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A B S T R A C T

This study proposes a new fractional mathematical model to study the impact of vaccination on COVID-19
outbreaks by categorizing infected people into non-vaccinated, first dose-vaccinated, and second dose-
vaccinated groups and exploring the transmission dynamics of the disease outbreaks. We present a non-linear
integer order mathematical model of COVID-19 dynamics and modify it by introducing Caputo fractional
derivative operator. We start by proving the good state of the model and then calculating its reproduction
number. The Caputo fractional-order model is discretized by applying a reliable numerical technique. The
model is proven to be stable. The classical model is fitted to the corresponding cumulative number of daily
reported cases during the vaccination regime in India between 01 August 2021 and 21 July 2022. We explore
the sensitivities of the reproduction number with respect to the model parameters. It is shown that the effective
transmission rate and the recovery rate of unvaccinated infected individuals are the most sensitive parameters
that drive the transmission dynamics of the pandemic in the population. Numerical simulations are used to
demonstrate the applicability of the proposed fractional mathematical model via the memory index at different
values of 0.7, 0.8, 0.9 and 1. We discuss the epidemiological significance of the findings and provide perspectives
on future health policy tendencies. For instance, efforts targeting a decrease in the transmission rate and an
increase in the recovery rate of non-vaccinated infected individuals are required to ensure virus-free population.
This can be achieved if the population strictly adhere to precautionary measures, and prompt and adequate
treatment is provided for non-vaccinated infectious individuals. Also, given the ongoing community spread of
COVID-19 in India and almost the pandemic-affected countries worldwide, the need to scale up the effort of
mass vaccination policy cannot be overemphasized in order to reduce the number of unvaccinated infections
with a view to halting the transmission dynamics of the disease in the population.
. Introduction

The current Novel Corona Virus (2019-nCoV) infection has caused
global emergency by driving widespread across the globe in a short

eriod. Infection-induced mortality is also very high. In December
019, Wuhan, China, marks the start of a new coronavirus outbreak [1,
]. The World Health Organization (WHO) proclaimed the infection
pandemic on March 11, 2020 [3]. The most prevalent symptoms

nclude dry cough, fever, and breathing problems. Joint and muscle
iscomfort, sore throat, headache, and loss of smell or taste are among
he symptoms. Social isolation, face masks, regular hand washing,
educing non-essential travel, case isolation, family quarantine, and the
losure of schools and universities have all been used to prevent the
pread of this fatal disease [4–7].
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On January 30, 2020, the first symptom of COVID-19 was identified
in India. The country disclosed its first three instances in Kerala;
all three cases involved college students who had just returned from
Wuhan, China [8]. In March, transmission increased as several reported
cases throughout the nation were related to individuals who had trav-
elled to COVID-19 affected countries. Corona Virus Disease (COVID-19)
has started spreading in a large number of positive cases from the first
week of March 2020. India is a country with a high population density;
due to this, India has a very high human-to-human social interaction
rate. Therefore, controlling the COVID-19 pandemic in its early phases
was a very urgent and severe challenge.

Vaccination is an essential public health technique in contemporary
medicine that has been utilized to reduce the effect of numerous infec-
tious illnesses [9,10]. A vaccine is any biologically generated material
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that generates a protective immune response when delivered to a vul-
nerable host. Vaccines assist the body in preparing for illness by using
the fact that immunity understands how to resist infectious organisms,
which are often viruses, bacteria, or toxins [11]. There is rising worry
that vaccination may not result in herd immunity due to the intro-
duction of highly transmissible novel variations, decreasing vaccine
efficacy, and uneven vaccine availability. Vaccines minimize the prob-
ability of severe illness and death; hence, vaccination/immunization
coverage must be high for a country’s healthcare system to be protected
against an infection spike. Getting vaccinated is a decision of social
duty made by a person. However, the vaccine’s anxiety and adverse
side effects must be addressed [12].

A major problem has arisen worldwide. To overcome this prob-
lem, scientists and doctors worldwide started searching for anti-viral
medicine or vaccine for this infection. India also succeeded in discov-
ering such an infection and found a vaccine for the infection. The first
vaccine was administered in India on 16 January 2021 [13]. After the
first stage of vaccination, the second dose is given, which is given 3–
4 weeks after the first vaccine [14]. In India, 90% of the population
has received the first dose, and 70% have been given both doses of
the vaccine [15]. However, the COVID-19 vaccines could not offer a
100% protection against the infection due to the discoveries of new
variants [16]. This is evident from many cases of post-vaccination
infections that have been reported. Thus, this paper aims to present
a mathematical analysis of the post-vaccination transmission dynamic
of COVID-19, particularly in India.

Mathematical models based on ordinary differential equations of
integer order have been widely employed to study the dynamics of
biological systems [17,18]. Based on the principles of mathematical
epidemiology, a number of mathematical models for social epidemics
(such as crime and drug abuse) has also been presented [19–22].
Every model is based on classical derivatives, with different constraints
depending on the differential equation order. In many works [7,10,23–
26,26,27], integer order mathematical models have been developed
and rigorously analysed to gain insights into the transmission dynamic
and control of COVID-19. For instance, Mishra et al. [23] developed a
mathematical model of COVID-19 dynamics with categories including
susceptible, isolation, exposed, asymptotic, infected, and recovered
individuals. In [25], Džiugys et al. studied a simplified mathematical
model for COVID-19 which takes into consideration the quarantine con-
ditions. The work presented a method to estimate the effectiveness of
quarantine. Biswas et al. [28] developed a deterministic compartmental
model (DCM) and calculated the model’s parameters using pandemic
data from India.

To overcome the limitations of the integer order mathematical mod-
els, many authors have resorted to fractional calculus to overcome these
restrictions. Fractional calculus differential operators describe non-local
dynamics and unusual behaviour in natural phenomena, nature-related
truths, and facts related to nature [29,30]. Non-integer or fractional
sequences, memory, and natural phenomena make them suitable. Be-
cause these structures rely on the memory-constrained strength of a
fractional derivative operator, the study of epidemiological dynami-
cal processes incorporating memory effects is acceptable. Therefore,
many researchers have examined fractional operator-based epidemic
models for various infectious illnesses because they exhibit a plausible
biphasic decline in disease transmission [31–37]. For instance, Peter
and co-workers in [37] used a newly formulated non-integer order
mathematical model incorporating the effects of vaccination and treat-
ment under Atangana–Baleanu–Caputo derivative operator to study the
transmission dynamic of meningitis in the population. The authors re-
marked that fractional parameter acts as a control parameter to identify
important techniques for the disease control. To investigate the spread
of COVID-19, various researchers have used fractional order mathemat-
ical models to describe the dynamics of COVID-19 [38–42]. Nabizadeh
et al. [43] highlights the relapse of multiple sclerosis after COVID-19
immunization. Shaikh et al. [44] studied the dynamics of transmission
2

and control of COVID-19 in India. In earlier studies, mathematical
modelling helped to investigate India’s COVID-19 vaccine develop-
ment activities [45], people’s attitudes regarding vaccinations [46],
the most comprehensive vaccination programmes [47], and allocation
tactics [48].

In a similar development, the authors in [49] presented a time-
fractional compartmental model for the assessment of COVID-19 trans-
mission dynamics in China. The closed-form series solution of the
model was obtained using the multistage optimal homotopy asymptotic
method. In [50], Agarwal et al. used a fractional-order mathematical
model to facilitate a better understanding of the transmission dynamic
of COVID-19 pandemic. To establish the existence and uniqueness
of the model, the authors employed fixed-point theorem, while the
approximate solution of the model was derived using the predictor–
corrector algorithm. Zeb et al. [34] proposed a compartmental mathe-
matical model of COVID-19 dynamics with quarantine class and vacci-
nation. The stochastic version of the model was formulated by appro-
priately introducing environmental noises into the model. Furthermore,
the fractional-order form of the proposed model was derived for the
long term expansion under the Caputo–Fabrizio fractional derivative
operator. Newton Polynomial scheme was employed to obtain the
numerical solution to the fractional-order compartmental model. The
work of Aldawish and Ibrahim [51] was focused on the formulation and
analysis of a system of coupled differential equations which describes
the dynamics of the diffusion between the infectious and asymptomat-
ically infected people under ABC-fractional derivative operator.

Pandey et al. [52] proposed a non-integer order mathematical
model capturing the crowding effects of SARS-CoV-2 virus under
Atangana–Baleanu fractional derivative operator. The authors further
explored the existence and uniqueness of their theoretical results using
a fixed-point method. In Ali et al. [53], a fractional-order mathematical
model of COVID-19 dynamic featuring the effect of symptomatic and
asymptomatic transmissions under Caputo fractional derivative was
developed and rigorously analysed in both qualitative and quantitative
senses. The study of Owoyemi et al. [16] made a generalization
of an integer-order mathematical model describing the transmission
dynamics of COVID-19 to a fractional-order version in the sense of
Caputo fractional derivative. In a similar study, El-Sayed et al. [54]
presented a fractional-order compartmental model, which describes
the transmission dynamics of COVID-19, in Caputo sense. Padmapriya
and Kaliyappan [55] formulated a mathematical model with a Caputo
fractional derivative under fuzzy sense to predict the trend of COVID-19
outbreaks, specifically in USA, India and Italy.

In this research, a DCM governed by a seven-dimensional system
of fractional-order ordinary differential equations in Caputo sense is
developed to examine the transmission dynamics of COVID-19 after
vaccination. The model parameters are estimated by fitting the model
to the available data on the current epidemic in India. Using real
data, the basic reproduction number of the model is estimated to
quantify the burden of the disease in the population. The remaining
parts of this paper are structured as follows: Section 2 is dedicated
to the formulation of the classical and the fractional-order COVID-19
models proposed in this work. Some useful definitions to our study
are also presented. In Section 3, we derive the iterative scheme for
the proposed Caputo fractional COVID-19 model, and established the
stability of the model. Section 4 discusses the computation of the basic
reproduction number of the model and its sensitivity to the model
parameters. In Section 5, the numerical approximation technique for
the Caputo fractional derivative is presented. We conduct data fitting
and numerical simulations in Section 6. The results arising from the
processes are also presented. Section 7 is based on detail discussion.
The study is concluded in Section 8.

2. Model formulation

In this section, we will use a classical DCM to investigate the trans-
mission mechanisms of COVID-19 following vaccination. The model
will later be transformed into a fractional order version under Caputo
fractional derivative operator.
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2.1. Integer-order COVID-19 model

Here, we propose an integer-order DCM of COVID-19 dynamics
which divided the total population at time 𝑡, denoted by (𝑁), into seven
groups: the susceptible people (𝑆), exposed people (𝐸), symptomatic
infected people without taking any vaccine (𝑈 ), symptomatic infected
people after the first dose vaccination (𝑉 ), symptomatic infected people
after the second dose (full) vaccination (𝑊 ), recovered people (𝑅), and
dead people (𝐷), so that at any time 𝑡, the total human population is
given by 𝑁(𝑡) = 𝑆(𝑡) + 𝐸(𝑡) + 𝑈 (𝑡) + 𝑉 (𝑡) +𝑊 (𝑡) + 𝑅(𝑡) +𝐷(𝑡).

Thus, the non-linear integer order compartmental mathematical
model describing the transmission dynamics of COVID-19 in the popu-
lation is presented by
𝑑𝑆(𝑡)
𝑑𝑡

= 𝜁 − (𝜑 + 𝜎)𝑆,

𝑑𝐸(𝑡)
𝑑𝑡

= 𝜎𝑆 − (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤)𝐸,

𝑑𝑈 (𝑡)
𝑑𝑡

= 𝜆𝑢 𝐸 − (𝜑 + 𝛬𝑢 + 𝜃𝑢)𝑈,

𝑑𝑉 (𝑡)
𝑑𝑡

= 𝜆𝑣 𝐸 − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝑉 ,

𝑑𝑊 (𝑡)
𝑑𝑡

= 𝜆𝑤 𝐸 − (𝜑 + 𝛬𝑤 + 𝜃𝑤)𝑊 ,

𝑑𝑅(𝑡)
𝑑𝑡

= 𝛬𝑢 𝑈 + 𝛬𝑣 𝑉 + 𝛬𝑤 𝑊 − 𝜑𝑅,

𝑑𝐷(𝑡)
𝑑𝑡

= 𝜃𝑢 𝑈 + 𝜃𝑣 𝑉 + 𝜃𝑤 𝑊 − 𝜑𝐷,

(1)

where 𝜎 is the power of the infection (rate at which susceptible people
contract the disease from unvaccinated symptomatic individuals, symp-
tomatic individuals after receiving the first dose vaccine and symp-
tomatic individuals after receiving the second dose vaccine) expressed
as

𝜎 =
𝓁(𝑈 + 𝜉𝑉 + 𝛽𝑊 )

𝑁
,

and with the non-negative initial conditions defined as

𝑆(0) = 𝑆0, 𝐸(0) = 𝐸0, 𝑈 (0) = 𝑈0, 𝑉 (0) = 𝑉0, 𝑊 (0) = 𝑊0, 𝑅(0) = 𝑅0,

𝐷(0) = 𝐷0.

Fig. 1 displays the schematic diagram of model (1). All the parameters
of model (1) are described as follows:

𝓁 Is the rate of transmission (or contact rate),
𝜁 Is the birth rate,
𝜉 Is the modification factor for infected class 𝑉 ,
𝛽 Is the modification factor for infected class 𝑊 ,
𝜑 Is the natural death rate,
𝜆𝑢, 𝜆𝑣, 𝜆𝑤 Are the rates of conversion from the exposed class 𝐸

to 𝑈, 𝑉 , 𝑊 classes, respectively,
𝛬𝑢, 𝛬𝑣, 𝛬𝑤 Are the recovery rates from 𝑈, 𝑉 , 𝑊 classes,

respectively,
𝜃𝑢, 𝜃𝑣, 𝜃𝑤 Are the Covid-19 disease mortality rates for

individuals in 𝑈, 𝑉 , 𝑊 classes, respectively.

2.2. Mathematical preliminaries

In this section, certain definitions of fractional derivative operators
namely, Caputo fractional derivative (CFD). The integral transforms
required in forthcoming sections are also touched upon in this phase.

Definition 2.1 ([50,56,57]). The usual CFD is defined as follows:

𝐶D𝜇
† 𝑢(†) =

1
𝛤 (1 − 𝜇) ∫

†

0
𝑢′(𝜁 ) († − 𝜁 )−𝜇 𝑑𝜁 ; † ≥ 0, 0 < 𝜇 ≤ 1. (2)

Definition 2.2 ([58]). The Laplace transform of piecewise continuous
function ℎ(𝑥) of exponential order 𝛽 > 0 with respect to variable 𝑥 is
efined as follows:

[ℎ(𝑥); 𝑠] = ℎ̄(𝑠) =
∞
𝑒−𝑠 𝑥 ℎ(𝑥) 𝑑𝑥 ;R(𝑠) > 𝛽, 𝑥 ≥ 0. (3)
∫0

3

he inverse Laplace transform of function 𝑔̄(𝑠) with respect to 𝑦 ≥ 0 is
iven by

−1[ℎ̄(𝑠); 𝑥] = ℎ(𝑥) = 1
2𝜋𝑖 ∫

𝛾+𝑖∞

𝛾−𝑖∞
𝑒ℎ𝑥 ℎ̄(𝑠)𝑑𝑠, (4)

here 𝛾 is the fixed real number.

efinition 2.3 ([59]). The Laplace transform of the CFD of order 𝜇
gives the following expression:

𝐿
[𝐶D𝜇

† 𝑢(†)
]

(p) = p𝜇𝐿[𝑢(†)] − p𝜇−1 𝑢(0). (5)

2.3. The Caputo fractional COVID-19 model

This section discusses the formulation of fractional-order DCM of
COVID-19. Using Definition 2.1, we then modulate the system (1) by
replacing the time derivative with the CFD to arrive at the following
non-linear fractional mathematical model of COVID-19 dynamics:
𝐶D𝜇

𝑡 𝑆(𝑡) = 𝜁 − (𝜑 + 𝜎)𝑆,
𝐶D𝜇

𝑡 𝐸(𝑡) = 𝜎𝑆 − (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤)𝐸,
𝐶D𝜇

𝑡 𝑈 (𝑡) = 𝜆𝑢 𝐸 − (𝜑 + 𝛬𝑢 + 𝜃𝑢)𝑈,
𝐶D𝜇

𝑡 𝑉 (𝑡) = 𝜆𝑣 𝐸 − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝑉 ,
𝐶D𝜇

𝑡 𝑊 (𝑡) = 𝜆𝑤 𝐸 − (𝜑 + 𝛬𝑤 + 𝜃𝑤)𝑊 ,
𝐶D𝜇

𝑡 𝑅(𝑡) = 𝛬𝑢 𝑈 + 𝛬𝑣 𝑉 + 𝛬𝑤 𝑊 − 𝜑𝑅,
𝐶D𝜇

𝑡 𝐷(𝑡) = 𝜃𝑢 𝑈 + 𝜃𝑣 𝑉 + 𝜃𝑤 𝑊 − 𝜑𝐷,

(6)

together with preliminary conditions at time 𝑡 = 0, where 𝜇 is the order
of CFD operator such that 𝜇 ∈ (0, 1].

3. Iterative scheme and stability analysis of the Caputo fractional
COVID-19 model

3.1. Iterative scheme

Here, we follow the ideas of the authors in [44] to derive the
iterative scheme for the Caputo fractional model (6). Consider the
Covid-19 model (6) along with preliminary conditions. Taking the
Laplace transforms on both sides of each fractional differential equation
of system (6), we have

p𝜇 L [𝑆(𝑡)] − p𝜇−1 𝑆(0) = L
[

𝜁 − (𝜑 + 𝜎)𝑆
]

,

p𝜇 L [𝐸(𝑡)] − p𝜇−1 𝐸(0) = L
[

𝜎𝑆 − (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤)𝐸
]

,

p𝜇 L [𝑈 (𝑡)] − p𝜇−1 𝑈 (0) = L
[

𝜆𝑢 𝐸 − (𝜑 + 𝛬𝑢 + 𝜃𝑢)𝑈
]

,

p𝜇 L [𝑉 (𝑡)] − p𝜇−1 𝑉 (0) = L
[

𝜆𝑣 𝐸 − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝑉
]

,

p𝜇 L [𝑊 (𝑡)] − p𝜇−1 𝑊 (0) = L
[

𝜆𝑤 𝐸 − (𝜑 + 𝛬𝑤 + 𝜃𝑤)𝑊
]

,

p𝜇 L [𝑅(𝑡)] − p𝜇−1 𝑅(0) = L
[

𝛬𝑢 𝑈 + 𝛬𝑣 𝑉 + 𝛬𝑤 𝑊 − 𝜑𝑅
]

,

p𝜇 L [𝐷(𝑡)] − p𝜇−1 𝐷(0) = L
[

𝜃𝑢 𝑈 + 𝜃𝑣 𝑉 + 𝜃𝑤 𝑊 − 𝜑𝐷
]

.

(7)

Rearranging, we obtain

L
[

𝑆(𝑡)
]

=
𝑆(0)
p

+ 1
p𝜇

L
[

𝜁 − (𝜑 + 𝜎)𝑆
]

,

L
[

𝐸(𝑡)
]

=
𝐸(0)
p

+ 1
p𝜇

L
[

𝜎𝑆 − (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤)𝐸
]

,

L
[

𝑈 (𝑡)
]

=
𝑈 (0)
p

+ 1
p𝜇

L
[

𝜆𝑢 𝐸 − (𝜑 + 𝛬𝑢 + 𝜃𝑢)𝑈
]

,

L
[

𝑉 (𝑡)
]

=
𝑉 (0)
p

+ 1
p𝜇

L
[

𝜆𝑣 𝐸 − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝑉
]

,

L
[

𝑊 (𝑡)
]

=
𝑊 (0)
p

+ 1
p𝜇

L
[

𝜆𝑤 𝐸 − (𝜑 + 𝛬𝑤 + 𝜃𝑤)𝑊
]

,

L
[

𝑅(𝑡)
]

=
𝑅(0)
p

+ 1
p𝜇

L
[

𝛬𝑢 𝑈 + 𝛬𝑣 𝑉 + 𝛬𝑤 𝑊 − 𝜑𝑅
]

,

L
[

𝐷(𝑡)
]

=
𝐷(0)

+ 1
L

[

𝜃𝑢 𝑈 + 𝜃𝑣 𝑉 + 𝜃𝑤 𝑊 − 𝜑𝐷
]

.

(8)
p p𝜇
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Fig. 1. Flow diagram of the SEUVWRD model.
Further analysis, by taking the inverse Laplace transforms of the
quations in (8), yields

𝑆(𝑡) = 𝑆(0) + L −1
[

1
p𝜇

L
[

𝜁 − (𝜑 + 𝜎)𝑆
]

]

,

𝐸(𝑡) = 𝐸(0) + L −1
[

1
p𝜇

L
[

𝜎𝑆 − (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤)𝐸
]

]

,

𝑈 (𝑡) = 𝑈 (0) + L −1
[

1
p𝜇

L
[

𝜆𝑢 𝐸 − (𝜑 + 𝛬𝑢 + 𝜃𝑢)𝑈
]

]

,

𝑉 (𝑡) = 𝑉 (0) + L −1
[

1
p𝜇

L
[

𝜆𝑣 𝐸 − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝑉
]

]

,

𝑊 (𝑡) = 𝑊 (0) + L −1
[

1
p𝜇

L
[

𝜆𝑤 𝐸 − (𝜑 + 𝛬𝑤 + 𝜃𝑤)𝑊
]

]

,

𝑅(𝑡) = 𝑅(0) + L −1
[

1
p𝜇

L
[

𝛬𝑢 𝑈 + 𝛬𝑣 𝑉 + 𝛬𝑤 𝑊 − 𝜑𝑅
]

]

,

𝐷(𝑡) = 𝐷(0) + L −1
[

1
p𝜇

L
[

𝜃𝑢 𝑈 + 𝜃𝑣 𝑉 + 𝜃𝑤 𝑊 − 𝜑𝐷
]

]

.

(9)

onsequently, the series solutions obtained by the procedure are de-
oted by

𝑆 =
∞
∑

𝑛=0
𝑆𝑛, 𝐸 =

∞
∑

𝑛=0
𝐸𝑛, 𝑈 =

∞
∑

𝑛=0
𝑈𝑛, 𝑉 =

∞
∑

𝑛=0
𝑉𝑛, 𝑊 =

∞
∑

𝑛=0
𝑊𝑛,

𝑅 =
∞
∑

𝑛=0
𝑅𝑛 , 𝐷 =

∞
∑

𝑛=0
𝐷𝑛.

(10)

Using the preliminary conditions, we obtain the recursive formula given
as

𝑆𝑛+1(𝑡) = 𝑆𝑛(0) + L −1
[

1
p𝜇

L
[

𝜁 − (𝜑 + 𝜎)𝑆𝑛

]

]

,

𝐸𝑛+1(𝑡) = 𝐸𝑛(0) + L −1
[

1
p𝜇

L
[

𝜎𝑆𝑛 − (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤)𝐸𝑛

]

]

,

𝑈𝑛+1(𝑡) = 𝑈𝑛(0) + L −1
[

1
p𝜇

L
[

𝜆𝑢 𝐸𝑛 − (𝜑 + 𝛬𝑢 + 𝜃𝑢)𝑈𝑛

]

]

,

𝑉𝑛+1(𝑡) = 𝑉𝑛(0) + L −1
[

1
p𝜇

L
[

𝜆𝑣 𝐸𝑛 − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝑉𝑛
]

]

,

𝑊𝑛+1(𝑡) = 𝑊𝑛(0) + L −1
[

1
p𝜇

L
[

𝜆𝑤 𝐸𝑛 − (𝜑 + 𝛬𝑤 + 𝜃𝑤)𝑊𝑛

]

]

,

𝑅𝑛+1(𝑡) = 𝑅𝑛(0) + L −1
[

1
p𝜇

L
[

𝛬𝑢 𝑈𝑛 + 𝛬𝑣 𝑉𝑛 + 𝛬𝑤 𝑊𝑛 − 𝜑𝑅𝑛

]

]

,

𝐷𝑛+1(𝑡) = 𝐷𝑛(0) + L −1
[

1
L

[

𝜃𝑢 𝑈𝑛 + 𝜃𝑣 𝑉𝑛 + 𝜃𝑤 𝑊𝑛 − 𝜑𝐷𝑛

]

]

.

(11)
p𝜇

4

3.2. Stability analysis

In this part, details of the stability analysis of the Caputo fractional
COVID-19 model (2) is presented by following the idea reported in
previous works [50,53,57,60]. Now, consider

(

ℸ, ‖.‖
)

to be a Banach
space with a self-map 𝑇́ on ℸ. In addition, consider X𝑛+1 = 𝑝(𝑇́ , X𝑛) to
be an exact recurrence formula.  (𝑇́ ) represents a fixed point set of 𝑇́ .
Furthermore, 𝑇́ contains at least one element 𝜁𝑛, that converges to the
point 𝑦 ∈  (𝑇́ ). Let {𝑥𝑛 ∈ ℸ} and define 𝑧𝑛 = ‖𝑥𝑛+1 − 𝑝(𝑇́ , 𝑥𝑛)‖. When
lim𝑛→∞ 𝑧𝑛 = 0, lim𝑛→∞ 𝑥𝑛 = 𝑦, an iteration method X𝑛+1 = 𝑝(𝑇́ ,X𝑛)
is known as 𝑇́−stable. The sequence {𝑥𝑛} has an upper bound, and the
iteration is referred to as Picard’s iteration. Additionally, it is 𝑇́− stable.
It satisfies the above specifications for X𝑛+1 = 𝑇́X𝑛.

Proposition 3.1. Assuming (ℸ, ‖.‖) is a Banach space, 𝐹 is a self-map
on ℸ and satisfies ‖𝐹𝑎 − 𝐹𝑏‖ ≤ 𝜉‖𝑎 − 𝐹𝑎‖ + 𝜌‖𝑎 − 𝑏‖ ∀ 𝑎, 𝑏 ∈ ℸ with
0 ≤ 𝜉, 0 ≤ 𝜌 < 1. Then, we say that 𝐹 is Picard 𝐹 -stable.

Furthermore, consider the relationship between (11) and (6). The
following proposition holds:

Proposition 3.2. Consider the following self-map 𝐹

𝐹
(

𝑆𝑛(𝑡)
)

= 𝑆𝑛+1(𝑡),

= 𝑆𝑛(0) + L −1
[

1
p𝜇

L
[

𝜁 − (𝜑 + 𝜎)𝑆𝑛

]

]

,

𝐹
(

𝐸𝑛(𝑡)
)

= 𝐸𝑛+1(𝑡),

= 𝐸𝑛(0) + L −1
[

1
p𝜇

L
[

𝜎𝑆𝑛 − (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤)𝐸𝑛

]

]

,

𝐹
(

𝑈𝑛(𝑡)
)

= 𝑈𝑛+1(𝑡),

= 𝑈𝑛(0) + L −1
[

1
p𝜇

L
[

𝜆𝑢 𝐸𝑛 − (𝜑 + 𝛬𝑢 + 𝜃𝑢)𝑈𝑛

]

]

,

𝐹
(

𝑉𝑛(𝑡)
)

= 𝑉𝑛+1(𝑡),

= 𝑉𝑛(0) + L −1
[

1
p𝜇

L
[

𝜆𝑣 𝐸𝑛 − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝑉𝑛
]

]

,

𝐹
(

𝑊𝑛(𝑡)
)

= 𝑊𝑛+1(𝑡),

= 𝑊𝑛(0) + L −1
[

1
p𝜇

L
[

𝜆𝑤 𝐸𝑛 − (𝜑 + 𝛬𝑤 + 𝜃𝑤)𝑊𝑛

]

]

,

𝐹
(

𝑅𝑛(𝑡)
)

= 𝑅𝑛+1(𝑡),

= 𝑅𝑛(0) + L −1
[

1
p𝜇

L
[

𝛬𝑢 𝑈𝑛 + 𝛬𝑣 𝑉𝑛 + 𝛬𝑤 𝑊𝑛 − 𝜑𝑅𝑛

]

]

,

𝐹
(

𝐷𝑛(𝑡)
)

= 𝐷𝑛+1(𝑡),

= 𝐷𝑛(0) + L −1
[

1
L

[

𝜃𝑢 𝑈𝑛 + 𝜃𝑣 𝑉𝑛 + 𝜃𝑤 𝑊𝑛 − 𝜑𝐷𝑛

]

]

,

p𝜇
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C
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‖
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‖

S

‖

w
(

(

f
(

𝜉

in 𝐿1(𝑎, 𝑏). Then, it is 𝐹 -stable if
(

1 − (𝜑 + 𝜎)𝐺(𝜇)
)

< 1,
(

1 + 𝜎𝐺1(𝜇) −
(

𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤
)

𝐻(𝜇)
)

< 1,
(

1 + 𝜆𝑢𝐻1(𝜇) −
(

𝜑 + 𝛬𝑢 + 𝜃𝑢
)

𝐼(𝜇)
)

< 1,
(

1 + 𝜆𝑣𝐻2(𝜇) − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝐽 (𝜇)
)

< 1,
(

1 + 𝜆𝑤𝐻3(𝜇) −
(

𝜑 + 𝛬𝑤 + 𝜃𝑤
)

𝐾(𝜇)
)

< 1,
(

1 + 𝛬𝑢𝐼1(𝜇) + 𝛬𝑣𝐽1(𝜇) + 𝛬𝑤𝐾1(𝜇) − 𝜑𝐿(𝜇)
)

< 1,
(

1 + 𝜃𝑢𝐼2(𝜇) + 𝜃𝑣𝐽2(𝜇) + 𝜃𝑤𝐾2(𝜇) − 𝜑𝑀(𝜇)
)

< 1.

(12)

Proof. The proof begins by showing that 𝐹 has a fixed point. Therefore,
for all (𝑚, 𝑛) ∈ 𝑁 ×𝑁 , we evaluate the following differences:

𝐹
(

𝑆𝑚(𝑡)
)

− 𝐹
(

𝑆𝑛(𝑡)
)

= 𝑆𝑚(0) − 𝑆𝑛(0) + L −1
[ 1
p𝜇

L
[

𝜁 − (𝜑 + 𝜎)𝑆𝑚
]

]

− L −1
[ 1
p𝜇

L
[

𝜁 − (𝜑 + 𝜎)𝑆𝑛
]

]

,

𝐹
(

𝐸𝑚(𝑡)
)

− 𝐹
(

𝐸𝑛(𝑡)
)

= 𝐸𝑚(0) − 𝐸𝑛(0)

+ L −1
[ 1
p𝜇

L
[

𝜎𝑆𝑚 − (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤)𝐸𝑚
]

]

− L −1
[ 1
p𝜇

L
[

𝜎𝑆𝑛 − (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤)𝐸𝑛
]

]

,

𝐹
(

𝑈𝑚(𝑡)
)

− 𝐹
(

𝑈𝑛(𝑡)
)

= 𝑈𝑚(0) − 𝑈𝑛(0)

+ L −1
[ 1
p𝜇

L
[

𝜆𝑢 𝐸𝑚 − (𝜑 + 𝛬𝑢 + 𝜃𝑢)𝑈𝑚
]

]

− L −1
[ 1
p𝜇

L
[

𝜆𝑢 𝐸𝑛 − (𝜑 + 𝛬𝑢 + 𝜃𝑢)𝑈𝑛
]

]

,

𝐹
(

𝑉𝑚(𝑡)
)

− 𝐹
(

𝑉𝑛(𝑡)
)

= 𝑉𝑚(0) − 𝑉𝑛(0)

+ L −1
[ 1
p𝜇

L
[

𝜆𝑣 𝐸𝑚 − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝑉𝑚
]

]

− L −1
[ 1
p𝜇

L
[

𝜆𝑣 𝐸𝑛 − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝑉𝑛
]

]

,

𝐹
(

𝑊𝑚(𝑡)
)

− 𝐹
(

𝑊𝑛(𝑡)
)

= 𝑊𝑚(0) −𝑊𝑛(0)

+ L −1
[ 1
p𝜇

L
[

𝜆𝑤 𝐸𝑚 − (𝜑 + 𝛬𝑤 + 𝜃𝑤)𝑊𝑚
]

]

− L −1
[ 1
p𝜇

L
[

𝜆𝑤 𝐸𝑛 − (𝜑 + 𝛬𝑤 + 𝜃𝑤)𝑊𝑛
]

]

,

𝐹
(

𝑅𝑚(𝑡)
)

− 𝐹
(

𝑅𝑛(𝑡)
)

= 𝑅𝑚(0) − 𝑅𝑛(0)

+ L −1
[ 1
p𝜇

L
[

𝛬𝑢 𝑈𝑚 + 𝛬𝑣 𝑉𝑚 + 𝛬𝑤 𝑊𝑚 − 𝜑𝑅𝑚
]

]

− L −1
[ 1
p𝜇

L
[

𝛬𝑢 𝑈𝑛 + 𝛬𝑣 𝑉𝑛 + 𝛬𝑤 𝑊𝑛 − 𝜑𝑅𝑛
]

]

,

𝐹
(

𝐷𝑚(𝑡)
)

− 𝐹
(

𝐷𝑛(𝑡)
)

= 𝐷𝑚(0) −𝐷𝑛(0)

+ L −1
[ 1
p𝜇

L
[

𝜃𝑢 𝑈𝑚 + 𝜃𝑣 𝑉𝑚 + 𝜃𝑤 𝑊𝑚 − 𝜑𝐷𝑚
]

]

− L −1
[ 1
p𝜇

L
[

𝜃𝑢 𝑈𝑛 + 𝜃𝑣 𝑉𝑛 + 𝜃𝑤 𝑊𝑛 − 𝜑𝐷𝑛
]

]

.

(13)

Taking the norm of each side of the first equation of (13) without
losing generality, we obtain

‖𝐹
(

𝑆𝑚(𝑡)
)

− 𝐹
(

𝑆𝑛(𝑡)
)

‖ =
‖

‖

‖

‖

𝑆𝑚(0) − 𝑆𝑛(0) + L −1
[ 1
p𝜇

L
[

𝜁 − (𝜑 + 𝜎)𝑆𝑚
]

]

− L −1
[ 1
p𝜇

L
[

𝜁 − (𝜑 + 𝜎)𝑆𝑛
]

]

‖

‖

‖

‖

. (14)

onsequently, utilizing triangular inequality and further simplifying
q. (14) yield the following result:

𝐹
(

𝑆𝑚(𝑡)
)

− 𝐹
(

𝑆𝑛(𝑡)
)

‖ ≤ ‖𝑆𝑚(0) − 𝑆𝑛(0)‖

+ L −1
[

1
L

[

‖ − (𝜑 + 𝜎)(𝑆𝑚 − 𝑆𝑛)‖
]

]

,

p𝜇

5

r

𝐹
(

𝑆𝑚(𝑡)
)

− 𝐹
(

𝑆𝑛(𝑡)‖ ≤
(

1 − (𝜑 + 𝜎)𝐺(𝜇)
)

‖𝑆𝑚 − 𝑆𝑛‖. (15)

imilarly, we can obtain

‖𝐹
(

𝐸𝑚(𝑡)
)

− 𝐹
(

𝐸𝑛(𝑡)
)

‖ ≤
(

1 + 𝜎𝐺1(𝜇) −
(

𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤
)

𝐻(𝜇)
)

× ‖𝐸𝑚 − 𝐸𝑛‖,

‖𝐹
(

𝑈𝑚(𝑡)
)

− 𝐹
(

𝑈𝑛(𝑡)
)

‖ ≤
(

1 + 𝜆𝑢𝐻1(𝜇) −
(

𝜑 + 𝛬𝑢 + 𝜃𝑢
)

𝐼(𝜇)
)

× ‖𝑈𝑚 − 𝑈𝑛‖,

‖𝐹
(

𝑉𝑚(𝑡)
)

− 𝐹
(

𝑉𝑛(𝑡)
)

‖ ≤
(

1 + 𝜆𝑣𝐻2(𝜇) − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝐽 (𝜇)
)

× ‖𝑉𝑚 − 𝑉𝑛‖,

𝐹
(

𝑊𝑚(𝑡)
)

− 𝐹
(

𝑊𝑛(𝑡)
)

‖ ≤
(

1 + 𝜆𝑤𝐻3(𝜇) −
(

𝜑 + 𝛬𝑤 + 𝜃𝑤
)

𝐾(𝜇)
)

× ‖𝑊𝑚 −𝑊𝑛‖,

‖𝐹
(

𝑅𝑚(𝑡)
)

− 𝐹
(

𝑅𝑛(𝑡)
)

‖ ≤
(

1 + 𝛬𝑢𝐼1(𝜇) + 𝛬𝑣𝐽1(𝜇) + 𝛬𝑤𝐾1(𝜇) − 𝜑𝐿(𝜇)
)

× ‖𝑅𝑚 − 𝑅𝑛‖,

‖𝐹
(

𝐷𝑚(𝑡)
)

− 𝐹
(

𝐷𝑛(𝑡)
)

‖ ≤
(

1 + 𝜃𝑢𝐼2(𝜇) + 𝜃𝑣𝐽2(𝜇) + 𝜃𝑤𝐾2(𝜇) − 𝜑𝑀(𝜇)
)

× ‖𝐷𝑚 −𝐷𝑛‖,

(16)

here

1 − (𝜑 + 𝜎)𝐺(𝜇)
)

< 1,

1 + 𝜎𝐺1(𝜇) −
(

𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤
)

𝐻(𝜇)
)

< 1,
(

1 + 𝜆𝑢𝐻1(𝜇) −
(

𝜑 + 𝛬𝑢 + 𝜃𝑢
)

𝐼(𝜇)
)

< 1,
(

1 + 𝜆𝑣𝐻2(𝜇) − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝐽 (𝜇)
)

< 1,
(

1 + 𝜆𝑤𝐻3(𝜇) −
(

𝜑 + 𝛬𝑤 + 𝜃𝑤
)

𝐾(𝜇)
)

< 1,
(

1 + 𝛬𝑢𝐼1(𝜇) + 𝛬𝑣𝐽1(𝜇) + 𝛬𝑤𝐾1(𝜇) − 𝜑𝐿(𝜇)
)

< 1,
(

1 + 𝜃𝑢𝐼2(𝜇) + 𝜃𝑣𝐽2(𝜇) + 𝜃𝑤𝐾2(𝜇) − 𝜑𝑀(𝜇)
)

< 1.

Therefore, the self mapping 𝐹 has a fixed point. We show that 𝐹
ulfils all of the prerequisites in Proposition 3.1. Assuming (15) and
16) hold, we use 𝜌 = (0, 0, 0, 0, 0, 0, 0) and

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(

1 − (𝜑 + 𝜎)𝐺(𝜇)
)

< 1,
(

1 + 𝜎𝐺1(𝜇) −
(

𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤
)

𝐻(𝜇)
)

< 1,
(

1 + 𝜆𝑢𝐻1(𝜇) −
(

𝜑 + 𝛬𝑢 + 𝜃𝑢
)

𝐼(𝜇)
)

< 1,
(

1 + 𝜆𝑣𝐻2(𝜇) − (𝜑 + 𝛬𝑣 + 𝜃𝑣)𝐽 (𝜇)
)

< 1,
(

1 + 𝜆𝑤𝐻3(𝜇) −
(

𝜑 + 𝛬𝑤 + 𝜃𝑤
)

𝐾(𝜇)
)

< 1,
(

1 + 𝛬𝑢𝐼1(𝜇) + 𝛬𝑣𝐽1(𝜇) + 𝛬𝑤𝐾1(𝜇) − 𝜑𝐿(𝜇)
)

< 1,
(

1 + 𝜃𝑢𝐼2(𝜇) + 𝜃𝑣𝐽2(𝜇) + 𝜃𝑤𝐾2(𝜇) − 𝜑𝑀(𝜇)
)

< 1.

Thus, each condition in Proposition 3.2 is satisfied by the self-map 𝐹 .
Hence, 𝐹 is Picard 𝐹 -stable. □

4. Basic reproduction number and sensitivity analysis

4.1. Basic reproduction number

To derive the basic reproduction number associated with model (6),
it is necessary to first find the disease-free equilibrium of the model. By
disease-free equilibrium, we mean the case when there are no infections
in the population. Thus, all the contagious compartments of model (6)
are set to zero. That is, 𝐸 = 𝑈 = 𝑉 = 𝑊 = 0. Also, setting to zero

the fractional derivatives of non-infectious compartments in model (6)’s
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equations. That is, 𝐶D𝜇
𝑡 𝑆(𝑡) = 𝐶D𝜇

𝑡 𝐷(𝑡) = 0. Hence, the disease-free
equilibrium point, denoted as ℶ0, is given by

ℶ0 =
(

𝑆0, 𝐸0, 𝑈0, 𝑉 0, 𝑊 0, 𝑅0, 𝐷0) =
(

𝜁
𝜑
, 0, 0, 0, 0, 0, 0

)

. (17)

Now, we use the next generation matrix approach as described in [61]
to derive the basic reproduction number for model (6). In view of this
approach, the matrix  of the new infection terms evaluated at ℶ0 is
iven by

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0 𝓁 𝜉𝓁 𝛽𝓁 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

nd the matrix  of the transition terms at the given point ℶ0 is
btained as

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑏1 0 0 0 0
−𝜆𝑢 𝑏2 0 0 0
−𝜆𝑣 0 𝑏3 0 0
−𝜆𝑤 0 0 𝑏4 0
0 −𝛬𝑢 −𝛬𝑣 −𝛬𝑤 𝜑

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

here 𝑏1 = (𝜑 + 𝜆𝑢 + 𝜆𝑣 + 𝜆𝑤), 𝑏2 = (𝜑 + 𝛬𝑢 + 𝜃𝑢), 𝑏3 = (𝜑 + 𝛬𝑣 + 𝜃𝑣),
4 = (𝜑+𝛬𝑤 + 𝜃𝑤). Then, the largest eigenvalue of the next generation
atrix −1 is the needed effective reproduction number which is

iven by

0 =
𝓁𝜆𝑢
𝑏1𝑏2

+
𝓁 𝜉𝜆𝑣
𝑏1𝑏3

+
𝓁 𝛽𝜆𝑤
𝑏1𝑏4

. (18)

hree effective reproduction numbers are comprised in Eq. (18). The
irst number is 0𝑈 = 𝓁𝜆𝑢

𝑏1𝑏2
, it is defined as the number of new COVID-19

ases generated from the without taking any vaccine class of infected
ndividuals (𝑈), the second number is 0𝑉 = 𝓁 𝜉𝜆𝑢

𝑏1𝑏3
defined as the

number of cases generated from the first dose vaccination class of
infected individuals (𝑉 ) and the third number is 0𝑊 = 𝓁 𝛽𝜆𝑤

𝑏1𝑏4
, and

it defines the number of COVID-19 cases generated from the second
dose (full) immunization class of infected individuals (𝑊 ). Thus, the
expression for 0 in Eq. (18) can be written as

0 = 0𝑈 +0𝑉 +0𝑊 . (19)

4.2. Sensitivity analysis

In this section, the effects of all parameters associated with the basic
reproduction number 0 as expressed in (18) are evaluated with a view
to exploring the possible intervention strategies needed to prevent and
control COVID-19 transmission in a population. For this purpose, we
follow the ideas of authors in [19,50,53,54] in order to obtain the
sensitivity of 0 in terms of each of its parameters with the use of the
analytical expression given as

0
𝑝 =

𝑝
0

×
𝜕0
𝜕𝑝

, (20)

here 𝑝 is any parameter contained in 0. According to the relation
20), we obtain the analytical sensitivity indices of the reproduction
umber 0 with respect to the parameters of model (6) as follows:

0
𝓁 = 𝓁

0

[

𝜆𝑢
𝑏1𝑏2

+
𝜉𝜆𝑣
𝑏1𝑏3

+
𝛽𝜆𝑤
𝑏1𝑏4

]

,

0
𝜉 =

𝜉
0

[

𝓁𝜆𝑣
𝑏1𝑏3

]

,

0
𝛽 =

𝛽
0

[

𝓁𝜆𝑤
𝑏1𝑏4

]

,

0
𝜑 =

𝜑
[

−
𝓁𝜆𝑢
2

−
𝓁𝜆𝑢

2
−

𝓁𝜉𝜆𝑣
2

−
𝓁𝜉𝜆𝑣

2
−

𝓁𝛽𝜆𝑤
2

−
𝓁𝛽𝜆𝑤

2

]

,

0 𝑏1𝑏2 𝑏1𝑏2 𝑏1𝑏3 𝑏1𝑏2 𝑏1𝑏4 𝑏1𝑏4

6

0
𝜆𝑢

=
𝜆𝑢
0

[

𝓁
𝑏1𝑏2

−
𝓁𝜆𝑢
𝑏21𝑏2

−
𝓁𝜉𝜆𝑣
𝑏21𝑏3

−
𝓁𝛽𝜆𝑤
𝑏21𝑏4

]

,

0
𝜆𝑣

=
𝜆𝑣
0

[

−
𝓁𝜆𝑢
𝑏21𝑏2

+
𝓁𝜉
𝑏1𝑏3

−
𝓁𝜉𝜆𝑣
𝑏21𝑏3

−
𝓁𝛽𝜆𝑤
𝑏21𝑏4

]

,

0
𝜆𝑤

=
𝜆𝑤
0

[

−
𝓁𝜆𝑢
𝑏21𝑏2

−
𝓁𝜉𝜆𝑣
𝑏21𝑏3

+
𝓁𝛽
𝑏1𝑏4

−
𝓁𝛽𝜆𝑤
𝑏21𝑏4

]

,

0
𝛬𝑢

=
𝛬𝑢
0

[

−
𝓁𝜆𝑢
𝑏1𝑏22

]

,

0
𝛬𝑣

=
𝛬𝑣
0

[

−
𝓁𝜉𝜆𝑣
𝑏1𝑏23

]

,

0
𝛬𝑤

=
𝛬𝑤
0

[

−
𝓁𝛽𝜆𝑤
𝑏1𝑏24

]

,

0
𝜃𝑢

=
𝜃𝑢
0

[

−
𝓁𝜆𝑢
𝑏1𝑏22

]

,

0
𝜃𝑣

=
𝜃𝑣
0

[

−
𝓁𝜉𝜆𝑣
𝑏1𝑏23

]

,

0
𝜃𝑤

=
𝜃𝑤
0

[

−
𝓁𝛽𝜆𝑤
𝑏1𝑏24

]

.

Therefore, the numerical sensitivity indexes of model (6), using 0 as
a response function, are obtained by evaluating the above analytical
results at the baseline values of the model parameters presented in
Table 1. The results obtained are shown in Fig. 3.

5. Numerical scheme

Here, we present the numerical scheme for our suggested fractional
model for the dynamics of COVID-19 dissemination after vaccination.
By following the idea reported in [50,54,62], we consider the Cauchy
problem associated with the CFD given as
c
0D

𝜇
𝑡 ℧(𝑡) = X (𝑡,℧(𝑡)) , ℧(0) = ℧0. (21)

he Cauchy problem (21) is transformed by using the Caputo integral

(𝑡) − ℧(0) = 1
𝛤 (𝜇) ∫

𝑡

0
X (𝜁,℧(𝜁 )) (𝑡 − 𝜁 )𝜇−1 𝑑𝜁. (22)

At the point 𝑡𝚥+1 = (𝚥 + 1)ℎ and 𝑡𝚥 = 𝚥ℎ, 𝚥 = 0, 1, 2,… with ℎ being the
time step, Eq. (22) is formulated as

℧(𝑡𝚥+1) − ℧(0) = 1
𝛤 (𝜇) ∫

𝑡𝚥+1

0
X (𝜁,℧(𝜁 )) (𝑡𝚥+1 − 𝜁 )𝜇−1 𝑑𝜁, (23)

which can be written as

℧(𝑡𝚥+1) = ℧(0) + 1
𝛤 (𝜇) ∫

𝑡𝚥+1

0
X (𝜁,℧(𝜁 )) (𝑡𝚥+1 − 𝜁 )𝜇−1 𝑑𝜁. (24)

Using the Lagrange polynomial [19,20,33,54], and simplifying the
integral on the right side, Eq. (24) is changed into Eq. (25).

℧𝚥+1 = ℧0 +
1

𝛤 (𝜇)

𝚥
∑

𝑟=0

[

X (𝑡𝑟,℧𝑟)
ℎ ∫

𝑡𝚥+1

𝑡𝚥
(𝜁 − 𝑡𝑟−1) (𝑡𝚥+1 − 𝜁 )𝜇−1 𝑑𝜁

−
X (𝑡𝑟−1,℧𝑟−1)

ℎ ∫

𝑡𝚥+1

𝑡𝚥
(𝜁 − 𝑡𝑟) (𝑡𝚥+1 − 𝜁 )𝜇−1 𝑑𝜁

]

. (25)

implification of Eq. (25) yields the following numerical approach for
he Caputo derivative:

𝚥+1 = ℧0 +
ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟,℧𝑟)

[

(𝚥 − 𝑟 + 1)𝜇 (𝚥 − 𝑟 + 2 + 𝜇)

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 2 + 2𝜇)
]

− ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟−1,℧𝑟−1)

[

(𝚥 − 𝑟 + 1)𝜇+1

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 1 + 𝜇)
]

. (26)
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Thus, in terms of our model, we get

𝑆𝚥+1 = 𝑆0 +
ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟, 𝑆𝑟)

[

(𝚥 − 𝑟 + 1)𝜇 (𝚥 − 𝑟 + 2 + 𝜇)

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 2 + 2𝜇)
]

− ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟−1, 𝑆𝑟−1)

[

(𝚥 − 𝑟 + 1)𝜇+1

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 1 + 𝜇)
]

,

𝐸𝚥+1 = 𝐸0 +
ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟, 𝐸𝑟)

[

(𝚥 − 𝑟 + 1)𝜇 (𝚥 − 𝑟 + 2 + 𝜇)

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 2 + 2𝜇)
]

− ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟−1, 𝐸𝑟−1)

[

(𝚥 − 𝑟 + 1)𝜇+1

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 1 + 𝜇)
]

,

𝑈𝚥+1 = 𝑈0 +
ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟, 𝑈𝑟)

[

(𝚥 − 𝑟 + 1)𝜇 (𝚥 − 𝑟 + 2 + 𝜇)

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 2 + 2𝜇)
]

− ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟−1, 𝑈𝑟−1)

[

(𝚥 − 𝑟 + 1)𝜇+1

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 1 + 𝜇)
]

,

𝑉𝚥+1 = 𝑉0 +
ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟, 𝑉𝑟)

[

(𝚥 − 𝑟 + 1)𝜇 (𝚥 − 𝑟 + 2 + 𝜇)

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 2 + 2𝜇)
]

− ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟−1, 𝑉𝑟−1)

[

(𝚥 − 𝑟 + 1)𝜇+1

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 1 + 𝜇)
]

,

𝑊𝚥+1 = 𝑊0 +
ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟,𝑊𝑟)

[

(𝚥 − 𝑟 + 1)𝜇 (𝚥 − 𝑟 + 2 + 𝜇)

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 2 + 2𝜇)
]

− ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟−1,𝑊𝑟−1)

[

(𝚥 − 𝑟 + 1)𝜇+1

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 1 + 𝜇)
]

,

𝑅𝚥+1 = 𝑅0 +
ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟, 𝑅𝑟)

[

(𝚥 − 𝑟 + 1)𝜇 (𝚥 − 𝑟 + 2 + 𝜇)

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 2 + 2𝜇)
]

− ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟−1, 𝑅𝑟−1)

[

(𝚥 − 𝑟 + 1)𝜇+1

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 1 + 𝜇)
]

,

𝐷𝚥+1 = 𝐷0 +
ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟, 𝐷𝑟)

[

(𝚥 − 𝑟 + 1)𝜇 (𝚥 − 𝑟 + 2 + 𝜇)

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 2 + 2𝜇)
]

− ℎ𝜇

𝛤 (𝜇 + 2)

𝚥
∑

𝑟=0
X (𝑡𝑟−1, 𝐷𝑟−1)

[

(𝚥 − 𝑟 + 1)𝜇+1

−(𝚥 − 𝑟)𝜇 (𝚥 − 𝑟 + 1 + 𝜇)
]

.

It is worthy to mention that different numerical techniques apart
rom Lagrange polynomial, such as modified Euler’s method, Adams–
ashforth scheme and Newton polynomial among others, have been
onsidered to approximate problem of the form (21) by many au-
hors [50,60,63].

. Data fitting, numerical simulations and results

Using data for the estimation of some unknown parameters used
n the construction of the model is an important step to take during
odel validation. In particular, the proposed model is calibrated to
7

Table 1
Estimated parameter values of model (Fig. 1).

Parameter Value Source

𝜑 1∕(69.66 × 365) [15]
𝜁 54 802.74 Estimated from [15]
𝜆𝑢 0.0236 Fitted
𝜆𝑣 0.0131 Fitted
𝜆𝑤 0.0121 Fitted
𝜃𝑢 0.0105 Estimated from [15]
𝜃𝑣 0.0036 Fitted
𝜃𝑤 0.0045 Fitted
𝛬𝑢 1∕15 [27]
𝛬𝑣 1∕15 [27]
𝛬𝑤 1∕15 [27]
𝓁 0.1310 Fitted
𝜉 0.3851 Fitted
𝛽 0.1536 Fitted

gain insights into the COVID-19 burden in terms of the newly daily
infected cases during the vaccination regime. In this context, we make
use of the publicly available daily reported COVID-19 cases data for
India between 01 August 2021 and 21 July 2022, as published in [15].

To fit the model with the cumulative daily reported cases of COVID-
19 (which is obtained from the daily reported cases data from August
01 2021 to July 21 2022), we make use of the least squares method
with a view to optimize the summation of squared errors defined by
∑

(

D(𝑡, 𝜙) −D𝑟𝑒𝑎𝑙
)2 subject to the COVID-19 model (1), where D𝑟𝑒𝑎𝑙 is

he real cumulated daily reported COVID-19 data, D(𝑡, 𝜙) is the model
olution corresponding to the cumulated daily reported cases of COVID-
9 data over time 𝑡, while 𝜙 is the target set of estimated parameters.
y following the ideas in [24,64], the fitting process is successfully

mplemented with the use of fmincon software package in MATLAB.
he values of the demographic parameters 𝜁 and 𝜑 along with 𝜆𝑢 are

estimated, the values of 𝛬𝑢, 𝛬𝑣 and 𝛬𝑤 are taken from the established
iterature, so that the target set of estimated parameters from fitting is
=
{

𝜆𝑢, 𝜆𝑣, 𝜆𝑤, 𝜃𝑣, 𝜃𝑤,𝓁, 𝜉, 𝛽
}

.
The average lifespan in India is 69.66 years [15], so that the

demographic parameter 𝜑 is estimated as 1∕(69.66×365) day-1. The total
population of India in 2021 was estimated to be 1,393,409,033 [15].
Thus, the total population at initial time 𝑡 = 0 is set at 𝑁(0) =
1 393 409 033. We further assume that the limiting COVID-19 free total
human population is 𝜁∕𝜑 = 1 393 409 033, so that 𝜁 = 54 802.74 day-1.
On August 01 2021, the numbers of reported new COVID-19 cases and
deaths were 40 134 and 422, respectively. Then, 𝜃𝑢 is estimated as 𝜃𝑢 =
422∕40134 = 0.0105 day-1. The recovery period for COVID-19 infection,
on average, is around 15 days [27], so that we fix 𝛬𝑢 = 𝛬𝑣 = 𝛬𝑤 = 1∕15
ay-1.

Finally, we obtain the values of the remaining unknown biological
arameters by fitting the model to the COVID-19 real data along with
he initial conditions estimated as follows: Since there were 40 134
ewly reported COVID-19 cases on August 01 2020, we assume that
(0) = 5

1000 × 40134 ≈ 201 and 𝑊 (0) = 1
1000 × 40134 ≈ 40, so

that 𝑈 (0) = 40134 − (𝑉 (0) + 𝑊 (0)) = 39 893. The number of exposed
individuals is assumed to be 20 times that of symptomatic infected
individuals, so that 𝐸(0) = 20 × (𝑈 (0) + 𝑉 (0) + 𝑊 (0)) = 802 680.
On this particular date, there were 36,808 and 422 recoveries and
deaths, respectively, so we set 𝑅(0) = 36 808 and 𝐷(0) = 422. It is
straightforward to obtain the susceptible population at time 𝑡 = 0 as
𝑆(0) = 𝑁(0) − (𝐸(0) +𝑈 (0) + 𝑉 (0) +𝑊 (0) +𝑅(0) +𝐷(0)) = 1 392 528 989.

The estimated parameter values obtained from the fitting process
are displayed in Table 1. For the COVID-19 outbreaks with the esti-
mated parameter values given in Table 1, the estimated value of the
control reproduction number, 0, is approximately 0 = 1.083.

Fig. 2 provides the comparison of the actual data and the model’s
prediction for the number of COVID-19-infected patients in India with
the corresponding residuals distribution. Fig. 2(b) shows that residuals
are randomly distributed. In this manner, it is sound to say that
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Fig. 2. (a) A graphical comparison of India COVID-19 case data and model prediction between 01 August 2021 and 21 July 2022, (b) Distribution of the residuals of the model
simulation.
Fig. 3. Sensitivity indexes of 0 with respect to the parameters defining it.
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he estimates obtained from the fitting process are reasonable. These
llustrations make it clear to the reader that mathematical models
ffer a lot of potentials when it comes to articulating challenges that
re encountered in the real world. In computing approximations for
athematical models of infectious illnesses, the CFD operator is very

rustworthy and efficient.
In Fig. 3, the numerical values of the sensitivity indexes of the

eproduction number, 0, to the parameters defining it are graphically
hown.

Fig. 4 shows the behaviours of susceptible people 𝑆(𝑡) and exposed
eople 𝐸(𝑡) versus time 𝑡 in days with variation in the memory index 𝜇
t different values of 0.7, 0.8, 0.9 and 1.

In Fig. 5, the behaviours of infected people who did not receive any
accine 𝑈 (𝑡), infected people who received the first dose of vaccine 𝑉 (𝑡)
nd infected people who received the second (full) dose of vaccine 𝑊 (𝑡)
 l

8

ersus time 𝑡 in days with variation in the memory index 𝜇 at different
alues of 0.7, 0.8, 0.9 and 1 are illustrated.

In addition, Fig. 6 displays the behaviours of recovered people 𝑅(𝑡),
nd dead people 𝐷(𝑡) versus time 𝑡 in days with variation in the memory
ndex 𝜇 at different values of 0.7, 0.8, 0.9 and 1.

Also, we demonstrate the results obtained from the simulations of
he COVID-19 model with classical derivative graphically. Fig. 7(a)
ompares populations with symptoms of infection who have not had
ny vaccination, those who have received their first dosage, and those
ho have received their second dose (full) of vaccination. A red line

hows populations that have not gotten any vaccinations. Dashed black
nd continuous blue lines represent the populations that have had
heir first and second doses of the vaccine, respectively. Similarly,
ig. 7(b) depicts the comparison of the dynamics of recovered and dead
ndividuals. A red line shows people being recovered, and dashed black
ines represent the dead people.
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Fig. 4. Dynamical behaviour of (a) susceptible population, (b) exposed population in India for different 𝜇 values from 01 August 2021 to 21 July 2022.

Fig. 5. Dynamical behaviour of symptomatic infected population (a) without vaccination, (b) after the first dose vaccination, (c) after the second dose (full) vaccination for
different 𝜇 values from 01 August 2021 to 21 July 2022 in India.

9
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Fig. 6. Dynamical behaviour of (a) recovered population, (b) dead population in India for different 𝜇 values from 01 August 2021 to 21 July 2022.
Fig. 7. Time series for (a) various infected populations, (b) recovered and dead populations using the classical derivative and estimated parametric values from 01 August 2021
to 21 July 2022. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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7. Discussion

In the present section, we discuss the results arising from the
numerical experiment carried out on the classical and fractional-order
COVID-19 models under Section 6.

From Fig. 3, it is observed that of all the positive indices, the effec-
tive contact rate, 𝓁 has the highest. Therefore, 𝓁 is regarded the most
sensitive parameter from the set of parameters with positive index.
For example, the computed result 0

𝓁 = +1 suggests that an increase
or decrease) of the value of 𝓁 by 100% will increase (or decrease)
0 by 100%. However, the recovery rate of the symptomatic infected

eople without taking any vaccine, 𝛬𝑢, is considered the most sensitive
arameter of all the parameters with negative sensitivity indexes shown
n Fig. 3 because it has the highest index value. In particular, the result
0
𝛬𝑢

= −0.6541 means that due to an increase (or decrease) of the
ecovery rate of the symptomatically infected people without taking
ny vaccine by 10%, the basic reproduction number 0 of the Caputo
ractional order COVID-19 model (6) will decrease (or increase) by
.541%. Consequently, the sensitivity analysis of model (6) provides
seful information about the transmission dynamics of COVID-19 in
ndia.
10
Fig. 4(a) shows that when the value of 𝜇 declines, the number
f susceptible people drops fast and converges to zero. The graph in
ig. 4(b) for exposed persons demonstrates that when the value of
decreases, so does the growth rate of the exposed compartment.

ig. 5(a) indicates that the symptomatic infected population grows
apidly with non-integer values of 𝜇, but the infection rate decreases
s the value of 𝜇 decreases. It also demonstrates that the number
f infected people is much smaller at a faster rate (𝜇 = 0.7). The
umber of symptomatic infected people after the first dose vaccination
nd complete vaccination also increases for different values of 𝜇, as
epicted in Figs. 5(b) and 5(c), respectively. Similarly, a change in 𝜇
auses individuals to recover relatively quickly, as seen in Fig. 6(a).
inally, Fig. 6(b) illustrates people in the dead class, which decreases
ith fractional values of 𝜇.

Fig. 7(a) demonstrates that after getting both doses of the vac-
ination, the number of infected persons was much lower than the
umber of infected people who had not received the vaccine. It is
hown that a direct relationship exists between the recovered and dead
ompartments as seen in Fig. 7(b). In other words, the number of deaths
ncreases as the number of recoveries increases, following the increased
umber of infected individuals in the population.
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7.1. Current situation

The first case of COVID-19 was reported in India on 30 January
2020 [44]. As of 1 June 2022, India had reported a total of 43, 847, 065
confirmed cases, with 525,930 deaths. By 16 December 2022, the total
number of cases was 44, 675, 609, including 44, 141, 255 recoveries and
530,663 deaths [65].

7.2. Challenging issues

The greatest challenge in defeating the ongoing COVID-19 pandemic
is understanding its complex dynamics. COVID-19 virus evolves as
changes in its genetic code occur during replication of the genome.
In the second wave of COVID-19, the Omicron variant was discovered
with continuous rise in cases [66]. In July 2022, the Omicron variant of
concern was the dominant variant circulating around the world. Specif-
ically, Omicron was the dominant variant with 97.6%, and BA.2 being
the major sub lineage with 40.8% percent In India [67]. To effectively
control the pandemic, vaccine is a highly effective intervention which
can considerably reduce the number of infections in the population.
A number of vaccines are available for COVID-19, but how these
vaccines can be helpful to eradicate the disease is still unknown [66].
Researchers suggest that vaccines are slightly less effective against most
of the variants, which may lead to a free spread of the variance [53].
Thus, appropriate and timely application of precautionary measures
can essentially diminish the number of newly infected cases globally.

7.3. Government policies proposed

Since the first case of COVID-19 was reported in India, the Indian
government has been concerned with the implementation of high mea-
sures to lower the rate of disease spread. One of the approach taken
by the government during the pre-vaccination regime was to restrict
population movements. On 22 March 2020, India observed a day-long
countrywide public curfew. Moreover, the government has imposed
21 days nationwide lockdown, counting from 25 March 2020 [44]. A
number of other non-pharmaceutical measures were put in place. These
include banning travel, closing schools and workplaces, limiting the
size of gatherings, maintain social distancing, wearing of face masks
in public, and washing hands regularly [55]. To additionally help in
relieving the spread of COVID-19 in the country, contact tracing of
suspected contaminated cases was stepped up and detected cases are
immediately positioned in isolation for treatment [53,55]. It has been
observed that people who strictly adhere to precautionary measures are
occasionally infected [53]. Interestingly, COVID-19 vaccines became
available in the country in January 2021, and the government com-
menced mass administration of vaccine during the month [13]. As of
16 December 2022, 2, 199, 939, 635 people have received at least first
dose of vaccine [65]. However, combining vaccination strategy with
non-pharmaceutical measures has been helpful in the course of fighting
against the community spread of COVID-19 pandemic in India, and at
global level.

7.4. Future prospects offered

In actual sense, the incidence rates of COVID-19 have been reduced
since the commencement of vaccine administration in different coun-
tries around the world. In particular, India has witnessed a considerable
reduction in the incidence rates of the pandemic dated back to 16
January 2021 when mass vaccine administration commenced in the
country. However, this level of infections in the country can be at-
tributed to the combined efforts of vaccine with some public awareness,
prevention and treatment roles which the individuals and government
health workers have been applied.
11
Thus, to ensure the protection of the population, our study proposes
integer-order and fractional-order deterministic models with unvacci-
nated, first dose-vaccinated and second dose-vaccinated infected indi-
viduals. As observed from the sensitivity analysis, to adequately reduce
the community spread of COVID-19, it is vital to reduce the transmis-
sion probability per contact, 𝓁, and increase the rate of recovery of the
unvaccinated infected persons 𝛬𝑢. Therefore, despite the huge success
of vaccination intervention in COVID-19 control, the efforts of mass
vaccination need to be continuously enhanced by personal protection
and case management control in order to considerably reduce the sus-
ceptibility of the vaccinated individuals to re-infection and the disease
prevalence in the population.

8. Conclusions

In this paper, a mathematical model was devised and examined to
better explain the dynamics of COVID-19 pandemic following vacci-
nation in India. The equilibrium point for the stated model has been
calculated. The basic reproduction number related to the model is also
estimated using the next generation matrix technique. To aid the results
of theoretical model analysis, numerical simulations are performed. The
model is also trained using real-life data to predict cases of infected
populations in India as a case study. The results of the proposed model
match the real data very closely. This paper also examined the key
parameters that influence the dynamics of COVID-19 in the population
via a sensitivity analysis. It is shown that effective transmission rate
and the recovery rate of unvaccinated infected individuals are the most
sensitive parameters. Thus, for the disease control, reducing the virus
transmission and improving on the treatment regime for quick recovery
of the infected individuals in the population are critical, which can
be achieved by increasing the effort of vaccine uptake, ensure strict
adherence to self-protective measures, and provision of timely treat-
ment support for the infected people. Numerical simulations reveals
that the increase or decrease in the sizes of various epidemiological
classes vary at different memory index, and thereby implying that our
proposed fractional-order model in Caputo sense is helpful in better
understanding of the physical behaviour of COVID-19 transmission
and spread in a community. The study recommends that the Indian
government should take the necessary steps geared towards reducing
the basic reproduction number, 0, through the sensitive parameters.

It is worth mentioning that the compartmental models studied
in this paper are governed by autonomous systems of integer- and
fractional-order deterministic models. Also, a successful control strat-
egy which minimizes the numbers of COVID-19 infections and the
disease related deaths at the least possible cost is desirable by the
government, policy makers and health practitioners. Therefore, in line
with the results of the sensitivity analysis obtained in this study, it
is worthy to derive the intervention strategy required for an effective
control of COVID-19 in the population using the control measures such
as optimal personal protection and treatment at possible low cost by
formulating an appropriate optimal control framework for the Caputo
fractional-order model of COVID-19 dynamics.
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