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Abstract: Lead halide perovskite nanocrystals (PNCs) exhibit unique optoelectronic properties, many
of which originate from a purported bright-triplet exciton fine-structure. A major impediment
to measuring this fine-structure is inhomogeneous spectral broadening, which has limited most
experimental studies to single-nanocrystal spectroscopies. It is shown here that the linearly polarized
single-particle selection rules in PNCs are preserved in nonlinear spectroscopies of randomly oriented
ensembles. Simulations incorporating rotational averaging demonstrate that techniques such as
transient absorption and two-dimensional coherent spectroscopy are capable of resolving exciton
fine-structure in PNCs, even in the presence of inhomogeneous broadening and orientation disorder.
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1. Introduction

Semiconductor colloidal nanocrystals, also called colloidal quantum dots, comprise
a material platform that has sustained research interest over recent decades due to their
numerous potential applications. Indeed, their advantageous optical properties have found
use in many areas such as displays [1], photovoltaics [2], and biological tagging [3].

In recent years, successful synthesis of lead halide perovskite nanocrystals (PNCs) [4]
has spurred a renaissance in colloidal nanocrystal research. Many properties of PNCs, such
as their high defect tolerance [5] and unusual brightness, defy our traditional understanding
of colloidal nanocrystals. In particular, recent evidence suggests a bright-triplet exciton
ground state as the underlying mechanism for their efficient light emission [6]. Consisting
of three nondegenerate states with orthogonal dipole moments [6,7], this bright-triplet state
has also exhibited promising quantum-coherent properties such as coherent single-photon
emission [8] and superfluorescence [9]. However, the existence of bright-triplet excitons
in PNCs is far from conclusive. Indeed, a recent report has argued that the lowest-energy
exciton state is in fact a dark singlet state [10], albeit in a perovskite material (FAPbBr3)
different to that of the original report of a bright-triplet exciton ground state (CsPbBr2Cl) [6].
This controversy both highlights our poor understanding of fine-structure in PNCs and
emphasizes the need for new approaches to investigating their underlying physics.

In general, homogeneous properties of colloidal nanocrystals, such as their fine-
structure, are difficult to study primarily due to inhomogeneous spectral broadening in
ensembles [11,12]. Exciton fine-structure of PNCs have, thus far, primarily been investigated
via single-nanocrystal linear fluorescence spectroscopy to circumvent inhomogeneity [13].
This presents two severe limitations. First, fluorescence measurements reveal radiative re-
combination timescales but are not sensitive to other dynamics such as intraband relaxation
and coherence dephasing. Second, single-nanocrystal experiments preclude the measure-
ment of ensemble-averaged properties that are relevant for practical applications. Although
conventional wisdom from linear techniques suggests that optical spectroscopies only mea-
sure the inhomogeneous linewidth of a disordered ensemble, can nonlinear spectroscopies
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be used to measure properties of exciton fine-structure in PNCs even in the presence of
dominant inhomogeneous broadening? We address this question in the present study.

2. Rotational-Averaging of Optical Responses

In general, spectroscopy via applied electromagnetic fields may be interpreted as
measurement of a material’s optical response function. In the interest of describing different
spectroscopic techniques under a unified framework, we express optical response functions
perturbatively (valid in the limit of weak excitation field). For example, induced linear and
third-order polarizations may be written:

P(1)(t) =
∫ t

−∞
S(1)(t1)E(t− t1)dt1 (1)

P(3)(t) =
∫ t

−∞

∫ t3

−∞

∫ t2

−∞
S(3)(t3, t2, t1)

E(t− t3)E(t3 − t2)E(t2 − t1)dt1dt2dt3 (2)

where S(1)(t1) and S(3)(t3, t2, t1) are the linear and third-order optical response functions,
respectively. Here we will assume the impulsive limit (often valid in condensed systems at
cryogenic temperatures), in which P(n) becomes identical to S(n) with the appropriate time
arguments. Functionally, these optical response functions are constructed from quantum
pathways that represent sequences of changes in the system density matrix, where the
number of changes corresponds to the perturbative order of a spectroscopy and the probed
response function:

S(n)(tn, tn−1, . . . t1)

= ∑
i
〈C〉i

[
R(n)

i (tn, tn−1, . . . t1) + c.c.
]

(3)

where 〈C〉i are rotational-averaging coefficients [14] which scale each respective quantum

pathway R(n)
i . The value of 〈C〉i depends on the experimental polarization configuration

and the transition selection rules of each quantum pathway, specifically:

〈C〉 = ∑
i1 ...in ,λ1 ...λn

Ai1 ...in I(n)i1 ...in ,λ1 ...λn
Pλ1 ...λn (4)

where Ai1 ...in and Pλ1 ...λn are tensor products of the excitation polarization and transition

dipole moment vectors respectively. I(n)i1 ...in ,λ1 ...λn
is then an interface tensor [15] which

rotational-averages the transition strength tensor Pλ1 ...λn (defined in the nanocrystal refer-
ence frame λm) according to the polarization tensor Ai1 ...in (defined in the experimental
reference frame im). Details of the rotational-averaging theory and definitions of I(n) are
given in the Supplementary Information. We now apply the above procedure to a concrete
system, the bright-triplet fine-structure in PNCs.

3. Fine-Structure in Perovskite Nanocrystals

The relative energies of fine-structure states result from a hierarchy of corrections to
the simple spherical quantum well model of nanocrystals. In nanocrystals of inorganic
semiconductors, strong electron-hole exchange interaction usually results in a optically-
active spin-triplet positioned energetically above a “dark” spin-singlet ground state. In lead
halide PNCs, however, the Rashba effect [16] has been shown to play an additional signifi-
cant role in excitonic fine-structure [7,17] and may result in an optically active bright-triplet
ground state [6].

An energy-level diagram of the bright-triplet ground state is shown in Figure 1.
The triplet states are denoted {|ψx〉,

∣∣ψy
〉
, |ψz〉} according to their dipole moments polarized

along the lattice symmetry-axes [6,7]. The orthogonal linear dipole moments of the triplet
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states give rise to well-defined optical selection rules, which may be exploited in various
spectroscopies of PNCs. The transition dipole moment vectors are then defined:

µX =

1
0
0

, µY =

0
1
0

, µZ =

0
0
1

 (5)

which, to emphasize, are defined in the nanocrystal reference frame. It was previously
shown by Scholes [14] that circularly polarized selection rules are preserved in a rotational-
averaged nanocrystal ensemble, which is not entirely surprising when considering the
decomposition of a circularly polarized basis into two (orthogonal) out-of-phase lin-
early polarized components that span the experimental observation plane. However,
it is less obvious whether the linearly polarized selection rules of PNCs persist upon
rotational-averaging.

|𝜓x⟩

|𝜓z⟩

|𝜓y⟩

|𝜓g⟩

Δ2

Δ1

|𝜓y⟩

|𝜓z⟩

|𝜓x⟩

Figure 1. Fine-structure of orthorhombic phase perovskite nanocrystals. Transitions from the exci-
tonic ground state

∣∣ψg
〉

to the bright triplet states |ψi〉, where i = {x, y, z}, are polarized along the
orthorhombic symmetry axes. We note that the case of a fully nondegenerate triplet manifold shown
here assumes an orthorhombic phase perovskite lattice [10].

4. Four-Wave Mixing

In generic terms, four-wave mixing (FWM) describes sets of four field-matter interac-
tions mediated by the third-order optical response of a material. For example, two-photon
absorption is a FWM process involving four field-excitation interactions from a single
applied field, and is thus proportional to the excitation intensity squared. In the most
general case shown in Figure 2a however, each field–matter interaction may arise from a
distinct applied field, in which three excitation pulses {A, B, C} generate an emitted FWM
signal EFWM via the third-order optical response function S(3).

The higher dimensionality of S(3) affords correspondingly more numerous experimen-
tal degrees of freedom. For measurement of fine-structure in PNCs in particular, varying
the polarizations of each excitation pulse yields access to a much richer set of phenomena
between triplet states. We examine three polarization configurations shown in Figure 2b,
which we denote colinear, cross-linear pump-probe (cross-PP), and cross-linear transient-
grating (cross-TG). The rotational averaging coefficients for each polarization scheme are
listed in Table 1. We note that excitation with cross-PP and cross-TG result in a negative
coefficient 〈C〉 (resulting in a half-period phase shift of the emitted signal) for certain dipole
transition sequences, which has also been predicted and observed for circularly-polarized
selection rules [14,18]. To answer whether the triplet-exciton selection rules persist in a
randomly oriented ensemble, we first simulate, for each polarization confguration, the total
rotational-averaged FWM signal from the energy level structure plotted in Figure 1 with
energy splittings ∆1 = 0.8 meV and ∆2 = 2.2 meV. Dephasing and population relaxation
times of T2 = 25 ps and T1 = 200 ps respectively are assumed for all three triplet state
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transitions [19], and completely orthogonal dipole moments for the three triplet states (not
the case in real PNCs [6,10,20]) are assumed for simplicity. Finally, a Gaussian distribution
of the fundamental exciton resonance energy is introduced (of σ = 40 meV) to mimic
the inhomogeneous size distribution of the ensemble. As shown in Figure 2c the FWM
signal indeed remains polarized and varies with excitation polarization, demonstrating the
feasibility of polarization-resolved FWM measurements to probe triplet-state fine-structure
in PNC ensembles.

(a)

τ T t

A B C E
F
W
MS(3)

(b)

Co-linear

Cross-PP

Cross-TG

(c)

0

30

60
90

120
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180

210

240
270

300

330

 Co-linear
 Cross-PP/TG

Figure 2. (a) General FWM pulse-ordering diagram. (b) Schematics of colinear, cross-linear pump-
probe (cross-PP), and cross-linear transient-grating (cross-TG) polarization schemes. Indicated
polarizations correspond to pulses A, B, and C from left to right respectively. (c) Calculated polariza-
tion dependences of the rotational-averaged FWM signals for each polarization scheme, in which the
linearly-polarized selection rules are preserved.

Table 1. Rotational-averaging coefficients 〈C〉 of third-order quantum pathways beginning with
excitation of |ψx〉 for each polarization scheme. Remaining coefficients may be determined by cyclic
permutation of the dipole moments {µX, µY, µZ}.

Ai1i2i3i4 Pλ1λ2λ3λ4 〈C〉

pX ⊗ pX ⊗ pX ⊗ pX µX ⊗ µX ⊗ µX ⊗ µX
1
5

pX ⊗ pX ⊗ pX ⊗ pX µX ⊗ µY ⊗ µX ⊗ µY
1

15
pX ⊗ pX ⊗ pX ⊗ pX µX ⊗ µZ ⊗ µX ⊗ µZ

1
15

pX ⊗ pX ⊗ pX ⊗ pX µX ⊗ µX ⊗ µY ⊗ µY
1

15
pX ⊗ pX ⊗ pX ⊗ pX µX ⊗ µX ⊗ µZ ⊗ µZ

1
15

pX ⊗ pX ⊗ pY ⊗ pY µX ⊗ µX ⊗ µX ⊗ µX
1

15
pX ⊗ pX ⊗ pY ⊗ pY µX ⊗ µY ⊗ µX ⊗ µY − 1

30
pX ⊗ pX ⊗ pY ⊗ pY µX ⊗ µZ ⊗ µX ⊗ µZ − 1

30
pX ⊗ pX ⊗ pY ⊗ pY µX ⊗ µX ⊗ µY ⊗ µY

2
15

pX ⊗ pX ⊗ pY ⊗ pY µX ⊗ µX ⊗ µZ ⊗ µZ
2

15
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Table 1. Cont.

Ai1i2i3i4 Pλ1λ2λ3λ4 〈C〉

pX ⊗ pY ⊗ pX ⊗ pY µX ⊗ µX ⊗ µX ⊗ µX
1

15
pX ⊗ pY ⊗ pX ⊗ pY µX ⊗ µY ⊗ µX ⊗ µY

2
15

pX ⊗ pY ⊗ pX ⊗ pY µX ⊗ µZ ⊗ µX ⊗ µZ
2

15
pX ⊗ pY ⊗ pX ⊗ pY µX ⊗ µX ⊗ µY ⊗ µY − 1

30
pX ⊗ pY ⊗ pX ⊗ pY µX ⊗ µX ⊗ µZ ⊗ µZ − 1

30

Transient Absorption (Pump-Probe)

Transient absorption spectroscopy is a spectroscopic technique commonly used to
measure excited state dynamics in colloidal nanocrystals. Specifically, an initial (pump)
pulse excites a material into a nonequilibrium state and the pump-induced (often spectrally
resolved) change in absorption of a subsequent (probe) pulse is measured. By performing
these measurements as a function of the inter-pulse time-delay, dynamics such as intraband
energy redistribution and interband relaxation may be resolved on ultrafast timescales.

Transient absorption spectroscopy may also be framed in a more general four-wave
mixing perspective. For the pulse sequence in Figure 2a, we may set τ = 0 so that pulses A
and B are jointly equivalent to the initial pump pulse and pulse C acts as the probe pulse.
Assuming an infinitely broad probe pulse spectrum (which approximates the usual case of
a white-light continuum probe pulse), the real-quadrature of the resultant optical response
function then provides the transient absorption signal [21,22]:

∆A(ωt, T) ≈ Re
∫ ∞

−∞
Epump(ωτ)S(3)(ωt, T, ωτ)dωτ (6)

where the response function S(3)(ωt, T, ωτ) has been Fourier transformed along the vari-
ables τ and t into frequency-space. The pump-spectrum Epump(ω) then windows the
optical response, enabling varying degrees of spectral selectivity.

We now simulate transient absorption spectra of PNCs by enumerating all quantum
pathways comprising the third-order optical response. There are three categories of third-
order quantum pathways R(3), named excited-state emission (ESE), ground-state bleach
(GSB), and excited-state absorption (ESA), each of which corresponds to a distinct dynami-
cal process. In order, ESE is a negative change in absorption arising from a pump-induced
excited-state population which then undergoes emission stimulated by the probe pulse.
GSB is also a negative absorption change due to pump-induced depletion of the absorption
ground state. ESA is the only positive absorption change from a singly to doubly excited
(biexciton) state transition, which is neglected here. The third-order response function
may be calculated by summing each ESE, GSB, and ESA quantum pathway (detailed in
the Supplemental Information), and the resultant rotational-averaged transient absorption
spectra are plotted in Figure 3. For broadband excitation (FWHM = 1 and 2 meV), a broad
absorption bleach feature appears at E− Epump = 0 from the band-edge exciton transitions.
Upon narrowing the excitation bandwidth (FWHM = 0.2 meV), narrow features that arise
from absorption and emission involving different pairs of triplet states appear. The energy
of each peak then corresponds to the energy separation of the two triplet states involved.

Although transient absorption measurements with narrowband excitation can charac-
terize triplet state energy splittings of a PNC ensemble, this method has certain drawbacks.
For example, the linewidths of the fine-structure features are convolved with the pump
spectral width, which interferes with extracting the homogeneous linewidth of each tran-
sition. The primary disadvantage arises from the time-bandwidth product relation for
transform-limited pulses, which informs a minimum pulse duration for a given spectral
bandwidth. For example, a spectral bandwidth of 0.2 meV centered at 2590 meV requires a
pulse duration greater than approximately 3 picoseconds (far longer than the femtosecond
pulses typically used to measure ultrafast processes in both molecular and condensed
systems [23]). Indeed, one may consider narrow pump-bandwidth transient absorption
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measurements as approaching the limit of continuous-wave spectral hole burning [24].
Ultrafast dynamical processes of the triplet-state manifold, such as spectral diffusion or
energy transfer, thus require a more advanced spectroscopic technique to resolve.

E – Epump (meV)

Δ
A

 (
a.

u
.)

Co-linear Cross-PP

E – Epump (meV)

Figure 3. Transient absorption simulated for co-linear (left) and cross-linear (right) excitation at a
pump-probe delay T = 1 ps. Three curves of varying pump spectral selectivity are simulated for
each polarization scheme, with pump spectra centered at Epump = 2590 meV and FWHM of 0.2, 1,
and 2 meV.

5. Two-Dimensional Coherent Spectroscopy

Two-dimensional coherent spectroscopy (2DCS), or more generally multidimensional
coherent spectroscopy [25–27], is a nonlinear spectroscopic technique capable of resolving
all dimensions of a complex-valued nonlinear optical response. As the name implies,
a 2-D spectrum is obtained that reflects a cross section of S(n) along two spectral axes.
In doing so, it offers many advantages over other one-dimensional spectroscopies that
probe only an integrated cross section of S(n) (such as the previously discussed transient
absorption spectroscopy).

To perform 2DCS of a third-order optical response, a transient FWM signal is measured
as a function of two time variables (see Figure 2a). As described above, this corresponds
to direct measurement of S(3)(t, T, τ) in the impulsive limit. By Fourier transforming S(3)

along the two time axes, a 2-D spectrum is produced that correlates the dynamics of a
system following each excitation pulse. As a Fourier transform spectroscopy, the spectral
resolution of 2DCS is determined by the maximum measurement time delays (irrespective
of excitation spectral bandwidth) and is therefore ideal for measuring low-energy excita-
tions. For example, achieving an energy resolution of 0.8 meV, corresponding to the smallest
energy splitting ∆1 considered here, requires a maximum time delay of approximately 5 ps.
Here, we discuss two types of third-order 2-D spectra relevant to measuring fine-structure
in PNCs, namely one-quantum and zero-quantum 2-D spectra.

5.1. One-Quantum 2-D Spectra

Rephasing one-quantum spectra are obtained by Fourier transforming a photon
echo FWM signal [28] along the time variables τ and t, which correlates the absorption
and emission dynamics of a material (along the two conjugate axes ωτ and ωt, respec-
tively) in S(ωt, T, ωτ). The rephasing nature of the photon echo FWM signal, reflected
in the oppositely signed frequencies ωτ and ωt, separates homogeneous and inhomoge-
neous broadening contributions to resonance linewidths in two-dimensional frequency
space [29,30], and is therefore ideal in studying disordered materials such as nanocrystal
ensembles [12,31]. Though the full complex-valued spectrum contains unique information
concerning many-body effects in a given system [32–34], we present only absolute value
spectra here for simplicity. One-quantum spectra of perovskite nanocrystals, simulated
for the three excitation polarization schemes defined in Figure 2, are shown in Figure 4.
A single primary feature is evident in the colinear excitation spectrum, namely a peak along
the diagonal line (|h̄ωτ | = |h̄ωt|) arising from resonant absorption and emission involving
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the bright-triplet exciton states. With cross-PP and cross-TG excitation, sidebands around
the diagonal peak appear to correspond to sequential absorption and emission involving
different triplet states. We note that infinite excitation laser bandwidth is assumed in these
simulations, in which the extent of the peaks along the diagonal direction reflect the inho-
mogeneous distribution of the fundamental exciton resonance energy (σ = 40 meV). In the
case of finite excitation bandwidth on the scale of the resonance energy distribution, the 2-D
spectrum is windowed accordingly (which may cause lineshape distortions towards the
edges) [31].

Cross-TG
(T = 1 ps)

Cross-PP
(T = 1 ps)

Co-linear
(T = 1 ps)

A
b

so
rp

ti
o

n
 E

n
er

gy
 ħ

ω
𝜏

(m
eV

)

Emission Energy ħωt (meV)

Figure 4. Rephasing one-quantum spectra simulated for colinear (left), cross-PP (middle), and cross-
TG (right) excitation and T = 1 ps. The sections of the spectra outlined by the dashed boxes
are plotted inset, which show the appearance of sidebands with cross-PP and cross-TG excitation.
The yellow dashed arrow in the left inset plot indicates the position and direction of the cross-diagonal
slices shown in Figure 5.

Co-linear
(T = 1 ps)

Cross-PP
(T = 1 ps)

ΔE = ħωt - ħω𝜏 (meV)

|2
D

| 
(a

.u
.)

Cross-TG
(T = 1 ps)

Figure 5. Cross-diagonal slices centered at |h̄ωt| = |h̄ωτ | = 2590 meV from the three one-quantum
spectra plotted in Figure 4. Signatures of the triplet-state fine-structure manifest in the cross-PP and
cross-TG slices, while being suppressed in the colinear slice.

We can examine these features more closely by taking slices along the direction per-
pendicular to the diagonal line (indicated by the dashed yellow arrow in Figure 4). Cross-
diagonal slices centered at |h̄ωt| = |h̄ωτ | = 2590 meV are plotted in Figure 5, which
make obvious the analogy to transient absorption spectra. Just as in the narrow-excitation
bandwidth transient absorption spectra in Figure 3, coherent coupling peaks appearing at
∆E = {±∆1,±∆2,±(∆1 + ∆2)} become prominent with cross-PP and cross-TG excitation.
Although from summing the allowed quantum pathways, one would expect identical peak
amplitudes between cross-PP and cross-TG excitation, this is not observed in Figure 5.
The reason for this discrepancy is the difference in rotational-averaging coefficients as
shown in Table 1, which favor quantum pathways involving intermediate population
states (that exhibit monotonic population relaxation during T) with cross-PP excitation and
intermediate intraband coherences (that exhibit phase evolution during T) with cross-TG
excitation. While the chosen value of T = 1 ps is arbitrary, changing the intermediate
time-delay T results in variation of the relative phases of each sideband as well as their sub-
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sequent interference lineshapes. These simulations thus show that rephasing one-quantum
spectra can resolve both energy splittings and homogeneous lineshapes of the exciton
fine-structure in perovskite nanocrystals.

5.2. Zero-Quantum 2-D Spectra

In addition to measuring interband coherences arising from superpositions of ground
and excited exciton states, 2DCS is also capable of resolving the dynamics of intraband
coherences due to superpositions of two nondegenerate exciton states split by an energy
within the excitation laser bandwidth. This is done by measurement of zero-quantum
spectra [35,36], which are usually obtained by Fourier transforming a photon echo FWM
signal along the time variables T and t, which correlate the emission dynamics of a material
with intermediate population relaxation or intraband coherence oscillations (along the two
conjugate axes ωt and ωT respectively) in S(ωt, ωT , τ).

Zero-quantum spectra of perovskite nanocrystals are shown in Figure 6, in which
primary peaks at h̄ωT = 0 as well as sidebands at finite mixing frequency are observed.
The strong central peaks may be attributed to nonoscillatory population relaxation dynam-
ics, while the sidebands correspond to intraband coherence oscillations between pairs of
bright triplet states (we note that triplet states involved in the probed intraband coherences
need not be directly coupled by transition dipoles [35], and simply require a shared com-
mon ground state). Vertical slices taken along h̄ωt = 2590 meV are also shown in Figure 6,
which shows that the intraband coherence response is enhanced by cross-PP and cross-TG
excitation while being suppressed by colinear excitation. The linewidths of the central
peaks and sidebands then inform the average population relaxation rate and intraband
coherence dephasing rates respectively [20].

M
ix

in
g 

En
er

gy
 ħ

ω
T

(m
eV

)

Emission Energy ħωt (meV)

Cross-PP
(𝜏 = 1 ps)

Co-linear
(𝜏 = 1 ps)

Cross-TG
(𝜏 = 1 ps)

Figure 6. Zero-quantum spectra simulated for colinear (top), cross-PP (middle), and cross-TG
(bottom) excitation and τ = 1 ps. Vertical slices taken along h̄ωt = 2590 meV (indicated by the
dashed yellow arrow) are plotted to the right of each spectrum, which emphasize the effect of
excitation polarization scheme on the intraband coherence response.
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5.3. Other Structural Phases

The fully nondegenerate triplet fine-structure considered thus far assumes an or-
thorhombic phase perovskite lattice [10]. However, lead halide perovskites are known to
exhibit successive structural phase transitions into tetragonal and cubic crystal phases with
increasing temperature [37]. The increasing symmetry of the tetragonal and cubic phases
reduces the triplet fine-structure to two and one nondegenerate level(s) respectively, which
naturally lead to changes in both their linear and nonlinear spectra.

In the current context, the nonlinear optical responses of tetragonal and cubic phase
crystals may be interpreted and calculated in an identical manner for orthorhombic phase
perovskites (as described here). With fewer energy splittings in the fine-structure, the tran-
sient absorption and 2-D spectra mainly differ in the number of resultant sidebands, from six
sidebands in the orthorhombic phase to two sidebands and zero sidebands in the tetragonal
and cubic phases respectively.

6. Conclusions

We have presented the general framework for rotational-averaging a perturbative op-
tical response, with applications to spectroscopy of randomly oriented ensembles of PNCs.
Via simulations of transient absorption and 2DCS spectra, we showed that the linearly po-
larized single-particle selection rules of PNCs manifest in nonlinear spectroscopies of PNC
ensembles with appropriate excitation polarization schemes. In particular, one-quantum
and zero-quantum spectra can characterize the energy splittings and homogeneous line-
shapes of the triplet state fine-structure even in the presence of both inhomogeneous
broadening and orientation disorder, which has been confirmed in a recent experimental
study [20].

We emphasize that the applications of nonlinear spectroscopy to PNC ensembles
extend beyond resolving the bright-triplet exciton fine-structure, the focus of the present
work. For example, the directional dipole-moments of vibrational modes in lead halide
perovskites may translate to anisotropic exciton–phonon coupling, which would also
manifest in a rotational-averaged optical response. Following recent work on magneto-PL
spectroscopy of PNCs [10], magnetic-field brightening of the singlet dark state [13] may
be similarly exploited in nonlinear spectroscopy of PNCs. In particular, coupling features
between bright and dark states in 2DCS spectra will inherit both the polarization selection
rules of the triplet states and their strong oscillator strength [38], and therefore serve as
a direct probe of the fundamental optical properties of the dark state. Simultaneously
resolving the homogeneous lineshapes of dark-singlet and bright-triplet states will inform
the coupling mechanisms between them, and more generally the microscopic origin of
exciton fine-structure in PNCs.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/nano12050801/s1. Enumerating Quantum Pathways Using Feyn-
man Diagrams; Analytical Form of the Optical Response Functions; Theory of Rotational-Averaging.
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