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The biological processes involved in diseases like human immunodeficiency virus (HIV) and tuberculosis
(TB) require extensive research, particularly when both diseases occur together. This piece of research
delves to explore a new fractional-order mathematical model that examines the co-dynamics of HIV
and TB, taking into account the treatment effects. Although no definitive vaccine or cure for HIV
exists, antiretroviral therapy (ART) can slow disease spread and prevent subsequent complications.
The basic properties of the fractional model in the Caputo sense, including existence, uniqueness,
positivity, and boundedness, are proved using crucial mathematical tools. The disease-free and
endemic equilibria are determined for the co-infection model, along with the basic reproduction
numbers R for TB and Ry for HIV, using the next-generation matrix technique. A comprehensive
analysis is conducted to determine the local and global stability of the disease-free equilibrium point
by applying the Routh-Hurwitz criteria and constructing a Lyapunov function, respectively. The
stability of the disease-free state is also verified graphically by considering different initial conditions
and observing the convergence of the curves to the disease-free equilibrium point. Furthermore, the
model is examined under different scenarios by varying the reproduction numbers, specifically when
Ry < 1land Ry > 1,and when Ry > 1and Ry < 1. Using actual data from the USA from 1999

to 2022, crucial parameters are estimated. The final fitting of the model with real data demonstrates
how effectively the model framework aligns with the data. Finally, computational simulations are
performed for different cases to illustrate the behavior of the model solutions by varying the fractional
order derivative, as well as examining the solution’s behavior with respect to the stability points.

Keywords HIV/TB co-infection mathematical model, Treatment effect, Caputo fractional derivative,
Reproduction numbers, Local and global stability, Parameter estimation, Numerical simulations

Tuberculosis (TB) is a respiratory infection triggered by the microbe Mycobacterium tuberculosis. It is an
airborne-transmitted disease that mainly targets the lungs but can also affect other organs like the kidneys,
spine, and brain'. TB is a widely acknowledged disease that plays a major role in global mortality and morbidity.
Every year, TB continues to affect millions of people. According to latest report of WHO approximately 10.6
million new tuberculosis cases were documented worldwide in 2022, resulting in about 1.6 million deaths. It
is projected that 10.6 million people globally will have contracted TB by 2021, and that 1.6 million of those
cases will result in fatalities. While, in 2020, about 10 million people were affected by TB, with the number of
deaths rising to approximately 1.5 million, largely due to the impact of the COVID-19 pandemic?. The treatment
for TB typically involves a 6-month regimen of antibiotics, including isoniazid, pyrazinamide, rifampin, and
ethambutol, which play a key role in bolstering the immune system. Integrating antiretroviral therapy (ART)
is essential for improving patient survival, with recommendations suggesting its initiation within 8 weeks of
starting TB therapy, or within 2 weeks for individuals with CD4 levels® below 50 cells per mm?®.

Human Immunodeficiency Virus (HIV) damages the defense system by targeting critical immunity cells,
which results in Acquired Immunodeficiency Syndrome (AIDS). The human body is more prone to potentially
fatal opportunistic infections and tumors when living with AIDS. Rectal secretions, breast milk, semen, and
vaginal fluids are among the bodily fluids from an infected person that can be shared*. Other ways of transmission
include sharing needles/razors, engaging in unprotected sex, and breastfeeding or childbirth. HIV does not
spread through casual contact such as handshakes or hugging. HIV remains a critical global concern, marked
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by a substantial mortality rate. According to the most recent UNAIDS Global HIV Statistics, approximately 38.4
million people worldwide are living with HIV. Sub-Saharan Africa continues to be the most impacted region by
the epidemic, with the greatest prevalence rates’. HIV treatment primarily relies on antiretroviral therapy (ART),
a lifelong approach that combines multiple medications to control the virus, halt its progression to AIDS, and
enhance overall well-being. ART works by lowering the viral load to undetectable levels, thereby safeguarding
the immune system and maintaining CD4+ T cell functionality. Consistent adherence to the regimen is essential
to avoid drug resistance and sustain viral control. Routine blood tests are conducted to monitor the treatment’s
effectiveness. While ART does not eradicate the virus, it significantly extends an individual’s life expectancy,
promotes a healthy life, and prevents further transmission of HIV.

Mathematical modeling within applied mathematics is devoted to formulating equations that help represent
and understand different phenomena, employing diverse tools to handle complex equations and generate
accurate forecasts®. By linking theoretical concepts with real-world phenomena, mathematical modeling plays
a vital role in enhancing our ability to analyze, predict, and solve a wide range of problems, particularly in
healthcare, where it aids in understanding disease transmission and developing strategies to improve public
health’. Several academics have reported on mathematical modeling of HIV, TB, and HIV/TB co-infections in
recent years. However, most of these models do not incorporate the treatment of the diseases simultaneously.
Observational studies indicate that raising CD4 counts in individuals who are taking ART and anti-TB treatment
underscores the need for prompt and effective management of co-infections to enhance patient outcomes.
Tuberculosis can be treated and cured, typically requiring a minimum of six months of treatment for a complete
recovery. In contrast, HIV is currently incurable; however, antiretroviral therapy (ART) can suppress the virus.
Adhering to ART protocols can significantly extend the lifespan and improve the quality of life. TB and HIV are
complex structure diseases, as their interrelation intensifies the progression of each condition, which increases
the mortality rates. As a result, their co-infection is becoming a global issue®. Due to the impact of HIV on the
immune system, individuals with HIV are more susceptible to opportunistic infections, including TB. In this
context, TB is considered an opportunistic infection, as it exploits the weakened immune defenses of HIV-
positive individuals. According to reports from health organizations such as WHO and CDC, the mortality rate
is controlled by implementing healthcare and following treatment strategies. However, it can still be high in
regions with limited access to healthcare and in areas where precautionary measures are not addressed properly®.
This review examines recent progress in the pathogenesis, examination, and therapy of TB-HIV co-infection
and discusses the current challenges to achieving global control of this dual epidemic. Co-infection treatment
is a combination of ART therapy and anti-TB medication, which leads to drug-drug interaction affecting
treatment outcomes and improving the patient’s well-being!®. Observational studies indicate that raising CD4
counts in individuals who are taking ART and anti-TB treatment underscores the need for prompt and effective
management of co-infections to enhance patient outcomes'!. Delgado et al.!? examined TB dynamics, showing
that combining social programs with 3HP therapy and enhanced diagnosis rates leads to a significant reduction
in TB incidence and mortality.

The fractional derivative concept generalizes traditional differentiation, extending it to non-integer orders
and applying it to real or complex numbers!. This concept analyzes integrals and derivatives of arbitrary order,
proposing more flexible mathematical tools for modeling processes that show memory effect behavior!“. Various
disciplines, including physics, engineering, and finance, employ fractional derivatives to capture phenomena that
traditional integer-order derivatives cannot effectively describe!®. Additionally, the introduction of a Caputo-
type fractional derivative with adjustable memory effects is key to modeling complex systems that exhibit short
memory, offering a distinct mechanism to represent local memory influences!'®. By using fractional derivatives,
researchers can reveal hidden dynamics in infections that are not detectable with integer-order derivatives'”.

Fractional-order derivatives are used in this study to represent the time-dependent dynamics and memory
effects in disease progression and treatment responses. They allow for a more precise depiction of the delayed
and gradual treatment effects that integer-order models cannot fully capture. Although the treatment durations
and effectiveness for HIV and TB vary, fractional orders help account for these differences, including the
extended treatment time for TB due to drug resistance. The specific fractional orders chosen align with empirical
observations, ensuring a more accurate modeling of disease progression and treatment outcomes.

Ullah et al.!® proposed a fractional-order model for HBV-HIV co-infection in Taiwan, showing that effective
HBYV vaccination enhances co-infection dynamics. Their model, validated with real data, uses reproduction
numbers to evaluate equilibrium stability and predict outcomes, with fractional derivatives enhancing the
accuracy of modeling complex disease behaviors. Ullah et al.'® proposed a nonlinear fractional-order model
in the Caputo sense to study TB dynamics using data from Khyber Pakhtunkhwa, Pakistan (2002-2017). The
utilization of fractional derivatives improves the model’s fit to real data, offering deeper insights into TB dynamics
compared to classical approaches. Liu et al.? employ a nonlocal operator characterized by a Mittag-Leffler
kernel to investigate a TB-HIV co-infection model that considers the dynamics of recurrent tuberculosis and
reinfection from external sources. The study demonstrates the existence, uniqueness, and stability of solutions
using various mathematical techniques, and provides numerical results for various fractional and fractal
orders using the Adams-Bashforth method. In these models, researchers have analyzed the basic reproduction
number to measure contagiousness, evaluated equilibrium point stability, and studied how fractional operators
influence transmission dynamics. Techniques used in fractional models for co-infection dynamics include the
Caputo fractional derivative, Krasnoselskii fixed result, Laplace-Adomian decomposition, Hyers—Ulam stability
criteria, Banach fixed point theorem, methods like NSFD and TLPM, and the Adam-Bash fourth technique.
These techniques have been utilized to explore the existence and uniqueness of solutions and to depict the
numerical simulations. Comprehensively, these studies showcase the role of fractional calculus in understanding
the pattern of co-infection?!.

Scientific Reports |

(2025) 15:11465 | https://doi.org/10.1038/s41598-025-91871-7 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

Researchers are also showing interest in developing co-infection disease models using fractional calculus.
Aggarwal et al.?2 proposed a dual infection model and separately discussed both diseases. Numerical simulations
highlight the importance of combining detection efforts with treatment to reduce co-infection. Pinto and
Carvalho?® developed one of the foundational models for capturing the dynamics of co-infection transmission.
Their study covers different behavior of the model for various values of @ € [0.78,1.0]. Their model examines
vertical HIV transmission and treatment strategies for both diseases. Mallela et al.>* explore the co-infection
dynamics. Their studies show that taking HIV treatment and TB therapy simultaneously can reduce the mortality
rate. Momoh et al.”® introduced a mathematical model to describe the transmission dynamics of HIV/AIDS
and TB co-infection, designed to guide researchers and policymakers in optimizing the allocation of resources
for prevention and treatment efforts. Azeez et al.?® presented a TB-HIV co-infection model identifying two
equilibria: disease-free (stable when R < 1) and endemic (stable when R > 1). Simulations reveal that HIV
increases TB risk, with susceptible individuals eventually converging to the total population as the diseases
decline. Moya et al.?” propose an optimal control model to mitigate MDR-TB and XDR-TB, incorporating HIV/
AIDS and diabetes, and highlight the most efficient strategy for reduction. Awoke and Kassa?® developed a
co-infection model for HIV/TB that includes prevalence-dependent behavior and treatment strategies. Their
simulations showed that optimal prevention and treatment controls could reduce prevalence to below 3% within
10 years, with treatment being more effective than prevention alone. Teklu et al.”® show that implementing a mix
of protective measures, COVID-19 vaccination, and treatment is highly effective in controlling the spread of the
HBYV and COVID-19 co-epidemic.

Over time, various studies have explored TB’s epidemiology, pathogenesis, and treatment approaches,
highlighting its intricate dynamics. Sulayman et al.*’ analyze a deterministic TB transmission model, emphasizing
the impact of an imperfect vaccine and reinfection. They conclude that while such vaccines reduce transmission,
their efficacy and coverage are crucial for effective control. Das et al.’! investigate a SEIR TB model with time-
varying boundaries, analyzing stability at disease-free and endemic points based on the reproduction number
and bifurcation behavior. Kuddus et al.*? present a two-strain DS (Drug-Susceptible) and DR (Drug-Resistant)
TB model, demonstrating that increased drug use and inadequate treatment drive the rise of drug resistance
and the co-existence of strains. Similarly for HIV, Huo et al.>* propose a new HIV/AIDS model with a treatment
compartment, showing that the disease-free equilibrium is stable when Rj is less than one, and the endemic
equilibrium is stable when Ry exceeds one, supported by numerical simulations. D'Orso et al.* investigate
viral dynamics models for HIV-1 (Human Immunodeficiency Virus Type 1), focusing on latent reservoirs and
their impact on persistent infection. The models provide insights into viral load decay, the formation of latent
reservoirs, and the potential effectiveness of strategies like latency-reversing agents and gene therapies. Teklu et
al.3> develop a model showing that a combination of preventive and therapeutic controls effectively reduces HIV/
AIDS-TB co-infection, with therapeutic controls more effective for the infected. Teklu et al.*® present a model
for HBV and TB co-infection, demonstrating that combining protective and therapeutic strategies reduces co-
infection, with HBV treatment being the most cost-efficient.

Building on the referenced articles, we will establish and explore a fractional-order approach to modeling
the HIV-TB co-infection hypothesis using the Caputo derivative, incorporating real data from the USA. Our
mathematical modeling approach is unique in that it integrates treatment strategies for both diseases, a novel
aspect not previously addressed in HIV-TB co-infection models, and also includes the chronic stage of TB. This
integration will provide more precise and region-specific insights, distinguishing our study from earlier research.

This paper is structured into eight sections. Section “Fractional order model assumptions and formulation”
comprehensively covers the basic definitions, model formulation, existence and uniqueness of solution,
and finally positivity and boundedness of solution. Section “The equilibrium points within the co-infection
framework” covers the equilibrium point. Reproduction numbers for HIV and TB are discussed in section “Basic
reproduction number”. Section “Stability assessment” comprehensively covers the stability analysis and 3D graphs
under various conditions. Parameter estimation is done in section “Parameter estimation” Section “Numerical
simulations” comprises the numerical simulation. In the last section “Conclusion”, we end our study with a
conclusion.

Fractional order model assumptions and formulation

This section introduces the core definitions of the Caputo fractional derivative and outlines the transition from
integer-order to fractional-order model formulation.

Definition 1

(*7) The fractional derivative, as per Caputo’s definition, is of ordern > 0, n € RTis

C yn 1 /t —n—1
Dif(t) = =——— t—n)P £(n)dn, —l<n<p, pEN, (2.1)
¢ f(t) Tp =) O( n) (mdn, p P, P

where 0 < n < 1. Subsequently, it's obvious that © D} f(t) — f'(t) if n — 1.

Definition 2
The integral operator of the Caputo fractional derivative can be defined as
¢m 1 /t fFe) )t —n)"
Iif(t) = dn, (2.2)
TOTTw ), T e
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for0<n<1,t>0.

Definition 3
The Laplace transform of the Caputo fractional derivative applied to the function f(t) is expressed as

LD ()} = s"f(s) — s" " £(0). (2.3)

Model formulation

In this subsection, we comprehensively explain the formulation of our dual infection framework. Co-infection
with HIV and TB is widely acknowledged as a serious health condition, regardless of the HIV stage. And we
conclude that if the infected individual adheres to the medication regimen and precautionary measures can
enable them to lead a normal lifespan.

In this paper we split the individuals into nine compartments namely susceptible S(t), individuals suffering
from TB I7(t), chronic TB individuals Cr(t), TB individuals getting TB treatment 7’7 (¢), members recovered
from TB Rt (t), members infected with HIV I (t), people having co-infection I7# (), individuals reached the
AIDS stage Ay (t) and finally the treatment of HIV T ().

N@t)=8S@t)+ Iu(t)+ Ir(t) + Iru(t) + Au(t) + Cr(t) + Tu(t) + Tr(t) + Rr(t).

In our presented framework, the individuals under consideration are entering the S(t) compartment at a
constant rate ). It is also presume that the natural death rate is represented by p. All individuals within their
designated compartments are subject to natural death at a uniform rate . Also assumed that infected TB and
HIV individuals can become co-infected at the same time. Furthermore, keeping in mind that the therapy of
HIV takes longer time as compared to TB therapy. The TB virus can be transmitted to other classes if they came
in contact with the infected classes, given as

Br(Ir + Cr + ItH)

At: N .

Additionally, HIV can be transmitted to vulnerable individuals who come into contact with those who have HIV.
We also assume that individuals undergoing HIV treatment adhere to preventive measures to completely avoid
transmitting HIV. Therefore, the infection rate for HIV is described as

Ay — Bu (g + Au + Irn)
H= ~ .

A¢ and A\g are the transmission rate at which the susceptible head to the I and Iy respectively. It
individuals moves to the C with the progression rate a1 and some switch to the T’ at the rate of cva, also some
of the C'r moves to the Tr at the rate of a3. Some of the Cr also have the probability to get infected with HIV as
their immune system is vulnerable and shift to the I7x at the rate of Ag. Furthermore, co-infected individuals
might also move to the C'r at the rate of a4. Finally, the T shift to the Rr with the rate of 2 after getting the
TB therapy.

Individuals in the S(t) are at risk of contracting HIV, moving to the Iz with a force of infection Ax. Those
in I may transition to the co-infected class I7x due to exposure to TB-infected individuals with the force
of infection A7. From Iy, progression can lead to treated HIV infection, Ty, at the rate of o3, or advance to
the AIDS stage at rate o1. Individuals in Ay after exposure to TB may shift to I7y at rate Ar, while those
undergoing HIV treatment could move to T at rate 1. The co-infected class I7# also faces progression to
AIDS at rate o2. Furthermore, TB-recovered individuals remain susceptible to HIV reinfection, interacting with
Iy at rate Agr. Figure 1 illustrates the model’s hypotheses and propagation processes using a flowchart.

Examine the non-linear model that follows:

CDES =Q — ArS — AgS — uS,

CD?IH(t) =AuS —Mlyg—oi1lg —o3ly + AuRr — (uw+ pu)lo,

D¢ Ir(t) = ArS — Aglr — azlr — arlr — (u+ pr)Ir,

“DIrg = Al + Aulr + M A + AuCr — o2lry — aslrn — (p+ prn)Irw,
CD?AH(t) =oilg +oolrag — ArAg — 1A — (u+ 61)Am, (2.4)
“DyCr(t) = aaIr + aulrg — AuCr — asCr — (u + 62)Cr,

“DYTH(t) = v1An + oslyg — (n+ 64)Th,

“DYTr(t) = aolr + asCr — v2Tr — (p+ 63)Tr,

CD?RT(t) = ’)/QTT — A g Rt — /J,RT.

with initial conditions

S(0) > 0,11(0) > 0,Ir(0) > 0, Ir(0) > 0, Az (0) > 0,Cr(0) > 0,TH(0) > 0, (2.5)
> 0. '

Tr(0) > 0, Rr(0)

Adding up all the equations presented in (2.4) yields:
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Fig. 1. Diagrammatic representation of the disease model.

dN
2 = QS = (ptp)ln = (p+00)An — (u+64)Tu — (u+ pra)Ire — (p+ pr)Ir 26)
= (0 +02)Cr — (1 + 03)Tr — pRr.
The model (2.4) or its modified iteration, as specified by
C o
DY (1) = J(t,Y(1)),
{ Y(0) = Y, @7

where Y: [0, 00) — R? and J: R® — R? in a manner that
Y(t) = [S(t), Iu (), I (t), Iru (t), Au(t), Cr (), Tu (t), Tr(t), Rr ()] .
J(t) = [ODFS(0),S DY L (1), D Ant (), DY T (8),€ D Lraa (8),C D I (1), D O (£),€ DY Tr(1),” DY Rer(8)] "
= [Ji(t, S, In, I, Irmr, A, Cr, T, Tr, Rr]”

wheret =1,2,3,...9.

Existance and uniqueness of solution
Theorem 2.1 In (2.4), ] preserves Lipschitz continuity with respect to Y.

Proof Suppose the line segment L in R? associates points Y1 and Y» givenas L(Y1, Ya, q) = [Y1 + ¢(Y2 — Y1);
q €10,1], (Y2, Y1) € R?], for e € L(Y1, Yz, q) by employing the Mean Value Theorem, we get

I 7(Y2) = J(¥1)lloo = I| J'(€, Y2, Y1) oo, (2.8)

where || J'(€,Y2, Y1)l = || Z:;l(’TJi(E)(Y2 —Y1)eillo < ||7LZ:L:1 7Ji(e)|l [|Y2 — Y1|| s, since all partial
derivatives of J; are bounded,3 7 > 0; V 7(Y1, Y2,¢) CR?,|| >°" | 7Ji(e)|| < 7, implies that

[J(Y2) = J(Y1)[low < 7[IY2 — Y1|cc- (2.9
Therefore, for a given Y, J exhibits Lipschitz continuity. O

Theorem 2.2 Provided that the condition (2.9) is met for the initial data specified for ], a unique solution to the
model (2.4) can be found when

J(0,Y(0))=0 and T (B*I‘(1a)> <1

Proof Considering that J(0,Y (0)) = 0, it is necessary to demonstrate that Y () align with system (2.4) if and
only if it fulfills

Y (t) =€ I?J(t, Y (t)). (2.10)

By applying (2.2) to system (2.7), we obtain
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DY (0] = I Y ()
YO =YO0) + g [ =00V (o) G

Given J(0,Y(0)) = 0and Y (0) = Y0, Eq. (2.10) is thereby satisfied.

Alternatively, assuming that the solution (2.10) holds for Y (¢) with Y'(0) = Y, this condition results from
the requirement J(0, Y (0)) = 0. Therefore, the 1n1tial data satisfies the solution representation,

Let L be defined as L : D(n,R%) — D(n, R?), where n = (0, N).

LY 0] = YO + s / (t— 0)" (.Y () dp.
0
Then (2.11) becomes
LIY(8)] = Y (0). (2.12)

Let A : D[0, N] — DJ0, N] be defined in a way that Aw = u, where

u=u(t /ftp p)dp,

where f(t,p): 7 X n — R is the kernel of A, continuous in the region o =7 x 7. Then 3 fo € R such that
|f(t,p)| < fo, f(2, P)Ganandsupmlf(tpl<fo

[Awll, = f (t,p)Y

Since Y(p) and f(t,p) are continuous, therefore

IS f(t.p)Y (p)

‘fot f(tap)Y(p)den = Supten

< supien [y £t p)IIIY (p)| dp, hence

/ftp dp

with Y'(t) € D(n,R?), f(t,p) € D(n*,R?) such that:

Hf(t7 p)||7, = SUP(t,a)Enlf(tf p)‘v

< B If & ol V@I, » (2.13)

by (2.12) we have
LY (1) = LIYa ()]l < ||t Jo (= ) (J(6,Ya(8) = T (¢, Ya (1)) dp
Applying conditions (2.8) and (2.13), we obtain

n

ILVi(®)] = LIY2()]ll, <7 (B*F(la)> RAGESEI][M

Therefore, L would lead to a contradiction if T(B*ﬁ) < 1. Therefore, the Banach Contraction Principle
confirms the existence of a unique solution for the system (2.4). O
Positivity and boundedness of solutions

In the presented framework, every component incorporates the human community Therefore, it is crucial to

show that all compartments S(t), Ir (¢t), I7(t), Iru(t), Au(t), Cr(t), Tu(t), Tr(t), and Rr(t) are non-
negative for all ¢ > 0. Consequently, we examine the feasible region as follows:

Q
M = {(S IH,IT,ITH,AH,CT,TH,TT,RT ER |N “}.
Thus with the territory M we've the proceeding results.

Theorem 2.3 With the model equation (2.4) and the specified initial conditions (2.5), the system (2.4) is positive
foreveryt > 0.

Proof Assume 5 be supremum of a set for which certain condition hold
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s = sup{t >0: S(t) > 0, IH(t) > O,IT(t) > O,ITH(t) > O,AH(t) >0, CT(t) > 0,
Tu(t) > 0,Tr(T) > 0, Re(t) > 0}.

Then clearly 5 > 0. Suppose that S(0) > 0

%:Qf)\HSf)\TSf,uS:Qf(/\H+/\T+M)S.

Put g(t) = (A + Ar + p) . Multiplying both side by

t
exp (,ut +/ f(r) dT) >0
0
The previous equation simplifies to

%[S X exp (ut—l—/o g(t) dt>] =Q X exp <ut+/0 g(t) dt) ,

Integrating both sides over the interval ¢ = 0 to t = 5, we derive

S(8) X exp (us—!—/sg(t)dt) —S5(0)=Qx /Sexp (,uy—i— /yg(a:) d;r) dy.
0 0 0

We apply multiplication to both sides with

exp (—,u§— / g(t) dt) >0

S(5) = S(0) x exp (—,uj — /5 g(t) dt) + Q x exp <—M§ — /3 g(t) dt)
X /S exp (,uy—&— /y g(z) dm) dy.

Given that S(0) > 0, the positive terms within S are also positive. Likewise, we can prove that the quantities
Iy, It, Ita, Ag, Cr, Ty, Tr, and Rt remain non-negative for all ¢ > 0. Additionally any solution of model
(2.4) satisfies the consequences given S(0) > 0, Iz (0) > 0, I7(0) > 0, I (0) > 0, Az (0) > 0, Cr(0) > 0,
TH (O) 2 0, TT(O) Z 0 and RT(O) Z 0.

to get

= SO0 IO20 10)z0 @20 4020
Cr(0) 20, Tu(0)>0, Tr(0)=0, Rr(0)=0.
This completes the positivity proof. d

Boundedness of solutions
Theorem 2.4 All solutions to system (2.4) remain within bounds.

Proof The variable N represents the under consider individuals and is defined as
N(t)=S(t) + Iu(t) + Ir(t) + It (t) + Aa(t) + Cr(t) + Tu(t) + Tr(t) + Rr(t).
Differentiating w.r.t “t”, we get

AN(t) dS(t) . dIg(t)  dIr(t)  dlra(t)  dAp(t) | dCr(t)
- at @ @ T @t T a T a
dTy ()  dTr(t)  dRr(t
+ H()+ T()+ T()

dt dt dt

using the equation, we get that

dN
—— =Q—pS — (p+pa)la — (p+pr)Ir — (p+ pra)lre — (p+61)An

dt (2.14)
= (n+62)Cr — (1 +04)Tu — (n+ 63)Tr — pRr.
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Presume, under any initial setup, N (0) < > under which

Q
N(O) = S(O) + IH(O) + IT(O) + ITH(O) + AH(O) + CT(O) + TH(O) + TT(O) + RT(O).

We assert that

N(t) < @ for all ¢t > 0.
I
It is implied by (2.14) that
dN
A o
dt ns

Clearly

Q
lim sup N(t) < —.

t——+o0

This shows that N(f) and all other components S(t), I (t), I7(t), Ita(t), Au(t), Cr(t), Tu(t), Tr(t) and
Rr(t) are bounded. O

The equilibrium points within the co-infection framework
In analyzing the co-infection model, achieving equilibrium points involves simply setting the system (2.4) to
zero. The disease-free condition of the framework is characterized as

Q
EO = (Soa1217[%719"H7A%709"3T217T'1qaR'(I)") = <M30a0703070707030) . (31)

The point of equilibrium indicating the presence of the illness is signified by
E* = (S*a 11371;7 I;H7A27 C’;’W T;}aT’;7 R})?
where

Q
AL L
AH + p+ Ar

(Q)\H <7Q4K4K7)\?1(u + )\H) — )\H((Oéz — 03)04’)/2[{4 + K?(N =+ )\H)(G’sz + (Ot4 + G’z))xH))XT — ’\/2(0410430’2
+ 202 K5 + (sova + o (s + UZ)))\H))\%‘ + Ko Kq7(p+ A ) (—ouKudy — (02K5 + (s + 02)Au)Ar + K3(Ks + M)

(K4 + A1) + K3(Ka 4+ Ar)(caasyadr + (Ks + Mg ) (K7 + Aa(p+ Ag) + az'yzAT))))
I o=

(K2 4+ Au)(pn+ A+ Ar) (K1 K7 (e + A ) (—aaKadg — (02Ks + (a4 + 02)Au) At + K3(Ks + A ) (Ka + Ar))
+ Ar(—oudm (asy201 + Ka(asye + Ko (p+ An))) — (asouyeAg + Kr7(p + M) (02Ks + (s + 02)Am))Ar
+ Ky (K + Anr)(+ Anr) (K + m))

I* _ Q)\T
T Om A+ K2) O+ pt+ A7)

(Q/\\H)\T g(dl + K4)K7(K2 + A ) (Ks + Am)(p+ Au) + (alaszyeor + (Ks + A ) (aeyzo1 + K7 (k2 + Au) (1 + Ai))
+ Ka(K7(on 4+ Am)(p+ Am) (u 4 Am) + v2(caas + a2dm) + Ks(azye + K7(p 4 M)At + (K7(a1 + Mi) (4 + Amr)
+a(alas + ashm) + Ks(asya + Kr (i + Ae)Ae + K Kr(as + Ks + Awr) (i + Aer)(Ka + AT)))

*

ITH

(K2 + X)) (p + A 4 Ar) (K K7 (p 4 Mg ) (—a KAy — (02 K5 + (s + 02)Am)Ar + K3(Ks + A ) (Ka + Ar))
+ Ar(—audm(asyeor + Ka(asye + K7 (p+ Ar))) — (asaayeda + Kr(p+ Ar)(02K5 + (a4 + 02)Am))Ar
+ K3K7(Ks 4+ Am)(p + Ao ) (Ka + /\T>>>
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QA ( (01 + K7(K2 + ) (p+ Am)(—aady + Ks(Ks + Ar)) + ((—a2 + as)aay201 A5 + 201 K3(aras + az(Ks + An))
+ oo K7 (i + ) (K2 4+ A ) (Ks + Au) + Ki(on + Ks + Ar)))Ar + o2(K7(0a + Am) (g + Au )+

Yo(aras + asdn) + Ks(aoye + Kr(p 4 Am)))A5
AL =

(K2 + Am)(p 4 Ag + A7) (K K7 (p 4 A ) (—aaKadg — (02 K5 4 (a4 + 02) Mg ) A1 + K3(Ks + A ) (Ka + 1))
+ Ar(—asdpg(asy201 + Ki(osye + K7(p+ An))) — (asaayeAg + K7(p+ Au)(02K5 + (s + 02)Am))Ar
+ K3K7(Ks + M) (1 + M) (Ka + )\T)))

(Q)\T (cu(m + K)Kidu (K2 + Ag)(p+ Aa) + (e KsKa K7 (p + A ) + asdm (aeyzo1 + K7(Ko 4+ Aa) (1 + Ar)
+ Ka(aoye + K7(p 4 M)A 4 (azaayede + Ko(p + Aa)(—o1oe + a1 K3 + aadm))AF + K1 K7 (u+ Ai ) (—ai02

Ar + a1 K3(Ky + Ar) + aadug (Ka + )\))))
o =

(K2 4+ Xi)(p 4+ A 4+ Ar) (K K7 (pn 4 A ) (—aa Kadg — (02 K5 4+ (o + 02)Am)Ar + K3(Ks + Au)(Ka + Ar))
+ Ar(—audm(azy201 + Ka(azvys + Ko (g + M) — (asouyedm + K7 (o + M) (02Ks + (o + 02)Am)) A
+ KaKn(Ks + ) (1 + ) (K + ) )

<Q/\H (*044(7101 + 03K4)K7)\§{(,u + Ar) + (o2 K1 Kr(on + Ks + Am) (1 + Am) + Aa((—az + as)asyiy2o1+

(—a2 + az)auye03 Ky + K7(pn+ A ) (02(y1 — 03) Ks + (7102 — (@4 + 02)03)Am)))Ar + (a1asy202(y1 — 03)

+ 2 (aey102 + asaaos — az(ou + 02)03) A + Y102 K7 (a1 + M) (p+ Am) + ceKs (a2 (11 — o3) + 1 K7

(1t + M)A + Ks(y101 + 03(Ka + M) (@rasyvedr + (Ks + M) (Ko (n 4 M) + azyedr)) + Ko Ko (i + Air)
(o2(71 — 03)KsAr — A (cuyi01 + auos Ky + (—y102 + (s + 02)03) A7) + K3(Ks + M)

(7101 + 03(Ks + )\T)))))

Ko(Ka + Am)(pp+ Ax + A1) (K1 K7 (p + A ) (—ouKadg — (02 K5 4 (oia + 02) Am) Ar + K3(K5 + A ) (K4 + A1)
+ Ar(—audm (asy201 + Ka(asye + Kr(p+ Ar))) — (asaayeda + K7(p + ) (02Ks + (a4 + 02)Ag))Ar
+ Ko (Ks + Anr) (i + An) (K + AT)>)

&

(Q(# + Am)Ar(asaa(or + Ka)u (Ko 4+ An) 4 (aadm (—a2 Ky + az(K2 + Ka + Ag)) + Kz Ka(ai1as + a2(Ks 4+ A )))Ar
(=((o2 — K3)(anaz + a2K5)) + (asas — az(as + 02) + O£2K3)>\H))\2T + Ki((—a2 + as)as Kudg — (v1azoz + azoa K5+

+
+ (—asas + az(ou + 02))Am)Ar + Ks(aias + a2 (Ks + ) (Ka + )\T)))
Ty =

(K2 4+ Am) (4 A + Ar) (K1 K7 (p+ Ap)(—aaKadg — (02K5 + (s + 02) A m)Ar + K3(Ks + Am ) (Ks + A7)
+ Ar(—oudn(asy2o1 + Ka(asye + K7(p + An))) — (ascuyedn + K7(p + Au)(02Ks + (aa + 02)Am)) Ar
+ KK (Ko + ) (1 An)(Ka + Ar)) )

("/QQ/\T(QSOM(UI + Ka) A (K2 + M) + (aadm(—a2 Ky + az(Kz + Ko + Ag)) + KsKa(owos + ao(Ks + Aw)))Ar
+ (= ((02 — Ks)(a103 + a2K5)) + (azas — az(as + 02) + a2 K3)Au) A7 + Ki1((—az + as)oauKadg — (a10302 + 0202 K5+

+ (—asou + as(as 4+ 02))Aa)Ar + Ks(awas + ao(Ks + An)) (Ka + /\T)))
Ry, =

((Kz + A1) (1 + Am + A7) (K K7 (p+ Am)(—ouKadg — (02 K5 + (o + 02)Am) A1 4+ K3(Ks + A ) (Ka + A1)
+ Ar(—aadnm(asy201 + Ka(asye + K7 (p+ An))) — (asauyedm + K7(p+ A ) (02Ks + (0 + 02) X)) Ar
+ KaKn(Ks + Au) (+ ) (K + X))

where Ki=o1+o3+pu+pg, Ko=o+ar+p+pur, Ks=oo+oa+p+pra, Ka=v+p
+61, Ks =as+ p+ 92, Ke = 1+ day, K7 =2 + 1+ J3.

Basic reproduction number

A fundamental idea in epidemiology, the basic reproduction number, or Ro, characterizes the ease with which an
infectious illness can spread. In a community where everyone is vulnerable, it shows the mean new infection rate
brought on by one diseased individual. In advanced epidemiological modeling, especially within compartmental
models such as the next-generation matrix approach, Ro can indeed be determined by the spectral radius of the
matrix product F' V1. Thus, Ry can indeed be expressed as:

Ro = p(FV71)7

where p signifies the dominant eigenvalue, obtained via the next-generation procedure'®. This technique is
particularly advantageous for intricate diseases and models with numerous compartments and transitions.

B 0 Bmw Bmx 0 0 O
0 Br Br O Br 0 0
0 0 0 0 0 0 O
F= 0 0 0 0 o 0 0 |,
0 0 0 0 0 0 O
0 0 0 0 0 0 O
0 0 0 0 0 0 O
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K 0 0 0 0 0 0
0 K> 0 0 0 0 0
0 0 Ks 0 0 0 0
V= —0ol 0 —02 Ky 0 0 0 ,
0 —al —ad 0 Ks 0 0
—03 0 0 -1 0 Ksg 0
0 —a2 0 0 —-a3 0 Ky
and

Bu(Katol Ky+o2

HE(J}{‘; ) 0 »BHE{;}(‘F ) % 0 0 0
0 (al+K5)Br (a4+K5%5T 0 Br g
0 0 0 o 0 0 0

—1
Fvo = 0 0 0 0 0 0 0 4.1
0 0 0 0 0 0 O
0 0 0 0 0 0 O
0 0 0 0 0 0 O
Here are the necessary reproduction numbers:

Br(Ky + 01) (a1 + K5)Br

Rp="~-— -7 d Ry =+ ' o/F2

T KKy o " K>Ks5 ’

where Ry indicating the mean number of follow-up TB cases caused by one infectious person in a population.
Similarly, Ry signifies the reproduction number for HIV, representing the mean number of follow-up HIV cases
caused by one infectious person.

Stability assessment
In this part, we use the Lyapunov function construction and Routh-Hurwitz criteria to show both local and
global stability of the disease-free equilibrium point (E°) of the model.

Local stability
Theorem 5.1 The equilibrium state without disease remains locally asymptotically stable if Ry is less than 1, but it
becomes unstable if Ro greater than 1.

Proof The Routh-Hurwitz method is used to assess the local stability of the model at E°. The Jacobian matrix
at this point is defined as follows:

- —PBu —Br  —Bu—Pr —Bu —Pr 0 0 0
0 fBu—Ki 0 B H 0 0 0 0
A T R R T S T S
—N3

JE=| 0 ol 0 o2 -Ks 0 0 0 0
0 0 al ad 0 —-Ks; 0 0 0
0 o3 0 0 71 0 —-Ks 0 0
0 0 a2 0 0 a3 0 —-Kr 0
0 0 0 0 0 0 0 72 —p

If all of the eigenvalues of the disease-free equilibrium point have negative real components, then the equilibrium
point behaves in a locally asymptotically stable manner. The following is the typical equation:

(A )M+ K3)(A+ Kg)( A+ K7) (A 4+ ) (A + K1) (A + K4) — (A + 01 + Ka)Br)

(AN K2)(A+ Ks5) — (00 + A+ K5)B7)) = 0. (5.1)

The model’s unique eigenvalues are
)\1 = —}L,)\Q = —}L,)\3 = —K4,/\4 = —K5, )\5 = —Kg,)\s = —}'(77 A7 = —y,.
The characteristic equations may be used to find the matrix’s remaining eigenvalues. Let us now examine the
equations derived from this process (5.1)
A8 = —010u — Kufu + K1 Ky = K1 K4(1 — Ry),
Ao =—Bu + K1+ K4 = K2K5(1 — Rr).

In these equations, it is evident that K1, K>, ..., Kg have positive values. When Ry < 1, the coefficients
A1, A2, ... A7 are also positive, making the coefficients overall positive. The Rough Hurwitz criterion'® for a

second-order polynomial can thus be easily satisfied using these coefficients. Therefore, at the DFE point, the
model (2.4) is locally asymptotically stable, given that Ry is less than 1. O
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Global stability
Theorem 5.2 The disease-free equilibrium, specified in framework (2.4) and Eq. (3.1), is globally asymptotically
stable as long as the Ro remains under 1.

Proof To illustrate the globally asymptotically stable of E°, we develop a Lyapunov function A :  — R!518

S
A", I, I, Ir, Ay, O, Ty, T, By) = S = 8° = S%ngs + I + Ir + I

+ A +Cr+ T +Tr + Rr.

The time dependent Caputo fractional derivative of € is

S
+° DT +€ DERy.

C
CDEA = <1> DS +° DXy +€ D Ir +° DY Iy +€ DE Ay +€ DECr + DTy

Putting the values from (2.4),we get

50
(1 - §> [Q—= XS —AuS — pS)+ AuS — Arly — o1y — o3Iy + Aug Ry — (p+ pw)In|

“DYA = + [MS — Aulr — aslr — arIr — (u+ pr)Ir] + Ml + Aalr + ArAu + AuCr — oolry — calry
— (p+ pra)lre)+ (o1l + o2lrg — ArAn — 1Ar — (p+ 61)An] + [oalr + aulrg — AuCr — a3Cr
— (u+62)Cr) + [viAnm + 03Iy — (p+ 04)TH] + [e2Ir + asCr — v2Tr — (i + 63)Tr] + [v2Tr — AuRr — pRr).

Through simplification, we get

“DEA = Q4 aolr + (Ar 4+ Mg+ 1)S° — (uN +QS° + pp Iy + arlr + prlr
+ pralrg + 61Ag + 62Cr + 04Tw + 63Tr).

Clearly

(LN + QS° + puly + onlp + prlr + pralrg + 01 A
+62C7 + 64Tw + 65Tr) > Q@+ aolr + (Ar + Au + p)S°.

SO

°DPA<0, ¥ (S IY, 19, I3y, A, CY, T, Tp, RY) € RY.

CDIN=0S=8° Ty =1% Ir =13 Irg = Iy, A = AY,Cr = C2,

Ty =Ty, Tr = TP and Rr = RY. According to LaSalle’s principle?! it is narrated that E° exhibits globally
asymptotically stable when Rp is less than 1. As a result, the disease no longer affects human populations. The
stability of the suggested model mentioned in Fig. 2. O

Parameter estimation
The nonlinear least squares curve fitting method is used in this part to estimate the framework’s variables'®.
We employ MATLAB software to perform the estimation analysis, utilizing its advanced computational and
optimization tools to ensure precise parameter estimation. The Centers for Disease Control and Prevention
(CDC)* provides data on TB-infected infections in the United States from 1999 to 2022. The total cases are
calculated for the overall population, as the CDC data is given per 100,000 people. The life span and total
population of the United States are reported as 77 years and 279,181,581, respectively®. The mortality rates and
the rate at which the population enters (2 are calculated based on these statistics. In Fig. 3, the model curve is
shown fitted with cumulative infected cases, while Table 1 provides the projected and considered values of the
parameters involved in the model equations. The parameters to be estimated, including 57, S, 71, 2, @2, and
a3, play a vital role in analyzing disease dynamics and guiding interventions. However, limitations in the data,
such as missing, inconsistent, or hard-to-collect information, can introduce uncertainty, influencing the model’s
reliability. Additionally, the accuracy of parameter estimation depends on the availability of comprehensive,
high-quality data, which is essential for improving predictions and supporting effective public health decisions.
The analysis of the model faced challenges due to its complexity, especially in modeling the interactions
between diseases like HIV and TB, requiring advanced numerical methods for accurate solutions. Data-related
issues, such as inconsistency and incompleteness, complicated model calibration and parameter estimation.
Additionally, interpreting the results, particularly in the case of co-infections, demanded careful attention to the
model’s assumptions and limitations.
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Fig. 2. Simulation results for infected categories with R < 1 across different initial conditions.
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Fig. 3. Curve fitting of considered model with cumulative infected cases.

Numerical simulations

This section contain how the considered numerical scheme is applied to develop model as well as the graphical
results of the model equations. A detail discussion of the model phase poraits is also included in this section and
the simulation are done by using the MATLAB software.

Numerical scheme
The following is how the system can be described using the fundamental theorem of fractional calculus:

(1) — p(0) = —5 / (t = 65 Q60 0(6)) do.
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Variable | Description Values (year) — 1 | Source

O Total population 279181581 3

Br TB transmission rate 0.3984 Estimated
B HIV transmission rate 0.6123 Estimated
n Rate of natural death 1/77 Calculated
nr Death due to TB 0.03 Fitted
WH Death rate of HIV 0.5 Fitted
HTH Co-infection death rate 0.003 Fitted

o1 Progression rate of HIV individuals to AIDS 0.1 7

o9 Progression rate from co-infection to AIDS 0.05 Fitted

o3 Progression rate of HIV to treated HIV 0.2 17

Y1 Rate of individuals under HIV treatment 0.4629 Estimated
Y2 Recovery rate of TB treatment 0.2506 Estimated
a1 Progression rate of TB infected to chronic TB 0.02 7

s Progression rate of infected TB to treated TB 0.4624 Estimated
as Progression rate of chronic TB to treated TB 0.0365 Estimated
s Progression rate of co-infection to chronic individuals | 0.1 7

51 Death due to AIDS 0.001 Fitted

8o Death related to chronic TB 0.02 17

83 Death rate related to treated TB 0.01 17

a4 Death rate related to treated HIV 0.00001 Fitted

Table 1. Overview of variables and their projected values.

Given t=tm+1 and n € R, with h= %. We find

Hltms1) — 9(0) = % / (bnss — )5 1Q(6, 0(0)) do,

@(tm+1) = »(0) + o Z/ Hl(tmﬂ —0)°7'Q(¢, p(9)) do.

Using the interpolation polynomial the function Q(¢, ¢(¢)) can be approximated over [t;, {;41]. We get

P(tm+1) = »(0) + & Z [Q(tl}:p(tl) / Hl(tmu — )Nt — 1) dt

F(f) =0 t
Sttt [, g .

Finally we get the the approximation
£ m
@(tmt1) = p(to) + ﬁ ; Q(t1, p(tr)) ((m 1424 8m+1-1D)°
- (m—z+2+25)(m—z)f) — Q(ti-1,¢(ti-1)) (7.1)

x ((erlfl)&Hf(mfl+1+f)(mfl)§)

Hence, for the given model we establish the formula
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5 m
S(tms1) = S(to) + ﬁ S| Latt, 5(0)) ((m 248 (m+1—1)f
0

=

- (m—z+2+zg)(m—z)f) — Li(tio1, S(ti-1)) (7.2)

x ((m+171)5+1f(mfl+1+f)(mfl)§)

By continuing forth in this way, we can ascertain the remaining model equations.

Results and discussion

This subsection deals with the numerical simulations and disease impact when we vary the reproduction
number. These simulations are meant to facilitate analytical assessment and to analyze the possible effects of
fractional order and treatment on the US population. The numerical simulations for the co-infection model
are executed with the Adams-Bashforth-Moulton method in MATLAB. The initial conditions utilised in the
numerical analysis are set up such that the American population is equal to the cumulative sum of the initial
states®. As we are taking real data of United States so according to that data the model begins with the initial
conditions S(0) = 279145000, Iy (0) =23495, Ir(0)= 10000, Irx(0)= 1000, Ax(0)= 800,
Cr(0) =600, Tg(0)=200, Tr(0)=200, Rr(0)=286.

The Adams-Bashforth-Moulton method enhances accuracy, stability, and convergence, making it efficient
for smooth problems without requiring Jacobian calculations. It is particularly valuable for parameter estimation
and effectively modeling real-world dynamics. This study provides crucial insights into the complex interactions
of HIV/TB, advancing future research and public health strategies. The findings offer a comprehensive framework
for understanding multi-disease dynamics, which simpler models often neglect, and contribute to data-driven
approaches in epidemiology, particularly in resource-limited settings.

The arc showing the behavior of compartments under various starting assumptions when R < 1 is shown
in Fig. 4a-i. It is noted that despite the variation in the beginning conditions, the arc of the infected section
converges to a disease-free state. It can be observed that decline is sharp at the higher order of o as compared
to lower order. It is noteworthy that when the fractional order reaches the integer order, the treatment of
individuals with HIV and TB converges to the disease-free state. Essentially, this insight emphasizes a key point
where the fractional-order model, though more complex, converges with the integer-order model in predicting
the eradication of the disease.

To fully understand the implications of fractional order, we create two cases of reproduction numbers. We
have two reproduction numbers: one for TB and another for HIV. First, we consider the case when R < 1 and
Ry > 1. By looking at the graph, we observe that for the higher fractional derivative order, the infected classes
show peak behavior (Fig. 5). By the same token, for lower fractional derivative order, all the compartments
depict the endemic behavior. It is noteworthy that when the fractional order reaches the integer order, the arc
exhibits a significant decline, subtly suggesting that adherence to treatment protocols can lead to recovery.
Likewise, when Rr > 1 and Ry < 1, it is observed that for higher orders, the trajectory of compartments
shows contrasting behavior as depicted in Fig. 6a—i. It is observable that for the given fractional derivative order,
all the compartments picture the disease-free state. Figures 5 and 6 display the incidence of participants getting
affected by TB and HIV over the span of 50 years, also showing the impact of HIV treatment and TB recovery.
When « attains the integer order in both cases, the treatment graphs show a transition to the disease-free state.

The simulation investigates how varying the treatment parameter ; impacts disease progression. Figure 7a—
d illustrate that increasing -1 accelerates the decline in infection rates and leads to a quicker approach to a
disease-free state. These results highlight the potential of optimizing treatment parameters to improve infection
control and support efforts toward disease elimination.

Figure 8 depicts that although the curves initially approach a disease-free state, they eventually converge
towards an endemic state over time. Figure 8a-d reveal that lower a3 values result in a slower shift to the
endemic state, while higher a3z values expedite this transition. The results suggest that despite the role of a3
in determining TB treatment effectiveness, treatment alone may not fully eradicate TB. This indicates a need
for refining treatment approaches or introducing additional strategies to achieve complete disease elimination.

Figures 7 and 8 highlight how fractional orders affect the treatment dynamics of HIV and TB. They
demonstrate the influence of memory effects on the pace at which treatments take effect. For TB, the model
reveals slower treatment responses, particularly due to drug resistance, while HIV treatment shows quicker
adjustments. These figures underscore the significance of fractional orders in capturing the time-dependent
nature of disease progression and treatment, offering a more accurate representation of treatment effectiveness.

The basic reproduction number (Rp), is critical for understanding epidemic dynamics. When Ry > 1, the
disease spreads rapidly, as shown by rising case numbers, while Ry < 1 indicates a decline in infections, reflected
by a downward trend. The graph demonstrates how Ry influences disease transmission, offering insights into
controlling and managing outbreaks. Recognizing this threshold helps guide targeted public health strategies to
prevent or mitigate the spread.

Conclusion

In this analysis, a pioneering fractional model for the interactions of HIV-TB co-infection with treatment is
examined and investigated. The necessary conditions for the existence and uniqueness of the solution of the
model are discussed in detail. The model equilibrium states, including the disease-free and endemic equilibrium
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Fig. 4. Various « iterations of S, Iy, I, ITn, Ax and Ct for Ry < 1. Various « iterations of T, T'r and
Ry for Rp < 1.

states, are presented. The next-generation methodology is employed to calculate the basic reproduction number.
Moreover, the local and global stability of the disease-free equilibrium is analyzed, and it is concluded that the
equilibrium is asymptotically stable for R less than 1 and unstable for Ry greater than 1. Significant findings
and contributions derived from the simulations are summarized as follows:
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Fig. 4. (continued)

i. Real TB data from the CDC, spanning from 1999 to 2022, is used to formulate the model. The model
formulation and investigation are performed through the estimation of essential parameters for each disease and
its co-infection based on real data.

ii. Itis observed that the fractional derivative significantly impacts the dynamics of the diseases within each
epidemiological compartment over time. The differences observed in simulations using the fractional derivative
are attributed to the memory effect, which is absent in classical integer-order operators.

iii. ~ The total infected population with TB and HIV, shown for different susceptibility parameters, is
demonstrated to decrease as efforts to combat secondary infections are intensified, resulting in a marked
reduction in new co-infection cases.

It is concluded that effective HIV prevention significantly lowers the rate of TB co-infections, and efficient TB
treatment boosts the immune system, thereby reducing the risk of co-infections with opportunistic infections
such as HIV/AIDS. Figures 4 and 5 highlight the importance of Ro and demonstrate its impact on disease
transmission dynamics. These insights allow for a comprehensive assessment of the impact of different strategies.

Some limitations of this study are identified. To streamline the model, the TB vaccination aspect is excluded.
Additionally, insufficient data on immunity between HIV and TB resulting from vaccination or previous
infection is noted. This presents an opportunity to improve the model. Therefore, with a clearer understanding
of disease interactions, further investigation into this subject is planned.

To enhance the study in the future, it would be beneficial to apply sensitivity analysis to evaluate the influence
of parameter fluctuations on the transmission patterns of HIV and TB. Additionally, integrating optimal control
methods could provide a deeper understanding of the most efficient strategies for managing the spread of these
infections. Moreover, incorporating delayed differential equations (DDEs) would allow for the modeling of
time-dependent factors, such as delays in treatment responses or disease progression, thereby offering a more
accurate depiction of the co-infection dynamics of HIV and TB.
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