory of (b) shows that the system length (wall

position) x(t) first shrinks rapidly with a negative velocity, but ultimately it
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fluctuates around a constant mean value — the later part is zoomed in (c), which

shows catastrophes of the filament. (d) A typical trajectory of the system length in

the unbounded growth phase, where x(t) grows in time with a positive velocity.

Parameters are specified in Table 1 and inside the figure panels. S2 Figure. (a)

Average cap size hki, (b) the diffusion constant D for the system-length

fluctuations, and (c) the diffusion constant Ds for the fluctuations of switching

events between capped and uncapped states — these are plotted against the scaled

force f =f (1)
s . All data are for actin parameters (see Table 1) with a concentration

c~0:2mM and for d~0:8. S1 Table. Comparison of values of stall forces obtained

numerically by monitoring the limits hVi?0, and Tcoll??. ATP/GTP

Concentrations are taken to be c~1mM for actin and c~100mM for microtubule

(for other parameters see Table 1).

doi:10.1371/journal.pone.0114014.s001 (PDF)
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15. Brun L, Rupp B, Ward JJ, Nédélec F (2009) A theory of microtubule catastrophes and their regulation.
Proc Natl Acad Sci USA 106: 21173–21178.

16. Padinhateeri R, Kolomeisky AB, Lacoste D (2012) Random Hydrolysis Controls the Dynamic
Instability of Microtubules. Biophys J 102: 1274–1283.

17. Bowne-Anderson H, Zanic M, Kauer M, Howard J (2013) Microtubule dynamic instability: A new
model with coupled gtp hydrolysis and multistep catastrophe. BioEssays 35: 452–461.

18. Jemseena V, Gopalakrishnan M (2013) Microtubule catastrophe from protofilament dynamics. Phys
Rev E 88: 032717.

19. Mitchison T, Kirschner M (1984) Dynamic instability of microtubule growth. Nature 312: 237–242.

20. Fujiwara I, Takahashi S, Tadakuma H, Funatsu T, Ishiwata S (2002) Microscopic analysis of
polymerization dynamics with individual actin filaments. Nature Cell Bio 4: 666–673.

21. Garner EC, Campbell CS, Mullins RD (2004) Dynamic Instability in a DNA-Segregating Prokaryotic
Actin Homolog. Science 306: 1021–1025.

22. Janson ME, de Dood ME, Dogterom M (2003) Dynamic instability of microtubules is regulated by force.
J Cell Biol 161: 1029–1034.

23. Howard J, Hyman AA (2009) Growth, fluctuation and switching at microtubule plus ends. Nature
reviews 10: 569.

24. Footer MJ, Kerssemakers JWJ, Theriot JA, Dogterom M (2007) Direct measurement of force
generation by actin filament polymerization using an optical trap. Proc Natl Acad Sci USA 104: 2181–
2186.

25. Laan L, Husson J, Munteanu EL, Kerssemakers JWJ, Dogterom M (2008) Force-generation and
dynamic instability of microtubule bundles. Proc Natl Acad Sci USA 105: 8920–8925.

26. Stukalin EB, Kolomeisky AB (2005) Polymerization dynamics of double-stranded biopolymers:
chemical kinetic approach. J Chem Phys 122: 104903.

27. van Doorn GS, Tanase C, Mulder BM, Dogterom M (2000) On the stall force for growing microtubules.
Eur Biophys J 20: 2–6.

28. Tsekouras K, Lacoste D, Mallick K, Joanny JF (2011) Condensation of actin filaments pushing against
a barrier. New J Phys 13: 103032.

29. Krawczyk J, Kierfeld J (2011) Stall force of polymerizing microtubules and filament bundles. Euro Phys
Lett 93: 28006.

30. Ramachandran S, Ryckaert JP (2013) Compressive force generation by a bundle of living biofilaments.
The Journal of Chemical Physics 139: 064902.

31. Schaus TE, Borisy GG (2008) Performance of a population of independent filaments in lamellipodial
protrusion. Biophysical Journal 95: 1393–1411.

32. Pantaloni D, Hill TL, Carlier MF, Korn ED (1985) A model for actin polymerization and the kinetic
effects of ATP hydrolysis. Proc Natl Acad Sci USA 82: 7207–7211.

33. Dipjyoti D, Dibyendu D, Ranjith P (2014) Collective force generated by multiple biofilaments can
exceed the sum of forces due to individual ones. New J Phys 16: 063032.

34. Zelinski B, Kierfeld J (2013) Cooperative dynamics of microtubule ensembles: Polymerization forces
and rescue-induced oscillations. Phys Rev E 87: 012703.

35. Drechsel D, Hyman A, Cobb M, Kirschner M (1992) Modulation of the dynamic instability of tubulin
assembly by the microtubule-associated protein tau. Mol Biol Cell 3: 1141–1154.

36. Wu Z, Nogales E, Xing J (2012) Comparative studies of microtubule mechanics with two competing
models suggest functional roles of alternative tubulin lateral interactions. Biophysical Journal 102: 2687–
2696.

Dynamics of Multiple Cytoskeletal Filaments

PLOS ONE | DOI:10.1371/journal.pone.0114014 December 22, 2014 20 / 21



37. Antal T, Krapivsky PL, Redner S, Mailman M, Chakraborty B (2007) Dynamics of an idealized model
of microtubule growth and catastrophe. Phys Rev E 76: 041907.

38. Li X, Kierfeld J, Lipowsky R (2009) Actin polymerization and depolymerization coupled to cooperative
hydrolysis. Phys Rev Lett 103: 048102.

39. Li X, Kolomeisky AB (2013) Theoretical analysis of microtubules dynamics using a physical-chemical
description of hydrolysis. The Journal of Physical Chemistry B 117: 9217–9223.

40. Jégou A, Niedermayer T, Orbán J, Didry D, Lipowsky R, et al. (2011) Individual Actin Filaments in a
Microfluidic Flow Reveal the Mechanism of ATP Hydrolysis and Give Insight Into the Properties of
Profilin. PLoS Biology 9: e1001161.

41. Korn ED, Carlier MF, Pantaloni D (1987) Actin polymerization and ATP hydrolysis. Science 238: 638–
644.

42. Melki R, Carlier MF, Pantaloni D (1990) Direct evidence for gtp and gdp-Pi intermediates in microtubule
assembly. Biochemistry 29: 8921–8932.

43. Vandecandelaere A, Brune M, Webb MR, Martin SR, Bayley PM (1999) Phosphate release during
microtubule assembly: What stabilizes growing microtubules? Biochemistry 38: 8179–8188.

44. Gillespie DT (1977) Exact stochastic simulation of coupled chemical reactions. J Phys Chem 81: 2340.

45. Walker RA, O9Brien ET, Pryer NK, Soboeiro ME, Voter WA, et al. (1988) Dynamic instability of
individual microtubules analyzed by video light microscopy: Rate constants and transition frequencies.
J Cell Bio 107: 1437–1448.

46. Fygenson DK, Braun E, Libchaber A (1994) Phase diagram of microtubules. Phys Rev E 50: 1579–
1588.

47. Dimitrov A, Quesnoit M, Moutel S, Cantaloube I, Pous C, et al. (2008) Detection of GTP-Tubulin
Conformation in Vivo Reveals a Role for GTP Remnants in Microtubule Rescues. Science 322: 1353–
1356.

48. Phillips R, Kondev J, Theriot J (2009) Physical biology of the cell. Garland Science URLhttp://www.
worldcat.org/isbn/9780815341635.

49. Dogterom M, Yurke B (1997) Measurement of the Force-Velocity Relation for Growing Microtubules.
Science 278: 856–860.

50. Emanuel M, Mohrbach H, Sayar M, Schiessel H, Kulic IM (2007) Buckling of stiff polymers: Influence
of thermal fluctuations. Phys Rev E 76: 061907.

51. Mogilner A, Oster G (1996) Cell motility driven by actin polymerization. Biophys J 71: 3030–3045.

Dynamics of Multiple Cytoskeletal Filaments

PLOS ONE | DOI:10.1371/journal.pone.0114014 December 22, 2014 21 / 21

http://www.worldcat.org/isbn/9780815341635
http://www.worldcat.org/isbn/9780815341635

	Section_1
	Equation equ4
	Equation equ5
	Equation equ6
	Equation equ7
	Equation equ8
	Section_2
	Equation equ9
	Equation equ10
	Equation equ11
	Equation equ12
	Equation equ13
	Equation equ14
	Equation equ15
	Equation equ16
	Equation equ17
	Section_3
	Figure 1
	Section_4
	Equation equ20
	Equation equ21
	Equation equ22
	Equation equ23
	Equation equ27
	Equation equ28
	Equation equ29
	Equation equ30
	Equation equ31
	Equation equ32
	Equation equ33
	Equation equ34
	Equation equ35
	Equation equ36
	Equation equ49
	Equation equ50
	Equation equ51
	TABLE_1
	Equation equ18
	Equation equ19
	Figure 2
	Equation equ24
	Equation equ25
	Equation equ26
	Equation equ52
	Equation equ53
	Equation equ54
	Equation equ55
	Equation equ56
	Equation equ57
	Equation equ58
	Equation equ59
	Equation equ60
	Equation equ61
	Equation equ64
	Equation equ65
	Equation equ66
	Equation equ67
	Equation equ68
	Equation equ69
	Equation equ100
	Equation equ101
	Figure 3
	Equation equ37
	Equation equ38
	Equation equ39
	Equation equ40
	Equation equ41
	Equation equ42
	Equation equ43
	Equation equ44
	Equation equ45
	Equation equ46
	Equation equ47
	Equation equ48
	Figure 4
	Equation equ70
	Equation equ72
	Equation equ73
	Equation equ74
	Equation equ76
	Equation equ77
	Equation equ78
	Equation equ79
	Equation equ80
	Equation equ81
	Equation equ82
	Equation equ83
	Equation equ84
	Equation equ85
	Equation equ87
	Equation equ88
	Equation equ89
	Equation equ90
	Equation equ91
	Equation equ92
	Equation equ93
	Equation equ94
	Equation equ95
	Equation equ96
	Equation equ97
	Equation equ98
	Equation equ99
	Equation equ102
	Equation equ103
	Equation equ104
	Equation equ105
	Equation equ106
	Section_5
	Equation equ112
	Equation equ113
	Equation equ114
	Equation equ115
	Equation equ116
	Equation equ117
	Equation equ118
	Equation equ119
	Equation equ120
	Equation equ121
	Equation equ98
	Equation equ99
	Equation equ129
	Equation equ130
	Equation equ131
	Equation equ132
	Equation equ133
	Equation equ138
	Equation equ139
	Equation equ140
	Equation equ141
	Equation equ142
	Figure 5
	Equation equ107
	Equation equ108
	Equation equ109
	Equation equ110
	Equation equ111
	Section_6
	Figure 6
	Equation equ122
	Equation equ123
	Equation equ124
	Equation equ125
	Equation equ126
	Equation equ127
	Equation equ128
	Figure 7
	Equation equ134
	Equation equ135
	Equation equ136
	Equation equ137
	Equation equ143
	Equation equ1
	Equation equ144
	Equation equ145
	Equation equ146
	Equation equ147
	Equation equ148
	Equation equ149
	Equation equ150
	Equation equ151
	Equation equ152
	Equation equ153
	Equation equ154
	Equation equ155
	Equation equ156
	Equation equ157
	Equation equ158
	Equation equ159
	Equation equ160
	Equation equ161
	Equation equ162
	Equation equ163
	Equation equ164
	Equation equ165
	Equation equ166
	Equation equ167
	Equation equ168
	Equation equ169
	Equation equ170
	Equation equ171
	Equation equ172
	Equation equ173
	Equation equ181
	Section_7
	Equation equ182
	Equation equ2
	Equation equ183
	Equation equ184
	Equation equ185
	Equation equ186
	Equation equ187
	Equation equ188
	Equation equ189
	Equation equ190
	Equation equ191
	Equation equ192
	Figure 8
	Equation equ174
	Equation equ175
	Equation equ176
	Equation equ177
	Equation equ178
	Equation equ179
	Equation equ180
	Equation equ200
	Equation equ201
	Equation equ202
	Equation equ203
	Equation equ204
	Equation equ205
	Equation equ206
	Equation equ3
	Equation equ207
	Equation equ208
	Equation equ209
	Equation equ210
	Equation equ211
	Equation equ212
	Equation equ213
	Equation equ214
	Section_8
	Figure 9
	Equation equ193
	Equation equ194
	Equation equ195
	Equation equ196
	Equation equ197
	Equation equ198
	Equation equ199
	Figure 10
	Equation equ215
	Equation equ216
	Equation equ217
	Equation equ218
	Equation equ219
	Equation equ220
	Equation equ221
	Equation equ222
	Equation equ223
	Equation equ224
	Equation equ225
	Equation equ226
	Equation equ227
	Equation equ228
	Equation equ229
	Equation equ229
	Equation equ230
	Equation equ231
	Equation equ232
	Equation equ233
	Section_9
	Section_10
	Section_11
	Section_12
	Equation equ234
	Equation equ235
	Equation equ236
	Equation equ237
	Equation equ238
	Equation equ239
	Equation equ240
	Equation equ241
	Equation equ242
	Equation equ243
	Equation equ244
	Equation equ245
	Equation equ246
	Equation equ247
	Reference 1
	Reference 2
	Reference 3
	Reference 4
	Reference 5
	Reference 6
	Reference 7
	Reference 8
	Reference 9
	Reference 10
	Reference 11
	Reference 12
	Reference 13
	Reference 14
	Reference 15
	Reference 16
	Reference 17
	Reference 18
	Reference 19
	Reference 20
	Reference 21
	Reference 22
	Reference 23
	Reference 24
	Reference 25
	Reference 26
	Reference 27
	Reference 28
	Reference 29
	Reference 30
	Reference 31
	Reference 32
	Reference 33
	Reference 34
	Reference 35
	Reference 36
	Reference 37
	Reference 38
	Reference 39
	Reference 40
	Reference 41
	Reference 42
	Reference 43
	Reference 44
	Reference 45
	Reference 46
	Reference 47
	Reference 48
	Reference 49
	Reference 50
	Reference 51

