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Compartmental Models Driven
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Analysis and Applications to SVIS
Epidemic Models
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Compartmental models with exponentially distributed lifetime stages assume a constant hazard rate,
limiting their scope. This study develops a theoretical framework for systems with general lifetime
distributions, modeled as transition rates in a renewal process. Applications are provided for the SVIS
(Susceptible-Vaccinated-Infected-Susceptible) disease epidemic model to investigate the impacts

of hazard rate functions (HRFs) on disease control. The novel SVIS model is formulated as a non-
autonomous nonlinear system (NANLS) of ordinary differential equations (ODEs), with coefficients
defined by HRFs. Key statistical properties and the basic reproduction number (?R,) are derived, and
conditions for the system’s asymptotic autonomy are established for specific lifetime distributions.
Four HRF behaviors—monotonic, bathtub, reverse bathtub, and constant—are analyzed to determine
conditions for disease eradication and the asymptotic population under these scenarios. Sensitivity
analysis examines how HRF behaviors shape system trajectories. Numerical simulations illustrate the
influence of diverse lifetime models on vaccine efficacy and immunity, offering insights for effective
disease management.

Keywords Hazard rate function, Jump Process, Non-autonomous ODE, Renewal process, Asymptotically
autonomous system, SVIS model, Random interjump times

Compartmental dynamic models expressed as systems of differential equations (d.e’s) have a long history of
application to investigate biological, epidemiological, biochemical and social dynamical systems etc. (cf.'%),
which represent the evolution of systems of biochemical reactions between chemical species; represent the
transmission dynamics of a communicable disease in a population; represent ecological interactions between
biological species, such as, predator-prey systems; represent the connectivity dynamics between nodes in a
complex social network, where links are the social ties between subjects socializing in the network etc.

For example, for an M species ecological system, where X; is the ‘" specie, and the vector
X(t) = (X1(¢t), X2(t), ..., Xn(t)) are all species, then a model for the average dynamic interactions between
the M species is expressed either as an autonomous nonlinear system (ANLS),

dX(t) = f(X(8)dt = [A(X(8)) X (t)]dL, (1.1)
or non-autonomous nonlinear system (NANLS),
dX(t) = f(t, X(2))dt = [A(t, X (8)) X (¢)]dt, (12)

where fis the vector of nonlinear rate functions for the system expressed further for the ANLS in (1.1) as the
product of the matrix function A(X (t)) € R™*™ with constant coefficients and the vector X(); and expressed
in NANLS in (1.2) as the product of the matrix function A(t, X (t)) € R™** with coefficients that are
continuous functions of time t and the vector X(f). The systems (1.1)-(1.2) can take either homogeneous or non-
homogeneous forms (cf.!).
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An example of the ANLS in (1.1) is the classic SVIS epidemic model (cf.!°) with M = 3 states: susceptible
S, vaccinated V, and infected I states; the vaccination confers partial artificial immunity; and includes vital
dynamics; and for a fixed population with size Nie. N = S(t) + I(t) + V (t), the dynamics is given by,

dS(t) = |:C¥NDN — ,BISL]\?S(U — asvS(t) + avsv(t) + Oqsf(t) — OzNDS(t):| dt,
dV(t) = [asvS(t) — Brv %V(t) - OzvsV(t) — OéNDV(t):| dt, (1.3)
dI(t) = [ﬁjslﬁfﬂS(t) + ﬂ[v%‘/(t) — Oqs](t) — OéNDI(t):| dt,

where ay;; is an exponential conversion rate from state i to j, ¢, j € {S,V,I};and Brv and B;s are exponential
disease transmission rates from state I to either state S or state V, respectively; and ooy p is both the birth and
death rates.

Underlying the ANLS (1.3) is a special type of jump process called a Markov jump process or a continuous
time Markov chain (CTMC); and in particular, a birth-and-death process (cf.>7), that assumes that only single
transitions among the 3 states in the compartments (S, V, I), occur over random interjump times 7;;, between
states i, j, V1,5 € {S,V, I}, i # j that are exponentially distributed with non-homogeneous exponential rates.
Moreover, the infinitesimal generator transition rate matrix is derived from (1.3) (see>>” for examples of the
underlying CTMC). For instance, the interaction between a single susceptible individual 15, and a given number
of infectious individuals I(¢) over a small time interval [¢, ¢ + At), occurs at the exponential rate 815 %At; and

this leads to an infection, and addition of a single infectious individual 1. This is denoted by the reaction rate
Brs At

equations 1s + I(t) I(t) + 1;. Similarly, the interaction between a single vaccinated individual

srv P A
1y and I(#), leads to infection, denoted by 1v + I(t) — N T (t) + 11. Recall*S, this sort of interaction
between susceptible and infectious individuals, or interactions between a predator and prey, that requires
homogeneous mixing between two species is called mass-action kinetics or interactions. o
It

The mathematical principles for deriving the mass-action exponential rates ,315% and Brv =7 over

the small time interval [t,¢ + At) are homogeneous mixing and the Binomial-Poisson hierarchical or mixed
distribution model explained in [Theorem 3.1!1"13 ]. In this paper, the transition events between the species S,
V, and I denoted by S(t) — I(t) & V(t) — I(t), where the arrows “—” point to the direction of transition
from one state to another, occur by mass-action contact (MAC). And the random interéump times until a single
susceptible or a vaccinated individual gets infected, are denoted by 747¢ and %% . That is, given that I(¢)

individuals present at the beginning of the interval [¢, ¢ 4+ At), then

T4 I(t) ~ Exponential( 15%\?)At, T ACN I (t) ~ Exzponential( IVL]\I;))At.

While the assumption that the random interjump times 7A€ and A€ are exponentially distributed
is justified by assuming the MAC principle, the random interjump times for the following single transition
events between the states S, V, and I, that do not require MAC, need not be exponentially distributed (cf.!*-1).
For example, the time until a susceptible individual is vaccinated 7sv; the time until an infectious individual
recovers from infection 77s; the time until an individual is born 75 5; and the time until an individual dies 7x p
(where B = birth, D = death, and X € {S,V, I}); over the time interval [t, ¢ + At), represent events that
do not require MAC, and need not be exponentially distributed. In this paper, the transition events mentioned
above that do not require MAC are denoted by S(t) <+ V (t), I(t) — S(t), birth — S(t), and X (t) — death,
VX € {S,V, I}, (where the double arrow “<” signifies transition in either directions between the two different
states); and these events are called non-mass-action-contact transition events (non-MAC).

Indeed, in (1.3) the assumption of the state V(¢) returning to the state S(¢) with loss of immunity (denoted by
the event V'(t) — S(t)) at the exponential rate oy s per vaccinated individual, signifies that the interjump time,
Tv s, until the vaccinated person loses immunity is 7vs ~ Exzponential(ayvs). Clearly, this further suggests
that the hazard rate function (HRF) for 7v 5, denoted by, ar, o (t) = avs is constant, which is unrealistic for
representing the lifetime of a vaccine with limited efficacy. In fact, a lifetime model with a monotonic increasing
HRF would be more suitable for the immunity lifetime of a vaccine with lower efficacy as depicted in Figure 1.
That is, Figure 1 (a) depicts the unrealistic constant rate a5V (¢) of artificial immunity rate for a vaccine with
low efficacy in the Markovian model (1.3), compared with the plausible rate ar, 5 (¢£) V' (¢) in Figure 1 (b), where
Qiry g (t) is the HRF of the Lindley distribution with shape parameters = 0.75 (cf.!”).

The question remains how to incorporate more suitable lifetime distributions for the interjump times between
the non-MAC transition events in a compartmental dynamic model. The second question is how adding the non-
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Fig. 1. Shows the unrealistic loss of artificial immunity rate in the Markovian model (1.3), where it is assumed
the vaccines has low efficacy. That is, (a) shows a constant rate avy sV (¢) in the Markovian model (1.3),

where avv s the HRF of the Exponential distribution with parameter § = 0.75; and (b) shows a monotonically
increasing rate ay s (t)V (¢) expected for a vaccine with low efficacy, where av s (t) is the HRF of the Lindley
distribution with shape parameter & = 0.75. This example, it is assumed that V'(¢) = 100, V¢ € [0, 100).

exponentially distributed interjump times modifies and impacts the asymptotic properties of the compartmental
model, in particular, the control mechanisms in the system.

A number of authors have considered non- Markovian models for epidemic dynamics with non-exponential
lifetime distributions to represent interjump times for various transition events in epidemic dynamics. For
instance, in the studies'>!° the analysis of deterministic mean-field approximations for stochastic models
representing epidemic dynamics in human network population structures, where the underlying stochastic
disease transmission and recovery processes are non-Markovian is considered. In the study'®, some general
non-Markovian stochastic epidemic models are considered, and focus to analyze the asymptotic behavior of
the epidemic dynamics in large population sizes. In the study'?, a renewal process in a physiologically structured
population with application to cell growth is presented. Also see the studies'*#**?! that considered derivatives of
the exponential distribution.

It is not surprising that when interjump times are no longer exponentially distributed, then the new model
for the average dynamics in the system is a NANLS d.e.s, and no longer ANLS of d.e.s. (cf.'*). In this study, the
interjump times for the non-MAC events are arbitrary with HRFs that exhibit either a monotonic, a unimodal,
a bathtub, an inverted bathtub, or a constant shape (cf.?>?3). Moreover, the mean-field dynamic equations for the
underlying non-Markovian jump processes in the compartmental model are NANLS of d.e.s.

For most compartmental epidemic models (e.g. SIS. SIR, SEIRS models etc.) that are ANLS of o.d.e.s, the
control mechanisms (e.g. disease eradication and disease persistence) in the system are investigated by examining
the qualitative properties of the equilibria (cf.2*?%). On the other hand, epidemic models with NANLS of o.d.e.s
(c£.2%) have no equilibria. However, under special assumptions of the uniform convergence of the rate functions
of the NANLS of o.d.e.s, the NANLS are asymptotically autonomous (cf.?”?%), and so insights about the control
mechanisms for the NANLS may be drawn asymptotically in the limiting ANLS.

Without losing primary focus on every non-Markovian compartmental model with non-exponentially
distributed lifetime stages, this study utilizes the mean-field dynamics for the SVIS epidemic dynamics in (1.3)
as a special example to elucidate the importance of the statistical properties (e.g. HRFs) of the survival lifetime
distributions in the epidemic dynamics. For example, the new SVIS model with general lifetime distribution
for the vaccination stage will represent a complex vaccination strategy where a single individual either receives
(a) n > 1 doses of a given vaccine with distinct immunity lifetimes, or (b) n > 1 distinct doses of different
vaccines with unique immunity lifetimes. In this complex scenario, the reliability of the vaccination immunity
is a competing risk (c£.*). In addition, it is shown that when the interjump times for the non-MAC events in
the system are no longer exponentially distributed, then a NANLS for the SVIS model (1.3) is obtained, where
the system coeflicients are HRFs of the interjump times for the non-MAC transition events in the system.
Furthermore, the HRFs are selected from a family of functions exhibiting various shapes (e.g. monotonic,
unimodal, bathtub, constant) that are ultimately bounded with a uniform constant limit over time, and as a
result, the SVIS NANLS model becomes asymptotically a SVIS ANLS model. Moreover, the equilibrium states
of the asymptotic SVIS ANLS model, which depend on the asymptotic behaviors of the HRFs are investigated.
In fact, by examining the zero-rate trajectory of the NANLS SVIS model, the behaviors of the HRFs and their
impacts on the asymptotic steady states are completely characterized. In this study (1) the mathematical and
statistical justifications, and a step-by-step approach to incorporate different lifetime distributions for the
interjump times for non-MAC events in a compartmental dynamic system are given. (2) The importance of the
qualitative behaviors of the HRFs to determine the existence of an ADFE (Asymptotic disease-free equilibrium)
for disease eradication is given.

This work is organized as follows. In Section 2, a general model for a renewal process in a dynamic two
compartments system is given, and the transition rates for single events over interjump times in the process are
derived. In Section 3, the SVIS epidemic model with random interjump times for the non-MAC transition events
is derived. In Section 4, the model validation results are given. In Section 5, different types of HRF behaviors are
discussed in a dynamic system. In Section 6, the steady states of the asymptotic ANLS SVIS model are given. In
Section 7, the sensitivity of the trajectories of the NANLS SVIS system to the qualitative behaviors of the HRFs is
characterized. In section 9, numerical simulation results are given. The following notations are used in this study.
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Notation 1.1 (1.) SVIS-Susceptible-Vaccinated-Infectious-Susceptible;, HRF - Hazard rate function;
ADFE -Asymptotic disease-free equilibrium; NANLS - Non-autonomous nonlin-
ear system ; ANLS - Autonomous nonlinear system; o.d.e.s - Ordinary differential
equations; SVIS - Susceptible-vaccinated- infectious-susceptible; CHRF - Cumulative
hazard rate function; ZRSF - Zero-rate solution function; CTMC- Continuous time
Markov chain.

(2.) Lindley(---) abbreviates the Lindley Distribution (cf.'”); Gamma(- - -) abbrevi-
ates the Gamma Distribution (cf.°); EW F'D(- - ) abbreviates the Exponentiated
Weibull Family Distribution (cf.3!); EHLD(---) abbreviates the Exponentiated
Half-Logistic Distribution (cf.*?); GPGW D(- - - ) abbreviates the Generalized Pow-
er Generalized Weibull Distribution (cf.3).

Derivation of a jump process for a two compartment dynamic ecological system via
the renewal theory

Consider a two compartment population e.g. a species in an ecological environment, or chemical species in a
chemical kinetic reaction, composed of two compartments/states s;,% = 1, 2, and at any instant, every individual
in the population is in only one of the two states. For example, in a SIS disease epidemic, state s; may be the
susceptible state (S); s2 may be the infectious state (I). Also, suppose the two states s;, ¢ = 1, 2 are interrelated,
such that, in any small time interval [¢, ¢ + At), an individual in one state s; may change state to the other state
sj, where ¢ # j. That is, the two categorical states communicate with each other. A single transition event where
an individual from state s; changes state to state s; is denoted by s; — s;. Thus, there are two possible distinct
single transitional events s; — s, and s; — s;, 1 # j between the two states.

Let {Cj;(t),t > 0} be a general counting process, where C; () is the number of single tran51t10n events of
type s; — s;, © # j over the interval [0, t). Furthermore, suppose Tk] is the time that the k" transition event
s; — 8j, 1 # j occurred (i.e. the time until the k" individual in state s; converts to state 84, 1 # j). Clearly,
both Cj;(t) and T}’ are random variables, and the collection {7}, k > 1} are jump times for the counting
process {Cy;(t),t > 0}, where limy,_, 0o T}’ = 00, and Cy;(t) = e T” o) (B)-

For a special class of renewal process for the d namlcs, the time until the next jump for the event, S; — S
4 7& J occurs (i.e. the tlme between the (k — 1) jump and the k*" jump), is denoted by T”, and it is given
by k=T - T} . TZJ is also called the inter-jump time for the process {Cj;(¢),¢ > 0}. It is assumed that

all inter-jump times 7,5, Vk > 1 are mdependent and belong to the same distribution family, but not identically
distributed , since the d1str1but10n of 7' depends on the state of the system. Let the inter-jump time 7"c be a

general lifetime random variable with cumulatlve density function (CDF) F« (t),t > 0.

In addition, observe that the time of the n'" jump T,ij = ZZ:I 7'75'; and the distribution of
T ~ CONV((Fx)=Foa * Fo2 %% F,r;, where CONV,_(F ) denotes a convolution of the
ij ij ij @, i

n CDFs F_i, k=1,2,...,n. Furthermore, at anytime ¢ > 0, and for n > 0 number of transition events, it

follows that !

P(Cij(t) > n) = P(T7) < t) = CONVk"=1(FT;;_)(t)» (2.1)

and the function R(f) obtained by computing the expected value R(t) = E[C;;(t)] is called the renewal function
for the process {C;(t),¢ > 0}.

While the inter-jump times 7'~k~ ~ F_x, Vk>1 of the counting process need not be IID (Independent
ij

Identically Distributed) and exponentially distributed as in a Poisson process (cf.3*), there exists a link between
the exponential distribution and the inter-jump times Tk via the cumulative hazard rate function (CHRF) of T,L
( note that this statement is true for any non-negative random variable. See any text on survival analysis e.g. 22)

That is, let ke (t) be the HREF for 7/ at any instant ¢ > 0. Then over the time interval [0, £),

¢
P(rl >t) = e_A;CJ'(t), Af(t) = / o r (u)du, (2.2)
0

ij

where Al (t) is the CHRF of 7J. That is, assuming the HRF a, ’ (t) for 7J; is known, then from (2.2), the
CDF F, 5 (t) at time ¢ > 0 is equal to the CDF FEQCp(Ak )@ for the exponential distribution with the non-

homogeneous rate A} (t), ie.

F‘rikj () =P <t)=1- e M5 = FEW(Ak () () (2.3)

Note that the relationship in (2.3) between the distribution F, r (t) and the exponential distribution

Fpap(ak (1) (t) does not suggest that the distribution of 7' - is the exponentlal distribution, since the intensity
ij
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AY;(t) depends on the HRF of 75 Instead, the relation in (2.3) suggests the followmg (1.) a probability generator
for 7,5 is the exponential d1str1but10n with intensity given by the CHRF of 7/%; %> and (2.) there is confirmation for
the earher assumption of independent interjump times that the counting process {C;;(t),t > 0} along with the
family of jump times {7}’ k > 1} defines a process where the time until the next jump exhibits the no-memory
property, and therefore a Markov renewal process (cf.3°).

Using (2.3), the rate for each transition event s; — s;, ¢ 7 j to occur is obtained in the following by applying
the birth-and-death process (cf.>') of a CTMC, where it is assumed that only a single transition between the states
Si, 4,1 7 j occurs in a small time interval of length A¢. Suppose S; (t) is the number of individuals in each state
si @ = 1,2 at time f (note that S;(t) is a quantitative variable and s; is a categorical variable). Without loss of
generality (w.l.o.g.), assume that S; () is discrete. Let g5, s, (Si(t)) be the rate of a single transition event s; — s
L@ # 3, V1,7 = 1, 2. The stochastic process {(S1(t), S2(t)),t > 0} will represent the number of individuals in
each state at time ¢, and the transition rates for each event s; — s;, ¢ # j, Vi, j = 1, 2 is exhibited in Figure 2.
Over any small time interval [¢,t + At), if the events s; — s;, and s; — s, ¢ # j, Vi, j = 1,2 occur, then
the possible outcomes for the number of individuals S;(t) either increases or decreases by one individual, i.e.,
either S; — S; + 1 or S; — S; — 1. Note that based on the assumptions above, the following discrete time
approximation of the continuous time jump process {(S1(t), S2(¢)),t > 0} in relationship with the counting
process {C;;(t),t > 0} is obtained (cf.'!).

S1 (t + At) =51 (t)

— Cu(At) + Czl(At) (2.4)
Sa(t + At) =S5 (t) — C '

21(At) 4+ Ci2(At),

where Ci2(At) and Cz1(At) are independent, and both random variables Ca1(At) — Ci2(At) and
C12(At) — C21(At) have the same support {—1, 0, 1}. The infinitesimal generator transition probabilities for
the stochastic process {(S1(t), S2(t)), ¢ > 0} is derived subsequently.

Let (9, (F¢);50,P) be a complete probability space, where (F:),, is a filtration, and for all ¢ >0

, §¢ is the smallest sigma algebra generated by all random vectors (Si(t),S2(t)), V¢ > 0 denoted by

Ft = o ((S1(r), S2(r)) : v € [0,t]). From (2.3)-(2.4), it is easy to see that {(S1(t), S2(t)),¢ > 0} is a jump

process that generalizes a continuous time Markov chain, and for each state (S;(t),S;(¢)), it follows that

P((Si(t + At), S;(t+ At)|F:) = P((S:(t + At), S;(t + At)|(Si(¢), S;(¢))),Vi # j. Moreover, from

(2.2) and (2.4), note that f:+m ok (u)du = Af;(t + At) — A¥;(t), and it is easy to see that the infinitesimal
ij

generator transition probabilities for the jump process are given by

P[Si(t + At) — Si(t) = m, S;(t + At) — S;(t) = 1|(Si(¢), S;(1))]

ar,, (1)Si(t) At + o(At), (m,l) =(-1,1)
_ ) an (t)S; ()AL + o(At), (m,1) = (1,-1), (2.5)
) 1- Z#i ar,; (£)Si(t)At 4+ o(At),  (m,1) = (0,0),

o(At), otherwise.

The following example illustrates and explains further how (2.2), (2.3) and (2.4) have been used to obtain (2.5).

Example 2.1 Applying the distribution of the interjump times in (2.3), and using the counting process in (2.4),
it follows in (2.5) that whenm = —1and [ = 1,

8, (S()

TN

S.(6) S,(0)

N

g,,(50)

Fig. 2. Shows the framework for the transition dynamics between the two states s;, ¢ = 1, 2 of the system,
where S;(t) is the number of individuals in state s;. Also, gs, s, (Si(t)), Vi # j € {1, 2} is the transition rate
for the event s; — s;, % # j, where 7;; is the random time until the next transition occurs.
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P(Si(t + At) — Si(t) = m, S;(t + At) — S;(t) = U[(Si(t), S;(1)))

=P(Si(t+ At) Si(t) = —1,8;(t + At) — S;(t) = 1|(Si(t), S; (¢)))

= P(C21(At) = 0, Cr2(At) = 1[(S1(2), S2(1)))

= P(Ca1 (At ) = 0](S1(t), S2(t))) x P(C12(At) = 1{(S1(t), S2(1)))

= P(Ci2(At) = 1|(S1(¢), S2(t))) (2.6)
= [P(T 19 <t At7‘12 > t, (S1(¢), S2(¢)))

t+At
-1 ef[A’f2(t+At)fA’f2(t)]Sl(t) —1_ e* (ft anz(u)du) S1(t)
R Qe () S1(E) AL + o(At).
Thus, in Figure 2, it follows from (2.5) that the conversion rates gs,s; (S: (1)) = Qry; (t)Si(t), and

Gs;5: (S5(t)) = ar;; (t)S;(t), Vi#j € {1,2}. Furthermore, the average increment for the process
{(S1(t), S2(t)),t > 0} over the interval [¢, ¢ + At) is given by

E[Si(t + At) — Si(1)[(Si(2), S5 ()] = [=gsys;
E[S;(t + At) = S5 ()[(Si(t), S5 (8))] = [=9ss:(

©n

i(t)) + 95,5, (55 (1)1 AL,

5(6)) + gos, (Si())] AL, 2.7)

0

From (2.7), when only the average or mean field dynamics of the jump process {(S1(t), S2(t)),¢ > 0} is of
interest, and no random fluctuations in [¢, ¢ + At) are considered, then by applying the following approximation
of the derivative of the smooth average value of (2.7) over time i.e.

lim ——E[Si(t + At) — Si(8)] = lim ——F [E[Si(t + At) — Si(6)](S:(), S5 (6))]]

At—0 At At—0 At
(2.8)
~ JELS: ()]
e’
the mean-field dynamics for the system is given by
dE[S;(t
% = [7gsisj [E(Sl(t)) + QSjsi[E(Sj(t))L )
(2.9
dE[S;(t
% =[5, E(Si (1)) + gs;5, E(Si(2)) ]

To minimize complex notations in the rest of the paper, the deterministic functions E[S;(¢)] and E[S;(¢)] will
be denoted by the corresponding variables S; (t), and S; (t), respectively, without the expectation operator. That
is, (2.9) will be rewritten as follows.

dsjt(t) = [~sis; (Si(t)) + 5,5, (S;(1))]
d—SItO;nj (t)Si(t) + ory, (£)S; (1), oo
T = (00,0 (S5(8) + gos (Si(1))]

= —ar,, ()S;(t) + ar, (£)Si(t).

Remark 2.1 While the jump process in Section 2 has been derived for the dynamics of a two compartment eco-
logical population s;,% = 1, 2, the technique and ideas are easily generalized, inductively, to derive the dynamics
for any ecological population with more than two states e.g. SIR, SEIRS, or SVIS epidemic models. The next
section provides an application of the SVIS model.

Application to a theoretical SVIS model with general lifetime distributions
In this section, the transition rates for the single events and the interjump times of the renewal process in
Section 2 are applied to derive the average dynamics of a SVIS disease epidemic.

Assumptions of the SVIS model

Assumption 3.1 (al.) Consider a population of a given total size N(t) at time ¢, that is composed of suscep-
tibles S, vaccinated V with partial artificial immunity and infectious I, where

N@t)=S@t)+V(t)+1(t),t>0, N(0)=S5(0)+V(0)+1(0)>0, (3.1)
where initially V'(0) > 0, S(0) > 0 and I(0) > 0. At this point, the population in (3.1) is deterministic, and

later when a random population is mentioned, the state of the stochastic process will be conditioned on (3.1) at
any time.
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(a2.) Thereishomogeneous mixing between all species S, V, I, and as explained in Section 1,
there is MAC in the transition events S(¢) — I(t) & from V' (t) — I(t). Moreover,
in the small time interval [¢, ¢ + At), the interjump times until the next susceptible
or vaccinated individual is infected are random variables denoted by 7474¢ (At) and
THAC (At). That is, given I(f) individuals present during the interval [t,t + At),
then

Tévac(At)\](t) ~ Exponential IS%)AL

TAC(AD|I(E) ~ Ea:ponential(ﬁlv%)At

(3.2)

(a3.) Thereisan influx or birth of susceptible individuals at a constant exponential rate B. As
described in Section 1, it is assumed that the single transition events from S(¢) — V(t)
, S(t) «V(t), I(t)— S(t), B— S(t), where B =1influz; I(t) — DD,
where DD = disease related death; and X (¢t) — ND, VX € {S,V, I}, where
ND = natural death, are non- mass-action-contact transition events and denoted
by “non-MAC”.

(a4.) It is assumed that only single non-MAC transitions mentioned in (a3.) occur in any
small time interval [t,¢ 4+ At); and the interjump times until the next non-MAC
transition event for each type in (a3.) are random variables. That is, let Ti];- be the
random interjump times between the (k — 1)"" and k' single transition from state
i to state j, Vi,j5 € {S,V, I}, over the interval [¢t,¢ + At). Note, in the rest of the
derivation of the SVIS model, the k in Tf; is omitted, that is, the random variable
73; will denote Ti’}, Ti’; ~ Tij, and it will be understood that 7;; is referring to the
interjump time until the k'™ transition occurs. Moreover, 7i; denotes the amount of
time in the event that an individual in state i remains only in state i. Thus, for (a3.),
the random interjump times until the next (or the k') non-MAC transition events
S(t) = V(¢), V(t) — S(t), and I(t) — S(¢) occur are denoted by Tsv, Tvs and
Trs, respectively; and for the event B — S(¢), the random interjump time until the
next transition event occurs is denoted by 7 . Also, for the event I(¢t) — DD, the
random interjump time until the next transition occurs is denoted by 77pp. In addi-
tion, for the event X (¢t) — ND,VX € {S,V, I}, the random interjump time until
the next transition occurs is denoted by 7x nvp. Moreover, since it is assumed that
natural death causes are uniform across all states S, V, I, then TxND = TN D.

(a5.) Itisalsoassumed thatin the interval [t, ¢ + At), all of the random interjump times in
(ad.) ie. Tikj, k > 1, for each transition event category ¢ — j, where ¢,5 € {S,V, I}
, % # j, are independent variables, and depend on the state S(¢), V(¢) and I(¢) at time
t. That is, the underlying counting process for the number of transitions for the event
i — j is a Markov renewal process (cf.343%).

(a6.) For every single transition event ¢ — j from state i to state j, Vi, j € {S,V, I} over
the interval [t, ¢ + At), it is assumed that g;; (i(¢)) At is the transition rate, where the
exact form of g;;(i(t)) is to be determined using the random interjump time 7;;. That
is, for each non-MAC transition event in (a3.), there exists a transition rate defined as
follows. For the transition event S(t) — V (¢), gsv (S(t)) denotes the instantaneous
transition rate, and for the transition event V' (t) — S(¢), gvs(V(t)) denotes the
instantaneous transition rate. For the event I(t) — S(t), the rate is grs(I(t)); and
for B — S(t), the rate is gss (N (t)); also, for I(t) — DD, the rate is grpp (I(t)) ;
and for X (t) — ND,VX € {S,V, I}, the rate is gx v p (X (¢)). Also, for the MAC
eventsin (a2.),i.e. S(t) — I(t), therateis gsr(S(¢)) and from V' (t) — I(t), the rate
is gvr(V (t)). The transition rates are depicted in Figure 3.

(a7.) Ttis assumed that there are m > 0 vaccines available for the disease, which have sim-
ilar effects, and prescriptions are the same, regardless of the specific vaccine, such that
a susceptible person receives the required number of doses for complete immunity,
from any of the m vaccines. Furthermore, a fully vaccinated person receives n doses
of any of the m vaccines, where the doses can be a mixture of the different vaccines.
For example, during the early stages of the COVID-19 pandemic, where COVID-19
vaccines were newly developed, a fully vaccinated person received two doses of either
the Pfizer or Moderna vaccines; or a single dose of the Johnson & Johnson vaccine.
Moreover, a third dose was administered for those vaccinated with either Pfizer or
Moderna vaccines, which was considered an immunity booster. Furthermore, the
booster could be from any of the vaccines Pfizer or Moderna or Johnson ¢ Johnson
(cf39).

Hence, it is assumed that a partially vaccinated individual has received at least one
of n number of required doses of the m vaccines; and a fully vaccinated person has
received all n doses of the vaccines. Furthermore, it is assumed that each dose of the
available vaccines has a separate immunity lifetime efficacy.
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Fig. 3. Shows the framework for the SVIS model with general conversion rates gi;(t), Vi, j € {S,V, I} for
transition events ¢ — j, where 7;; is the random time until the next transition occurs.
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Fig. 4. Shows the parallel system vaccinating strategy for the V state, where for each k € {1,2,...,n}, the
pair (vk, Ty, ) denotes the k'™ dose of the vaccine vx, and the efficacy lifetime 7, of the k'™ dose. Thus, since
every susceptible person receives at most one of the n doses, the immunity lifetime of a vaccinated person is a
competing risk and given by the random variable 7, = max{Tv,, Togy ey Ton }-

Indeed, each dose of the m vaccines is denoted by v;, j = 1,2,...,n, wheren > 0
. It is not necessary to label the specific vaccine the dose is obtained from. Moreover,
each vaccine dose confers partial immunity to the individual vaccinated. That is, the
effective immunity lifetime of the 5" dose v, j = 1,2, ..., n in any vaccinated in-
dividual is denoted by 7., . Thus, it is easy to see that the reliability of the vaccination
immunity obtained from the # recommended doses, to confer protection against in-
fection is a competing risk (cf.%) in a parallel vaccination immunity lifetime model
exhibited in Figure 4; and the random time until the immunity wanes, and the indi-
vidual returns to the susceptible state S(¢) is given by the random variable,

Tvs = Max{Tuy; Tvgs - -+ Ton }- (3.3)

(a8.) The following additional assumptions are made to reduce the complexity in the vac-
cinated state V(¢) in reference to (a7.). (i.) Meanwhile the ages of immunity effective-
ness with respect to vaccine dosages are represented and preserved by the random
variables 7., Vj in (3.3), the multi-population age structure compartmentalization
of the vaccinated state V() with respect to vaccine type ( of the m vaccines), and
with respect to the age of immunity effectiveness is not considered. (ii.) The variable
infectivity or reinfectivity rates of the vaccinated population due to the varied partial
immunity protection levels conferred by the vaccines is not considered.

Also, there is no vertical transmission of the disease; individuals recover from the
disease with very negligible acquired immunity and as a result there is no reinfection;
the incubation of the disease lapses over a relatively short time that can be ignored.
Refer to exemplary literature’”*® for more complex multi-population representations
of the vaccinated state.
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The following notation will be used to derive the rate equations.

Remark 3.1 (a.) Note that while the minimal model complexity obtained by reducing the heterogenei-
ties in the vaccinated population as stated in Assumption 3.1 (a8.), seems to penalize
the microscopic evaluation of the disease dynamics, the statistical proprieties of the
most essential components of V(t), by age of immunity effectiveness, and by the num-
ber of doses of the m vaccines received are preserved by the parameters of the lifetime
distributions of 7, Vj € {1,2,...,n}in (3.3).

(b.) The following general notations for conditional probabilities for lifetime random vari-
ables with memory and memory-less properties are used. If 7, and 7 are two lifetime
random variables with memory-less property and no memory-less property, respec-
tively, then the conditional survival functions over the time interval (¢1, t2] is denoted
by

P, (t2|t1) = P(Ta > t2|7’a > t1) = P(Tg, >t — tl) = Pfa(tg — tl),
P(Tb > t2) - P‘Fb (tz) (3.4)
P(Tb>t1) P-rb(t1).

a

Py, (t2]t1) = P(mp > ta|7p > t1)

(c.) Note from (3.4), for any lifetime random variable with no memory-less property 7,
the derivative of the conditional probability distribution

%(Pm (tr)) = % (?:8) = sz:g)) = —Pr, (t|r)an, (1), (3.5)

where a7, (t) is the hazard rate function (HRF) of Ty.

The following can be deduced from Assumption 3.1 (a2.). From (3.4), the random interjump times for the MAC-
transition events

, It = [ [Brs £ | du
THAC (A |I(E) wEa:ponentzal(ﬂfs%)At, = PngAcll(t)(t2|t1) =e ftl [ 15 % )] ,

o i)

(3.6)
. I(t -
T AC(AD|I(t) ~ Emponentzal(ﬂjv%)At = Poac(talt1) = e J.;

From Assumption 3.1 (a3. & a4.), the interjump times between “birth” or “influx” at constant exponential rate
Bimplies that Tnvp ~ Exponential(B), and hence in (a6.), gns(N(t)) = B (constant birth or influx rate).

The other transition rates g;;(i(t)) in (a6.), exhibited in Figure 3 are are derived later.
From Assumption 3.1 (a7.), the survival function for 7v s, representing the probability that the next newly
vaccinated individual remains artificially immune over the interval (0, s] is given by

Prys(s)=P(rvs >s) =1~ lH P(ry; < 8)] , (3.7)

and from (3.4), the probability that the next newly vaccinated individual at time t remains immune over the
interval (¢, t + s] is given by

Prys(s+1)

Prys(t)
Note that for a population conditioned at anytime to the total value N(t) = S(t) + V(¢) + I(t), where
S(#), V(t), I(t) are given values at time ¢, the transition rates between the states S, V, I in the disease dynamics are
deterministic, while the random times between transition events that involve MAC or non-MAC have lifetime
distributions. In the following, by conditioning on the state of the population at time ¢, i.e. (S(¢), V(¢), I(t)), a
common probabilistic approach is applied to derive the average dynamics for the rates at which each state in
(S(1), V(1), I(t)) changes with time.

P(tvs > s+ tltvs > t) = = Pr,s(s+t|t). (3.8)

Derivation of the SVIS model

While it is convenient to write the transition rates directly between the three states S, V, I using (2.5)-(2.10), it
is more convincing to apply the survival functions of the interjump times in Assumption 3.1, to obtain the very
transition rates in (2.5) and the average dynamics in (2.10). That is, for any given small time interval [¢, ¢ + At),
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it is assumed that the state at time S(¢), V(¢), I(#) is given or deterministic, whereas the survival over the interval
depends on the distribution of the interjump times. This method for deriving differential equation models that
describe only the average dynamics, has been explored in the literature (cf.!42%3).

Define the following. (b1) From Assumption 3.1 (a4.), 7ss is lifetime until a susceptible exits the state
i.e. until either infected, vaccinated or dies naturally. The probability that the susceptible individual remains
susceptible over the interval (r, t] is defined using (3.4) by

Prgg(tr) = Prgy (t‘r)PngAC‘I(t)(tIT)PTSND (tr), (3.9)

where, Prg, (t|1), Prg, (t|r) and Prg , (t|7) are conditional survival probabilities for 75y, Tsr and Tsn p over
[t I(r)
(7, t] defined in (al.-a7.), respectively, and from (3.6) PTéwIAcll(t) (tlr)y=-e fr (BIS N(r) )dr. Furthermore, the

total susceptible population S(¢) present at time ¢, taking into consideration all conversion rates in Figure 3
into the S state, defined in Assumption 3.1 (a3.-a7.), given the initial amount S(0) and constant birth rate
gnB(N(t)) = Bis given by

t
S(t) = 5(0) Prss (80) + / [B +gvs(V(r)) + grs(I(r))] Prgs (t]r)dr. (3.10)
0
It is easy to see that differentiating (3.10) with respect to time ¢ and rearranging like terms leads to
S ()= [S(O)PTSV (t10) Py 2414 (810) Proy p (8]0) + S(0) Prsy (80) Prarac ) (10) Prsy  (110)
+8(0)Prgy, (H0) P, agac 1) (H0) Pr g (H0)]

+ |:/O[B + gvs(V(’f’)) + gIS(I(T))}P;SV (t|T)PTéV§AC\I(t)(t|T)PTSND (t|7“)d7" (3.11)

+ / [B +gvs(V(r)) + grs(I(r))] Prs, (t|7“)PTlg§Ac|z<t)(t|T)PTSND(tl?‘)dT
+/ (B +gvs(V(r) + gIS(I(T))]Prsv(tlr)PfggAc1(t>(t|T)PLSND(t|T)d?‘] :

Applying (3.5) in (3.11), and rearranging like terms, leads to the following.

s'(t) = [B +gvs(V(0) + 5 (10)) = Prs 350 = gy (OS(0) ~ (t)S(t)} .G

It is easy to see from (3.12) and Figure 3 that the conversion rate functions in (a6.) gsv (S(t)) = arg (£)S(2),
gsnD(S()) = aryp, (£)S(t), and gs1(S(1)) = Brs 1 S(b).

The equation for the V(f) state is similarly derived as for S(¢). In (al.-a7.), Tvv is lifetime until a vaccinated
individual exits the state i.e. either loses immunity, gets infected or dies naturally. The probability that the
vaccinated individual remains immune over the interval (r, t] is defined using (3.4) by

Pryy (tr) = P‘rvs(t|r)P7—yIAC|I(t)(t|7")P‘FIND (t[r) (3.13)

where, Pr, ¢ (t|r), P_r%,qc‘ 1(¢)(t|r) and P,y (t|r) are conditional survival probabilities for Tv s, o Ae

(rv w6 ) ar.

t
and Tv N p over (r, t] defined in (al.-a7.), respectively, and from (3.6), PT‘J/VIIAC‘I(t) (tr)=e f,

Furthermore, the vaccinated population V(f) at time ¢, taking into consideration all conversion rates in Figure 3
into the V state, defined in Assumption 3.1 (a3.-a7.), given that the initial amount V' (0) > 0 is

V(t) :V(O)P‘Fvv(t|0)+/ lgsv (S(r)]Pryy (t|r)dr, (3.14)

Since from Assumption 3.1 (a4.-a7.), the conditional probability in (3.13) is a product of conditional probabilities
for both the exponential lifetime distribution and other general lifetime random variables 7y s, and 7w p, it
follows that differentiating (3.14) with respect to time ¢ and rearranging like terms leads to
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Vi) = [V(O)Pf (H0) Pry.; (117) Pryyyy (Hr) + V/(0) Pryy o (417) Pry, Pry (1) (£0)

+V(0)Pws(t\7’)PTv1P;,ND(t\T)(tIO)] +!JSV(5(t))+/ [95v (S(M)IPry s (41) Pry, (t1r) Pry (£l dr
" (3.15)
/[QSV 7'vs(t|7n) Tv[(t|T)PTIND(t‘ )dr+/ [gSV(S( ))]P‘Fvs(t‘ ) Tvz(ﬂr) TIND(t|T)dT-

0

Applying (3.5) in (3.15), and rearranging like terms, leads to the following.

V' (t) = gsv(S(1)) - Brv ]{,(é)) V() — ary s (0)V () —anpV (1), (3.16)

where from above, gsv (S(t)) = argy, (t)S(t), gvs(V () = arys ()V (), gv1(V(t)) = Brv ]{,((tt)) V(t), and
gvnp(V(1) = aryp (VD).

The equation for the I(t) state is similarly derived as for V(f) and S(¢). In (a3.-a7.), 717 is lifetime until an infectious
individual exists the state, i.e. either recovers from infection, or dies from disease related death, or dies naturally.
The probability that the infectious individual remains infectious over the interval (r, t] is defined using (3.4) by

P"’II(t|T):PTIs(t| ) ‘FIND(t| ) TIDD(t| ) (3.17)

where, P, ¢ (t|7), Pr;xp (t|7) and Py, , (t|r) are conditional survival probabilities for 775, 71np, and Trpp
over (r, t] defined in (a4.-a7.), respectively. Furthermore, the infectious population at time ¢, given the initial
amount I(0) is

1(t) = 1(0)Pry, (0) + / l9s1(S(r)) + gvi(V(r))]Pry, (t]r)dr. (3.18)

Since from Assumption 3.1 (a4.-a7.), the conditional probability in (3.17) is a product of conditional probabilities
for general lifetime random variables 775, Twvp and Trpp, it follows that differentiating (3.18) with respect to
time ¢ similarly as (3.15) leads to the following.

I (t) = 1(0) Pr, 5 (H0) Pry oy (£10) Pry p (£10) + L(0) Py (H0) Py, oy (0) Py 5 (£0)
+ 1(0) Pryg (£10) Pry p ({O) P, (£10)

+ / [951(S(r)) + gv1(V ()] Py s (1) Pry o (1) Pry o (t]r)dr
+gs1(S()) + gvr(V(2)) (3.19)

+/ [951(S(1)) + gv 1 (V (1)) Prys (H7) P,y (H) Pry oy (Er)
+/ [951(S(1)) + gv 1 (V (1)) Prys (47) Pry (Hr) Pry p (Er)

applying (3.5) to (3.19), for the survival lifetime random variables with no memory less property 775 and 71pp
, and rearranging like terms; leads to

’

I () = gs1(S®) + gvi(V(t)) = ars (I(t) = arpp (DI(E) — anpl(t), (3.20)

where, from above it is easy to see that gsz(S(t)):st#(?)S( ), gvi(V(¢¥)) = BIVN()V(t),

ginp(I(t)) = anpI(t), grs(I(t)) = ars()I(t), and grop(I(t)) = orppp (E)I(t). Note that o, (£)
and o, ¢ (t) are HRF’s of the random variables 77 pp and 775, respectively.

It follows from (3.12), (3.16) and (3.20), and substituting the derived formulas for the conversion rates g;; (2(¢))
for events from state i to i, Vi, j € {S,V, I}; ginp(i(t)), Vi € {S,V,I}; gripp(I(t)) and gn (N (t)), that the
SVIS epidemic model characterizing the average dynamics of the epidemic is given by the following NANLS of
d.e.s, where the system coefficients are HRFs for the general interjump lifetime distributions of the underlying
renewal process.

5'(0) = B+ an s (V) + 0y (O10) = Brs g8 S(0) = arey (0S(0) — arp (SO, G21)
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V' (6) = oy (5(0) = Biv bV () = 0 s (V) = ara (OV (1), (6.2
() = Brs g SO + By b VO = 0 O10) = 0y (D10~ ann 010, (329

Furthermore, the initial conditions of the model are given below

S(0)=S0>0, V(0)=Vy>0, I(0)=I >0, (3.24)

and the coeflicients of (3.21)-(3.23) are HRFS that satisfy the conditions of Assumption 3.2 & 3.3. That is, for
allt > 0, let

&(t) = {aTsv (t)v Qripp (t): Qrpg (t)v Qry g (t)7 Qrnp (t)} (3.25)

be the collection of the HRFs in (3.21)-(3.23). The following assumptions are made for the HRFs.

Assumption 3.2 From (3.25), let a.ry () € &(t). Then aury (t) satisfies the condition oy, € €2([0,00))), i.e.
aury, (t) is twice continuously differentiable on [0, co).

Assumption 3.3 From (3.25), let ar (t) € @(t) satisfy Assumption 3.2, and there exists two constants ¢; > 0
and c2 > 0, such that

c2 < liminf [ary (¢)] < limsup [ary (B)] < e1, Var, (t) € a(t) (3.26)
t—o0 t— oo :
and
@R = limsup (ary (1)), R = litm inf (ary (t)), Vary (¢) € a(t). (3.27)
t— oo —roo

max min

For example, from (3.27), a$y” = limsup,_,  (argy (¢)), and a5y = liminfy oo (rgy (¢)). That is for
all ar (t) € &(t), (3.27) signifies that every HRF in &(t) is ultimately bounded on [0, 00) and the inequalities
below follow immediately. 0 < ady™ < c1, agy” > co; 0<afs™ <ci, afs” >co; 0<ays” <ci,

min

ayy' >0 <afpp <ci,alph > c,and 0 < oy < c1, ajp > co.

Remark 3.2 (1.) Note that the continuity condition in Assumption 3.2 & 3.3 is essential for the exist-
ence and uniqueness of (3.21)-(3.23). Also, since Assumption 3.2 includes all HRFs
that satisfy Assumption 3.3, it follows that Assumption 3.3 will be used wherever a
strict condition on boundedness is required.

(2.) Also note that Assumption 3.2 & 3.3 form only a subset of HRFs for continuous life-
time distributions. Furthermore, the additional conditions (3.26)-(3.27) in Assump-
tion 3.3 for the HRFs in (3.21)-(3.23), ensure the uniform convergence of the system
(3.21)-(3.23) to an autonomous system. This fact is proven in the subsequent sections.

(3.) In reference to Assumption 3.3, it is assumed without loss of generality (w.l.o.g.) that
the limits of the HRFs exist, and are given by

(asv,ars,avs,app,anp) = tlinolo (argy (8), ary5 (1), 0y 5 (8), Qrypp (), ey (1)) (3.28)

That is, from (3.27) and (3.28), it follows that

_ max max max max max
(asv,ars,avs,arpp,anp) = (agyv",ars”,avs’, aipp, OND )
_ min min min min min (329)
= \%sv ,q1s ,Qys ,XIpD;AND ) -

(4.) While the statistical interpretations for the conditions in Assumption 3.3 and their
implications on the dynamics of the system are given in subsequent sections, it is im-
portant to note that the additional convenient assumption in (3.28) signifies that the
HRFs over time become the HRF of an exponential distribution.

Indeed, since the HRF of the exponential distribution is the only HRF that is con-

stant, letting h Ezponential(a,;j)(t) denote the HRF of some exponentially distribut-

ed random variable 7;; ~ Exponential(c;) with mean -, then it is written as
ij

ar;; (t) = hesponential(a;;) (t) = aij, V¢ > 0. Thus, the limit (3.28) is equivalent to

the following statement.
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Qi = tlggo (am (t)) <= Jt1 >0, t; sufficiently large, such that,

(3.30)
Vi 2 tla O“rij (t) ~ hEa:ponential(a,-j)(t)'
Denote by
X(t) = (S(t), V(t), I(t)) € RY, vt > 0. (3.31)
Model validation results
It is shown below that the NANLS (3.21)-(3.23) has a solution that is unique, positive and bounded.
Theorem 4.1 (1.) The system (3.21)-(3.23) has a unique positive solution on ¢ € [0, c0), whenever As-

sumption 3.2 & 3.3 hold.
(2.) Also, the following are true only when Assumption 3.3 holds.

(a) The system (3.21)-(3.23) is asymptotically autonomous, and the asymptotic au-
tonomous system is given by

S'(t) = B+ avsV(t) + arsI(t) — Bis x5 S(t) — asvS(t) — anpS(t),
V() = asvS(t) = Brv 1V (t) — avsV(t) — anpV (1), (4.1)

’

I (t) = ,315%5(15) + ﬁjv%‘/(t) — Oé[s[(t) — OcIDD[(t) — aNDI(t).

(b.) Moreover, from (3.27) and (4.1), let

aipp =limsup [ar, 55 ()], Qmaee = max (a]HD, anD). (4.2)
t—o0

If N(0) < min (1= B, -2 B), then
! B <liminf N(¢) < lim N(t) <limsup N(¢) < LB. (4.3)
t—o0

Qmazx t—00 00 ~ anND

Proof  (1.) The existence and uniqueness of a positive solution results for the system (3.21)-(3.23) follow
trivially by extending the local Lipschitz continuity results to a global solution over ¢ € [0, c0).
(2) When Assumption 3.3 and (3.28) hold, to show that the trajectories of (3.21)-(3.23) ultimately
behave like the trajectories of (4.1), all that is required is to show that the rate functions of (3.21)-
(3.23) converge uniformly to the rate functions of (4.1) as t — oo (cf.?”?%). Indeed, from (3.21)-
(3.23) define the functions

GAlS(0) V) 10) = B+ ary OV (1) + g (1(0) — 15 1 S(0) — vy (000 — aro (0S(0, (4
Ga(S(0). V(0.1(1)) = arey (05() = Brv V() ~ 0 s OV = arp OV, (09
Ga(S(0) V(),1(1)) = Brs 30 S(0) + iy -V (0) = 0y (OI(0) = 0,y (0I6) = ann (O, (46)

From (3.28), it is easy to see that as t — oo, then G;(S(¢), V (t), I(t)), i = 1,2, 3 converges uniformly to the
functions below, V(S (t), V(¢), I(t)) € R3..

G1(S(1), V(1),I(t)) = B+ avsV(t) + arsI(t) — Brs mgS(t) — asvS(t) — anpS(t),
Ga(S(), V(8),1(t)) = asvS(t) = Brv 5y V(D) — avsV () — anpV(2), (4.7)
Ga(S(t), V(1) 1(t)) = Brs x5 S(t) + Brv 55V () — arsI(t) — arppI(t) — anpl(t).

Hence, (3.21)-(3.23) converges asymptotically to (4.1) ( see?”?® for more details about asymptotic autonomous
systems). Furthermore, from (4.1) and (3.26), it is easy to see that N (t) = S(t) + V (¢) + I(t), satisfies

N'(t) = B — anpN(t) — arppl(t). (4.8)
Observe from (4.8) that
BfamazN(t) S N’(t) S B*CZ]\T[)]V(IS)7 (49)

and
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B 1

_ B 1 _
[B — @maxN(0)]Je”*me=* < N(t) < —— — ——[B — anpN(0)]e”*¥P* (4.10)
Omaz Omaz QOND OND

Clearly, if N(0) < min ( LB, %B), then (4.3) follows immediately.

Amax N
(]
Remark 4.1 The result in Theorem 4.1 (2) signifies that if the initial state (S(0), V' (0), I(0)) € B(0, r), then
over longtime, the maximum spread of the disease in the SVIS model (3.21)-(3.23) is bounded in the phase space
for the asymptotic ANLS system (4.1), given by

C =B(0,71) — B(0,r2) = B(0,71) N (B(0,72))", (4.11)

where $B(0, 1) is the closed ball in R3. centered at the origin and radius 1 = ﬁB given by

B(0,r1) = { (S0, V(©).10)) € RLIX DI = S@) + V(0) + 1(0) < riima = %} . @)

and B (0, 72) is the open ball in R?. centered at the origin and radius 7> = ﬁB given by

B(T,rs) = {(S(t),V(t),I(t)) e RY||IX (D12 = SE) + V(t) + I(t) < 127 = } L @13

max

In other words, every trajectory of the system (3.21)-(3.23) that evolves and over longtime enters the phase space
C for (4.1), continues to evolve and remain bounded in C i.e. C is asymptotically a positive self-invariant space
for the system.

Types of HRF behaviors in a dynamic system

This study focuses to analyze the existence of the asymptotic disease-free equilibria (ADFE) for the NANLS
(3.21)-(3.23), under the influence of the HRFs that satisfy Assumption 3.3, which characterize risk behaviors
of biological and physical systems overtime; and exhibit one of the common shapes of HRFs for real lifetime
continuous data. Indeed, there are several shapes of HRFs commonly exhibited by different types of lifetime
distributions e.g. the exponential, gamma, Weibull, Lognormal, normal, Birnbaum-Saunders, inverse normal,
Lindley and Raleigh distributions (cf.?>*%). Examples of the HRF shapes include: a constant, monotonic decreasing,
monotonic increasing, unimodal, bathtub shapes, and so on (cf.22?3).

In this study, four common shapes (namely: bathtub, unimodal, monotonic (increasing or decreasing) and
constant) are considered for the HRFs: o+, (1), ar g (1), aryg(t), argy (t), and ary , (t) in the NANLS
(3.21)-(3.23). Taking into account the conditions of Assumption 3.3, the shapes are characterized mathematically
in Hypothesis 5.1.

Hypothesis 5.1 Suppose Assumption 3.3 holds. Also, for any constant real number c¢ >0, let
h(t) € {ar;pp (1), rr5(t), Aryg (B), Crgy (1), Arnp ()}, VE € [0, 00) satisfy one of the following.

(H1.) The HREF h(t) has a bathtub shape that becomes bounded asymptotically i.e. h (t) <0, n (t) > 0, forall
t > 0;limsup,_, . h(t) =c.

(H2.) The HRF h(f) has a unimodal or reverse-bathtub shape, that becomes bounded asymptotically i.e.
h (t) >0,h (t) <0, forallt > 0;liminf; o h(t) = c. ,

(H3.) The HRF h(t) has a monotonically decreasing shape that becomes bounded asymptotically i.e. b () < 0
Jforallt > 0;lim infi— o0 h(t) = c. ,

(H4.) The HRF h(t) has a monotonically increasing shape that becomes bounded asymptotically i.e. b (t) > 0
,forallt > 0; limsup,_, . h(t) =c.

The Figure 5 shows some examples of the different shapes of the HRFs given in the Hypothesis 5.1.

Remark 5.1 Observe that the model (3.21)-(3.23) satisfies Theorem 4.1, whenever Hypothesis 5.1[(H1.)-(H4.)]
holds, for any of the HRFs h(t) € (atrgy (1), rpg (), ary g (B), arypp (1), arpp (1)), t € [0, 00).

(1.) Also, the HRF h(t) in Hypothesis 5.1[(H1.)] and Figure 5(a), represents the conditional failure rate for a
system, where the failure risk is initially high; decreases over time to a minimum value; then rises later, but
remains bounded over time.

An example of a lifetime distribution with a HRF that satisfies Hypothesis 5.1[(H1.)] is the Exponentiated
half-logistic distribution (EHLD) with shape parameters A = 0.55, and scale parameter 6 = 0.15 (see
the HRF in Figure 5(a)) (cf.3?). The Figure 5(a) indicates that initially the failure risk is high, then decreases
to a minimum point, rises and remains bounded over time.
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Fig. 5. Shows examples of the different shapes of the HRFs in Hypothesis 5.1. Note, (a) shows the shape of the
HREF of the EHLD with shape parameters A = 0.55, and scale parameter § = 0.15, which has a bathtub shape
that becomes bounded over time; (b) shows the shape of the HRF of the EWFD with shape parameters o« = 0.5
, 8 = 50, and scale parameter o = 1, which has a reverse bathtub shape that becomes bounded over time; (c)
shows the shape of the HRF of the GPGWD with shape parameters = 1.1, § = 0.1, and scale parameters

A = 1, b = 1.5, which has a monotonically decreasing shape; and (d) shows the shape of the HRF of the
Lindley distribution with shape parameters § = 0.75, which has a monotonically increasing shape.

2)

3)

4)

The HRF h(t) in Hypothesis 5.1[(H2.)] and Figure 5(b), represents the conditional failure rate for a system
that has a low risk initially, which rises to a maximum value, and decrease slightly in a concave manner,
and remains bounded over time. This behavior for the HRF in Hypothesis 5.1[(H2.)] is opposite to the
bathtub behavior for the HRF h(t) in Hypothesis 5.1[(H1.)] and Figure 5(a). An example of a lifetime
distribution with a HRF that satisfies Hypothesis 5.1[(H2.)] is the Exponentiated Weibull family distribu-
tion (EWFD) with shape parameters a = 0.5, § = 50, and scale parameter o = 1 (cf.?!), depicted in Fig-
ure 5(b). The Figure 5(b) indicates that initially the failure is low, then rises to a peak point, then decreases
steadily, and remains bounded to a horizontal asymptote.

The HRF h(t) in Hypothesis 5.1[(H3.)] and Figure 5(c), represents the conditional failure rate for a system
that has a high risk initially, which decreases monotonically to a minimum value, but remains bounded
over time. An example of a lifetime distribution with a HRF that satisfies Hypothesis 5.1[(H3.)] is theGen-
eralized power generalized Weibull distribution (GPGWD) with shape parameters « = 1.1, § = 0.1,
and scale parameters A = 1, b = 1.5 (cf.%), depicted in Figure 5(c).

The HRF h(t) in Hypothesis 5.1[(H4.)] and Figure 5(d), represents the conditional failure rate for a system
that has a low risk initially, which increases monotonically to a maximum value, and remains bounded over
time. An example of a lifetime distribution with a HRF that satisfies Hypothesis 5.1[(H4.)] is the Lindley
distribution with shape parameters 6 = 0.75 (cf.'”), depicted in Figure 5(d).

Interpretation of the HRF behaviors in the SVIS model
As shown in the next section, the existence of the asymptotic disease-free equilibrium (ADFE) depends only
on the HRFs arg, (1), atry 5 (), and airy  (t). In the following remark, an interpretation for the four common
behaviors of the HRFs in Hypothesis 5.1 are given for these HRFs.
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Remark 5.2 Recall argy, (1), 07y 6 (t), and airy , (t) are the HRFs for the random times until a susceptible per-
son is vaccinated; the random time until a vaccinated person loses immunity and return to the susceptible state;
and the random time until an individual dies naturally in the population, respectively.

(1.) Hence, the shape of the HRF g, (¢) reflects the rate that susceptible persons get vaccinated. For example,
a monotonic decreasing hazard rate for a-,, (¢) reflects a continuously growing hesitation to get vaccinat-
ed e.g. influenced by false rumors about the vaccine. A monotonically increasing hazard rate for o, (t)
reflects, for example, a growing desire for vaccination e.g. such as when there are education campaigns to
promote vaccination as a control measure, and the population is well sensitized and educated about a good
vaccine. A bathtub shape for a4, (t) reflects that a period of growing hesitation for not getting vaccinated
is followed by a period of a growing desire for vaccination.

(2.) Similarly, the shape of the HRF .y, 4 (t) reflects the risk of using a vaccine with low efficacy, or reflects
the failure rate of the vaccine to confer protection, or reflects the rate at which the artificial immunity ob-
tained from the vaccine wanes over time. For example, a monotonically decreasing hazard rate for a-, ¢ (¢)
reflects that a more potent and effective vaccine is used that confers long lasting artificial immunity with
a low failure rate. On the contrary, a monotonically increasing hazard rate for o, ¢ (t) reflects that a less
potent vaccine is used that has a higher failure rate over time. The bathtub shape for the hazard rate for
aury, 6 (1) reflects the lifetime of the immunity conferred by a vaccine, where a period of high potency of the
vaccine is followed by a period of a high failure rate of the vaccine.

(3.) Also, the shape of the HRF a1, (¢) reflects the risk of natural death in the population, or the rate that
individuals die naturally in the population over time. A monotonic decreasing shape for o, , (t) reflects
a decreasing risk of natural death over time, e.g. when there are better living standards that promote better
self-care. A monotonic increasing shape for ar , (t) reflects an increasing natural death rate over time,
e.g. when poverty rates are high leading to poor living conditions, and high vulnerability to infection by
diseases. A bathtub shape for a-y , (¢) reflects a period of high risk of natural death that decreases to a
minimum over time; and it is followed by a period of increasing natural death rate. A unimodal or reverse
bathtub shape for a-y , (t) reflects the opposite of the bathtub shape described above.

The following theorem for the HRFs will be very useful to interpret the results for the ADFE for the NANLS
(3.21)-(3.23). Let 750, Tvo and 710 be the respective random times until the next susceptible, or vaccinated, or
infectious individual leaves their respective states i.e. from (2.2)-(2.3), Tso, Tvo and 770 are random interjump
times. The theorem below follows from the characterization of the jump process in Section 2.

Theorem 5.1 Suppose Assumption 3.3 holds. For the HRFs a-(t) € {orgy (£), ary (1), aryp ()} in the
NANLS (3.21)-(3.23) with the limits given in (3.25), let 750, Tvo and 770 be the interjump times defined above.
Then the following are true.

1.)
Tso = min (7sv,7np), Tvo = min(7vs,TND), Tro =
(5.1)
and from (2.2)-(2.3), the distributions are given by
—ft( (w)+ (u))d
P(rso >t) =P(rsv > t)P(tnp >t) =€ Jo 75V TND
t
P(rvo > t) = P(rvs > t)P(tvp > t) = ¢ fo (ary g (Wtaryp (w)du (5.2)

t
P(ri0 > t) = P(11s > t)P(tap > t) =€ fO (arps (w)teryp (u)du

That is, the CDFs of 750, Tvo and 779 are equivalent to an exponential distributed random variable with a non-
homogeneous intensity given as follows.

t
Frao(t) ~ Fraptrsoon () Asolt) = / (trgy (1) + vy (1))
0
t
F"'VU (t) ~ FEwP(AVO(t))(t)v )‘Vo(t) = / (O“Fvs (u) + aTND(u))du’ (5.3)
0
t
Frro() ~ Fraproon () Arolt) = / (tmre () + ()
0

2.) Moreover, the conditional expected values over [s, t),
s,t > 0 satisfy the following.

1 B 1

o) —Aso(e)’ Civels <Tve = S
1

o) — ()’

E[rsols < 750 < t] =
(5.4)
E[rrols < 110 < t] =
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and

.1 .1
Aso = lim f)\so(t)) =asy +anp and Ayo= lim f)\vo(t)) =avs + anp,
t—oo t t—oo t
1 (5.5)
Ao = lim —Apo(t)) = ars + anp.
t— o0 t

Proof The result in (5.2) follows simply by applying the interrelationship between the survival function and
cumulative hazard rate function explained in (2.2)-(2.3).

Also, since the HRFs satisfy (3.25), it is easy to see that the time averages of Aso(t), Avo(¢) and Aro(t) satisfy
(5.5).0

Remark 5.3 Theorem 5.1 signifies that the probabilities for the interjump times 750, Tvo and 770 in (5.1) can
be evaluated by using equivalent exponential random variables with intensities in (5.3) given over the interval
[0, t], with means in (5.4). Also, since the HRFs have a limit in (3.28), the result in (5.5) suggests that the averages
of the non-homogeneous Poisson rates Aso(t), Avo(t) and A1 (t) become homogeneous over long time, with
rates given by

1 1
Aso = lim ~Ago(t) = asv +anp and Avo = lim >Ayo(t) = avs + anp,
t—oo t t—oo t
. (5.6)
Aro = lim 7)\[0(t) = ars + anp,
t—oo

i.e. the interjump times 7so Tvo and 770 over sufficiently longtime become identically distributed as an

exponentially distributed random variable with homogeneous rates, and with means given by ﬁ, )\—‘1/0 and
1 .

x5 respectively.

Asymptotic steady states of the SVIS model

Note that in general, for the given HRF coefficients of the NANLS (3.26)-(3.27), there are no equilibrium states
atalltimes ¢t > 0. However, since asymptotically, (3.26)-(3.27) becomes (4.1), whenever Assumption 3.3 holds, it
is possible to characterize the steady states of the system over sufficiently long time. Note further that since HRFs
have various behaviors and shapes overtime, e.g. a constant, a monotonic decreasing, a monotonic increasing,
a unimodal, a bathtub shape, and so on (cf.?2), the specific asymptotic equilibria for (3.26)-(3.27) are not just
trivially obtained by finding the steady states of (4.1). It is shown subsequently that the asymptotic equilibria
have bearings on the behaviors of the HRFs in the system. Some definitions will be useful to achieve these results.

Definition 6.1 A zero-rate solution function (ZRSF):

(1.) Foratanytimet > 0, let

XU(t) = (5(1), V" (1), I" (1)), (6.1)

bein X* € C([0, 00)) and satisfies the system (3.21)-(3.23), whenever

ds(t) dv (t) dI(t)

——2Z =0 =0;
dt ’ ’ dt

p =0. (6.2)

The solution X *(¢) in (6.1) is called a zero-rate solution function (ZRSF ). Thus, X*(t), t > 0 defines a path
for the system (3.21)-(3.23) in the phase space C in (4.11), where in the underlying random jump processes
(i.e. the birth- and-death processes characterized by the general system (2.10)) for the states S(¢), V() and I(¢),
the aggregate non-homogeneous birth and death rates for single transitions between the states of the renewal
processes continuously remain the same over time ¢ > 0. In other words, the function X *(t), V¢ > 0 obtained
from (6.2) is the trajectory for the SVIS epidemic dynamics, where at each time ¢ > 0, the non-homogeneous
birth rate for a susceptible or vaccinated or infectious individual is equal to the death rate. And X™*(¢),t > 0
becomes a constant X *(¢) = X*, ¢t > 0, whenever the birth and death rates become homogeneous.

Clearly, in the absence of disease in the system (3.21)-(3.23), i.e., for I(t) = 0, Vt € [0, o), then solution (6.1)
reduces to

X (t) = (S™(t), V* (), I"(t)) = (S™(),V*(t),0),Vt > 0. (6.3)
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(2.) Suppose X§ = (S5, V5, 15) € RY is fixed non-negative real valued vector, such that, from (6.1)

Xo = (80, Vo', Ip) = lim X" (2), (6.4)

then X is called an asymptotic equilibrium state for (3.21)-(3.23). The limit X5 = (Sg, V5", 0) is called an
asymptotic disease-free equilibrium state (ADFE). For I > 0, the limit (S5, V', I3) is called an asymptotic
endemic equilibrium state (AEE) .

Existence of the asymptotic disease-free equilibrium (ADFE)

The existence of a disease-free equilibrium serves as a prelude for investigating disease eradication for the system
(cf2%). Since asymptotically, (3.26)-(3.27) becomes (4.1), whenever Assumption 3.3 holds, and the coefficients of
the NANLS (3.21)-(3.23) are HRFs with various shapes in Hypothesis 5.1(H1.- H4.), it is necessary to characterize
the ADFE for the NANLS, under the influence of the different behaviors of the HRFs over time. Note that the
existence of (4.1) is sufficient and not necessary for the existence of the ADFE. Indeed, it is shown in some special
cases for the HRFs without the strict bounded conditions in Assumption 3.2 that there exists an ADFE.

From (3.21)-(3.23) in the absence of disease, i.e. I(t) = 0, V¢, the NANLS reduces to

S'(t) =B an V() = [argy (8) + any, (0]S(1);
Vv (t) = Qrgy (t)S(t) - [aTVS (t) + Qryp (t)]V(t); (6.5)
I'(ty =o;

and the ZRSF in (6.3) obtained from (6.2) is given as the solution of the system

{ B+ ozfvs*(t)Vo* () — Qrrsy S(t) — aryp (tESS(t) =0, 66)
Qrgy SG(t) = ary o (VG (8) = aryp (VG (1) =0
Solving (6.6), leads to
B 1
So(t) = ,
o) (O‘Tsv (t) + aryp (t)> 1_ argy (1) ryg (1)
argy (O taryp () ar, g () +ary (1) (6.7)
Vo) = —2msv® ey =0, i o
0 aTVS (t) + aTND (t) 0 ’ 0 ’ o
Observe that S5 (t) > 0, for all ¢ > 0, since
rou (t ryg(t o
0< aSV() aVS() <]~7va77’,j(t)>05 Z7.7€{57‘/7NaD} (68)

Qrgy () + Arnp (t) a‘Fvs(t) + Qryp (t)

Also, since the NANLS (3.21)-(3.23) is nonlinear, and explicit analytical solutions are intractable, the rest of this
paper is focused to characterize the limits of the ZRSF (6.7), with respect to the behaviors of the HRFs -, (¢)
, @ry ¢ (t), and oy, (1) in Hypothesis 5.1(H1. - H4.). It is easy to see from (6.7) that when the ADFE exists, it
is given by the limit

(S5.V5,0) = lim (S5(0), 5 (1), 15 (1) (69)
Remark 6.1 (1.) The ZRSF in (6.7) depends on the combined HRFs [atrgy (t) + cryp ()] and

[ary o () + aryp (8)] in the disease free system (6.5), which represent the respective
rates that a susceptible and a vaccinated individual exits the susceptible and the vacci-
nated states. Note that the asymptotic behavior of these HRFs has been given in Theo-
rem 5.1 and Remark 5.3.

(2.) Also,sincethe HRFs ctrgy, (£), try s (£), @7y 5 (t) can take any of the shapes in Hypoth-
esis 5.1 over time, and from (3.30), there is a point t1 > 0 sufficiently large, such that for
t Z tl: Oénj (t) ~ hEzponential(aiJ)(t)’ Vaﬂ‘j (t) € {aTSV (t)7 aTND (t)v aTVS (t)}’
this implies that the qualitative behavior of the ZRSF in (6.7) must depend on the be-
havior of the HRFs a;; () for t € [0, ¢1), and the behavior of ar;; () for ¢ € [t1, 00).

Furthermore, from a biological perspective, the growth orders of the HRFs
Qrgy (1), Ay p (1), ary o (t) have different implications on the disease dynamics. For
example, if -y, (t) tends to grow larger than o, 4 (t) over time, this reflects a sce-
nario where vaccination is highly motivated, and a more effective vaccine with longer
immunity life is used in the population. Clearly, this scenario will lead to a unique val-
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ue for the ADFE, than a different scenario for the HRFs argy, (t), ttry p (£), Gry g (2).
Some scenarios for the growth orders of the HRFs are considered subsequently.

Note, while there are numerous scenarios for the growth orders of the HRFS argy, (t), aryp (£), @ry g (¢)
remarked above in Remark 6.1[(2.)] that represent various distributions for the lifetimes in the epidemic
dynamics, only a few special cases will be characterized in this section. The following definition of growth orders
in Wanduku® will be useful to characterize the growth orders for the HRFs.

Definition 6.2 Given two real valued functions fand g,

1. If 3k > 0, and no, such that Vn > no, |f(n)| < k|g(n)|, then it is said that fis big-o of g, and is denoted by
f(n) =0(g(n)) or f =0O(g).If f(n) — 0, as n — oo, that is, f turns in the limit to a zero function for
sufficiently large s, then it is written as f = O(¢) or f(n) = O (%), for € > 0.If f{n) is a constant function

asn — oo, then it is written f(n) = O(1)
2. if 3k, k2 > 0,and no, such that Vi > ng, k1]g(n)| < |f(n)| < kz2|g(n)|, then it is said that fis big-theta of
g andis denoted by f(n) = 6(g(n)).If f(n) — coasn — oo, thenitis written f(n) = 6(n)or f =6 (%)

,fore > 0.
Remark 6.2 Observe from Remark 6.1[(2.)] that

comparing the growth rate of the HRF o, (t) € {argy (1), aryp (1), ary5(t)} to that of a constant
function using the O(1) notation, i.e., ar;; (t) = O(1) is equivalent to comparing the growth rate of c,; (t) to
that of a function of the HRF hegponential (t), VE > 1.

Suppose g : R+ — R4 is a positive real valued function, and g o hezponential (t) = g (Rewponential (t)) is a
composition of g and hezponential (t), then by Definition 6.2

Qr (t) = 0(1) <~ CY-,—(t) = O(g o hexponential(t)),

and this signifies that after ¢ > t1, the behavior of ar;; (t) & g © heaponential(t), and over t € (0,t1), the
HRF o, (t) may display any other behavior e.g. a monotonic, bathtub, unimodal, or a constant shape etc. in
Hypothesis 5.1.

The scenarios for the growth orders of the HRFs airgy, (1), ary (), and ary, (t) are summarized in the
following hypotheses.

Hypothesis 6.1 Let g: Ry — Ry is a positive real valued function. Applying Definition 6.2, let
a(t) = {argy (1), ripp (8), arp g (8), ary o (£), ary o (t)} be a collection of HRFs.

Hi: The HRFs argy (t), arpp(t), arys(t) and oqy,(t) satisfy the conditions in As-

sumption 3.3 and Orgy (£) = O(g © hezponential (t)), Arpp (1) = O(g 0 hezponentiai(t))

> Qrrg (t) = O(g o hea:ponential (t))a aTVS(t) = O(g o heo:ponential (t))’ and

rnp (8) = O(g © hewponentiai(t)) < limsup,_, . &(t) < oo.

Hy: 'The HRFs argy(t), aryg(t) and ary,(t) satisfy the conditions in  As-

sumption 3.3 and Qrgy (1) = O(g © heaponential(t)), ary, ¢ (t) = O(€) and

rnp (8) = O(g © hewponentiat(t)) <= limsup,_, . trg, (t) < 0o, limsup,_,  ar,4(t) =0, and

limsup,_, ., 0ryp () < 0.

Hs : TheHRFsag,, (t),and i , (t) satisfy the conditionsin Assumption 3.3; while o, ¢ (¢) satisfies Assump-

tion 3.2; and argy, (t) = O(g © hexponentiai(t)), try o (1) = @(%) and iy, (1) = O(g © hewponential (t))

< limsup,_, . &rgy (1) < 00, limsup,_, ., ryg(t) = 00, and limsup,_,  aryp (t) < oo

H, : The HRF -y, () and aqg,, (t) satisfies the conditions in Assumption 3.3; while and o, ¢ (t) sat-
k2

isfy Assumption 3.2; and there exists constants ki,k2 >0 such that a,g, (t) = k1 (ﬁ) H
TV S

limsup,_, oo ttry 4 (t) = 005 and limsup,_, ., &7y, (t) < 00, <= there exists constants k1, k2 > 0 such

that Qrgy (t) =k m> Qryg (t) = @(%% and ary (t)=0(go hewponential(t))-
VS

Remark 6.3 Since Hypothesis 6.1 (H1) asserts that all HRFs ai- () € {argy (8), ary g (8), ctry p (t) } satisfy the
growth condition a7 (t) = O(g © hexponentiat)(t)), i.e. all lifetime distributions tend to behave like the expo-
nential distribution asymptotically, the results for Hypothesis 6.1(H1) in the system (3.21)-(3.23) are utilized as
the baseline for comparison with the results for the other hypotheses in Hypothesis 6.1(H2-Hy4), to determine
how the ADFE changes whenever the HRFs change their asymptotic behaviors.

The results that follow characterize the ADFE (6.9), whenever Hypothesis 6.1 holds.

Theorem 6.1 Baseline ADFE result:
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Let the HRFs ar,; (1) € {argy (1), ary 5 (), aryp (t)} satisfy Hypothesis 5.1 (H1. — H4.); and also let
Hypothesis 6.1 (H1) and (3.28) hold. The ADFE for (3.21)-(3.23) is given by X§ = (5§, V', 0), where

. 1 1
S() - B (CM T > 1_ QArgy Ty g
TSV TND (6.10)

Argy taryp @rystaryp
1

X —— B
aTSV + aTND

or equivalently

S5 = [ Oryg + Qryp :| 1 B

Qrgy + Qryg + Qryp | Qryp 6.11)
1
x B;
aTND
and
* 1 * *
VW =Qrgy——5y; Iy =0. (6.12)

Tvs T Oryp

Proof Clearly, when Hypothesis 6.1 (H1) and (3.28) hold, then it follows from (6.9) that the ADFE is given by
(6.10)-(6.12). O

Remark 6.4 Theorem 6.1 signifies that when the HRFs -, ¢ (), argy, (t) and ary , (¢) grow over time and
become constant like the HRF hezponentiai (t), Vt > 0, (1) the NANLS (3.21)-(3.23) is approximated asymp-
totically by the corresponding autonomous system (4.1), with exponential coefficients given by (3.28). (2) There
exists an ADFE for the system given by (6.10).

From Theorem 5.1 and Remark 5.3, it is easy to see from (6.10) that Sg is a constant multiple of the influx B

in the system, over the average lifetime in the susceptible state E[7s0] = ﬁ; and V5" = gy # s
TV S TND

is the susceptibles Sy that are vaccinated at the exponential rate cr,,, over the lifetime in the vaccinated state
E[rvo] = ﬁ.
Theorem 6.2 Let the HRFs cvr,; (1) € {argy (1), ary 5 (1), aryp ()} satisfy Hypothesis 5.1 (H1. — H4.);and
let Hypothesis 6.1 (H2) and (3.28) hold. The ADFE for the system (3.21)-(3.23) is given by

S = ——B; Vy =ar,, ——Sy; Iy =0. (6.13)

Orgy + Qryp Arnp

Proof Clearly, when Hypothesis 6.1 (H2) and (3.28) hold, where lim; o0 a7 (t) = 0 (since ar ¢ (t) = O(e)
), then it follows from (6.9) that the ADFE is given by (6.13). O

Remark 6.5 Tt is clear from (6.11) and (6.13) that

S; in (6.10)] = B L .
Qrsv +amnp I- a T«E(;/ a :YOLS
TSV TND TV S TND
=[S; in (6.13)],

1
o> B ()
Qrgy + Qryp
(6.14)

TSV Ty s
argy ternp ¥ty starNp

this is because from (6.8), |:1 1 :| >> 1.

Thus, the magnitude of Sg in the ADFE, in the baseline Theorem 6.1 is larger than the corresponding values of
Sp in (6.13). However, from (6.11) and (6.12), it is easy to see that

Ve in (6.12)] = arey ———— 7 < qrgy ——— L B[y in(6.13)].

Qryg + Qryp Qrys + Qryp Qryp

This suggests that when Hypothesis 6.1 (Hz) holds, i.e. asymptotically, if both the rates at which susceptible
individuals are vaccinated, and die naturally become exponential rates (i.e. argy (t) = O(g © hewponential (t))
,and ary p, (t) = O(g © hezponentiai(t)) ); and the vaccine efficacy is strong, so as to confer immunity against
infection lasting over sufficiently long time, which results to a continuously decreasing rate of losing immunity
(i.e. aryg(t) = O(€)), then more people remain in the asymptotic vaccinated steady state, whenever the
autonomous system (4.1) is achieve.

Scientific Reports |

(2025) 15:1943 | https://doi.org/10.1038/s41598-024-80166-y nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

Theorem 6.3 Let the HRFs a-(t) € {orgy, (t), ary p, (t) } satisfy Hypothesis 5.1 (H1. — H4.); and let Hypoth-
esis 6.1 (H3) and (3.28) hold (i.e. ary, 4 (t) = @(%) ). The ADFE for the system (3.21)-(3.23) is given by
* 1 * *
Si = B, Vi=0;, I=0. (6.15)

aTND

Proof Clearly, when Hypothesis 6.1 (H3) holds, and the limits for the HRFs are given in (3.28), where
ary 5 (t) = 0(1), then it follows from (6.9) that the ADFE is given by (6.15). O

Remark 6.6 1t clear from (6.11) and (6.15) that [S; in(6.11)] <[Sg; in(6.15)], and
Vo' in(6.12)] > [Vi" in(6.15)]. While Theorem 6.3 cannot be used to inform vaccination policies for disease
control, the results reflect the outcome of attempting to further mitigate the impacts of the disease epidemic using
a poorly developed vaccine, meanwhile other more effective control measures are in place. In fact, Theorem 6.3
suggests that when Hypothesis 6.1 (/3) holds, that is, the rate at which vaccinated individuals lose immunity
continuously grows significantly larger than both the rates at which susceptlble individuals are vaccinated, or die
naturall}’ (1 €. Urgy, (t) = O(g o heccponentuzl (t)) Ary g (t) = 9(;) and Aqrnp (t) = O(g o h'ezponentzal (t))
then over longtime when the system becomes autonomous, only the susceptible individuals remain in steady
state. And the vaccination strategy would be utterly waste of effort and resources.

Theorem 6.4 Letthe HRF ary, , (t) satisfy Hypothesis 5.1 (H1. — H4.); and let Hypothesis 6.1 (H4) and (3.28)
hold in the case where there exists k2 > 1and k1 > 0 (i.e. argy, (t) = O(€), whenever ary, 5 (t) = ©(2) ). The
ADFE for the system (3.21)-(3.23) is given by

* 1 * *

Arnp

Proof Clearly, when Hypothesis 6.1 (H4) holds, and the limits for the HRFs are given in (3.28), where

Qrgy (1) = k1 m, Jk1 > 0, k2 > 1, then it follows from (6.9) that the ADFE is given by (6.16). O
TV S

Remark 6.7 Observe that the conditions of Hypothesis 6.1 (H4) that g, (t) is inversely proportional to
Oy g () (e argy (8) = K1 ﬁ, k1 > 0, k2 > 1), and that a4 (t) continuously grows sufficiently

large (i.e. ary 5 (t) = O(21)) reflects the outcome of another poorly planned disease control strategy attempting
to further ameliorate the effects of a disease epidemic using a poorly developed vaccine, meanwhile other more
effective control measures are in place. In this case the failure of the vaccine (i.e. ar, ¢ (t) = ©(1))leads toa
drastic dissuasion of vaccination (i.e. g, (t) = O(€) ). Similarly to Theorem 6.3 and Remark 6.6, this vaccina-
tion strategy would be a waste of effort and resources.

Sensitivity of the ZRSF and HRFs over time
Recall, Section 6.1, the the ZRSF (6.9) of the system (3.21)-(3.23) characterizes the state of the system, at any
instant ¢ > 0 when the system growth rate is zero. And the asymptotic behavior of (6.9) is given in Theorem 6.1-
6.4. It is also important to characterize simultaneously, how the ZRSF (6.9) and the HRFs change over time
together. This information gives insights on how the nonlinear behaviors of the HRFs in Hypothesis 5.1 affect
the ZRSF over time leading to the results in Theorem 6.1-6.4.

For the HRFs o, () € {argy (1), ry s (1), ryp ()}, denote by

_ Qrgy (1) _ Qryg(t)
e = D e ® T G+ s @
T (t) = 1= Qrgy (t) Ary g (t) =1— Yy (t)z (t) (7'1)
“ Qrgy (t) + Qryp (t) Ary g (t) + Qryp (t) “ o
Then from (6.7), it is easy to see that
* B alt « v (E " X
SD (t) = (a‘r (t)) [1 _ ?ji((t))za(t)] ’ VO (t) = Z‘rigt)za(t)so (t)v IO (t) = Oa vt > 0. (72)
It is easy to see from (7.2) that the following derivatives hold.
950(t)  _ B ya(t) [ Ya(t)za(t) oaryp(t) 1}
aO“Fsv (t) (aTsv (t))2 Lo (t) 1—vya (t)za( ) Qrgy (t) 7 3)

_ B yi(t) |: ary s (t) _ 1:| ,

(argy (1) @alt) [ arsy () + ary s (8) + aryp (1)
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and
Ve () aryp(t) za(t) oo Ya(t)2a(t)
Dtrey (0~ (arey (1) va® 0 L —e®z® T 74
Similarly,
asg(t) Qryp (1) 1 Yo (t)25(t)
Barys®) " (a <t>) (o) a3 73
and
Ve (t) o, za(t).yalt) 1 o o (1) 27D (t)
aa‘rvs (t) = B. 2 (t . (O“Fvs (t))2 |: Dt(t) + Ya (t) a(t) Cry s (t) . (7.6)
Also, define
Fal®) = (00 (0) + S22,
e (7.7)
argy (1) ary (1) aryp(t) ary (1)

Qrgy (1) + aryp () Qryg (1) + aryp (1) ryg(t) + aryp () aryg () + aryp (1)

The following result characterizes the behavior of the ZRSF of the system (3.21)-(3.23) with respect to the HRFs
Qrgy () and ary ¢ (2).

Theorem 7.1 Letthe HRFs aur (t) € {argy (t), 0y s (t), ry p (t) } satisfy any of Hypothesis 5.1 (H1. — H4.);
and let f, (t) be as defined in (7.7). The ZRSF (6.7) of the system (3.21)-(3.23) satisfies the following.

1)
EENO) .
TP 20 Horsr Ok anp ()21
5V, .
m <0, otherwise,
(7.8)
and
SO0, i ya(t)za() 2 L,
o : 9)
aafzé()t) <0, otherwise.
8SE (1) .
(2) W > 0; and

Bary, o (1)
oV (7.10)

M > 07 if fa(t) > 17
<0, otherwise;

Bary 5 (0

Proof The results follow from (7.3)-(7.6), and applying trivial differentiation rules, algebraic manipulations and
simplifications. (J

Remark 7.1 1. Theorem 7.1 (1.) signifies that in the absence of disease, the ZRSF Sg (¢) and Vy' (¢)
increase monotonically with respect to the HRF g, (t), whenever the conditions
Qrgy (t) + aryp () > 1 and ya(t)za(t) > 3 hold, respectively, otherwise S (¢) and
Vo' (t) decrease monotonically.

Similarly, Theorem 7.1 (2.) signifies that in the absence of disease, the ZRSF Sg () al-
ways increases monotonically with respect to the HRF a4 (¢); and given that Sg (¢)
increases with respect to o, ¢ (t), the ZRSF V' (t) increases monotonically, whenever
the condition f(t) > 1 holds, otherwise V)" (¢) and decreases.

Recall Remark 6.2, the results of Theorems 6.1-6.4 suggest that asymptotically, after some
sufficiently large time ¢t > t; > 0, there exists an ADFE for (3.21)-(3.23), whenever the
HREFs satisfy the conditions in Hypothesis 6.1. That is, the results in Theorems 6.1-6.4
give light to the behavior of the ZRSFs S5 (¢) and V;'(¢) in the later half-time interval
[tl, OO)
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The new results in Theorem 7.1 now give light on the behavior of the ZRSFs Sg () and
Vo' (t) as both the ZRSFs and the HRFs oy, 4 (t) and arg,, (t) change together over
the first half-time interval ¢ € (0, ¢;). Clearly, Theorem 7.1 (1-2) signifies that the ZRFs
S (t) and V' (t), for the susceptible and the vaccinated states, respectively, will rise and
fall simultaneously as HRFs atrg,, (t) and airy, s (t), in the same time intervals, wherever
the HRFs take the four shapes monotonic, bathtub, unimodal and constant, provided the
conditions of Theorem 7.1 (1-2) hold. This result is exhibited in the numerical simula-
tion results in Section 9, that describe the relationships better.

Exponential stability and disease eradication

In this section exponential stability is investigated and comparative results are given for the extinction of the
disease in the NANLS (3.21)-(3.23) for the general HRFs in Assumption 3.2, and for the traditional Markovian
model in (4.1) with exponential lifetimes. The basic reproduction number for the disease in both systems are
obtained.

Theorem 8.1 Forthe HRFs - (t) € G(t) = {5y (1), @rypp (1), 0y (), ry5 (1), Ary p (t) } in the NANLS
(3.21)-(3.23), let Assumption 3.2 hold. Define 7;o = min (775, 7rpp, TN D) i.€. Ty is the interjump time until
every infected individual either recovers from infection or dies from disease related or natural causes. The fol-
lowing statistical and mathematical properties are true.

(1) The HRF of 770 at anytimet > Ois o+ (t) = ar;g(t) + arpyp () + cryp (t); the CDF of Ty is equiva-
I0

lent to an exponential random variable with non-homogeneous intensity Aro(t)ie Fo (t) ~ Fo o o
o wp(N) (1)

, where )\/m(t) is the CHRF of 7';0 given by )\;0 t) = fot a_r (u)du.
I0
(2.) The parameters

N = lim SXp(t) = lim ~ [ a (u)du, (8.1)
t— o0 t t— o0 10

and )\,1 are respectively, the instantaneous exit rate from state I at any time ¢ > 0, and the average holding time

I0
in state I until the individual jumps into either state S, or dies from disease, or from natural causes.

(3.) The NANLS (3.21)-(3.23) does not have a steady state, however, the basic reproduction number (BRN) of
the disease over a finite time interval [0, ¢) of length ¢ is given by

B1s Brv

Ro(t) = T + 77
A1) FA()

) (8.2)

and over a sufficiently long time interval (i.e. t — 00) the instantaneous basic reproduction number is given by

%o = lim Ro(t) = 215 4 O1V.
)\IO

’
t— 00 )‘IO

(8.3)

In addition, when Ry < 1, there exists v > 0 such that

lim %log (I(t)) < —. (8.4)

t— oo

That is, I(t) — 0 exponentially, as ¢ — 0.

Proof  (1.)-(2.) The proofs for (1.) & (2.) are similar to the proof of Theorem 5.1, and omitted.
(3) Define the Lyapunov function

V(t) = log(I(t)). (8.5)

Differentiating (8.5) with respect to the system (3.21)-(3.23) leads to the following.
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1 S(t) V(t) ]
dV(t) = —=dI(t) = — —= —a_ ()| dt
0= 1) = sy 8 g - 0 6
< [515 + Brv — a (t)} dt.
It follows from (8.6) it follows that
1 1 [ 1 /t }
lim =V (¢) < lim =V(0) + |Brs + Brv — lim = a_r (u)du
t—oo t t—oo t—oo t o o (8.7)

Take v = )\;0 [1 — Ro] > 0, whenever R > 0.

O

Corollary 8.1 Assume that the HRFs a-(t) € &(t) = {argy (1), rypp (t), g (), g (), aryp (B)} in
the NANLS (3.21)-(3.23) are constants or satisfy Assumption 3.3, i.e. every a- () is the HRF of an exponentially
distributed random variable with homogeneous rates in (3.28). Then the system (3.21)-(3.23) reduces to the
traditional Markovian SVIS model in (4.1). Moreover, the following properties are true.

’ ’
(1.) 710 = min (715, Trpp, TN D) i.e. Tyg is the interjump time until every infected indiyidual either recov-
ers from infection or dies from disease related or natural causes, and the HRF of 7/ at anytime ¢ > 0
is the constant o » = ars + arrp + anp; the CDF of 7/ is the exponential random variable with

I0 ’
non-homogeneous intensity A;o(t) ie. F s (t) ~ F
10

Bap(\] (1) where \;(t) is the CHREF of 77 given by

Arolt) = s t.
I0
(2.) The parameters

’ . 1./
Aro :thm EAIO(t):OlIS-ﬁ-OéIDD-i-aND, (8.8)
—o0

and )\,1 are respectively, the instantaneous exit rate from state I at any time ¢ > 0, and the average holding time

I0
in state I until the individual jumps into either state S, or dies from disease, or from natural causes.

(3.) The system (4.1) has a disease-free equilibrium (S*, V", 0) given by Theorems 6.1-6.4. Furthermore, the
instantaneous basic reproduction number (BRN) of the disease is given by

Ro — ﬁ{s 5{v’ (89)
Ao Ao
and when Ry < 1, there exists v > 0 such that
1
lim —log (I(t)) < —7. (8.10)
t—oo t

That is, I(t) — 0 exponentially, as ¢ — 0.

Proof The proof follows immediately from the proof of Theorem 8.1 for the special case of the exponential
lifetime. (J

Remark 8.1 Theorem 8.1 characterizes the path for disease elimination in the system (3.21)-(3.23). Indeed, the
expressions in (8.2)-(8.3) provide the formulas for computing the BRN over finite and sufficiently longtime. And
(8.4) asserts that when the BRN is less than one, the disease is eliminated from the population. Similar inter-
pretation of (8.9)-(8.10) is obtained for the Markovian system (3.28). However, important contrasts are drawn
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between the two systems and in the results in Theorem 8.1 and Corollary 8.1. (a) By over simplifying a complex
disease dynamics approximating HRFs that have nonlinear hazard shapes by corresponding constant hazard
shapes of the exponential distribution in (3.28), it is impossible to obtain insights on how the BRN changes
over time as in (8.2)-(8.3). Secondly, while the result for Rg < 1 is exciting, it only in the result (8.2)-(8.3) and
Theorem 8.1 (1) that one gathers perspective about the underlying factors affecting the decline in the state I(#)
over time. In fact, if /89 < 1and in Theorem 8.1 (1), for instance, it follows that a+, ; () is monotonic decreasing
while &, (t) is monotonic increasing, then from (8.2), one concludes that the decline in I(f) overtime is a
result of a rising mortality rate of the disease, and not because of increased recovery over time. In this scenario,
the decline of I() overtime in (8.4) is a cause for concern and not an advantage for disease eradication. Other
advantages of the NANLS (3.21)-(3.23) over the Markovian system (4.1) are given subsequently in the example
in Subsection 8.1.

Theoretical example

Theorem 8.1 and Corollary 8.1 illuminate the major differences in disease eradication mechanisms, and
disadvantages of the inflexible Markovian SVIS model (4.1) to represent complex disease dynamics compared to
the SVIS epidemic model (3.21)-(3.23) with general lifetime distributions. The following example simultaneously
shows a step-by-step approach (a.) to identify and model the non-MAC transition event lifetime distributions
for 715, Trpp, and Ty p in (3.21)-(3.23) defined in Assumption 3.1; and (b.) to compare disease eradication
conditions in NANLS (3.21)-(3.23) and ANLS (4.1) to determine the extend that the lifetime distributions affect
the SVIS dynamics from the dynamics in (4.1).

Description of data

Consider an arbitrary disease epidemic with (1.) a significantly high risk of death without vaccination e.g. SARS-
CoV-2 COVID-19 with median time from onset of symptom until death under 20 days (cf.*!); and HIV/AIDS
with 90% mortality rate without ART (cf.*2) ( note that no information in this example reflects COVID19 or HIV/
AIDS epidemics). This suggests that the HRF for the time until death cr,,, (¢) is monotonically increasing.
Suppose 50 non-survivors of the disease in the population are observed, and Figure 6 (c) is a summary for
uncensored time after symptoms emerge until death from the disease in years.

(2.) Assume that the vaccinated yields some positive response to a single dose vaccine which offers some
protection from infection, and also promotes recovery from infection for those who catch infection after
vaccination. However, both the artificial immunity and influence on recovery diminish overtime. This suggests
that the risk of vaccine failure rises i.e. ar, ¢ (t) increases monotonically; and the HRF for recovery a4 (t)
decreases monotonically overtime. Figure 6(a) is a summary for an independent sample of 60 subjects containing
simulated data of uncensored time for 775 after symptoms emerge until recovery from infection; and Figure 6(b)
is a summary for an independent sample of 40 subjects containing simulated data of uncensored time for 75
after vaccination until no antibodies from the vaccine can be detected.

(3.) Assume that the risk of natural death remains constant overtime and the average lifespan is 77.5 years.
This implies the HRF for natural death is for the exponential distribution with rate oy, (t) = anp =
per year.

(4.) For simplicity assume there are ongoing vaccination campaigns to educate about the vaccine, but the
population responds slowly to the education at a steady rate. Individuals seek vaccination on average 13 months
after training so that the HRF ai,,, (t) is for the exponential distribution with rate a4, (t) = asy = 13/%

1
775

per year.

(5.) For the MAC contact rates, to allow different scenarios for the disease, it is assumed that the disease has an
average yearly incidence between 0.77 and 42.5 per 50 people, i.e. Brs € [0.77/50 = 0.0154,42.5/50 = 0.85]
per year. Furthermore, the protection conferred by the vaccine leads to between 0.2% to 98% reduction in the
disease transmission rate, i.e. Brv € [0.02 X frs,0.98 x Brs] per year. Also, it is assumed that there is a slow
steady influx of B = 0.55/52 per year who are susceptible.

(6.) The population initially is composed of the states: S(0) = 280,7(0) =15,V (0) =5, and
N(0) = S(0) + V(0) + 1(0) = 300.

Statistical Analysis of the non-MAC transition event lifetime models
The uncensored data in Figure 6 is used to determine the exact distributions of the random variables 775, 7vs and
Trpp. Since the histograms are right skewed, a plausible starting point is to verify members of the Exponential
family'3 such as the gamma distribution subfamily that includes gamma, Weibulland exponential distributions'>?%;
and other mixture distributions such as the Lindley distribution®’. Figure 7 shows the Quantile-Quantile
(Q-Q) plot* for the observations of 715, Tvs in Figure 6 (a)-(b) compared to the corresponding theoretical
quantiles of two gamma distributions with shape and rate parameters: (shape(f), rate(«)) = (0.5,0.75) in
Figure 6 (a), and (shape(8), rate(a))) = (2,0.3) in Figure 6 (b). The moderate to strong linear correlation
in the Q-Q plots provide significant evidence that 7rs ~ Gamma(shape = 0.5,rate = 0.75) and
Tvs ~ Gamma(shape = 2, rate = 0.3). Also, applying Kolmogorov-Smirnov test*® on the observations for
Tipp in Figure 6(c), comparing the data against 50 randomly simulated quantiles from Lindley(f = 0.1)
yields a p — value = 0.8693. Hence, there is no reason to doubt that 77pp ~ Lindley(f = 0.1).

Thus, based on the conclusions of the statistical analysis that 775 ~ Gamma(shape = 0.5, rate = 0.75)
, Tvs ~ Gamma(shape = 2,rate = 0.3) and 77pp ~ Lindley(6 = 0.1), the following give a proper
interpretation of the parameters of the non-MAC transition events lifetime distributions in the SVIS disease
dynamics.
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Fig. 6. (a) is a histogram for an independent sample of 60 subjects containing simulated data of uncensored
time 775, after symptoms emerge until recovery from infection; and Figure (b) is a summary for an
independent sample of 40 subjects containing simulated data of uncensored time for 7v s, after vaccination
until no antibodies from the vaccine can be detected. Figure (c) is a summary for uncensored time 77pp after
symptoms emerge until death from the disease in years.

(i.) The mean and variance time after symptoms emerge until recovery in the population based on
T1s ~ Gamma(shape(B) = 0.5, rate(a) = 0.75) are E[r7s] = a8 = 0.375 years (19.5 weeks), and
Var[rs] = aB? = 0.1875.

(ii.) The mean and variance time after vaccination wuntil the vaccine wanes based on
Tvs ~ Gamma(shape = 2,rate =0.3) are E[rvs]=af =0.6 years (31.2 weeks), and
Var[ris] = aB? = 0.24.

(iii.) The mean and mode time after symptoms emerge until disease related death based on
Tipp ~ Lindley(shape(8) = 0.1) are E[r;pp] = % = 19.09 years; and mode = 152 = 9 years.
Furthermore, for the given values of the shape, rate and scale parameters of the gamma and Lindley dis-
tributions above, the HRFs in the SVIS model over a period ¢ € [0, 40] years, are shown in Figure 8. Ob-
serve that the behaviors of the HRFs a7, ¢ (t), ary 5 (t), and ary (t) reflect the monotonic decreasing,
increasing and increasing behaviors, respectively, as suggested in Subsection 8.1. In addition, these HRFs
satisfy the general assumptions in Assumption 3.2.

Recall'»®8, for 71 ~ Gamma(shape(B),rate(a)), T2 ~ Exponential(a), and 73 ~ Lindley(6), the
CHRFs are denoted by

HIM™™4 (¢, o, B) = — log (1 - F(l‘f&i/)ﬂ)) £ 0 HEPOrertial(y o) — at,t > 0,
(8.11)
HLindlEy(t 0) _ lO (0 + 1 + et)efgt t S O
T3 ) - g 9+ 1 I b

where I'(«, t/8) is the lower incomplete gamma function (cf.?).

Scientific Reports |

(2025) 15:1943 | https://doi.org/10.1038/s41598-024-80166-y

nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

(a) @-Q plot ~ Tis (t) (b) Q-Q plot ~ ys (1)

o o
o |
N
< 4
o
Q —~
: o «
o o _|
o s - °
o @ - T
E o | E §
£ E o
© O] o
‘? ° @ o
g o £ 24 g
= o
g ° g o ©
=1 o a o
¢] o P 5
o o o
o @
2 oo IS
= Of?
- 0
ij i
o o
o -
T T T T T T T T T T
0 1 2 3 4 0 5 10 15 20
sample Quantile sample Quantile

Fig. 7. (a) shows the Quantile-Quantile (Q-Q) plot for the observed 715 in Figure 6 (a) with the corresponding
theoretical quantiles of gamma distributions with shape and rate parameters (3, «) = (0.5,0.75); and

(b) shows the Quantile-Quantile (Q-Q) plot for the observed 7v s in Figure 6 (b) with the corresponding
theoretical quantiles of gamma distributions with shape and rate parameters (3, «) = (2, 0.3).

Results for the mathematical analysis in Theorem 8.1 and Corollary 8.1
The results in Theorem 8.1 and Corollary 8.1 for the given data in Subsections 8.1 & 8.1 are examined.

Results for the NANLS SVIS model (3.21)-(3.23) : In Theorem 8.1 (1), observe from (8.11) that the HRF and
CHREF of 77 are given as follows.

as ()= Qrrg () + rrp () + @ryp (8);

)

t
Aro(t) = / o (w)du = HI™(t, a0 = 0.75,8 = 0.5) + HE" Y (,0 = 0.1) (8.12)
0

I0
4 Hglamma(t, a = Og,ﬂ — 2) + Hf;tponential(t’ o= 1/775)

From (8.2), (8.12), and the data in Subsection 8.1 (3), the BRN at any time ¢ € (0, 40] is computed for any
selected value of 315 € [0.0154,0.85] and Srv = 0.02 X Brs using

Brs 0.02 X Brs

SRRSO

(8.13)

Figure 9 depicts discrete values of PRo(t) over ¢ € (0,40], whenever Srs = 0.85. This figure shows that
Ro(t) < 1,Vt € (0,40], and while Ro(t) increases initially during the first 20 years, it drops suddenly, and
hence, the disease is expected to die out over time.

The remark of the disease dying out over time is evident in the trajectories of the system (3.21)-(3.23) given in
Figure 10. Indeed, in Figure 10 (b) the disease state I(¢) dies out over time. The behaviors of the HRFs in Figure 8
have created an oscillatory behavior in the state S(¢) in Figure 10 (a) which typically does not occur in traditional
autonomous o.d.e systems such as the (4.1)(cf.*). In fact, the initial decline in S(f) is due mostly to vaccination
and also due to infection at the exponential rates, a.sv and [rs; however, the declining potency of the vaccine
overtime exhibited in Figure 8 (b) results in a rise in S(¢). Coupled with less recovery from infection over time
in Figure 8 (a), ongoing infection at constant rate 15, and a rise in fatality rate of the disease in Figure 8 (c)
(owing to the expiring implicit benefits, such as the power of the vaccine to reduce severity of infection for
those that vaccinated before infection), the susceptible state S() continues to decline overtime. Similarly, V{(#)
in Figure 10 (c) rises initially due to the steady vaccination at exponential rate 57y coupled with the initial high
potency of the vaccine to block infection (i.e. Srv = 0.02 x Brs). However, the decline in V(f) overtime is due
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Fig. 8. (a) shows the monotonic decreasing HRF for ar, ¢ () based on gamma distributions with shape and
rate parameters (3, a) = (0.5,0.75); (b) shows the monotonic increasing HRF a7, ¢ (¢), based on gamma
distributions with shape and rate parameters (3, &) = (2, 0.3); and (c) shows the monotonic increasing HRF
0y pp (t) based on Trpp ~ Lindley(shape(8) = 0.1) in the SVIS model over a period ¢ € [0, 40] years,

respectively.
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Fig. 9. Shows the discrete values of o (t) over ¢ € (0,40] with 875 = 0.85, and here Ro(¢t) < 1, V¢ € (0, 40].
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Fig. 10. Shows the trajectories of the system (3.21)-(3.23) under the influence of the HRFs in Figure 8. (a)
shows the trajectory of the S(f), (b) shows the trajectory of the I(t), (c) shows the trajectory of the V(¢), and (d)
shows the trajectory of the N(¢) over ¢ € (0, 40].

to artificial immunity waning over time in Figure 8 (b). While the decline in the state I(f) overtime can indicate
disease eradication, it should be noted in Figure 10 (b) that the decline over time is not matched by a rise in
recovery in Figure 8 (a). Also, the rise in disease related death in Figure 8 (c) indicates clearly that the decline in
I(t) overtime is due to a rising mortality rate of the disease. Thus, the the condition 919 < 1 in this scenario tells
only half the story about the decline of disease in the population.

Results for the SVIS ANLS (4.1): The results from the above analysis elucidate the disadvantages of using
the Markovian SVIS ANLS (4.1) for a complex disease dynamics. In fact, to examine the results for (4.1) in
Corollary 8.1, the averages in Subsection 8.1 (i.)-(iii.) are used to estimate the HRFs a4 (t) ~ 1/0.375,
Qryg(t) & 1/0.6 and ar, p, p, (t) &~ 1/19.09. In addition to the other parameter estimates in Subsection 8.1,
the BRN in (8.8) is given for the same value of 875 = 0.85 by

’ . 1./
)\[02 lim *)\Io(t):OéIS'FOé[DD—‘rOtND =~ 4.380,
t—oo t

Br 0.02 x Brs
!’ + %
)\IO AIO

(8.14)

Ro = ~ 0.19.

Unfortunately, despite the fact that the BRN % < 1, the system (4.1) under the given set of parameter estimates
and assumption of exponential lifetime for both MAC and non-MAC transition events violates the existence
of a unique positive solution in Theorem 4.1. Therefore, the trajectories for the system (4.1) are omitted. This
clearly indicates the disadvantage of over simplifying a complex disease dynamics such as (3.21)-(3.23) by
approximating important HRFs that have nonlinear hazard shapes overtime by the constant hazard shape of an
exponential distribution.
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Numerical simulations

In this section, numerical simulation results for the NANLS SVIS epidemic model in (3.21)-(3.23) subject to
various specific lifetime distributions (cf.#’-*°), are given, to elucidate the behaviors of the trajectories of the
system relative to the ZRSF in (6.7), whenever the HRFs of the distributions satisfy the shapes in Hypothesis 5.1
(H1.-H4.). Moreover, the ADFE for each case in Theorem 6.1-6.4 is given.

Trajectories based on the Equation (6.7) and ADFE based on the Theorem 6.1

Consider the random time until a susceptible person is vaccinated, Tsv ~ Lindley(6 > 0) with a scale
parameter 6, that represents the rate of vaccination in a population. The hazard rate of the Lindley distribution
(cf.7) is defined as,

6*(1+t
Qrgy (1) = M) | Lindiey(o) = ﬁ,t > 0. 9.1)

It can be shown that lim sup,_, . &g, (t) = 6. Let, the rate of vaccination in a population is @ = 0.3. Hence,

the initial value of argy, (0) = % = 0.0692308, then the HRF trgy, (t)|Lindiey(o) increases monotonically,

remains bounded at 6 = 0.3 over time, satisfies the shape of the Hypothesis 5.1(H4.), and is depicted in
Figure 11(a). Which suggests a growing desire for vaccination, the population is well sensitized, and educated
about a good vaccine. Again, consider the random time until each vaccine dose of type i wanes, 7,, ~ EW F D
(ai > 0,0; >0,0; >0),i=1,2,...,n, where o represents the rate of vaccine efficacy changes over time,
0; indicates the vaccine immunity wane rate, and o; represents the time scale over which the vaccine remain
effective (cf.3!). Here, the reliability of the vaccine immunity is a competing risk with a parallel competitive
lifetime arrangement for all n doses (cf.??). This implies that the time until the system wanes, is given by
Tvs(t) = max(Tvy, Tvs, - - -, Tu, ) Furthermore, it is easy to show that the HRF for 7y g(t) is given by the sum
of the HRF of the lifetime of the components i.e.,

: o (38) ()" E (e
ary(t) = Zh(tHEWFD(aq,,ei,ai) = Z VRN
i=1 i=1 1— (1 _e &) Z)

,t>0. (9.2)

If three different vaccine doses are considered in the model, i.e. n = 3, then for the parallel system,

() ()" ()
ary s ()| EWFD(as,6:,00) = Z RV
i=1 1—(1—6_"7 l)

,i=1,2,3.  (9.3)
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Fig. 11. Shows the different shapes of the HRFs, trajectories, and ADFE of subsection 9.1. Note, (a)

shows the shape of the HRF of the Lindley distribution with shape parameter # = 0.3, which has a
monotonically increasing shape over time for 7sv in (9.1), (b) shows the shape of the HRF of the EWFD

with three different sets of parameters as (ay = 0.4,01 = 5,01 = 2), (a2 = 0.5,02 = 5,02 = 2),and

(az = 0.6,03 = 5,03 = 2), which increases initially, reaches to a pick point, then start decreasing for Tv s in
(9.3), (c) shows the trajectory of the susceptible state based on the equation (6.7) with corresponding ADFE
line based on the equation (6.11), and the trajectory of the vaccinated state based on the equation (6.7) with
corresponding ADFE line based on the equation (6.12).
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Based on the three different sets of  parameters for the EWED as
(Oél = 047 91 = 5, g1 = 2), (ag = 05, 92 = 5, o9 = 2), and ((13 = 06, 93 = 5, g3 = 2), the HRF is
computed, satisfies the shape of the Hypothesis 5.1(H2.), and is depicted in Figure 11(b). The HRF represents low
risk initially, rises to a peak point over time, then start decreasing, but remains bounded over time. This suggests
that initially, the vaccine is effective, but its efficacy begins to decrease over time, leading to an increasing failure
rate.

For the other parameters of the model (3.21)-(3.23) that do not depend on time, it is assumed that the average
influx rate, B = 0.00024525. For simplicity, it is assumed that the lifetime until natural death is exponentially
distributed i.e. Tnvp ~ Ezponential(A = 0.0132275132). This implies that based on the lifespan of 75.6
years, the HRF ary,, = 1/75.6 = 0.0132275132 per year. By using these HRFs, and the equation (6.7), the
trajectories of S§ (t), Vi (t) against time ¢ are computed, and depicted in Figure 11(c). The corresponding ADFE
based on the Theorem 6.1 is given into the figure, denoted by dashed line. Note that, no trajectory for the
infectious state, I5 (t) is presented due to the 0 value in the equation (6.7). Here, the trajectory of the susceptible
state, Sg (¢) in the Figure 11(c), denoted by solid line, increases initially, reaches to a peak point, then decreases
over time into the ADFE 3. Which suggests that, if the system remains in a zero-rate over time (i.e. ZRSFs exist),
then initially due to, for instance, false rumors, and low vaccine efficacy, susceptible people remain unwilling
to receive vaccinations, and over time, the number of susceptible people who are without immunity remain
in a maximum point. Later over time, susceptible people become sensitized, learn about good vaccines, get
vaccinated, and gradually leave the susceptible state into the vaccinated state as they receive effective vaccination
to develop immunity. This results in a decreasing trend for the susceptible state, that becomes bonded in the
ADFE. Again, the trajectory of the vaccinated state, V' (¢) in the Figure 11(c), denoted by dotdash line, decreases
initially due to use of low effective vaccines, and reach to a minimum point. Later over time, the vaccine efficacy
grows and more people remain immune; as a result, the number of persons with vaccine immunity rises and the
trend grows and remains bounded in the ADFE.

Trajectories based on the Equation (6.7) and ADFE based on the Theorem 6.2

Consider, the random time until a susceptible person is vaccinated, 7sv ~ Lindley(6 > 0) with scale parameter
0, which represents the rate of vaccination in a population. The hazard rate of the Lindley distribution (cf.'”) is
defined in (9.1). It can be shown that lim sup,_, . arg,, (t) = 6. Let, the rate of vaccination in a population is

6 = 0.03. Hence, the initial value of a4, (0) = 104;%7:_503 = 0.0008737864, then the HRF argy (£)|Lindiey(o)

increases monotonically, remains bounded at § = 0.03 over time, satisfies the shape of the Hypothesis 5.1(H4.),
and is depicted in Figure 12(a). Which suggests a growing desire for vaccination, the population is well sensitized,
and educated about a good vaccine. Again, consider the random time until each vaccine dose of type i wanes,
To; ~ Gamma(a; > 0, ; > 0),2=1,2,...,n, where a; represents the number of stages of the immune
response, A; affects the duration of vaccine efficacy (cf.°). Here, the reliability of the vaccine immunity is a
competing risk with a parallel competitive lifetime arrangement for all n doses (cf.?). This implies that the time
until the immunity in the system wanes is given by 7v 5 (¢) = max(7v,, Ty, - - - , Tw,, )- Furthermore, it is easy to
show that the HRF for the 7v5(t) is given by the sum of the HRF of the lifetime of the components i.e.,

—Ait

)\alta’
OéTvs Z h(t |Gamma(o¢,,)\ ) — Z F az Y t) ,t > 0. (94)

If three different vaccine doses are considered in the model, i.e. n = 3, then for the parallel system,

Aalta7_16_>\ t

OéTVS( )|Gamma(a“)\ )y = m,i =1,2,3. (9.5)

Based on the three different sets of parameters for the Gamma  distribution as
(a1 =3,A1 =0.2), (a2 = 3,2 = 0.3), and (a3 = 3, A3 = 0.4); the HRF is computed, satisfies the shape
of the Hypothesis 5.1(H2.), and is depicted in Figure 12(b). The HRF represents moderate risk initially, rises to
a peak point, then start decreasing, but remain bounded over time. Which suggests that, initially the vaccine
works, but vaccine’s efficacy start decreasing against the disease, failure rate rises to a maximum value; the
failure rate of the vaccine decreases eventually. For the others parameters of the model (3.21)-(3.23) that do not
depend on time, it is assumed that the average influx rate, B = 0.00024525. For simplicity, it is assumed that
the lifetime until natural death is exponentially distributed i.e. Twp ~ Exzponential(A = 0.0132275132). This
implies that the HRF is oy, , = 0.0132275132 per year. By using the above HRFs and the equation (6.7), the
trajectories of Sg (t), V' (t) against time ¢ are computed, and depicted in Figure 12(c). The corresponding ADFE
based on the Theorem 6.2 is depicted into the figures, denoted by the dashed line. Note that, no trajectory for the
infectious state, I (¢) is presented due to the 0 value in equation (6.7).

Here, the trajectory of the susceptible state, Sg (¢) in the Figure 12(c), denoted by solid line, is nearly constant
initially, then decreases over time into the ADFE S5 (t). Which suggests that if the system remains in a zero-
rate over time (i.e. ZRSFs exist), then initially due to, for instance, hesitation and uncertainty about vaccine
efficacy, fewer susceptible people receive the vaccine and leave the susceptible state. Later over time, susceptible
people become sensitized, learn about a good vaccine, get vaccinated, and gradually leave the susceptible state
into the vaccinated state, as they receive effective vaccination to develop immunity. This results is a decreasing
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Fig. 12. Shows the different shapes of the HRFs, trajectories, and ADFE of subsection 9.2. Note, (a) shows
the shape of the HRF of the Lindley distribution with shape parameter § = 0.03, which has a monotonically
increasing shape over time for 7sv in (9.1), (b) shows the shape of the HRF of the Gamma distribution
with three different sets of parameters as (a1 = 3,61 = 0.2), (a2 = 3,02 = 0.3),and (a3 = 3,63 = 0.4)
, which increases initially, reaches to a pick point, then start decreasing and saturates over time for 7vs in
(9.5), (c) shows the trajectory of the susceptible state based on the equation (6.7) with corresponding ADFE
line based on the equation (6.13), and the trajectory of the vaccinated state based on the equation (6.7) with
corresponding ADFE line based on the equation (6.13).

trend for the susceptible state, that becomes bounded in the ADFE. Again, in Figure 12(c), the trajectory of
the vaccinated state, V' (¢), denoted by dotdash line, stables initially due to hesitation to take a vaccine. Later
over time, the vaccine efficacy grows and more people remain immune; as a result, the number of persons with
vaccine immunity rises and the trend grows and remains bounded in the ADFE.

Trajectories based on the Equation (6.7) and ADFE based on the Theorem 6.3

Consider, the random time until a susceptible person is vaccinated, 7sy ~ Lindley(f > 0) with scale
parameter 6; and the hazard rate of the Lindley distribution (cf.'?) is defined in (9.1). It can be shown that
limsup,_, o argy (t) = 6. Let, the rate of vaccination in a population is = 0.03. Hence, the initial value

of arg, (0) = 1&%?’53 = 0.0008737864, then the HRF gy (t)|Lindiey(s) increases monotonically,

remains bounded at 8 = 0.03 over time, satisfies the shape of the Hypothesis 5.1(H4.), and is depicted
in Figure 13(a). Which suggests a growing desire for vaccination, the population is well sensitized, and
educated about a good vaccine. Again, consider the random time until each vaccine dose of type i wanes,
Tv; ~ GPGWD(a; > 0, > 0,60; >0,b; >),i =1,2,...,n, where, «; represents the initial biological
responses to the vaccine, A; represents the time scale and affects the duration of vaccine efficacy, 0; indicates the
vaccine efficacy declines rate, b; affects the modulation of the hazard rate over time (cf3%). Here, the reliability of
the vaccine immunity is a competing risk with a parallel competitive lifetime arrangement for all n doses (cf.??).
This implies that the time until the system wanes, is given by 7vs(t) = max(7y,, Tvs, - - -, Tv,, ). Furthermore,
it is easy to show that the HRF for 7y () is given by the sum of the HRF of the lifetime of the components i.e.,

Qryg(t) = Z h(t)|GPGW D(ci N 05,55) = Z ai)\ieibitai’l(l + )\itai)ei*l,t > 0. (9.6)

i=1 i=1

If three different vaccine doses are considered in the model, i.e. n = 3, then for the parallel system,

3

ry s (U)|aPew D(ai,n 05,05) = ZaiAieibitai71(1 + 2t i =1,2,3. (9.7)
i1

Based on  the  three different  sets  of  parameters for  the GPGWD  as
(a; = 1.2, A = 0.01,0; = 1.8,b; = 1.5), (a; = 1.3, \s = 0.01,60; = 1.8,b; = 1.5), and
(s = 1.4, X = 0.01,6; = 1.8,b; = 1.5); the HRF is computed, satisfies the shape of the Hypothesis 5.1(H4.),
and is depicted in Figure 13(b). The HRF represents low risk initially, and it rises monotonically over time.
Which suggests that, initially the vaccine works well, but the vaccine’s efficacy starts decreasing against the
disease; the failure rate of the vaccine rises over time. For the other parameters of the model (3.21)-(3.23) that
do not depend on time, it is assumed that the average influx rate, B = 0.00024525. For simplicity, it is assumed
that the lifetime until natural death is exponentially distributed i.e. 7wp ~ Exponential(A = 0.0132275132).
This implies that the HRF is avr , = 0.0132275132 per year. By using the above HRFs and the equation (6.7),
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Fig. 13. Shows the different shapes of the HRFs, trajectories, and ADFE of subsection 9.3. Note, (a) shows

the shape of the HRF of the Lindley distribution with shape parameter § = 0.03, which has a monotonically
increasing shape over time for 7sv in (9.1), (b) shows the shape of the HRF of the GPGWD with three different
sets of parameters as (a1 = 1.2, A\1 = 0.01,60; = 1.8,b1 = 1.5), (a2 = 1.3, X2 = 0.01,60; = 1.8,b = 1.5)
,and (s = 1.4, A3 = 0.01, 05 = 1.8, b3 = 1.5), which has an increasing shape over time for 7v 5 in (9.7), (c)
shows the trajectory of the susceptible state based on the equation (6.7) with corresponding ADFE line based
on the equation (6.15), and (d) shows the trajectory of the vaccinated state based on the equation (6.7) with
corresponding ADFE line based on the equation (6.15).

the trajectories of S5 (t), V' (¢) against time ¢ are computed, and depicted in Figure 13(c), and Figure 13(d),
respectively. The corresponding ADFE based on the Theorem 6.3 is depicted into the figures, denoted by the
dashed line. Note that, no trajectory for the infectious state, I (t) is presented due to 0 value in (6.7).

Here, the trajectory of the susceptible state, Sg(¢) in the Figure 13(c), denoted by solid line, decreases
initially, reaches to a minimum point, then increases over time into the ADFE Sg. Which suggests that if the
system remains in a zero-rate over time (i.e. ZRSFs exist), then initially due to, for instance, good vaccination
education, and high vaccine efficacy, susceptible people are willing to receive vaccinations, and over time, the
number of susceptible people who are without immunity remain in a minimum point. Later over time, more
vaccinated people lose immunity due to failure of vaccine efficacy, and the number of the susceptible people
rises. This results in an increasing trend for the susceptible state, that becomes bonded in the ADFE. Again, in
Figure 13(d), the trajectory of the vaccinated state, V' (¢), denoted by solid line, increases initially due to use of
effective vaccine, and reaches to a peak point. Later over time, the vaccine efficacy becomes low and more people
lose immunity; as a result, the number of persons with vaccine immunity decreases and the decreasing trend
remains bounded in the ADFE.

Trajectories based on the Equation (6.7) and ADFE based on the Theorem 6.4
Consider, the random time until a susceptible person is vaccinated, 7sv ~ EWFD(a > 0,0 > 0,0 > 0)
(cf31), and the hazard rate of the EWFD is defined as,
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1

(2) (&) " (1= 8)”
7’ > 0. (9.8)

p >
1— (1 fe—%)“)

Let, the parameters value as (o = 0.2, 6 = 0.5,and o = 2). Hence, the initial value of a.r¢,, (0) = 0.359510424
, then the HRF -, | ew Fp decreases monotonically, remains bounded at 0.004544480 over time, satisfies the
shape of the Hypothesis 5.1(H3.), and is depicted in Figure 14(a). Which suggests a declining trend in vaccination,
the population hesitant due to false rumors, and low vaccine efficacy. Again, consider the random time until each
vaccine dose of type i wanes, 7, ~ GPGW D(a; > 0,X; > 0,0; > 0,b; > 0),i =1,2,...,n(cf*®),and the
reliability of the vaccine immunity is a competing risk with a parallel competitive lifetime arrangement for all n
doses (cf.2?). This implies that the time until the system wanes, is given by 7vs(t) = max(Ty,, Tug, - -« o, )
. Furthermore, it is easy to show that the HRF for 7v 5(t) is given by the sum of the HRF of the lifetime of the
components i.e.,

argy (t) = h(t)|lewFp(o) =

Qryg(t) = Z h(t)|GPGW D(ci N 05.b;) = Z QiXilibit™ T (14 Xt %7t > 0. (9.9)
i=1 i=1
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Fig. 14. Shows the different shapes of the HRFs, trajectories, and ADFE of subsection 9.4.

Note, (a) shows the shape of the HRF of the EWFD with parameters value as (o = 0.2, = 0.5

,and ¢ = 2), which has a monotonically decreasing shape, and saturates over time for 75y in

(9.8), (b) shows the shape of the HRF of the GPGWD with three different sets of parameters

as (a1 = 1, A1 = 0.1,01 = 1.9,1)1’ = 2)7 (a2 = 1.01, AQ = 0.1,02 = 1.9,1)2 = 2), and

(az = 1.05, A3 = 0.1,603 = 1.9, b3 = 2), which has a monotonically increasing shape for over time for 7y g

in (9.10), (c) shows the trajectory of the susceptible state based on the equation (6.7) with corresponding ADFE
line based on the equation (6.16), and (d) shows the trajectory of the vaccinated state based on the equation
(6.7) with corresponding ADFE line based on the equation (6.16).
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If three different vaccine doses are considered in the model, i.e. n = 3, then for the parallel system,
3
Ury s (B)laPawpiaronb = Y aidillibit™ (14 At™)" i =1,2,3. (9.10)
i=1

Based on the three different sets of parameters for the GPGWD as,
(Oq = 1,)\1 = 0.1,91 = 19,b1 = 2), (OLQ = 101,/\2 = 0.1,92 = 1.9,b2 = 2), and
(a3 =1.05, A3 = 0.1,03 = 1.9, b3 = 2), the HRF is computed, satisfies the shape of the Hypothesis 5.1(H4.),
and is depicted in Figure 14(b). The HRF represents low risk initially, rises monotonically over time. Which
suggests that, initially the vaccine works well, but vaccine’s efficacy start decreasing against the disease; the failure
rate of the vaccine rises over time. For the other parameters of the model (3.21)-(3.23) that do not depend on
time, it is assumed that the average influx rate, B = 0.00024525. For simplicity, it is assumed that the lifetime
until natural death is exponentially distributed i.e. 7w p ~ Ezponential(A = 0.0132275132). This implies that
the HRF is oy, = 0.0132275132 per year. By using the above HRFs and the equation (6.7), the trajectories
of S5 (t), Vi (t) against time ¢ are computed, and depicted in Figure 14(c), and Figure 14(d), respectively. The
corresponding ADFE based on Theorem 6.4 is given into the figures, denoted by the dashed line. Note that, no
trajectory for the infectious state, 1§ (t) is presented due to the 0 value in equation (6.7).

Here, the trajectory of the susceptible state, Sg (¢) in the Figure 14(c), denoted by solid line, is monotonically
increasing, and over time it remains bounded into the ADFE Sg. Which suggests that if the system remains
in a zero-rate over time (i.e. ZRSFs exist), then due to, for instance, false rumors, and low vaccine efficacy,
susceptible people are unwilling to receive vaccination, and over time, the number of susceptible people who are
without immunity remain in the susceptible state. This results in an increasing trend for the susceptible state,
that becomes bounded in the ADFE. Again, in Figure 14(d), the trajectory of the vaccinated state V5" (¢), denoted
by solid line, is monotonically decreasing due to the use of the low effective vaccine, rumors, and hesitation to
receive the vaccine. As a result, the number of vaccinated persons with vaccine immunity decreases over time
and the trend remains bounded in the ADFE.

Numerical simulation to characterizes the behavior of the ZRSF of the system (3.21)-(3.23)
with respect to the HRFs

If the HRF a,(t) € {argy (1), rys(t), ryp (t)} satisfy any of the assumptions in Hypothesis 5.1
(H1.) — (H4.); then the ZRSFs in (6.7) of the system (3.21)-(3.23) satisfy the conditions in (7.8), and (7.9) in
the absence of disease.

According to the conditions in (7.8), the ZRSF Sg(t) increase monotonically if argy, (¢) + aryp(t) > 1
holds, otherwise decreases monotonically with respect to the HRF o, (). Figure 15(a) depicts the condition
of argy (t) + aryp (t) in (7.8), and Figure 16(c) depicts the trajectory of the susceptible state, S5 (t). The
Figure 15(a) makes it evident that the requirement a4y, (t) + @y (t) < 1 holds, hence the Figure 16(c)
displays a monotonically decreasing shape of S5 (), validating one of the criteria in (7.8). In addition, according
to the condition in (7.9), the ZRSF Vi (¢) increases monotonically if yo (£)za(t) > 3 holds, otherwise decreases
monotonically with respect to the HRF ar,, (¢). Figure 15(b) shows the condition of yn (¢)z«(t) in (7.9), and
Figure 16(d) shows the trajectory of the vaccinated state Vg (¢). The Figure 15(b) makes it evident that the
condition ya (t)za(t) > 3 holds, hence the Figure 16(d) displays a monotonically increasing shape of Vi’ (t),
validating one of the conditions in (7.9).

Moreover, ifthe HRF a7 (t) € {atrgy, (1), @ry g (t), ary o (t) } satisfy any of the assumptions in Hypothesis 5.1
(H1.) — (H4.), and fu(t) is defined in (7.7), then the ZR solutions in (6.7) of the system (3.21)-(3.23) satisfy
the conditions in (7.10) in the absence of disease.

Now, according to the conditions in (7.10), the ZRSF S (t) always increases monotonically if the HRF
a7y ¢ (1) increases, otherwise the result gives the opposite. Figure 16(b) depicts the HRF a.r, ¢ (¢) in (7.10), and
the Figure 16(c) depicts the trajectory of the susceptible state, Sg (¢). The Figure 16(c) depicts a monotonically
decreasing shape since the Figure 16(b) shows a decreasing shape of the HRF a4 (¢), which validates one of
the condition in (7.10).

Finally, according to the conditions in (7.10), the ZRSF V(' (t) increases monotonically if fo(¢) > 1 holds,
otherwise decreases monotonically with respect to the HRF oy, 4 (¢). Figure 15(c) depicts the condition of fo (t)
in (7.10), and Figure 16(d) depicts the trajectory of the vaccinated state, V' (¢). The Figure 15(c) makes it evident
that the condition f () < 1holds, hence the Figure 16(d) depicts an increasing shape of the ZRSF V" (¢), while
the Figure 16(b) shows a decreasing shape of the HRF -, ¢ (t), validating one of the conditions in (7.10).

Discussion

The development of compartmental models with underlying renewal processes in Section 2 represents a
significant advancement in the modeling of general dynamic processes such as disease dynamics, particularly
in the context of the SVIS (Susceptible-Vaccinated-Infected-Susceptible) epidemic model. This study addresses
the limitations of traditional compartmental models that assume exponentially distributed lifetime stages,
which are often unrealistic due to the constant hazard rate assumption. The theoretical framework for the SVIS
model in Section 3 introduces a non-autonomous nonlinear system (NANLS) of ordinary differential equations
(ODEs), where the coeflicients are hazard rate functions (HRFs) for the non-MAC transition event interjump
times. This approach includes more realistic lifetime distributions that better represent the complexities of
disease transmission and vaccine efficacy. The exploration of different HRF shapes- monotonic, bathtub,
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Fig. 15. Shows the conditions of the Theorem 7.1. Note, (a) shows the condition of (7.8), where

Qrgy (1) + aryp (t) < 1, (b) shows the condition of (7.9), where Yo (£)za (t) > %, and (c) shows the
condition of (7.10), where fo(t) < 1.
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Fig. 16. Shows the different shapes of the HRFs, and trajectories to describe the Theorem 7.1. Note, (a) shows
the shape of the HRF a4, (¢), which has a monotonically increasing shape over time, (b) shows the shape

of the HRF ar, 4 (), which increases initially, reaches to a pick point, then start decreasing, (c) shows the
trajectory of the susceptible state, Sg (), which increases initially, then starts decreasing over time, and (d)
shows the trajectory of the vaccinated state, V' (¢), which decreases initially, then starts increasing over time.
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reverse bathtub, and constant in Sections 5 &6 leads to insights on how the hazard behaviors affect disease
control strategies. In fact, the time dependent BRN (%), ¢ > 0 and other control parameters in the theoretical
model in Section 8 bear on the HRFs that reflect the asymptotic behaviors of the disease dynamics i.e. disease
eradication Ro(¢) < 1 or persistence Ro(¢t) > 1. Furthermore, for a family of HRFs that asymptotically behave
as the exponential distribution, the proposed theoretical NANLS becomes asymptotically ANLS, and there
exists a time ¢; > 0, sufficiently large, where for ¢ € [0,¢1) the disease dynamics evolves in the path strongly
influenced by the nonlinear characters of the HRFs; and notwithstanding the Markovian behavior of the system
fort € [t1, 00), there are multiple ADFEs possible. The analytical results are substantiated by a practical example
and numerical simulation results in Sections 8 &9 that exhibit the superior advantages of the proposed model
to represent complex risk behaviors for non-MAC transition events in the disease dynamics, specifically for a
vaccine with low efficacy with a marginal positive effect on recovery. For instance, it is shown that the monotonic
increasing HRF of the Lindley distribution offers a more plausible representation of vaccine immunity waning
over time, compared to the constant exponential rate assumed in Markovian models. The monotonic decreasing
and increasing HRFs, respectively, for the gamma distribution depict the declining recovery rate and rising
fatality of the disease overtime. More examples with more advanced and flexible lifetime distributions are given
in Section 9.

Nevertheless, the sensitivity analysis of the SVIS model to different HRF behaviors in Section 7 reveals
critical insights into the asymptotic properties of the epidemic system. Indeed, by examining the ZRSF of the
NANLS SVIS model, insights are obtained on the long-term outcomes of various vaccination strategies and
their impact to achieve disease-free equilibrium. It is observed that the effectiveness of vaccination strategies/
programs are influenced by numerous factors, such as vaccine type lifetimes, multiple dosage lifetimes, and
population behavior. The proposed model offers a framework to evaluate these factors and optimize vaccination
strategies for better disease management. This study contributes to epidemic modeling and survival analysis
providing a more realistic and detailed framework for the integration of renewal processes in compartmental
models. Future research should focus on empirical validation of these models by using real-world data and
exploring the application of this framework to other compartmental infectious diseases. By bridging the gap
between theoretical models and practical applications, there is effective and efficient response and management
of future epidemics.

Note that the assumptions for memory and memoryless properties for lifetime distributions in Remark 3.1
have important consequences for a disease dynamics. This necessitates more advanced tools for analyzing
multiscales and fractional derivatives®~> to investigate the impacts of memory in the system as a future work.

Conclusion

In this study, a general model for the transition rates between jumps in a renewal process for a dynamic epidemic
process is derived. The model is applied to study the impacts of the HRFs (hazard rate functions) of the interjump
times in a SVIS disease epidemic dynamics. The newly obtained SVIS model characterizing the average dynamics
of the underlying renewal process is a NANLS (non-autonomous nonlinear system) of o.d.e.s., where the system
coefficients are HRFs. Moreover, the NANLS is asymptotically autonomous. The importance of the HRFs to
determine disease eradication outcomes is investigated by studying the impacts of the asymptotic behavior of
the HRFs on the existence of an ADFE (asymptotic disease-free equilibrium). Four qualitative behaviors of
the HRFs over time - a monotonic, bathtub, reverse bathtub, and constant shapes are explored to determine the
outcome of the ADFE. The results indicate that HRFs play a crucial role in determining the outcomes of epidemic
dynamics in both the short-term and long-term. Moreover, an ANLS (autonomous nonlinear system) of o.d.e
epidemic model is very limited to explain disease dynamics over short-term. Numerical simulation results are
given for several lifetime distributions exhibiting various shapes for their HRFs, that represent different lifetimes
for vaccine efficacy and artificial immunity; random time until vaccination, and also survival until death.

Data availability
All data generated or analysed during this study are included in this published article. There was no specific
dataset used in this study. All data is based on simple mathematical simulations in R, and easily replicated.
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